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Abstract

In this work, line defects in two-dimensional dodecagonal quasicrystals are investigated.
Using the ten-dimensional framework of the integral formalism of two-dimensional qua-
sicrystals, the closed-form solutions for the displacement fields and stress functions of
line defects, which are dislocations and line forces, in two-dimensional dodecagonal qua-
sicrystals of Laue class 18 are derived. In dodecagonal quasicrystals, the phonon and
phason fields are decoupled. The three phonon displacement components, two phason
displacement components, three phonon stress functions and two phason stress functions
of a straight dislocation and a line force are computed for a two-dimensional dodecagonal
quasicrystals of Laue class 18. The self-energies of a straight dislocation and a line force
are given. Moreover, the two-dimensional Green tensor is derived for two-dimensional
dodecagonal quasicrystals of Laue class 18 within the framework of the integral formalism.

Keywords: line defects; dislocations; line forces; generalized elasticity; integral formalism;
quasicrystals
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1. Introduction
Quasicrystals are an important class of novel materials discovered by Shechtman et al. [1].

In 2011, Daniel Shechtman was awarded the Nobel Prize in Chemistry for the discov-
ery of quasicrystals. This discovery was revolutionary because it revealed a new type
of solid material with atomic structures that were previously thought to be impossible.
Quasicrystals belong to aperiodic crystals and possess long-range orientational order but
no translational symmetry in the quasiperiodic directions. Therefore, a quasicrystal is a
solid material whose atomic structure is ordered but not periodic. Quasicrystals can be
described mathematically by projecting a higher-dimensional periodic lattice (like 4D, 5D or
6D hyperspace) onto the three-dimensional space (physical or parallel space). This projec-
tion creates a structure that looks ordered, often with symmetries forbidden in ‘traditional’
crystals (like 5-fold or 10-fold symmetry), but lacks translational symmetry. Quasicrystals
can exhibit crystallographic point groups consisting of only crystallographically allowable
symmetry operations and non-crystallographic point groups containing crystallographi-
cally ‘forbidden’ symmetries, such as 5-fold, 8-fold, 10-fold or 12-fold rotational symmetry
(see, e.g., [2–5]). Quasicrystals have been found in various metal alloys, such as aluminum-
manganese, and also occur naturally (e.g., in some meteorites). They possess unusual
properties like low thermal conductivity, high hardness and low friction [3].

In quasicrystals, there are two elementary excitations: phonons and phasons [6,7].
Phonons are vibrations of atoms around their equilibrium positions, such as standard
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lattice vibrations. Phasons are additional degrees of freedom that correspond to atomic
rearrangements or ‘shifts’ in the structure in the quasiperiodic directions. These shifts do
not correspond to physical displacement of atoms in three-dimensional physical space like
phonons do, but rather to changes in the relative arrangement of tiles or atoms, preserving
overall order. Phasons can cause tile flips or rearrangements in the quasicrystal structure.
Thus, phasons in quasicrystals are internal degrees of freedom that arise because the
structure is quasiperiodic. There are three types of quasicrystals: one-, two- and three-
dimensional quasicrystals. In one-dimensional quasicrystals, there is a quasiperiodic
arrangement of atoms in one direction, usually in x3-direction, and a regular periodic
arrangement of atoms in the plane perpendicular to this direction that is in the x1x2-plane.
Two-dimensional quasicrystals are quasiperiodic in the x1x2-plane, but periodic in the
x3-direction. A three-dimensional quasicrystal is a structure that exhibits order without
periodicity in all three spatial dimensions.

Dislocations in quasicrystals are topological line defects like in ‘traditional’ crystals,
but their nature is more complex due to the aperiodic structure and the presence of phason
degrees of freedom. A dislocation in a quasicrystal corresponds to a dislocation in the
higher-dimensional space (hyperspace), which has both a phonon component (displace-
ment in physical or parallel space) and a phason component (displacement in the perpen-
dicular space). The topological charge of a dislocation in a quasicrystal is the so-called
generalized Burgers vector which is a vector in the higher-dimensional space (hyperspace)
with a phonon part in physical or parallel space and phason part in the perpendicular space
(see, e.g., [5,7–15]). Dislocations influence mechanical strength, diffusion and plastic defor-
mation of quasicrystals. The theory of generalized elasticity of quasicrystals was developed
by Ding et al. [16]. The basic key equations of dislocations in quasicrystals were given
by Ding et al. [17,18] and Lazar and Agiasofitou [19]. Ding et al. [20] have extended the
integral formalism [21–23] for the displacement field of a dislocation in quasicrystals (see
also [2,13]). Ding et al. [20] derived the integral formalism using the Stroh formalism for
quasicrystals, but without giving an application of it. The integral formalism is a powerful
technique for the numerical and analytical calculations of the elastic fields caused by line
defects (see [23]). Lazar [24] has derived the extended integral formalism of line defects
(straight dislocations and line forces) for the displacement fields and stress functions for
quasicrystals in a straightforward manner without an unnecessary detour via the Stroh
formalism. Therefore, the integral formalism is an advanced analytical method adapted to
quasicrystals from anisotropic elasticity. It solves a matrix partial differential equation of
first order, resulting in logarithmic and angular terms typical for dislocations. As a first
application of the integral formalism given in [24], analytical solutions of line defects in
one-dimensional hexagonal quasicrystals of Laue class 10 were calculated for the first time
in Lazar [25] using the integral formalism.

Two-dimensional quasicrystals are an important class of quasicrystals. A two-
dimensional quasicrystal is defined as a three-dimensional body which is quasiperiodic
in the x1x2-plane (basal plane) and periodic in the x3-direction. Two-dimensional qua-
sicrystals possess 18 Laue classes with 57 point groups, namely 10 Laue classes with
31 crystallographic point groups and 8 Laue classes with 26 non-crystallographic point
groups (pentagonal, octagonal, decagonal, dodecagonal systems) [5,26,27]. Quasicrys-
tals with non-crystallographic point groups have crystallographically ‘forbidden’ symme-
tries. These are rotations of order different from 1, 2, 3, 4 and 6, for instance, rotations
of order 5, 8, 10 and 12. In particular, two-dimensional dodecagonal quasicrystals (Laue
classes 17 and 18) are quasicrystals where the phonons and phasons are decoupled [26,28],
making them an ideal platform for studying the physics of phasons without the direct
influence of phonons. The first (metastable) dodecagonal phase has been discovered by
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Ishimasa et al. [29] in the system Ni–Cr. A two-dimensional dodecagonal quasicrystal
with a 12-fold rotation axis has been found in rapidly solidified V3Ni2 and V15Ni10Si
alloys by means of transmission electron microscopy in Chen et al. [30]. Further rep-
resentatives of two-dimensional dodecagonal quasicrystals have been uncovered in the
systems Bi–Mn [31] and Ta–Te [32,33]. Theoretical aspects of the 12-fold symmetry in two-
dimensional dodecagonal quasicrystals can be found in Yang and Wei [34], Gähler [35] and
Socolar [36]. The subject of two-dimensional dodecagonal quasicrystals is an interesting
and important on-going research topic (see, e.g., [37–41]).

