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Abstract

Analogous to Kolmogorov’s theorem for the existence of stochastic processes describing
random functions, we consider theorems for the existence of stochastic processes describing
random measures as limits of inverse measure systems. Specifically, given a coherent inverse
system of random (bounded/signed/positive /probability) histograms on refining partitions,
we study conditions for the existence and uniqueness of a corresponding random inverse
limit, a Radon probability measure on the space of (bounded /signed /positive/probability)
measures. Depending on the topology (vague/tight/weak/total-variational) and Kingman’s
notion of complete randomness, the limiting random measure is in one of four phases, distin-
guished by their degrees of concentration (support/domination/discreteness). The results are
applied in the well-known Dirichlet and Polya tree families of random probability measures
and a new Gaussian family of signed inverse limit measures. In these three families, examples
of all four phases occur, and we describe the corresponding conditions of defining parameters.

Keywords: random Radon measure; stochastic process (existence); stochastic integral;
phase structure

MSC: 60G07; 60G20; 60G57

1. Introduction

Underpinning theories of random functions is Kolmogorov’s theorem for the existence
of stochastic processes. Given a (e.g., Polish) domain 2 for real valued functions f,
we depart from the collection of projections f +— fs = (f(s) : s € S) (where S is any
finite subset of 27) and, for every S, we provide a probability distribution IIg for the
following projection:

fs = (f(S) RS S) ~ ITg.

Consistency among projections dictates the necessary condition where S’ C S implies
that Iy is marginal to I'1g. Kolmogorov’s theorem says that this consistency condition is
also sufficient: if the chosen I'lg are consistent, there exists a probability distribution IT for
a random function f such that the projected random fs are distributed according to ITs for
all finite S C 2.

Kolmogorov’s theorem has advantages and disadvantages: On the one hand, mere
consistency is enough without further conditions, making existence remarkably easy to
prove. This enhances applicability greatly, as does the simplicity of the approach: properties
of I'T derive from those of the (user-defined) ITs, and calculations for random fs are feasible
because they take place in finite-dimensional probability spaces. On the other hand, the
limiting IT is a Borel measure for the product topology on R# , which dissociates I'T from
some interesting other (e.g., metrizable) topologies, while the indistinct nature of R#
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forces the imposition of extra conditions on the choices of the I1g to induce properties like
(IT-almost-sure) continuity, differentiability, or integrability.

Probability measures on spaces of measures are (less common, but) also of interest
in various parts of science. For example, in non-parametric statistics [1], particularly of
the Bayesian type [2,3], probability distributions on spaces of probability measures play
a central role; machine learning shares much with statistics, and random (probability)
measures also feature prominently there.

In those disciplines, the most straightforward approach is often to define random mea-
sures by the mapping of random functions: it is commonplace, for example, to normalize
an integrable positive random function in order to define a random probability density
function. But it remains attractive to think about constructions of random measures that
take place directly on the space of measures in its full generality. In this sense, based on
the Poisson-type family of completely random measures [4,5], a well-developed theory of
point processes (e.g., the family of Dirichlet random probability measures) exists (for an
overview, see [6,7]) and is applied widely. Further examples exist, but a comprehensive
mathematical theory for the construction and study of probability measures on measure
spaces is lacking to date.

Ideally, such a theory of random measures would be based on an existence theorem
like Kolmogorov’s theorem for random functions. In this paper, we formulate several new
existence theorems of this kind. For a directed set < of finite, measurable partitions « of R,
we choose distributions I1, and define, for all restrictions of y to «,

po := (H(A) : A € a) ~Il,.

These projections y, are called random histograms in what follows, and their consistency
follows from the additivity of y: if  refines «, then, for any A € «,

(Zyﬁ(B):Aea)NH,X.

BCA

when g ~ 1. Under which conditions does such a system of random histograms have a
(unique) histogram limit I1? (By which we mean a probability measure IT on the space of
measures with a-restrictions that match the I'l,.)

