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Abstract

Path smoothing is an important part of UAV (Unmanned Aerial Vehicle) path planning,
because the smoothness of the planned path is related to the flight safety and stability
of UAVs. In existing smooth UAV path planning methods, different characteristics of a
path curve are not considered comprehensively, and the optimization functions established
based on the arc length or curvature of the path curve are complex, resulting in low
efficiency and quality of path smoothing. To balance the arc length and smoothness of UAV
paths, this paper proposes to use energy-minimizing Bézier curves based on composite
energy for smooth UAV path planning. In order to simplify the calculation, a kind of
approximate stretching energy and bending energy are used to control the arc length and
smoothness, respectively, of the path, by which the optimal path can be directly obtained
by solving a linear system. Experimental validation in multiple scenarios demonstrates
the methodology’s effectiveness and real-time computational viability, where the planned
paths by this method have the characteristics of curvature continuity, good smoothness, and
short arc length. What is more, in many cases, compared to path smoothing methods based
solely on bending energy optimization, the proposed method can generate paths with a
smaller maximum curvature, which is more conducive to the safe and stable flight of UAVs.
Furthermore, the design of collision-free smooth path for UAVs based on the piecewise
energy-minimizing Bézier curve is studied. The new method is simple and efficient, which
can help to improve UAV path planning efficiency and thus improve UAV reaction speed
and obstacle avoidance ability.

Keywords: UAV path planning; path smoothing; deformable curve; energy-minimizing
curve; Bézier curve

MSC: 65D18; 51P05; 68U07

1. Introduction

Path planning is one of the key technologies for achieving autonomous flight of UAVs,
and the quality of the planned path is related to the survival and mission capability of
UAVs. Path planning refers to the planning of one smooth path from the departure point to
the target point that meets the constraints of maneuverability of UAVs and has the lowest
overall cost [1-4].

There have been a large number of works devoted to the study of path planning, such
as the A* search algorithm [5,6], D*search algorithm [7], artificial potential field method [8,9],
and dynamic programming methods like the RRT algorithm, Bi-RRT algorithm, and their
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variants [10-18]. However, trajectories planned by these types of methods are broken lines,
which do not meet the flight requirements of UAVs. The special performance limitations
of UAVs require the planned path to be continuous in position, tangential direction, and
curvature, and the curvature should be within a small deviation. Thus, it is necessary to
smooth the initial planned trajectories composed of broken lines to guarantee the safety
and reliability of UAV flight. To achieve this goal, curves suitable for UAV flight are applied
to smooth UAV path planning, like the Bézier curve, B-spline curve [19,20], Dubins curve,
Clothoid curve, PH (Pythagorean Hodograph) curves, etc.

Given the starting and ending point as well as the pose constraints of UAVs such as
the motion direction of the UAV in 2D space, one can use a Dubins curve to model a path
with the shortest arc length. A Dubins curve consists of a straight line and two circular arcs.
Although Dubins curve can be easily constructed with simple geometric elements and the
calculation is not complex, the curvature of a Dubins curve is usually not continuous at the
junction of the straight line and arc [21,22]. In this case, if a UAV flies along a Dubins curve,
the UAV needs to change its control angle sharply, which is difficult to achieve physically
with current technologies.

As a special type of curve, the Clothoid curve has continuous curvature, and fur-
thermore, it has the property that there exists a linear relationship between the curvature
radius at any point of the Clothoid curve and the arc length from the starting point to the
current point [23]. Thus, the Clothoid curve has excellent smoothness and is applied in
path smoothing. Paths planned based on the Clothoid curve are convenient for pilots to
operate and can improve the trajectory tracking control effect. However, the construction
process of the Clothoid curve, especially the computation of the Fresnel integral in the
construction, is complicated, which will decrease the efficiency of smooth path planning.

The PH (Python Hodograph) curve, as a parameterized curve with rational properties,
is often used to construct the smooth path with the smallest bending energy. The PH
curve has good smoothness, and its rational property makes it suitable for path planning
to improve the trajectory tracking control effect. The main drawback of the PH curve
in UAV path planning is that the PH curve has very strict geometric constraints, which
greatly limit the design freedom and flexibility in path planning [24,25]. Moreover, in
UAV path optimization based on the PH curve, the optimization variables are usually
set as the modulus of related vectors, making the expression of the objective function
in curve optimization quite complex. As a result, the solution of the path optimization
problem cannot be solved through direct calculation; instead, it needs to be solved through
aniterative algorithm, which will lead to more computation cost and time cost and thus
reduce the efficiency of path planning.

Bézier curves and B-spline curves are control-point-defined curves, and they have
continuous curvature, so they are quite suitable for path smoothing. Furthermore, Bézie
curves have very simple expression and have many excellent properties, such as end-point
properties, making them convenient for curve splicing in global path planning and so on.
Thus, Bézie curves have unique advantages in path smoothing. In 2022, Celestini et al.
proposed a UAV path planning framework based on the interfered fluid algorithm and
Bézie curve, in which the optimal path was determined with the goal of minimizing the total
curvature of the curve [26]. In 2023, by combining the theory of analytical geometry and the
modeling method of cubic Bézie curves with three shape parameters, Bulut presented a path
planning method for mobile robots in dynamic environments, where the optimal motion
curve is determined with the goal of minimizing the arc length of the curve [27]. In 2024,
Niu et al. introduced the Bézie curve into the path planning of vibration detection vehicles
used in seismic exploration. In order to ensure G? continuity and the zero-curvature
condition at the source point, the quintic Bézie curve is used to model the path with its
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control points fixed, and its shape is optimized with the goal of its smoothness achieving
the best by adjusting the three shape parameters [28].