Furthermore, there is a strong interest in the study of dislocations in two-dimensional
quasicrystals (see, e.g., [5]). Dislocations in pentagonal quasicrystals were studied
by Levine et al. [7]. Using the technique of Green functions, De and Pelcovits [42]
have computed the displacement fields induced by straight dislocations in pentagonal
quasicrystals, Ding et al. [18] have computed the displacement fields induced by straight
dislocations in decagonal quasicrystals of Laue class 14 and Yang et al. [43] have computed
the displacement fields induced by straight dislocations in dodecagonal quasicrystals of
Laue class 18. Using the generalized Eshelby method, Qin et al. [44] have computed the
displacement fields induced by straight dislocations in decagonal, octagonal and dodecago-
nal quasicrystals. The elastic fields of a straight dislocation in a decagonal quasicrystal
of Laue class 13 have been calculated by Li et al. [45]. Barak and Lifshitz [46] numeri-
cally studied the dislocation motion in a dodecagonal quasicrystal model. Dislocations
were also observed in transmission electron microscopy (TEM) images of dodecagonal
quasicrystals [47].

In this work, we use, for the first time, the integral formalism for two-dimensional
quasicrystals, which is mathematically more complicated than that for one-dimensional
quasicrystals (see [25]). As a second application of the integral formalism given in [24], exact
closed-form solutions of line defects in two-dimensional quasicrystals are derived using the
integral formalism. In particular, the closed-form expressions for the displacement fields
and stress functions of line defects in two-dimensional dodecagonal quasicrystals of Laue
class 18 where the defect line is parallel to the periodic direction are the goal of the present
work. In addition, the two-dimensional Green tensor of a two-dimensional dodecagonal
quasicrystal of Laue class 18 is derived within the framework of the integral formalism.

2. Generalized Elasticity of Two-Dimensional Quasicrystals
A two-dimensional quasicrystal can be obtained by projecting a five-dimensional peri-

odic structure onto the three-dimensional physical space. The five-dimensional hyperspace
E5 can be decomposed into the direct sum of two orthogonal subspaces,

E5 = E3
∥ ⊕ E2

⊥ , (1)

where E3
∥ is the three-dimensional physical or parallel space of the phonon fields and E2

⊥ is
the two-dimensional perpendicular space of the phason field with quasiperiodicity in the
x1x2-plane. Throughout the text, phonon fields will be denoted by (·)∥ and phason fields
by (·)⊥. Note that the phonon and phason fields depend on the so-called material space
coordinates x ∈ R3. Indices in the parallel space are denoted by small Latin letters i, j, k, l
with i, j, k, l = 1, 2, 3. Indices in the perpendicular space are denoted by small Greek letters
α, γ with α, γ = 1, 2.

In the generalized elasticity theory of two-dimensional quasicrystals, the (elastic)
phonon and phason distortion tensors, β

∥
kl and β⊥

γl , are defined as the gradients of the phonon

displacement vector u∥
k and the phason displacement vector u⊥

γ , respectively,
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β
∥
kl = ∂lu

∥
k , (2)

β⊥
γl = ∂lu⊥

γ . (3)

Here, u∥
k describes the displacement field in the parallel space E3

∥, and u⊥
γ describes the

displacement field in the perpendicular space E2
⊥. The phonon displacement field u∥

k
is a three-dimensional vector in E3

∥, while the phason displacement field u⊥
γ is a two-

dimensional vector in E2
⊥. For crystallographic symmetries u∥

k and u⊥
γ , both transform

according to a vector-like representation, but for non-crystallographic symmetries u∥
k

transforms according to the vector-like representation and u⊥
γ transforms according to

another non-vector-like representation (see [26,27,48]).
The constitutive relations for a two-dimensional quasicrystal are given by

σ
∥
ij = Cijkl β

∥
kl + Dijγl β

⊥
γl , (4)

σ⊥
αj = Dklαjβ

∥
kl + Eαjγl β

⊥
γl , (5)

where σ
∥
ij and σ⊥

αj are the phonon and phason stress tensors. Cijkl is the tensor of the elastic moduli
of phonons, Eαjγl is the tensor of the elastic moduli of phasons and Dijγl is the tensor of the elastic
moduli of the phonon–phason coupling.

Using the hyperspace notation of two-dimensional quasicrystals [19], the phonon and
phason fields can be unified in the corresponding extended fields in the hyperspace and
the components of the extended fields will be denoted by capital letters, e.g., I, K = 1, . . . , 5.
In such a hyperspace notation, we have the extended displacement vector UK ∈ E3

∥ ⊕ E2
⊥:

UK =

{
u∥

k , K = 1, 2, 3 ,
u⊥

γ , K = 4, 5 ,
(6)

the extended elastic distortion tensor BKl ∈
(
E3
∥ ⊕ E2

⊥
)
⊗ E3

∥:

BKl =

{
β
∥
kl , K = 1, 2, 3 ,

β⊥
γl , K = 4, 5 ,

(7)

the extended stress tensor ΣI j ∈
(
E3
∥ ⊕ E2

⊥
)
⊗ E3

∥:

ΣI j =

{
σ
∥
ij , I = 1, 2, 3 ,

σ⊥
αj , I = 4, 5

(8)

and the tensor of the extended elastic moduli CI jKl ∈
(
E3
∥ ⊕ E2

⊥
)
⊗ E3

∥ ⊗
(
E3
∥ ⊕ E2

⊥
)
⊗ E3

∥:

CI jKl =


Cijkl , I = 1, 2, 3 ; K = 1, 2, 3 ,
Dijγl , I = 1, 2, 3 ; K = 4, 5 ,
Dklαj , I = 4, 5 ; K = 1, 2, 3 ,
Eαjγl , I = 4, 5 ; K = 4, 5 .