This question is, of course, not new: both Bayesian non-parametric statistics and
stochastic analyses have formulated a wide variety of conditions for existence, more or
less independently. First explorations of the subject in stochastic analyses date back to the
studies of [8,9]. The authors of these studies formulated the classical Bochner-Kolmogorov
conditions for the existence of a random distribution function on R. Other approaches based
on inner regularity are considered in [10-12] and discussed comprehensively in [13,14].
Definitions of measure-theoretic inverse limits are presented in [15-18]. Limits of random
histogram systems in the Bayesian non-parametric literature were first discussed in [19],
which introduced the Pélya-tree family of histogram systems. Many further developments
were based on Kingman’s completely random measures, most prominently in the form
of the Dirichlet process [20,21]. For overviews of these and further developments on
non-parametric Bayesian priors, see [2,22]. Regarding existence, most noteworthy is [23],
which formulated the so-called Mean-measure condition for the existence of a limit for
a system of random probability histograms P, ~ I1,: Orbanz requires that there exists a
Borel probability measure G on .2 with histogram projections G, that match histogram
expectations: Gy (A) = [ Py(A) dI1,(P,) for all partitions « and all A € a.

In this paper we prove and apply several existence theorems for limits of random
histogram systems and analyze the variety of ways in which the corresponding random
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measures manifest in theory and examples. After introductory remarks and a discussion
of the Bourbaki—-Prokhorov-Schwartz theorem in Section 2, we consider spaces of proba-
bility measures M!(.2") with the tight, weak or total-variational topology, and we derive
conditions that guarantee the existence and uniqueness of a limiting Radon probability
measure IT in those cases in Sections 3 and 4. As it turns out, the manifestations of their
respective random probability measures are quite different: a limit II that is Radon for
the weak or total-variational topology is supported by the subset of M!(2") of measures
dominated by G, while a I1 that is Radon for the tight topology is supported by the subset of
MY (Z) of measures with support contained in that of G. Combined with the Poisson-like
manifestation of completely random measures, in Section 5, we distinguish four phases
for random probability histogram limits: absolutely-continuous, fixed-atomic, continuous-
singular and random-atomic. The results are applied to known examples like the Dirichlet (in
Section 6) and Pdlya-tree (in Section 7) families, and we re-derive and sharpen some of the
existing results.

In Section 8, we consider spaces of signed measures with the vague, tight and weak
topologies and derive conditions that guarantee the existence and uniqueness of Radon
histogram limits I1. The generalization to signed measures accommodates a new family
of Gaussian probability distributions, defined as limits of random histogram systems of
the form,

(@a(A) 1 A € 0) ~ N(Ag ),

where N denotes a multivariate normal distribution with (suitably defined) expectation A,
and covariance ¥,. All four phases found for probability histogram limits are also realized
in this setting, so Gaussian histogram limits exist with the same wide range of diffuse and
point-like manifestations. We argue that Gaussian histogram limits based on Green'’s func-
tions for the harmonic operator generalize the well-known two-dimensional Gaussian free
field [24] to higher dimensions, suggesting a potential role in four-dimensional Euclidean
quantum field theory.

To conclude, we emphasize the constructive nature of the existence theorems provided:
random histogram systems not only define but also approximate random measures. The
approximative property has two large advantages, one computational and one analytic:
Firstly, histogram systems consist of finite-dimensional probability distributions, which we
can simulate. The Dirichlet process, for example, derives much of its immense popularity
from its ease of numerical implementation and use, and this considerable advantage extends
to all histogram methods. The second advantage lies in mathematical accessibility. The
analyses of example histogram limits in Sections 68 are possible only because calculations
with finite-dimensional random histograms are feasible, and limits of the results correspond
to properties of the infinite-dimensional histogram limits.

2. Limits of Random Histogram Systems

The existence theorems that follow in Sections 3 and 4 require some (tedious but
necessary) bookkeeping of partitions and corresponding notation (Section 2.1), as well
as a preparatory discussion of the relevant existence theorem, the Bourbaki-Prokhorov—
Schwartz theorem (Section 2.2).

2.1. Inverse Systems of Random Histograms

We start by introducing directed sets of partitions and the associated histogram systems.