As UAV mission scenarios become increasingly complex, issues such as flight safety,
energy consumption, and path optimization of UAVs are gradually being exposed. How
to improve the quality of planned UAV path has become a key research field. Although
scholars have conducted extensive research on smooth UAV path planning and achieved
certain results, there is much room for improvement in UAV technology planning. On
the one hand, in UAV path planning, the expression for the arc length of curves or the
curvature expression of curves are usually directly used to define the objective function.
For non-arc-length parameterized curves, like Bézie, B-spline curves, and PH curves, the
expression of the arc length and curvature is complex. As a result, the objective function
becomes quite complicated after substituting the expression of arc length or curvature.
When it comes to optimization, the objective function will lead to very complex calculation,
and thus, the solution to the optimization problem cannot be obtained through direct
calculation, and instead, the solution can only be obtained through iterative computations,
which are computationally expensive and time-consuming and thus will decrease the
efficiency of UAV path planning. In the face of emergencies, UAVs may collide, since the
path planning system is unable to plan new path in time.

On the other hand, most existing works focus on using a certain feature to model
and optimize a UAV path. For example, the Dubins curve is used to design the path with
the shortest arc length, while the PH curve is used to construct the path curve with the
minimum overall curvature. These modeling methods are prone to results in curves that
have very good performance in one aspect but have poor performances in many other
aspects. Here, a smooth path planning example based on the Bézie curve is given to
illustrate the statement. Here, the start and target point of the UAV are given, and in
addition, the control points p; and ps are defined to fulfill the velocity and orientation
requirements in the UAV flight. As shown in Figure 1a, if the goal is to minimize the
arc length of the path, the smoothness of the resulting path is poor (the black straight
lines around the curve represent the curvature radius of the curve at the corresponding
point), which is not conducive to the stable flight of UAVs. As shown in Figure 1b, if the
smoothness of the path achieves the best result, the arc length of the resulting path will be
relatively long, increasing the energy consumption and task execution time of the UAVs.
Additionally, the curvature radius in the middle part of the curve is relatively large, which
may affect the flight stability of the UAV there.

(a) Bézie path with the shortest arc length (b) Bézie path with the minimal total curvature

Figure 1. Smooth path planning in 2D space by using a 6-degree Bézier curve.
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Based on the background above, this paper proposes a smooth UAV path planning
method based on the minimization of the composite energy of the Bézier curve. To sim-
plify the calculation, the methodology employs the approximate expression of traditional
stretching energy and the bending energy of curves for the optimization design for the
UAV path. Furthermore, in order to balance the arc length and smoothness of the resulting
energy-minimizing curve, the method combines the approximate stretching energy and
bending energy to define a composite energy, so as to construct an energy-minimizing
Bézier curve with good smoothness and a short arc length as the planned path for UAVs.
Through this method, the optimal path can be obtained by solving a linear system instead
of iteration computations. Therefore, the method is simple and highly efficient, which can
help to plan high-quality smooth trajectories for UAVs quickly and thus to improve the
UAV’s reaction speed and obstacle avoidance ability.

The paper’s technical contributions unfold across the following analytical framework:
Section 2 establishes the mathematical foundation for differentiable UAV path planning
through parametric curve representations. Section 3 formulates the hybrid energy func-
tional combining bending and tension components as the optimization criterion. Building
upon these, Section 4 develops an efficient Bézier curve construction algorithm that nu-
merically minimizes the composite energy measure. Experimental validation in Section 5
quantifies the method’s advantages in curvature continuity and energy efficiency through
comparative UAV flight tests. The concluding section synthesizes these findings while
outlining extensions for 3D obstacle-rich environments.

2. Preliminary

In 3D space, after a UAV accepts a task, a path S(t) satisfying the performance con-
straints of the UAV needs to be planned between the initial position point Ps = (x5, ys, Zs)
and the target position point Py = (x¢, ys,zs). Assuming that the yaw angle and pitching
angle at the starting point Ps and the target point Py are ¢, {5 and ¢¢, ¢, respectively, the
pose information at the starting and the target point can be expressed as Fs(xs, ys, Zs, s, 1Ps)
and F¢(xs,yf, 25, ¢5, ). Then, the UAV path can be expressed as

S(t
Fs(Xs,Ys, 25, Ps, Ps) 20, Fr(xp,yp zr, @f, Pf)- 1)

In UAV path planning, it is required that the planned path satisfies position continuity,
tangential continuity, and curvature continuity, and its curvature should be within a
small deviation.

As a kind of curve with continuous curvature, the Bézier curve has simple and explicit
expression, as well as many excellent properties, such as end-points properties, which can
simplify the smooth joining process between adjacent path curves significantly and features
symmetry, convex hull properties, affine invariance, and so on. Therefore, the Bézier curve
is widely applied in motion planning.