(9)

In matrix form, Equation (9) reads as

CI jKl =

(
Cijkl Dijγl

Dklαj Eαjγl

)
. (10)
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The extended stress tensor (8) can be written in terms of an extended stress function
tensor ΦIm ∈

(
E3
∥ ⊕ E2

⊥
)
⊗ E3

∥:

ΣI j = ϵjkm∂kΦIm (11)

with

ΦIm =

{
Φ∥

im , I = 1, 2, 3 ,
Φ⊥

αm , I = 4, 5 ,
(12)

where Φ∥
im and Φ⊥

αm are the phonon and phason stress function tensors. Here, ϵjkm denotes the
three-dimensional Levi-Civita tensor.

3. Integral Formalism for Two-Dimensional Quasicrystals
For the technical details of the integral formalism of quasicrystals, we refer to

Lazar [24,25].
We choose an orthogonal coordinate system in the parallel space with a unit vector m

in the x1-direction and a unit vector n in the x2-direction (m ≡ e1, n ≡ e2) and the notation

(a b)IK = ajCI jKlbl , (13)

which is a 5 × 5 matrix in the hyperspace. In the integral formalism of two-dimensional
quasicrystals, the characteristic 5 × 5 blocks of the constitutive tensor CI jKl are given by

(m m)IK =


C1111 C1121 C1131 D1111 D1121

C2111 C2121 C2131 D2111 D2121

C3111 C3121 C3131 D3111 D3121

D1111 D2111 D3111 E1111 E1121

D1121 D2121 D3121 E2111 E2121

 = CI1K1 (14)

(m n)IK =


C1112 C1122 C1132 D1112 D1122

C2112 C2122 C2132 D2112 D2122

C3112 C3122 C3132 D3112 D3122

D1211 D2211 D3211 E1112 E1122

D1221 D2221 D3221 E2112 E2122

 = CI1K2 (15)

(n n)IK =


C1212 C1222 C1232 D1212 D1222

C2212 C2222 C2232 D2212 D2222

C3212 C3222 C3232 D3212 D3222

D1212 D2212 D3212 E1212 E1222

D1222 D2222 D3222 E2212 E2222

 = CI2K2 . (16)

The 10-vector of the extended displacement vector and the extended stress function
vector reads as (

U
Φ

)
≡
(

UI

ΦI

)
, I = 1, . . . , 5 , (17)

where ΦI ≡ ΦI3 and the 10 × 10 matrix N, being the fundamental elasticity matrix for
two-dimensional quasicrystals, is defined by its 5 × 5 blocks
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N = −
(

(n n)−1 (n m) (n n)−1

(m n) (n n)−1 (n m)− (m m) (m n) (n n)−1

)
. (18)

In the integral formalism, we can choose two orthogonal unit vectors m and n which
are orthogonal to t such that (m, n, t) forms a right-handed Cartesian basis in E3

∥. This basis

is rotated around t by an angle ϕ against another fixed basis (m0, n0, t) in E3
∥ such that

m(ϕ)

n(ϕ)
t

 =

 cos ϕ sin ϕ 0
− sin ϕ cos ϕ 0

0 0 1


m0

n0

t

 . (19)

It yields m ≡ m(ϕ) and n ≡ n(ϕ). The 10 × 10 matrix N(ϕ) is defined by the contraction
of the elastic constants with orthogonal unit vectors m and n according to Equation (13).
Since the vectors m(ϕ) and n(ϕ) are turned against the m0 ≡ m(0), n0 ≡ n(0) coordinate
system by an angle ϕ, now the matrix N(ϕ) depends on the angle ϕ (see [24]).

4. Line Defects in Two-Dimensional Quasicrystals
Now, we consider a line defect in a two-dimensional quasicrystal, namely a straight

dislocation with extended Burgers vector b and a line force with extended strength F in a
two-dimensional quasicrystal located at the origin of the coordinate system. The defect line
runs along the axis t which is parallel to the periodic direction.

In the integral formalism, the 10-vector of the extended displacement vector U and the
extended stress function vector Φ for a straight dislocation with extended Burgers vector b
and a line force with extended strength F in a two-dimensional quasicrystal reads (see [24])(

U(r, ϕ)

Φ(r, ϕ)

)
= − 1

(2π)2

[
I ln r +

∫ ϕ

0
N(ω)dω

] ∫ 2π

0
N(ω)dω

(
b
−F

)
(20)

with the extended Burgers vector of a straight dislocation in a two-dimensional quasicrystal

bI =

{
b∥i , I = 1, 2, 3 ,
b⊥α , I = 4, 5

(21)

and the extended body force vector of a line force in a two-dimensional quasicrystal

FI =

{
F∥

i , I = 1, 2, 3 ,
F⊥

α , I = 4, 5 .
(22)

Hence, for two-dimensional quasicrystals, b⊥3 = 0 and F⊥
3 = 0 due to u⊥

3 = 0. There
is no screw dislocation component of the phason part of a straight dislocation in a two-
dimensional quasicrystal if the dislocation line is along the axis t.

Using

Ñ(ϕ) =
1

2π

∫ ϕ

0
N(ω)dω , (23)

Equation (20) can be written as (see also [24])(
U(r, ϕ)

Φ(r, ϕ)

)
= −

[
1

2π
I ln r + Ñ(ϕ)

]
Ñ(2π)

(
b
−F

)
. (24)
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The 5 × 5 matrices SIK, QIK and BIK are the 5 × 5 blocks of the 10 × 10 matrix Ñ in
Equation (23)

Ñ(ϕ) =

(
S(ϕ) Q(ϕ)

B(ϕ) ST(ϕ)

)
(25)

with

Q(ϕ) = − 1
2π

∫ ϕ

0
(n n)−1 dω , (26)

S(ϕ) = − 1
2π

∫ ϕ

0
(n n)−1(n m)dω , (27)

ST(ϕ) = − 1
2π

∫ ϕ

0
(m n)(n n)−1 dω , (28)

B(ϕ) = − 1
2π

∫ ϕ

0

[
(m n)(n n)−1(n m)− (m m)