2.1.1. Measures, Partitions and Histograms

Let 2" be a Hausdorff topological space (further specification, e.g., Polishness, com-
pactness, etc., follows below). For most purposes, 2 can be thought of as a space like
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R¥: for statisticians, this space plays the role of the sample space, while, for probabilists
and physicists, 2" represents Euclidean space-time. The space 2" has a Borel c-algebra
that we denote by %. We consider a collection </ of partitions « of 2", consisting of finite
numbers of non-empty Borel sets. (The maximal such collection, denoted <, contains
all finite partitions into non-empty Borel sets.) We order ./ partially by the refinement
of partitions (if &, § € &/ and S refines a, write « < ) and assume throughout that &/
forms a directed set for ordering by refinement. Naturally, « < § implies inclusion for the
generated o-algebras o(a) C o(p) C A. With the notation |«| for the cardinality of «, let
I(a) denote the index set {1, ..., |a|}. Furthermore, we associate with « a finite, discrete
space Zy = {e1,..., ey} and the mapping ¢ : 2 — 24, such that g,(x) = ¢; for all
x € A;. Forall « < B, we also define Pap ,%”lg — Zy such that ¢, = Pup © Pp (and @44 as
the identity on 2, for all a), and we define J,5(i) C I(B) to be such that A; = U B
foralli € I(«).

Consider 2" (or any of the discrete spaces Z): define C,(.2") (or C(Z24)) to be the
linear space of all bounded, continuous f : 2~ — R (or fu : Zx — R), and let M,(.2")
(or M(Z%)) denote the space of all bounded, signed Radon measures y on 2" (or j, on
Za). For u,v € My(Z"), we say that  dominates v (notation v < p) if y(B) = 0 implies
v(B) = 0 for all B € A. Define the bilinear form (y, f) = [ fdp (or (ya, fa)a = [ fu dpa).
For any p € My(Z'), let y4,u— denote the (unique pair of) positive measures such

€Tup(D) ]

that 4 = 4 — p—, and define |u| = p4 + p—, noting that the total variational norm
[lu|| equals (|p|,1). The bilinear form (-, -) places C,(2") in dual correspondence with
M, (Z) (or C(Zy) with M(2y)). We refer to the resulting topology on M,(2") as the
tight topology, denoted as Jc. Let M, (2Z") denote the positive cone in M (2") and let
MY(Z") C M4(Z) denote the space of all Radon probability measures on 2" (or equivalent
with 2). If 2 is a Polish space, then so are M (2") and M'(2") (see [12], Ch.IX, § 5, No. 4,
Proposition 10). Alternatively, we view C,(2") and M, (2") as normed spaces, with the

supremum norm || - |le 2 (Or || - ||co,x) and total-variational norm || - || o~ (or || - [|1,0)), re-
spectively. We refer to the corresponding norm topology on M;(2") as the total-variational
topology, denoted as Fry. Below we also consider My (.2") and M!(.2") in duality with the
space of all bounded Borel-measurable & : 2° — R, based on the same bilinear form (y, h).
We refer to the corresponding topology on M, (.2") as the weak topology, denoted .77. Clearly,
the total-variational topology refines the weak topology and the weak topology refines the
tight topology.

We specialize to probability measures in most of this section and exclusively in
Sections 3-7 and generalize to signed measures only in Section 8. Summarizing the most
basic requirements for 2, &/ and M'(.2"), we give the following definition.

Definition 1. We say that 2", o/ and M'(2") satisfy the minimal conditions if

(i) 2 and M'(2") are Hausdorff topological spaces;
(ii.) </ is a directed set of finite partitions of 2 in terms of non-empty, Borel-measurable sets;
(iii.) forany a € o andall A € o, M'(2") — [0,1] : P — P(A) is Borel-measurable.

With regard to the third requirement, it is noted that if the space 2" is a Polish space,
the mappings P — P(G), (G € %) are measurable with respect to the Borel o-algebra for
the tight topology on M'(.2).