A Bézier curve of degree n is defined as

P(t) =) piBin(t), t€[0,1], 2)
i=0

where {p; ﬁig are control points, and {B}'(f)}' is a set of Bernstein polynomials de-

fined by

where (%) = z'(nnill)'
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In path smoothing, the first control point of P(t) is the starting point of the UAV, that is,
po = Ps = (Xs,Ys, zs). The last control point p, = P¢ = (xf,y¢, zs), which is the target point
of the UAV. Meanwhile, the control points p; and p,,_ are defined to fulfill the velocity and
orientation requirements in the path. While the positions of the remaining control points
P2, P3, - -, Pn—2 Of P(t) are not fixed, in this study, we call these control points movable
control points. Under this condition, the path of the UAVs, namely, the shape of the Bézier
curve P(t), is completely determined by the positions of these movable control points.

In smooth path planning of UAVs, the arc length of the path is related to the energy
consumption and flight time of UAVs, while the curvature of the path is related to the flight
safety and stability of UAVs. Thus, it is necessary to consider the arc length and curvature
of the path curve P(t) comprehensively to determine the positions of the movable control
points p2, p3, - - - , Pn—2 SO as to design a path with good smoothness and a short arc length.

As fundamental invariants in differential geometry, the arc length and curvature
naturally induce energy functionals on curves. The variational approach to curve design
involves constructing and minimizing such functionals to achieve geometrically optimal
configurations. In this paper, we aim to construct UAV paths by considering multiple
energy functionals comprehensively and carry out energy simplification to improve the
efficiency of UAV path planning.

3. Considered Energy Functionals for Smooth UAV Path Planning

The most well-known energy functional of curves is the bending energy, which is
defined by the curvature of curves as follows:

EiwalC) = [ 2 (5)ds,

where C(s) represents a curve parameterized by the arc length; with a total length of /, the
curvature of this curve C(s) corresponding to parameter s is denoted as x(s). Similarly,
other intrinsic energy terms can be introduced for curve design and optimization based on
additional inherent properties of curves, such as their arc length or torsion.

For curves parameterized by arc length, the associated intrinsic energy functionals
tend to be relatively simple. However, when dealing with arbitrarily parameterized curves,
these energy functionals often become more complex and require significant computational
resources. In particular, during the optimization process, solving these energy functionals
typically results in intricate fractions that generally need numerical methods for resolution.

In practical applications, to simplify the computations involved in constructing energy-
minimizing curves, the intrinsic energy functionals are often approximated using the
following alternative forms:

BiP) = [ [P0, 1 fap), ®

where P (¢) denotes the kth-order derivative of curve P(t); here, the parameter ¢ can be
any parameter and does not necessarily have to be an arc-length parameter. || - ||= +/(-,-)
and (-, -) represent the inner product of two vectors.

These approximate energy functionals are also called the internal energy functionals.
The advantage of using the approximate energy functionals is that, for a parametric curve
defined by control points, the approximate energy functionals are quadratic in the control
points of the curve. Thus, the usage of internal energy functionals instead of intrinsic
energy functionals can simplify the optimization process in curve design remarkably.

In the case k = 1, the defined energy functional is referred to as the stretching or
tightener energy of curves, which is used to control the arc length of curves. In the case
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k = 2, the defined energy functional is referred to as the bending or straightener energy of
curves, which is used to control the smoothness of curves. In the case k = 3, the defined
energy functional is referred to as the flattener or jerk energy, which is used to approximate
the variation of curvature. These approximate energy functionals have been successfully
applied in products’ modeling designs, such as the design of cars, ships, crafts, etc.

In UAV path planning, to ensure the safety and stability of UAVs in flight and the
efficiency of mission execution of UAVs, as well as ensure that UAV’s energy consumption
can be as low as possible, the arc length and curvature of UAV path should be taken in
account simultaneously. Therefore, based on the stretching and bending energy functionals
in the internal energy functionals (3), the following composite internal energy functional is
defined as

Ecomp [P] = w1k [P} +wrEp [P]r (4)

where wi > 0,w, > 0 and wy + wy > 0 so as to realize the optimal design of the Bézier
curve P(t) in UAV path planning by energy minimization [29-31].

For the further consideration of the curvature rate variation, we can simultaneously
take into account these three kinds of energy and combine them to form the following
composite energy:

Ecomp[P] = w1Eq[P] + wi E»[P] + w3 E5[P].

By minimizing the composite energy of the curve, we can balance the arc length, curva-
ture magnitude, and curvature rate variation of the curve to meet the requirements for
unmanned aircraft flight.

4. The Planning of Energy-Minimizing Bézier UAV Path

For a Bézier path P(t) (1) in UAV path planning, in order to satisfy the pose constraints
of UAVs such as the fixed yaw angle and pitching angle at the starting and the target point
of UAVSs, the position of the control points po, p1 and p,,—1, p» of P(t) can be fixed.

For the remaining movable control points, the positions of the movable control points
can be determined by minimizing the composite energy functional Ecomp[P] (4) so as to
realize the optimal design of the UAV path both in terms of arc length and smoothness.
For this purpose, consider the index set J = {0,1,...,n} denoting the index set of all
the control points; then, separate the fixed and movable control points and define the
non-empty subset M = {my,mp,--- ,m,} (M C J) denoting the index set of movable
control points.