]
dω . (29)

Equation (24) consists of four pieces, which are 5-vectors in the five-dimensional
hyperspace (see [24]), namely the extended displacement vector of a straight dislocation
with extended Burgers vector bI

UK(r, ϕ) = −bI

[
1

2π
SKI(2π) ln r + QKM(ϕ)BMI(2π) + SKM(ϕ)SMI(2π)

]
, (30)

the extended displacement vector of a line force with extended strength FI

UK(r, ϕ) = FI

[
1

2π
QKI(2π) ln r + SKM(ϕ)QMI(2π) + QKM(ϕ)ST

MI(2π)

]
, (31)

the extended stress function vector of a straight dislocation with extended Burgers vector bK

ΦI(r, ϕ) = −bK

[
1

2π
BIK(2π) ln r + BIM(ϕ)SMK(2π) + ST

IM(ϕ)BMK(2π)

]
(32)

and the extended stress function vector of a line force with extended strength FK

ΦI(r, ϕ) = FK

[
1

2π
ST

IK(2π) ln r + BIM(ϕ)QMK(2π) + ST
IM(ϕ)ST

MK(2π)

]
. (33)

Moreover, the elastic self-energy of a straight dislocation per unit length is given by
(see [24])

E =
1
2

bIΦI(r0/R, 0) =
1

4π
bI BIK(2π)bK ln(R/r0) , (34)

where r0 and R are the inner and outer cutoff radii, and the elastic self-energy of a line force
per unit length is given by (see [24])

E =
1
2

FKUK(r0/R, 0) = − 1
4π

FI QIK(2π)FK ln(R/r0) . (35)

5. Line Defects in Two-Dimensional Dodecagonal Quasicrystals of Laue
Class 18

Dodecagonal quasicrystals are quasicrystals with non-crystallographic symmetry,
namely a 12-fold symmetry axis. In particular, we consider two-dimensional dodecagonal
quasicrystals of Laue class 18. Laue class 18 consists of the following non-crystallographic
point groups [5,26]: 12mm, 1222, 12m2 and 12/mmm. Laue class 18 is the Laue class with
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the highest symmetry for two-dimensional quasicrystals. We consider a line defect in a
two-dimensional dodecagonal quasicrystal of Laue class 18 with a defect line parallel to
the periodic direction (x3-axis) of the dodecagonal quasicrystal.

A two-dimensional dodecagonal quasicrystal of Laue class 18 (see [26,28,43]), with
x3-axis chosen in the periodic direction and the x1x2-plane being the quasiperiodic plane,
is characterized by five elastic moduli of phonons

C1111 = C2222 = C11 , C1122 = C2211 = C12 ,

C1133 = C2233 = C3311 = C3322 = C13 , C3333 = C33 ,

C2323 = C2332 = C3223 = C3232 = C1313 = C1331 = C3113 = C3131 = C44 ,

C1212 = C1221 = C2112 = C2121 = C66 = (C11 − C12)/2 , (36)

four elastic moduli of phasons

E1111 = E2222 = K1 , E1122 = E2211 = K2 , E1221 = E2112 = K3 ,

E1313 = E2323 = K4 , E1212 = E2121 = K1 + K2 + K3 = K (37)

and zero elastic moduli of phonon–phason coupling

Dαjγl = 0 . (38)

Equation (38) means that phonons and phasons are decoupled in two-dimensional do-
decagonal quasicrystals of Laue class 18. From the group theoretical point of view, the
irreducible pieces of the phonon distortion tensor and the irreducible pieces of the pha-
son distortion tensor transform under different irreducible representations and hence
no phonon–phason coupling between the phonon distortion and phason distortion
occurs (see [28,49]).

The conditions of positive definiteness for the elastic constants of two-dimensional
dodecagonal quasicrystal of Laue class 18 to ensure positive elastic energy density (elastic
stability) are given by [50]

C11 > |C12| , (C11 + C12)C33 − 2C2
13 > 0 , C44 > 0 , (39)

K1 > |K2| , K1 + K2 + 2K3 > 0 , K4 > 0 . (40)

For a two-dimensional dodecagonal quasicrystal of Laue class 18, Equations (14)–(16)
reduce to

(m m)IK =


C1111 0 0 0 0

0 C2121 0 0 0
0 0 C3131 0 0
0 0 0 E1111 0
0 0 0 0 E2121

 =


C11 0 0 0 0
0 C66 0 0 0
0 0 C44 0 0
0 0 0 K1 0
0 0 0 0 K

 (41)

(m n)IK =


0 C1122 0 0 0

C2112 0 0 0 0
0 0 0 0 0
0 0 0 0 E1122

0 0 0 E2112 0

 =


0 C12 0 0 0

C66 0 0 0 0
0 0 0 0 0
0 0 0 0 K2

0 0 0 K3 0

 (42)



Mathematics 2025, 13, 2508 9 of 21

(n n)IK =


C1212 0 0 0 0

0 C2222 0 0 0
0 0 C3232 0 0
0 0 0 E1212 0
0 0 0 0 E2222

 =


C66 0 0 0 0
0 C11 0 0 0
0 0 C44 0 0
0 0 0 K 0
0 0 0 0 K1

. (43)

For generalized plane strain, only three elastic moduli of phonons C11 = C1111 = C2222,
C12 = C1122, C44 = C2323 = C3131, C66 = (C11 − C12)/2 = (C1111 − C1122)/2, and three
elastic moduli of phasons K1 = E1131 = E2222, K2 = E1122, K3 = E2112, K = K1 + K2 + K3 =

E1212 = E2121 are relevant. In order to keep equations as simple as possible, we may
use C66 = (C11 − C12)/2 instead of C12 in the formulas. For plane strain, there are only
two elastic moduli of phonons (no C44) and three elastic moduli of phasons. The number of
the elastic moduli of phonons is the same as for isotropic solids. Therefore, in the x1x2-plane
(basal plane), the 12-fold symmetry forces the tensor of the elastic moduli of phonons to be
isotropic, whereas it does not impose enough constraints to make the tensor of the elastic
moduli of phasons isotropic (see also [49,51]).