For any Borel probability measure P € M!(2") on 27, there exists a mapping on 7,
« — Py = (P(A1),...,P(A})) that takes a finite, measurable partition a of 2" into the
(a-)histogram associated with P. Note that P(Aq) + ...+ P(A|,) = P(Z') = 1, so any
Py € M'(2) can be represented by an element of the simplex S| = {p € Rl 3p =1}
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(and we shall interchange these two perspectives freely in what follows). Consider &, 8 € &/
such that j refines «. By finite additivity of the measure P, we have, for every A € «,

P(A) = P(UpcaB) =) {P(B): B B,BC A}, (1)

so the histograms P, and Pj are related through the summation of probabilities for compo-
nents that are unified when partitions coarsen. Clearly, any probability measure P defines
a collection of probability histograms related through (1), which, conversely, are enough
to reconstruct P if &/ is rich enough (as per Carathéodory’s extension). To give these
observations regarding histograms formal expression, we make the following definitions.
For every a € 7, there exists a projection mapping @, : MY(2Z) — M (24),

@sa(P) = (P(A1),..., P(A))), (2)

that maps a probability distribution to its a-histogram. Based on (1), for all «, f € &7 such
that a < B, there is a transition mapping ¢, g : Ml(%ﬁ) — MY(2%),

Prap(Pp) = ( Y Dg(B CY, P/S(B))/ 3)

BCA; BCA|0¢\

that maps B-histograms to a-histograms. Then @ 4, is the identity for any « € /. Also, for
any & < < v, we have,
Pray = Puap © Puprs
and, forall o < g,
Pxa = Pxap © Pxp- 4)

Together with the fact that o7 forms a directed set, the following property implies that
4/ is rich enough for histograms to fix measures on all of the Borel c-algebra.

Definition 2. A set .o/ of partitions of a Hausdorff topological space Z is said to resolve 2 if the
o-algebra generated by the union of all sets A in all partitions in <7 is the Borel o-algebra, i.e., if
c{A:ane o, Aca}) =

To formulate necessary conditions below, we also need a construction of partitions in
terms of a topological basis for 2.

Definition 3. Let % be a topological basis for Z'. We say that a partition « (or collection of
partitions /) is generated by the basis % if for (any « € o7 and) any A € «, A is the union of a
finite number of subsets obtained through a finite number of intersections of 2" with U or 2"\ U,
(Uew).

Example 1. In a topological space % with a countable basis % , we may construct a sequence of
refining partitions based on an enumeration of % : start with ag = {2}, for all n > 1, intersect all
sets in a1 with U, and 2\ U, and then define a,, to consist of all such non-empty intersections.
The resulting o/ = {ay : n > 1} is a fully ordered set, and <f resolves 2.

2.1.2. Domination, Histogram Densities and Total Variation

In dominated families of probability measures, the convergence of histogram sys-
tems coincides with the martingale convergence of Radon—Nikodym densities (see also
Appendix A1.6 of [7]). Due to the monotony of the relation a — o(« ={o(a):a €}
is a directed filtration. Furthermore, if o/ resolves 2, the limit of the flltratlon Z (which
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has the union of all o(a), (¢ € &), as a generating ring) is equal to the Borel o-algebra %
on 2.

Let P,Q € M!'(2") be given and assume that P < Q, so that P has a (Q-almost-
everywhere unique) Radon-Nikodym density p : 2~ — [0, 00) with respect to Q. Consider
the o(«)-measurable functions p, : " — [0, ), defined by,

m) = T (gt [, 0190 140, ®)

Acn

for Q-almost-all x € 2" (in particular, if Q(A) = 0, for some A € g, the corresponding
term proportional to 14 is (Q-almost-everywhere equal to 0 and therefore) not included
in the sum). We may define for every &« € & the Q-dominated probability measure
Pou: % —[0,1]:

Poa(B) = [ pulx)dQ(x), ©

for all B € %, where it is noted that for all A € &, Pg4(A) = P(A) (“= Px(A)”, in a slightly
abusive but natural notation that we introduce in Remark 1).

Lemma 1. Let 2, o and M'(2") satisfy the minimal conditions and assume that </ resolves
Z . Then, for any P € MY (%) and any dominating Q € MY (2"), Pp, converges to P in
total variation.

Proof. The Radon-Nikodym density function p, is Q-almost-everywhere equal to the
o (a)-measurable conditional expectation E[p|c(«)] : 2~ — [0, 00) and, as such, p, forms a
non-negative, uniformly integrable Doob martingale relative to the filtration .%. Since &/
resolves 2, Doob’s martingale convergence guarantees that lim, p, = p in Ll(% ,B,Q).
The assertion now follows from the fact that for Q-dominated probability measures P and
Pg 4, the total variational norm of their difference is proportional to the L!(Q)-norm of the
difference between densities,

”P - PQ,IX

Lo =4 [1p(x) = pulo)] dQ(), @)
foralla € o/. O

The above martingale convergence of densities has implications for the total-
variational norm that we shall appeal to in Sections 3 and 8.