After separating the movable and fixed control points, the Bézier path P(t) can be
rewritten as

P(t) = mp(t) + fae(0). ©)

where

my(t):= Y Bi()pj, fam(t):= ) B.(t)ps
jeEM le J\M

Lemma 1 ([32,33]). For a set of Bernstein polynomial {B; ,,(t) }I_,,, the first derivative of the Bern-
stein polynomials is {By ,(t), Bou(t), -+, Bu—2n(t), Byu_1n(t)}, that is, the set of polynomials
{Bg (1), Béll,z(t), e, B;Sl_)z,n(t)/ and B;(L)Ln(t)} is linearly independent.

Lemma 2 ([32,33]). For a set of Bernstein polynomials {B; , (t)}}_,, the second derivative of the
Bernstein polynomials is { By, (), B3, (t), - -+ , Bu—an(t), Bu_2,(t)}, that is, the set of polynomi-
als {Béa(t), Bézrf(t) .-+ and B (1) B (t)} is linearly independent.

n—3,n 7 “n—-2n
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Theorem 1. For some differential order k € {1,2} where the weighting coefficient satisfies wy > 0,
if the polynomial system {Bf,lfj),n(t)};;l exhibits linear independence, then the composite energy
functional Ecomp[P] defined in Equation (4) attains strict convexity relative to the free control points
{pm, }_, of the Bézier curve P(t). This convex property guarantees that the functional admits
a single global minimizer, where the optimal configuration of these adjustable control points is
uniquely determined through solving the resultant linear system

M
Zai,]-pm].:—bi, i:1,2,...,y, j:1,2,...,‘1/l, (6)
j=1

where

2 1
k k
aij = aj; = kzwk /0 B, (1B, (1),
=1

2 1
b= Y wy / 8 ()W, (1)dt.
k=1 0

Proof. Substituting the composite form of the Bézier curve P(t) in Equation (5) into the
k-order internal energy functional (3), we obtain

v L 3® 124
FulP] = 1 (b, P IREHORY

u=1 u 1
+2) ) (PmyPm) /0 By (£)Biy) ()dt

j=11=j+1

M 1
#2)0 [ (b, £5(0) B (1)t
=170

1
£9 1) £90))dt,
+ [ £hm)
Let )
1
Sy = Zwk/ (€5 6), £5) (1)) at,
k=1 0

and the composite energy functional Ecopp[P] (4) can be rewritten as

T

Pmy aq 412 s Ay Pmy

Pm, a1 a2p - A2y pmy

Ecompl [P] = .

Pmﬁ a‘ll,l ay,z PN ﬂy,y pm;z (7)
T

Pmy by,

Pm b

+2f 7 ol s
pm;z bmy
where the matrix A := [a; ;]! ]i 1 in Equation (7) is
2

A=) wiAyg, 8)

k=1
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and the symmetric matrices

k o

Ak = [Xm,-,mj]zj'}:y k = 1121 (9)
are Gram matrices. This is because the symmetric matrices Ay are defined by the standard
inner product

1

Given that Ay in Equation (9) is a Gram matrix, it inherently exhibits positive semi-
definiteness for k = 1,2. Under the conditions wy > 0 and Z%zl wy > 0, the matrix A retains
this semi-definite property. Critically, if there exists a derivative order k € {1,2} where
wy > 0 and the associated polynomial family {Bﬁrlf]) n(t) ;.4:1 form a linearly independent set,
the composite energy functional E,np[P] attains strict convexity relative to the adjustable
control points {py, }'_, of the Bézier curve P(t). This convexity guarantees the existence
of a unique globally optimal configuration for these control points, which is analytically
accessible through solving the derived linear system

d
—E P| = i =1,2,...,u.
apm comp[ ] 0,1 s 4y U

the ith row, which is formulated as

1 9

M
EmEcomP[P]:;ﬂjljpmj+bi:0, 121’2/"-rﬂ~

]
Therefore, Theorem 1 holds as demonstrated. [

To summarize, when planning smooth trajectories using a Bézier curve, several control
points on both sides of the Bézier curve P(t) are determined based on the starting point
and target point of the UAVs, as well as the velocity and orientation requirements in the
path of UAVs. By utilizing an energy functional that consists of weighted combinations of
stretching and bending energies, the positions of the remaining control points for the Bézier
curve can be established through energy minimization; here, the energy minimization of
the curve is achieved by solving the system of linear equations presented in Equation (6).
As a result, an energy-minimizing Bézier curve with excellent smoothness and a short
arc length can be obtained. The shape of the energy-minimizing Bézier curve could be
adjusted by modifying the weighting coefficients w; and w, associated with the stretching
and bending energies. Below, several examples are provided to demonstrate the design of
smooth UAV trajectories. Here, the simulation experiment configuration we employed was
Matlab-2016b, Intel(R) Core(TM) i7-10510U CPU @1.80 GHz 2.30 GHz, 16 GB.