The four 5 × 5 blocks of the 10 × 10 matrix N read

(n n)−1 =


1/C66 0 0 0 0

0 1/C11 0 0 0
0 0 1/C44 0 0
0 0 0 1/K 0
0 0 0 0 1/K1

 (44)

(n n)−1(n m) =


0 1 0 0 0

C12/C11 0 0 0 0
0 0 0 0 0
0 0 0 0 K3/K
0 0 0 K2/K1 0

 (45)

(m n)(n n)−1 =


0 C12/C11 0 0 0
1 0 0 0 0
0 0 0 0 0
0 0 0 0 K2/K1

0 0 0 K3/K 0

 (46)

and

[(m n)(n n)−1(n m)− (m m)] = −



α 0 0 0 0
0 0 0 0 0
0 0 C44 0 0

0 0 0
K2

1 − K2
2

K1
0

0 0 0 0
K2 − K2

3
K


, (47)

where

α =
C2

11 − C2
12

C11
. (48)
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The angular behaviour of the 5× 5 matrices Q, S and B is obtained by the transformations

Q(ϕ) = − 1
2π

∫ ϕ

0
(n n)−1(ω)dω

= − 1
2π

∫ ϕ

0
RT(ω) (n n)−1(0) R(ω)dω , (49)

S(ϕ) = − 1
2π

∫ ϕ

0
[(n n)−1(n m)](ω)dω

= − 1
2π

∫ ϕ

0
RT(ω) [(n n)−1(n m)](0) R(ω)dω , (50)

B(ϕ) = − 1
2π

∫ ϕ

0
[(m n)(n n)−1(n m)− (m m)](ω)dω

= − 1
2π

∫ ϕ

0
RT(ω) [(m n)(n n)−1(n m)− (m m)](0) R(ω)dω , (51)

where

R =


cos ω sin ω 0 0 0
− sin ω cos ω 0 0 0

0 0 1 0 0
0 0 0 cos ψ sin ψ

0 0 0 − sin ψ cos ψ

 (52)

is the corresponding 5 × 5 rotation matrix in the hyperspace where ω is the rotation angle
about the x3-axis in the parallel space E3

∥ and ψ is the rotation angle in the perpendicular

space E2
⊥. For two-dimensional dodecagonal quasicrystals, there is the following special

relation of the rotation angles (see [52]):

ψ + ω = π , (53)

which is used in Equations (49)–(51) with Equation (52).
Carrying out the integrations explicitly, we obtain

Q(ϕ) = − 1
4π



βϕ + γ cos ϕ sin ϕ γ sin2 ϕ 0 0 0
γ sin2 ϕ βϕ − γ cos ϕ sin ϕ 0 0 0

0 0
2ϕ

C44
0 0

0 0 0 β̂ϕ − γ̂ cos ϕ sin ϕ γ̂ sin2 ϕ

0 0 0 γ̂ sin2 ϕ β̂ϕ + γ̂ cos ϕ sin ϕ


, (54)

where

β =
1

C66
+

1
C11

=
C11 + C66

C11C66
, (55)

γ =
1

C66
− 1

C11
=

C11 − C66

C11C66
, (56)

β̂ =
1

K1
+

1
K

=
K + K1

K1K
, (57)

γ̂ =
1

K1
− 1

K
=

K − K1

K1K
, (58)
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B(ϕ) =
1

4π


α(ϕ + cos ϕ sin ϕ) α sin2 ϕ 0 0 0

α sin2 ϕ α(ϕ − cos ϕ sin ϕ) 0 0 0
0 0 2C44ϕ 0 0
0 0 0 ĉ3ϕ − ĉ4 cos ϕ sin ϕ ĉ4 sin2 ϕ

0 0 0 ĉ4 sin2 ϕ ĉ3ϕ + ĉ4 cos ϕ sin ϕ

, (59)

where

ĉ3 =
K2 − K2

3
K

+
K2

1 − K2
2

K1
=

K1(K2 − K2
3) + K(K2

1 − K2
2)

K1K
, (60)

ĉ4 =
K2 − K2

3
K

−
K2

1 − K2
2

K1
=

K1(K2 − K2
3)− K(K2

1 − K2
2)

K1K
(61)

and

S(ϕ) =
1

4π


c1 sin2 ϕ −c2ϕ − c1 cos ϕ sin ϕ 0 0 0

c2ϕ − c1 cos ϕ sin ϕ −c1 sin2 ϕ 0 0 0
0 0 0 0 0
0 0 0 −ĉ1 sin2 ϕ ĉ2ϕ − ĉ1 cos ϕ sin ϕ

0 0 0 −ĉ2ϕ − ĉ1 cos ϕ sin ϕ ĉ1 sin2 ϕ

, (62)

where

c1 = 1 +
C12

C11
=

C11 + C12

C11
=

2(C11 − C66)

C11
, (63)

c2 = 1 − C12

C11
=

C11 − C12

C11
=

2C66

C11
, (64)

ĉ1 =
K2

K1
+

K3

K
=

K2K + K1K3

K1K
, (65)

ĉ2 =
K2

K1
− K3

K
=

K2K − K1K3

K1K
. (66)

For ϕ = 2π, the matrices (54), (59) and (62) reduce to

Q(2π) = −1
2



β 0 0 0 0
0 β 0 0 0
0 0 2/C44 0 0

0 0 0
K1 + K

K1K
0

0 0 0 0
K1 + K

K1K


, (67)

B(2π) =


α/2 0 0 0 0

0 α/2 0 0 0
0 0 C44 0 0
0 0 0 ĉ3/2 0
0 0 0 0 ĉ3/2

 (68)
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and

S(2π) =


0 −C66/C11 0 0 0

C66/C11 0 0 0 0

0 0 0 0
K2K − K1K3

2K1K

0 0 0 −K2K − K1K3

2K1K
0

. (69)

5.1. Extended Displacement Vector of a Straight Dislocation

Now, substituting Equations (54), (62), (68) and (69) into Equation (30), the extended
displacement vector of a straight dislocation with extended Burgers vector bI reads in
matrix form

2πU = b ϕ + b


c sin ϕ cos ϕ c sin2 ϕ 0 0 0

c sin2 ϕ −c sin ϕ cos ϕ 0 0 0
0 0 0 0 0
0 0 0 −d sin ϕ cos ϕ d sin2 ϕ

0 0 0 d sin2 ϕ d sin ϕ cos ϕ



− b ln r



0 −C66/C11 0 0 0
C66/C11 0 0 0 0

0 0 0 0 0

0 0 0 0
K2K − K1K3

2K1K

0 0 0 −K2K − K1K3

2K1K
0


, (70)

where

c =
C11 − C66

C11
, d =

(K1 + K2)(K2 + K3)