Proposition 1. Let y be a bounded, signed, Borel measure on 2. The mapping & — ||pq||1,2; is
monotone-increasing. If o7 resolves &, then the total-variational norm for y equals,

1,2, = sup ) [pa(A)].

ned Aca

[l 20 = sup [«
ned

Proof. If o, f € <7, and P refines «, then,

L2, = 2 (A < ) (B = llug

Acw Bep

||;’llx 1,%’5'

Let a signed measure ¢ : 4 — R and € > 0 be given. According to the Hahn-
Jordan decomposition, there exists a A+ € % such that, forany A € #, A C A4, we
have p(A) > 0 and, forany A € %, A C 2 \ A4, we have u(A) < 0. Moreover,
lull12 = u(Ay) — (2 \ Ay). Since & is directed and the union of all o(a) C %,
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(x € o) generates a generating ring for %, and there existan « € «/ and a Ay 4 € o(«)
with p((Ay \ Ag+) U (Ag+ \ Ay)) < Je, so that,

pllz < p(Aas) = p( 27\ Aas) € < lpalln,z; +e
proving the assertion. [

The quantities ||[P — P A LQJ|, used to control weak compactness in Section 3, are also
suprema of their histogram versions.

Lemma 2. Assume that </ resolves 2. For any P,Q € M'(2") such that P < Q and any
L > 0, we have,
IP=PALQlh,o = sup [[Pa — Pu ALQa

ned

Proof. Write the Radon-Nikodym derivative of P with respect to Q as p = dP/dQ. Let
B € #be given. If Q(B) = 0, then P(B) = 0and (P —PALQ)(B) =0 forany L > 0. If
Q(B) > 0, it follows from the convexity of x — (x)4 and Jensen’s inequality that

(P—PLQ)B) = QB) (575 / 15(3) (p(x) — L)+ 4Q(x))
> ([ 1) (p(x) = L)dQ(x)) | = P(B) — P(B) A LQ(B),
which implies that, for any & € <7,
P = (PALQall, 2 = IIPs = P ALQully 2z,

and that the mapping & — || Py — Py A LQg || is monotone-increasing. Based on Proposition 1,
we then find,

P~ P ALQ g = sup [Pe = (P A LQJal17; = sup 1P ~ P A LQu
ned ned

Note that we have for every a € <7,

PP ALQl = 1P = oA L@
< |[[(P=PALQ) — (Pga — Poua ALQ)|; 4
=1 [1tp(0) = L) = (pa(x) = 1) 4Q(x)
=1 [ 1) = Do) = () = D1 0021 4Q)

5 [ 105 (s PG) = pal®)]
+ 10> Lpe(x)<0} P(X) = LI = Lip) < pa(x) >0} [ Pa(x) — LI dQ(x)

5 [ 1p(x) = palx) | 4Qx) = 1P = Pos

| /\

| /\

1,2
An appeal to Lemma 1 then proves the assertion. [J

2.1.3. Random Histogram Systems and Coherence

Regarding random elements P € M!(.2") (e.g., random elements of a Bayesian statisti-
cal model), we can project P onto its random histograms, as formalized in the following
proposition, which introduces the notion of coherence.
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Proposition 2. Let 2", o/ and M'(2") satisfy the minimal conditions and let T1 denote a Borel
probability distribution on M (.2") describing a random element P. Then, for every a € <%,

P,X = (p*,x(P) = (P(Al),. . .,P(Aw)) ~ H,X, (8)

induces a random histogram P, with probability distribution I1, on M'(2y). If & < B, then P,
and Pg are coherent, i.e., the distribution of Py follows from that of Pg through summation, as in
Equation (1).

Proof. By assumption, for every & € o/ and every A € a, M'(2Z") — [0,1] : P — P(A)
is Borel-measurable. Accordingly, IT, = ITo ¢, is a Borel probability distribution on
M'(Z,). Coherence (Equation (1)) is a consequence of Equation (4). O

Our main question may be paraphrased as the converse of the above proposition: sup-
pose that we provide distributions I1, for random histograms P, for all « € «7. Under which
conditions does a collection of (probability) histogram distributions define a random (probability)
measure (uniquely)? According to Proposition 2, coherence is necessary.