Example 1. Smooth UAV path planning in 2D space by using a 6-degree Bézier curve is shown in
Figure 2. The green line at the end of the curve indicates the start point and initial flight direction
of UAV, and the red line at the end of the curve indicates the target point and the flight direction
of UAV when it reaches the target point. Thus, for the four terminal control points py, p1 and
P5, Pe of the path, their position is supposed to be fixed, and the position of the three control points
P2, P3, P4 is unknown. By optimizing the position of these movable control points of the curve,
a curve with the minimum composite energy functional Ecomp[P] (4) can be obtained. With the
weight coefficients wy and wy of the approximate stretching and bending energy functional in the
composite energy functional Ecomp[P) taking different values, the energy-optimized Bézier curves,
which exhibit distinct geometric characteristics in terms of shape, arc length, and curvature, can be
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systematically generated. Figure 2a displays the generated energy-minimizing Bézier curve with
wy = 1,wy = 0, that is, the result of arc length optimization using stretching enerqy. Figure 2b
displays the generated energy-minimizing Bézier curve with wy = 0,wy = 1, that is, the result of
smoothness optimization using bending energy. Figure 2c displays the generated energy-minimizing
Bézier curve with wy = 0.9, wp = 0.1 in the composite energy functional Ecomp[P]. Figure 2d
displays the curvature comparison of the three curves. Figure 2e demonstrates the sensitivity of the
shape of the energy-minimizing curve to the value change of the weighting coefficients wy and wo
on a large scale, with w?’l = w' — 0.1. Figure 2f demonstrates the sensitivity of the shape of the
energy-minimizing curve to the value change of the weighting coefficients wy and wy on a small
scale, with wi“ = w| —0.01.

Example 2. Smooth UAV path planning in 2D space by using a 6-degree Bézier curve under
another terminal condition is shown in Figure 3.

Example 3. Smooth UAV path planning in 3D space by using a 7-degree Bézier curve is shown in
Figure 4.

ve with w1=0.99,120.01

o 2 4 6 8 10 12 14 16

(b) wp = O,WZ =1

(d) Curvature comparison.

—— w1=0.91w2=0.09
—— W1=092=01

0 5 10 15 o

o s w0 1
. . : : i+1 _ i
(e) Curve deformation with wﬁ“ =w —01. (f) Curve deformation with w|™ = w} — 0.01.

Figure 2. Smooth UAV path planning in 2D space by using a 6-degree Bézier curve.

I | —cunawre ra

|—— Resuling cuve with wi=Lw2=0| 8 4 8
dus

@w; =1,wp, =0.

b)w; =0,wp, = 1. (c)wy = 0.99, w, = 0.01.

Figure 3. Cont.
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W1=0.96,42=0.04

" W1=0.942=0.06
1F 4 W1=0.93,u2=0.07

(d) Curvature comparison.

o o L L L
0 1 2 3 4 5 6 0 1 2 3 4 5 6

(e) Curve deformation with w’i“ = w’1 —-0.1. (f) Curve deformation with w;“ = wﬁ —0.01.

Figure 3. Smooth UAV path planning in 2D space by using another 6-degree Bézier curve.

Starting edge

WI=09702-0.03
\ WI=0.96.12-0.04

\ WI=0942-0.06
\ WI=093,42=0.07

— -

w2=009
\ — wi=09m2-0.1

2
25 3

(d) Curvature comparison.

(e) Curve deformation with wi“ =w - 0.1 (f) Curve deformation with wi“ = w} —0.01.

Figure 4. Smooth UAV path planning in 3D space by using a 7-degree Bézier curve.

5. Comparison with Other Path Smoothing Algorithms

In this section, through simulation experiments, we compared the path smoothing
algorithm through composite approximate energy proposed in this paper with several
other path smoothing algorithms, including the path smoothing method that minimizes
the accurate bending energy of the Bézier curve [26], the path smoothing method that
minimizes the accurate arc length of the Bézier curve [27], the path smoothing method
using the Dubins curve, and the path smoothing method using the PH curve.

Example 4. In Figure 5, we present a comparison study on the performance of the proposed
path smoothing method with the method of constructing a Bézier curve with the minimum total
curvature by utilizing the accurate bending energy of curves. When wi = 0,wp = 1, namely,
only the approximate bending energy is used for path smoothing, the optimal path is the blue curve
shown in Figure 5a, while the red curve is the optimal path obtained through accurate curvature
formula. Furthermore, Figure 5b displays the curvature distribution comparison of the two curves.
In addition, when wy = 0.1, wp = 0.9 and wy; = 0.2, w, = 0.8, the comparison results of the
generated curves are shown in Figure 5c, Figure 5d, Figure 5e, and Figure 5f, respectively. In
addition, the comparison of the numerical results of the proposed method with the method in [26] is
shown in Table 1, including the comparison of the max curvature, path length, and computation time.

As can be seen from Figure 5, when wy = 0, w; = 1, namely, only the approximate
bending energy is used, the generated curve is longer in arc length and has a greater
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maximum curvature than the curve obtained using the accurate curvature. When w; = 0.1,
wy = 0.9, the curve generated using the proposed method is basically the same as the
curve obtained using the exact curvature. When w; = 0.2,wp; = 0.8, the arc length of
the curve generated by the proposed method is shorter than that of the curve obtained
by using the exact curvature, and the maximum curvature of the curve is also smaller.
From Table 1, we can see that the time used in this method is shorter than that used in the
comparison method.

(a) Curve comparison with wy = 0,wy = 1. (b) Curvature comparison with wy = 0,wp = 1. (c) Curve comparison with wy = 0.1,wp = 09.

I 1
01— P o 1 2 3 0 s 3 o o1 02 03 o4 05 06 07 08
0o o 09 1
t
t

(d) Curvature comparison with wy = 0.1,wp = 0.9. (e) Curve comparison with wy = 0.2,wp = 0.8. (f) Curvature comparison with wy = 0.2,wp = 0.8.

Figure 5. Comparison between the curves optimized through approximate energy and accurate
bending energy respectively.

Table 1. Comparison of numerical results of the proposed method with the method in [26].