2K1K
. (71)

The five components of Equation (70) read explicitly

u∥
1 =

b∥1
2π

(
arctan

x2

x1
+

C11 − C66

C11

x1x2

r2

)
+

b∥2
2π

(
C66

C11
ln r +

C11 − C66

C11

x2
2

r2

)
, (72)

u∥
2 = −

b∥1
2π

(
C66

C11
ln r − C11 − C66

C11

x2
2

r2

)
+

b∥2
2π

(
arctan

x2

x1
− C11 − C66

C11

x1x2

r2

)
, (73)

u∥
3 =

b∥3
2π

arctan
x2

x1
, (74)

u⊥
1 =

b⊥1
2π

(
arctan

x2

x1
− (K1 + K2)(K2 + K3)

2K1(K1 + K2 + K3)

x1x2

r2

)
− b⊥2

4π

(
K2(K1 + K2 + K3)− K1K3

K1(K1 + K2 + K3)
ln r − (K1 + K2)(K2 + K3)

K1(K1 + K2 + K3)

x2
2

r2

)
, (75)

u⊥
2 =

b⊥1
4π

(
K2(K1 + K2 + K3)− K1K3

K1(K1 + K2 + K3)
ln r +

(K1 + K2)(K2 + K3)

K1(K1 + K2 + K3)

x2
2

r2

)

+
b⊥2
2π

(
arctan

x2

x1
+

(K1 + K2)(K2 + K3)

2K1(K1 + K2 + K3)

x1x2

r2

)
(76)

with r =
√

x2
1 + x2

2. Equations (72) and (73) are the phonon displacement components

of an edge dislocation with Burgers vector components b∥1 and b∥2 . Equation (74) is the
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phonon displacement component of a screw dislocation with Burgers vector component
b∥3 . Equations (75) and (76) are the phason displacement components of an edge dislo-
cation with Burgers vector components b⊥1 and b⊥2 . As already mentioned in Section 4,
there is no screw dislocation component of the phason part. It is interesting to note that
the phonon components (72) and (73) and the phason components (75) and (76) have
a similar mathematical form but with different pre-factors of the elastic constants. For
the phonon components (72) and (73), the two elastic constants of phonons C11 and C66

contribute, while for the phason components (75) and (76), the three elastic constants of
phasons K1, K2 and K3 contribute. The displacement components of a straight dislocation
in two-dimensional dodecagonal quasicrystal of Laue class 18, Equations (72)–(76), are
in agreement with the expressions for the phonon and phason displacement fields given
by Yang et al. [43] using the technique of Green functions and by Qin et al. [44] using the
generalized Eshelby method. The only difference is an irrelevant constant displacement in
Equations (73) and (76), leading to x2

1/r2 instead of −x2
2/r2 in [43]. The phonon displace-

ment fields (72)–(74) take the same form as in hexagonal crystals. The isotropic limit of
the phonon displacement fields (72) and (73) can be found in [25]. The contours of the
extended displacement field components of an edge dislocation with extended Burgers
vector (b∥1 , 0, 0, b⊥1 , 0) are shown in Figure 1. In Figure 1a,c, the jump of the phonon field u∥

1
and the phason field u⊥

1 can be seen. Figure 1b,d show the typical contours of the phonon

field u∥
2 and the phason field u⊥

2 depending on the elastic constants.

-20 -10 0 10 20

-20

-10

0

10

20

x1

x 2

-0.451
-0.369
-0.287
-0.205
-0.123
-0.041
0.041
0.123
0.205
0.287
0.369
0.451

(a)

-20 -10 0 10 20

-20

-10

0

10

20

x1

x 2

-0.406
-0.378
-0.350
-0.322
-0.294
-0.266
-0.238
-0.210
-0.182
-0.154

(b)

-20 -10 0 10 20

-20

-10

0

10

20

x1

x 2

-0.451
-0.369
-0.287
-0.205
-0.123
-0.041
0.041
0.123
0.205
0.287
0.369
0.451

(c)

-20 -10 0 10 20

-20

-10

0

10

20

x1

x 2

0.0324

0.0648

0.0972

0.1296

0.1620

0.1944

0.2268

(d)

Figure 1. Extended displacement field components of an edge dislocation with extended Burgers

vector (b∥1 , 0, 0, b⊥1 , 0): (a) u∥
1/b∥1 , (b) u∥

2/b∥1 , (c) u⊥
1 /b⊥1 , (d) u⊥

2 /b⊥1 . Elastic constants are taken as
C11 = 1.0, C66 = 0.8, K1 = 0.6, K2 = 0.5 and K3 = 0.4 (see [28]).



Mathematics 2025, 13, 2508 14 of 21

5.2. Extended Displacement Vector of a Line Force

If we substitute Equations (54), (62), (67) and (69) into Equation (31), then the extended
displacement vector of a line force with extended strength FI reads in matrix form

4πU = F



−γ sin2 ϕ γ sin ϕ cos ϕ 0 0 0
γ sin ϕ cos ϕ γ sin2 ϕ 0 0 0

0 0 0 0 0

0 0 0
K2 + K3

K1K
sin2 ϕ

K2 + K3

K1K
sin ϕ cos ϕ

0 0 0
K2 + K3

K1K
sin ϕ cos ϕ −K2 + K3

K1K
sin2 ϕ



− F ln r



β 0 0 0 0
0 β 0 0 0
0 0 2/C44 0 0

0 0 0
K1 + K

K1K
0

0 0 0 0
K1 + K

K1K


(77)

and the five components of Equation (77) read explicitly

u∥
1 = −

F∥
1

4π

(
C11 + C66

C11C66
ln r +

C11 − C66

C11C66

x2
2

r2

)
+

F∥
2

4π

C11 − C66

C11C66

x1x2

r2 , (78)

u∥
2 =

F∥
1

4π

C11 − C66

C11C66

x1x2

r2 −
F∥

2
4π

(
C11 + C66

C11C66
ln r − C11 − C66

C11C66

x2
2

r2

)
, (79)

u∥
3 = −

F∥
3

2π C44
ln r , (80)

u⊥
1 = −

F⊥
1

4π

1
K1(K1 + K2 + K3)

(
(2K1 + K2 + K3) ln r − (K2 + K3)

x2
2

r2

)