Definition 4. Let 2, o/ and M'(%Z") satisfy the minimal conditions. For every « € <, let T1, be
a distribution for a random histogram Py, as in Equation (8). Assume that the resulting system of
random histograms has the following property: if & < B, then the distribution 11, follows from I1g
through summation, as in Equation (3), i.e.,

I = Tlg o ¢ 4 9)

Then, we refer to (Ily, @, 4p) as a coherent (inverse) system of random histogram distributions.
If there exists a unique Radon probability distribution 11 on M'(2") with projections I1, for all
« € o, then Il is called its random histogram limit.

For later reference, we define mean measures for Borel probability distributions
on M (Z).

Definition 5. Let 2", o and M'(Z) satisfy the minimal conditions. Consider M' (%) with a
Borel probability measure I1. The mean measure G under 11 is defined pointwise,

Ga)= [ P(A)dI(P),
(A)= oy, POAYATIP)
for every Borel set A in . Its restrictions to the sub-o-algebras o () are denoted as Gy.

To see that G is a well-defined probability measure, note that the o-additivity of G
is guaranteed by monotone convergence. Also note that the restrictions G, := G ]U(a) are

mean measures for the distributions IT, on M'(.2;): forany A € a,

G(A) = /Mlm P(A)dII(P) = /

oy PP = [ P(A) () = Gu(A).

MY (Zy)

Remark 1. In the above, we abuse notation slightly: for any probability measure in M (2,), the
domain is o(Zy) rather than o(a) C . So when we mean to refer to ¢ (P)({e;}), we shall
often use the more natural notation Py(A;) instead.

2.2. The Bourbaki—Prokhorov—Schwartz Theorem

The conditions we derive in subsequent sections are based on a theorem from [11]
(referred to as Prokhorov’s theorem in [12]), which says that the existence of a limiting posi-
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tive Radon measure in inverse systems of positive measures is equivalent to a form of inner
regularity that holds for all projections simultaneously. This leads to the characterization of
those inverse systems (Ily, ¢, qp) that consistently define Radon probability measures I
on M!(2") with various topologies.

To discuss the Bourbaki-Prokhorov—Schwartz Theorem, we first have to generalize
somewhat: let 7 be a directed set and assume that %}, « € & are Hausdorff topological
spaces and that for any & < B, there exist continuous, surjective transition mappings
Yap + Y — Y. Together, they form an inverse system of Hausdorff spaces (see [25],
Ch.1,§4, No. 4; Ch.1, § 2, No. 3, Prop. 4, denoted as (%4, 1Pa/5)~ If T denotes a Hausdorff
topological space, a family of (projection) mappings ¢, : T — %, « € </ is said to be
coherent if for all & < B, o = Pup © Pp, and it is said to be separating if forall x,y € T, x # y,
there exists an & € < such that ¥, (x) # P (y).

Theorem 1 (Bourbaki-Prokhorov-Schwartz). Let (%, ap) be an inverse system of Hausdorff
topological spaces indexed by « € 1, T a Hausdorf{f topological space and 1, : T — %, a coherent
and separating family of continuous mappings. Let (1a, Yap) be a coherent inverse system of
positive measures on (%, Yup ). There exists a bounded, positive Radon measure y on T projecting
to yy for all « € 1, if and only if, for every € > 0, there is a compact H C T such that for all a € I,

o (% \ Yu(H)) <e. (10)

When (P) holds, the measure p is uniquely determined and p(L) = inf{ o (pa(L)) : & € I} for
every compact set L in T.

Proof. See Theorem 1 of [12], Ch.IX, §4, No.2. [

If all conditions of Theorem 1 are met, but the system of functions ¢, is not separating,
then a measure y exists but may not be unique.