Method Max Curvature Path Length  Computation Time
Path optimized through accurate bending energy 0.172 6.25 0.95s
The proposed method with w; = 0,w, =1 0.19 6.31 0.31s
The proposed method with wy = 0.1, w, = 0.9 0.173 6.24 0.38s
The proposed method with w; = 0.2, w, = 0.8 0.162 6.14 0.39s

Example 5. In Figure 6, we present a comparison study to show how well the first-order approxi-
mate energy Ex[P] (3) approximated the arc length formula in constructing a curve with the shortest
arc length [27]. In addition, the comparison of the numerical results of the proposed method with the
method in [27] is shown in Table 2, including the comparison of the max curvature, path length,
and computation time. From Figure 6, we can see that when wy = 1,wy = 0, namely, only the
approximate stretching energy is used, the generated curve is basically the same as the curve obtained
using the accurate arc length formula; see Figure 6a,b.

Table 2. Comparison of numerical results of the proposed method with the method in [27].

Method Max Curvature Path Length Computation Time

Path optimized through accurate arc length formula 0.379 6.13 0.59s
The proposed method with wy = 1,w, =0 0.382 6.13 0.30s
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—— Curvature distribution of the curve optimized through aaccurate arc length

/}\‘

J/
oy 1

—— Starting edge
Ending edge

-151 = = - Control polygon through approximate energy

—— Curve obtained through approximate energy

= = - Control polygon through accurate arc length

-2r = Curve obtained through accurate arc length

L L L L L )
0 1 2 3 a 5 6

(a) Curve comparison withw; =1, w, = 0. (b) Curvature comparison withw; = 1,w, = 0.

Figure 6. Comparison between the curves optimized through approximate energy and accurate arc
length formula respectively.

Example 6. A comparison study was conducted on the performance of the proposed path smoothing
method and the path smoothing method using the Dubins curve in designing a smooth path with the
shortest arc length, and the result is shown in Figure 7. In addition, the comparison of the numerical
results of the proposed method with the method based on Dubins curve is shown in Table 3, including
the comparison of the path length and computation time. As can be seen in Figure 7a,b, compared
with the proposed method, although the path constructed using the Dubins curve has shorter arc
lengths, the slope of the Dubins curve is not continuous and thus is not conducive to the flight
of UAVs.

Path slope (dy/dx) of the Dubins curve
T T T T
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' '
' '
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(a) Curve comparison with wy = 1,w, = 0. (b) Distribution of the slope and tangent direction of the Dubins curves.

Figure 7. Comparison between the Dubins curve and the curve optimized through approximate energy.

Table 3. Comparison of numerical results of the proposed method with the Dubins curve.

Method Path Length Computation Time
Dubins curve 6.09 0.33s
The proposed method with w; = 1,w; =0 6.11 0.31s

Example 7. A comparison study was conducted on the performance of the proposed path smoothing
method and the path smoothing method using the PH curve, and the result is shown in Figure 8.
In addition, the comparison of numerical results of the proposed method with the method based on
the PH curve is shown in Table 4, including the comparison of the max curvature, path length,
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and computation time. As can be seen in Figure 8, the paths generated by the two methods
show little overall difference, but the path produced by the traditional method exhibits better
smoothness. However, path smoothing method using the PH curve needed to employ iterative
approach to determine the optimal values of decision variables during computation, resulting in
higher computational load and longer processing times, as shown in Table 4.

—— Curvature distribution of the curve optimized through approximate energy
| —— Curvature distribution of the PH curve

0 0.1 0.2 03 0.4 05 0.6 0.7 08 0.9 1
t

(b) Curvature comparison withw; = 0,w, = 1.

(a) Curve comparison withw; = 0,w; = 1.

Figure 8. Comparison between PH curve and the curve optimized through approximate energy.

Table 4. Comparison of numerical results of the proposed method with the PH curve.

Method Max Curvature Path Length Computation Time
Path optimized through accurate arc length formula 1.53 6.33 1.43s
The proposed method with wy = 0,w, =1 1.76 6.34 0.35s

6. Obstacle Avoidance for UAVs Based on Piecewise Curve
6.1. Construction of Smooth Piecewise Path Curve Using Multiple Bézier Curves

In actual path planning scenarios, motion planning implementations leverage algo-
rithmic frameworks to generate a series of discrete pose points, and thereby, multiple short
smooth paths can be obtained by using a smooth UAV path planning method. In addi-
tion, for a given set of pose vector Fs(xs, ys, zs, ¢s, P5) and Ff(xf, Y5 Z5, P, 1,L7f), sometimes
smooth piecewise curve need to be used for obstacle avoidance. For a global smooth path
to be achieved, these individual smooth curves must be seamlessly spliced. If these curves
are directly connected at the starting and ending points, though the resulting piecewise
path is continuous in position, its curvature is discontinuous. In this case, the piecewise
path does not meet the flight requirements of UAVs. To address this issue, the pose vectors,
namely, the terminal control points of some curve segment, need to be modified.

Suppose the ith smooth UAV path is an n-degree Bézier curve P(t) whose control
points {pi}fzg are fixed. The end-points properties of the Bézier curve indicate that
P(t) satisfies

P(0) =po, P(1)=pu;
P'(0) =n(pi —po), P (1)=n(py—pu1); (10)

P'(0) = n(n—1)(p2=2p1+po),  P'(1) =n(n—1)(pu—2pu-1+Pn-2)-

Suppose the (i + 1)th smooth UAV path is a Bézier curve Q(t) of degree n whose
control points are denoted as {qi}fjg. C? continuity between the two paths means that P(#)
and Q(t) need to satisfy
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P(1) = Q(0);

P (1) =Q (0);
P'(1) = Q"(0).