+
F⊥

2
4π

K2 + K3

K1(K1 + K2 + K3)

x1x2

r2 , (81)

u⊥
2 =

F⊥
1

4π

K2 + K3

K1(K1 + K2 + K3)

x1x2

r2

− F⊥
2

4π

1
K1(K1 + K2 + K3)

(
(2K1 + K2 + K3) ln r + (K2 + K3)

x2
2

r2

)
. (82)

Equations (78)–(82) are the displacement components of a line force with strength com-
ponents F∥

1 , F∥
2 , F∥

3 , F⊥
1 and F⊥

2 . The phonon components (78) and (79) and the phason
components (81) and (82) have a similar mathematical form but with different pre-factors
of the elastic constants. For the phonon components (78)–(80), the three elastic constants
of phonons C11, C66 and C44 contribute, while for the phason components (81) and (82),
the three elastic constants of phasons K1, K2 and K3 contribute. The phonon displacement
fields (78)–(80) take the same form as in hexagonal crystals. The isotropic limit of the
phonon displacement fields (78)–(80) has been given in [25].

5.3. Extended Stress Function Vector of a Straight Dislocation

Substituting Equations (59), (62), (68) and (69) into Equation (32), the extended stress
function vector of a straight dislocation with extended Burgers vector bK reads in ma-
trix form
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4πΦ = b


−α sin2 ϕ α sin ϕ cos ϕ 0 0 0

α sin ϕ cos ϕ α sin2 ϕ 0 0 0
0 0 0 0 0
0 0 0 κ sin2 ϕ κ sin ϕ cos ϕ

0 0 0 κ sin ϕ cos ϕ −κ sin2 ϕ



− b ln r


α 0 0 0 0
0 α 0 0 0
0 0 2C44 0 0
0 0 0 ĉ3 0
0 0 0 0 ĉ3

, (83)

where

κ =
(K1 + K2)

2(K2 + K3)

K1K
. (84)

The five components of Equation (83) read explicitly

Φ∥
1 = −

C2
11 − C2

12
2C11

[
b∥1
2π

(
ln r +

x2
2

r2

)
−

b∥2
2π

x1x2

r2

]
, (85)

Φ∥
2 =

C2
11 − C2

12
2C11

[
b∥1
2π

x1x2

r2 −
b∥2
2π

(
ln r −

x2
2

r2

)]
, (86)

Φ∥
3 = −

b∥3C44

2π
ln r , (87)

Φ⊥
1 = −

b⊥1
4π

(
ĉ3 ln r − κ

x2
2

r2

)
+

b⊥2 κ

4π

x1x2

r2 , (88)

Φ⊥
2 =

b⊥1 κ

4π

x1x2

r2 − b⊥2
4π

(
ĉ3 ln r + κ

x2
2

r2

)
. (89)

Equations (85) and (86) are the phonon stress function components of an edge dislocation
with Burgers vector components b∥1 and b∥2 . Equation (87) is the phonon stress function com-

ponent of a screw dislocation with Burgers vector component b∥3 . Equations (88) and (89)
are the phason stress function components of an edge dislocation with Burgers vector com-
ponents b⊥1 and b⊥2 . The phonon components (85) and (86) and the phason components (88)
and (89) have a similar mathematical form but with different pre-factors of the elastic
constants. For the phonon components (85)–(87), the three elastic constants of phonons C11,
C12 and C44 contribute, while for the phason components (88) and (89), the three elastic
constants of phasons K1, K2 and K3 contribute. The phonon stress functions (85)–(87) take
the same form as in hexagonal crystals. The isotropic limit of the phonon stress func-
tions (85)–(87) can be found in [25]. It is interesting to note the similarity between the
displacements of a line force (78)–(82) and the stress functions of a dislocation (85)–(89).



Mathematics 2025, 13, 2508 16 of 21

5.4. Extended Stress Function Vector of a Line Force

Now, if we substitute Equations (59), (62), (67) and (69) into Equation (33), then
the extended stress function vector of a line force with extended strength FK reads in
matrix form

2πΦ = −Fϕ − F


c sin ϕ cos ϕ c sin2 ϕ 0 0 0

c sin2 ϕ −c sin ϕ cos ϕ 0 0 0
0 0 0 0 0
0 0 0 −d sin ϕ cos ϕ d sin2 ϕ

0 0 0 d sin2 ϕ d sin ϕ cos ϕ



− F ln r



0 −C66/C11 0 0 0
C66/C11 0 0 0 0

0 0 0 0 0

0 0 0 0
K2K − K1K3

2K1K

0 0 0 −K2K − K1K3

2K1K
0


(90)

and the five components of Equation (90) read explicitly

Φ∥
1 = −

F∥
1

2π

(
arctan

x2

x1
+

C11 − C66

C11

x1x2

r2

)
+

F∥
2

2π

(
C66

C11
ln r − C11 − C66

C11

x2
2

r2

)
, (91)

Φ∥
2 = −

F∥
1

2π

(
C66

C11
ln r +

C11 − C66

C11

x2
2

r2

)
−

F∥
2

2π

(
arctan

x2

x1
− C11 − C66

C11

x1x2

r2

)
, (92)

Φ∥
3 = −

F∥
3

2π
arctan

x2

x1
, (93)

Φ⊥
1 = −

F⊥
1

2π

(
arctan

x2

x1
− (K1 + K2)(K2 + K3)

2K1(K1 + K2 + K3)

x1x2

r2

)
− F⊥

2
4π

(
K2(K1 + K2 + K3)− K1K3

K1(K1 + K2 + K3)
ln r +

(K1 + K2)(K2 + K3)

K1(K1 + K2 + K3)

x2
2

r2

)
, (94)

Φ⊥
2 =

F⊥
1

4π

(
K2(K1 + K2 + K3)− K1K3

K1(K1 + K2 + K3)
ln r − (K1 + K2)(K2 + K3)

K1(K1 + K2 + K3)

x2
2

r2

)

− F⊥
2

2π

(
arctan

x2

x1
− (K1 + K2)(K2 + K3)

2K1(K1 + K2 + K3)

x1x2

r2

)
. (95)