Thus, according to the end-points properties of the Bézier curve in Equation (10), to
achieve C? continuity, the terminal control points qg, q1, q2 of Q(t) should satisfy

qo0 = Pn»
q1 = 2pn — Pn-1; (11)
Q2 =4pn —4Pn-1+ Pu—2-

For the (i 4+ 1)th path Q(t), its initial control points qo, q1, q2 are determined by the
ith path, and its terminal control points q,_1, q, are obtained by pose information, while
the other control points of Q(t) are movable. In this case, the smoothness and arc length of
Q(t) can be optimized by energy minimization by Equation (6).

Example 8. The design of a smooth piecewise UAV path by using multiple energy-minimizing Bézier
curves is shown in Figure 9. The piecewise UAV path is composed of two 8-degree Bézier curves whose
control points are denoted as {p;}3_,, {q;}%_. Here, the positions of the terminal control points po,
p1, and p as well as pe, p7, and ps of the first curve {P(t) are supposed to be fixed. To ensure the
position continuity, tangential continuity, and curvature continuity at the junction of the two curves,
the position of the control points qo, q1, and qp of the second curve {Q(t) are determined by pe, p7, and
ps by Equation (11). In addition, the position of the control points qg, qy, and qg are fixed according
to pose constraints. Then, the control points whose positions are unknown are {p;}>_5,{q;}?_5. By
minimizing the composite energy functional Ecomp[P] (4), the position of the six movable control points,
that is, two energy-minimizing Bézier curves, can be determined.

8 8 8 T T
® Fixed control point of frst curve ®  Fixed control point o first curve
©  Fixed control point of the second curve ® Fixed control point of first curve ®  Fixed control point ofthe second curve
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——The second curve with wi=1w2=0 O Movable control point of the first curve a © Movable control point of the second curve °
Cunvature radius O Movable control point of the second curve \ | —— The first curve with w1=0.99,w2=0.01 n
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ar " N 4 4
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@w; =1,wp, =0. (b)w; =0,wp, = 1. (c)wy; =0.9,w, =0.1.
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Curvature of the second curve with w1=0w2=1
Curvature of the second curve with w1=0.99,w2=0.01| |

Curvature of the first curve with w1=0,w2=1
7’ Curvature of the first curve with w1=0.99,w2=0.01
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(d) Curvature variation of the first curve in blue. (e) Curvature variation of the second curve in red.

Figure 9. Planning of smooth piecewise path by using multiple energy-minimizing Bézier curves.
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6.2. Design of Collision-Free Smooth Path for UAVs

For a given set of pose vector Fs(xs, ys, zs, ¢s, Ps) and Ff(xf,yf, zf, 5, lpf) at the start-
ing and the target point, if the resulting energy-minimizing curve passes through some
obstacles, the initial energy-minimizing curve need to be segmented at the locations where
it collides with an obstacle. Here, an example is given in Figure 10 to illustrates the design
of a collision-free smooth path by using multiple energy-minimizing Bézier curves, where
the obstacles are represented as the black bullets. As shown in Figure 10a, the initial
energy-minimizing Bézier curve pass through an obstacle. In Figure 10b, the red point is
the center of the obstacle, denoted as (xr,y;), and the radius of the obstacle is represented
as r. The green point is the closest point on the initial energy-minimizing curve to the
center of the obstacle, which is denoted as (x1,y1). In order to avoid the obstacle and
achieve C? continuity, the initial energy-minimizing curve should be divided into two
parts. Specifically, the end point p, of the first segment of the piecewise curve, that is, the
starting point p;, of the second segment of the piecewise curve, is determined based on the
vector (x1 — xr,y1 — ¥r) with ||pn — (x4, y)|| = 7 + ¢, where ¢ > 0; moreover, to avoid the
obstacle, the tangent of the piecewise curve at p, should be perpendicular to the vector
(x1 — xr, 11 — ¥ ), and thus, the control points p,—2, p,—1 and p;, P, can be determined with
B2 — Pa—zll = 2r and (pu1 — Pu—2) = (P — Pa—1) = (B1 — o) = (P, — Py) to achieve
C? continuity. As shown in Figure 10b, with minor modification to the initial curve, the
constructed piecewise curve effectively avoids the obstacle.

The design of a collision-free smooth path by using multiple energy-minimizing Bézier
curves in the scene with another set of obstacles is shown in Figure 11. Analogously, the
construction of a collision-free smooth path by using multiple energy-minimizing Bézier
curves in 3D space can be achieved.

For 3D scenes, a similar method can be applied for obstacle avoidance. As shown in
Figure 12, the blue balls represet the obstacles and the initial planned path intersects with
one of the obstacles. To avoid the obstacle, the tangent of the piecewise curve at p,, should
be parallel to the tangent line o} (tcoest) Of the curve at the closest point to the center of the
ball (x;, yr, zr).

100 T T T T T T T T T 100
920 1 90 -
80 q 80
© e o e %
@ @ ' @ @
v L 1 [ L
e e
: ® | »
o ® o ® o
10 1 10
0 0
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
(a) Original energy-minimizing curve. (b) Curve segmentation and reconstruction.

Figure 10. Planning of collision-free smooth path by using multiple energy-minimizing Bézier curves.

In Figure 13, an example of UAV path planning in a complex environment is presented.
In this study, the RRT* algorithm [34] was used for the initial path planning. In the figure,
the blue straight line segments indicate the growth process of the random search tree, and
the green polyline represents the generated initial path. Then, the proposed method was
employed for path smoothing, and the generated smooth curve is represented as the red
curve in the figure.
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(c) The planned collision-free smooth path.

Figure 11. Planning of collision-free smooth path by using multiple energy-minimizing Bézier curves
in the scene with another set of obstacles.
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Figure 12. Planning of collision-free smooth path by using multiple energy-minimizing Bézier curves
in the scene in 3D scene.
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Figure 13. UAV path planning in complex environments using RRT* combined with the pro-

posed method.

In Figure 14, an example is presented to compare the smoothing effects of 7-degree

Bézier curves and 8-degree Bézier curves in path smoothing. The discrete initial path
in green was obtained by the RRT* algorithm [34], and the red curve in Figure 14a,b
represents the smoothed path obtained using the proposed method with 7-degree Bézier
curves and 8-degree Bézier curves, respectively. From Figure 14 (especially the paths within
the rectangular boxes), it can be seen that using the 8-degree Bézier curves resulted in a



Mathematics 2025, 13, 2318

17 of 20

better smoothing effect due to its higher degree of freedom. Here, the calculation time for

path smoothing using 7-degree Bézier curves and 8-degree Bézier curves was 1.53 s and

1.77 s, respectively.

90 100

(a) Path smooth using 7-degree Bézier curves. (b) Path smooth using 8-degree Bézier curves.

Figure 14. Comparison of the smoothing effects of 7-degree and 8-degree Bézier curves in

path smoothing.

7. Results Discussion

)

@

®)

4)

It can be seen from Figures 2a—4a and 9a that though the curve optimization based
on stretching energy can help obtain UAVs flight path with a very short distance
so as to reduce energy consumption and execution time of UAVs, the smoothness
of these curves is very poor. Specifically, the overall curvature of these curves is
large, especially at the corners of both ends of the curve, which is not conducive to
UAV flight.

From Figures 2b—4b and 9b, it is evident that curve optimization based on bending
energy can help obtain a UAV’s flight path with very good smoothness; however, the
length of the flight path is usually long, which will increase the energy consumption
and execution time of the UAVs. In addition, curve optimization based on bending
energy can minimize the overall curvature (integral of curvature) of the curve, but
the maximum curvature value of the curve is not necessarily the minimum in the
candidate flight curve of UAVs. In UAV path planning, maintaining an instantaneous
curvature below aircraft-specific thresholds proves more critical than minimizing total
curvature accumulation.

By contrast, visual analysis of Figures 2c—4c and 9c and Figures 2d—4d and 9d,e
indicates that, on the one hand, optimization based on composite energy can reduce
the arc length of path; on the other hand, as can be seen from Figures 3d, 9d and %e,
sometimes the maximum curvature of the curve obtained by optimizing the composite
energy is actually smaller than that obtained by optimizing the bending energy only
and thus is more conducive to the safe and stable flight of UAVs.

From Figures 2e—4e and Figures 2f-4f, it is evident that when w; — O and w, — 1,
namely, w;/w; — 0, the shape of the optimal curve is not sensitive to the value
changes of the weight parameters w; and w;. As w; gradually increases and w,
gradually decreases, namely, as w; /w;, gradually decreases, the shape of the curve
becomes increasingly sensitive to the changes in the values of the weight parameters
wy and wy.
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(5) Visual analysis of Figures 10-12 indicates that, by using a C? continuous piecewise
energy-minimizing Bézier curve, a collision-free smooth path with a short length and
good smoothness can be obtained.

(6) Limitations of the proposed method: The study in this paper only considers the
direction and curvature constraints of UAVs at the ends of a short path, and other
dynamic constraints of UAVs were not fully taken into account. In addition, the
study in this paper merely remains at the theoretical analysis level to provides a new
theoretical approach; thus, the effectiveness of the method and the optimal values
of the weight parameters have not yet been verified on UAVs. Therefore, further
improvements are needed in the future.

8. Conclusions

In this paper, a method for the variational design of a smooth UAV path is proposed by
using energy-minimizing Bézier curves. In smooth UAV path planning, a composite energy
functional is defined by combining the approximate stretching energy and bending energy
of curves to balance the arc length and smoothness of the path, and path generation via
composite energy minimization can be reduced to solve well-conditioned linear equations.
Benchmark tests across various obstacle configurations validate the method’s reliability
in producing dynamically feasible paths with good smoothness and short lengths, which
can help to improve the safety and stability of UAVs in flight and decrease the energy
consumption and execution time of UAVs. Compared to other path planning methods based
on Bézier /B-spline curves, the optimal path can be obtained by solving a system of linear
equations with less computation cost and time cost using the proposed method instead
of step-by-step iterations, which can improve the efficiency of path planning and thus
improve the reaction speed and obstacle avoidance ability of UAVs and enable real-time
computation for autonomous systems. Applying this method to practical path planning,
improving and optimizing the method continuously in practice will be the promising and
represents an important direction for future work.
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