Equations (91)–(95) are the stress functions of a line force with strength components F∥
1 , F∥

2 ,

F∥
3 , F⊥

1 and F⊥
2 . The phonon components (91) and (92) and the phason components (94) and

(95) have a similar mathematical form but with different pre-factors of the elastic constants.
For the phonon components (91) and (92), the two elastic constants of phonons C11 and
C66 contribute, while for the phason components (94) and (95), the three elastic constants
of phasons K1, K2 and K3 contribute. The phonon stress functions (91)–(93) take the same
form as in hexagonal crystals. The isotropic limit of the phonon stress functions (85) and
(86) has been given in [25]. It is interesting to note the similarity between the displacements
of a dislocation (72)–(76) and the stress functions of a line force (91)–(95).
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5.5. Self-Energy of a Line Defect

If we substitute Equation (68) into Equation (34), then the self-energy per unit length of
a straight dislocation in a two-dimensional dodecagonal quasicrystal of Laue class 18 reads

E =
1

4π

[
α

2

(
b∥1 b∥1 + b∥2 b∥2

)
+ C44 b∥3 b∥3 +

ĉ3

2

(
b⊥1 b⊥1 + b⊥2 b⊥2

)]
ln(R/r0) . (96)

The pre-factor in Equation (96) gives the pre-logarithmic energy factor of the straight dislocation

Eb =
1

4π

[
α

2

(
b∥1 b∥1 + b∥2 b∥2

)
+ C44 b∥3 b∥3 +

ĉ3

2

(
b⊥1 b⊥1 + b⊥2 b⊥2

)]
. (97)

On the other hand, if we substitute Equation (67) into Equation (35), then the self-
energy per unit length of a line force in a two-dimensional dodecagonal quasicrystal of
Laue class 18 reads

E =
1

8π

[
β
(

F∥
1 F∥

1 + F∥
2 F∥

2

)
+

2
C44

F∥
3 F∥

3 +
2K1 + K2 + K3

K1(K1 + K2 + K3)

(
F⊥

1 F⊥
1 + F⊥

2 F⊥
2

)]
ln(R/r0) . (98)

The pre-factor in Equation (98) gives the pre-logarithmic energy factor of the line force

EF =
1

8π

[
β
(

F∥
1 F∥

1 + F∥
2 F∥

2

)
+

2
C44

F∥
3 F∥

3 +
2K1 + K2 + K3

K1(K1 + K2 + K3)

(
F⊥

1 F⊥
1 + F⊥

2 F⊥
2

)]
. (99)

6. Green Tensor in the Integral Formalism
In the framework of the integral formalism, the displacement field of a line force,

Equations (78)–(82), gives the two-dimensional 5 × 5 Green tensor for quasicrystals in the
hyperspace, namely

UK = GKI FI (100)

with

GKI =



G∥∥
11 G∥∥

12 G∥∥
13 G∥⊥

14 G∥⊥
15

G∥∥
12 G∥∥

22 G∥∥
23 G∥⊥

24 G∥⊥
25

G∥∥
13 G∥∥

23 G∥∥
33 G∥⊥

34 G∥⊥
35

G∥⊥
14 G∥⊥

24 G∥⊥
34 G⊥⊥

44 G⊥⊥
45

G∥⊥
15 G∥⊥

25 G∥⊥
35 G⊥⊥

45 G⊥⊥
55


. (101)

For generalized plane strain, the non-vanishing components of the two-dimensional
Green tensor for two-dimensional dodecagonal quasicrystal of Laue class 18 read

G∥∥
11 = − 1

4π

(
C11 + C66

C11C66
ln r +

C11 − C66

C11C66

x2
2

r2

)
, (102)

G∥∥
12 =

1
4π

C11 − C66

C11C66

x1x2

r2 , (103)

G∥∥
22 = − 1

4π

(
C11 + C66

C11C66
ln r − C11 − C66

C11C66

x2
2

r2

)
, (104)

G∥∥
33 = − 1

2πC44
ln r , (105)

G⊥⊥
44 = − 1

4π

1
K1(K1 + K2 + K3)

(
(2K1 + K2 + K3) ln r − (K2 + K3)

x2
2

r2

)
, (106)
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G⊥⊥
45 =

1
4π

K2 + K3

K1(K1 + K2 + K3)

x1x2

r2 , (107)

G⊥⊥
55 = − 1

4π

1
K1(K1 + K2 + K3)

(
(2K1 + K2 + K3) ln r + (K2 + K3)

x2
2

r2

)
. (108)

The phonon components (102)–(105) take the same form as for hexagonal crystals. For plane
strain, a corresponding two-dimensional Green tensor for two-dimensional dodecagonal
quasicrystals has been given by Ding et al. [18]. The phonon components (102)–(104) and
the phason components (106)–(108) have a similar mathematical form but with different
pre-factors of the elastic constants. The phonon components of the Green tensor (102)–(105),
are plotted in Figure 2. The phason components of the Green tensor (106)–(107), are plotted
in Figure 3.
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Figure 2. Phonon components of the Green tensor: (a) G∥∥
11 , (b) G∥∥

22 , (c) G∥∥
12 and (d) G∥∥

33 . Phonon
elastic constants are taken as C11 = 1.0, C66 = 0.8 and G44 = 0.2 (see [28]).
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Figure 3. Phason components of the Green tensor: (a) G⊥⊥
44 , (b) G⊥⊥

55 and (c) G⊥⊥
45 . Phason elastic

constants are taken as K1 = 0.6, K2 = 0.5 and K3 = 0.4 (see [28]).

7. Conclusions
Using the ten-dimensional integral formalism for two-dimensional quasicrystals, we

have derived exact analytical solutions of the displacement fields and stress functions of
line defects, namely straight dislocations and line forces, parallel to the periodic direction
in a two-dimensional dodecagonal quasicrystal of Laue class 18. Since the phonon–phason
coupling is zero for two-dimensional dodecagonal quasicrystals, the displacement fields
and the stress functions of straight dislocations and line forces can be dived into two
independent parts, namely the phonon fields which take the same form as in hexagonal
crystals and the phason fields which are more anisotropic. In addition, we have calculated
the self-energy of a straight dislocation and the self-energy of a line force. The two-
dimensional Green tensor of a two-dimensional dodecagonal quasicrystal of Laue class 18
has been derived within the framework of the integral formalism.
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