Bourbaki [12] continues with application to a proof of existence of the Wiener measure
and Kolmogorov’s perspective and the definition of so-called promeasures (also commonly
known as cylinder set measures), which can be compared with the coherent histogram
systems we define below: for a locally convex space E, [12], Ch.IX, §6 considers the
collection of all linear subspaces V of finite co-dimension in E with continuous projections
pv : E — E/V (and canonical Py : E/W — E/V for W C V) to introduce (E/V, pyw) as
the inverse system of finite-dimensional quotients. A coherent system of positive measures
ITy on the finite-dimensional spaces E/V, (Ily, pyw), is called a promeasure on E. It is noted
that [12], Ch.IX, §6, No. 8-10 formulates a sufficient condition (Minlos’s Theorem, [12],
Ch.IX, §6, No. 10, Theorem 2, based on [26]), but it appears difficult to apply unless E is a
(barrelled) nuclear space.

In subsequent sections, we apply Theorem 1 directly to spaces of (bounded/signed/-
positive/probability) measures with various topologies, limiting the inverse system of
finite-dimensional quotients and promeasures, to inverse systems of partitions and random
histograms. Let us prepare for the discussion by referring to some specifications pertaining
to the situation where 27, & and M!(%) satisfy the minimal conditions and I = 7,
T =M"(2), % = M'(2) and P, = ¢, «p, in the form of the following proposition.

Proposition 3. Let 27, o/ and M'(Z") satisfy the minimal conditions. For all « < B, the
mappings ¢.qp : M'(Zg) — M'(2y) are continuous and surjective, and (M'(2%), ¢.ap)
forms an inverse system of compact Hausdorff topological spaces, with a non-empty, compact,
Hausdorff inverse limit N.
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Proof. Let « < B be given. For any ¢ € C(Z), the mapping go ¢,5 : 23 — Risan
element of C(Zp). Because @, is surjective, the induced mapping Pup: C (Za) = C(Zp)
is a bounded linear operator (with the norm equal to one). The transpose mapping
Prap s M(2p) — M(Zy) is defined by,

(Peap(pp) &a = (Hp, Pap(8))p = (Hp, & © Pup)p, (11)

for all ug € M(Zp) and g € C(Zy). The linear mapping @, ,p is bounded (with the
norm less than or equal to one) and surjective. Note that if we express jig as a vector

(M1, ‘uﬁ,\ﬁl) in RIAI,

(prgogupls = L wpigoupe) = ¥ (X mps)sle) = L peaplipligles),

JEI(B) iel(a) j€]up(i) iel(a)

in accordance with (3). Finally, it is noted that inverse limits of non-empty, compact spaces
are non-empty and compact (see [25], Ch.1, §9, No. 6, Prop. 8). O

The space N consists of finitely additive probability set functions on the o-algebra gen-
erated by the partitions in 7. Existence theorems for inverse limit probability measures on
associated inverse limit spaces like N have been studied extensively: Bochner’s theorem [8]
and Choksi’s theorem [9] give relatively mild sufficient conditions for the existence of a
limiting probability measure IT on N for inverse systems of Radon probability spaces (see
also [13,16,18]). But, although MY (2) (with the weak topology of Section 3) is homeo-
morphic to a subspace of N, it has proven difficult to formulate an additional condition
to specify that IT is concentrated on the image of M'(:2") in N (see, however, [2,20,27]
and the correct proof of the Mean-measure condition in [23]). One of the strengths of the
Bourbaki-Prokhorov-Schwartz theorem is that T = M!(.2") is projected directly onto the
spaces %, = M'(2,), without detour via the inverse limit N. In this way, Theorem 1
avoids the (attractive but misleading) suggestion that a probability distribution IT on N
is an easy way to get ‘close to’ the desired distribution on M!(%"). By insisting only on
continuous projections T — %, Theorem 1 focusses on inner regularity as the central issue.
(Compare [11], Theorem 21 and [12], Ch.IX, §4, No. 2, Theorem 1).

3. Random Histogram Limits with the Weak Topology

Again, let 27, o/ and M'(2") satisfy the minimal conditions, and fix the topology
on M'(Z) to be the weak topology, defined as the subspace topology that M!(.2") in-
herits from M, (.2") with the weak topology. The compactness of a subset of M!(Z) is
characterized by the Dunford—Pettis—Grothendieck theorem, as described in Appendix A.

3.1. Support and Approximation of Weak Histogram Limits

Before we apply Theorem 1 to define Radon probability measures on M'(.2") with the
weak topology (and total-variational topology), let us consider some consequences, that is,
necessary conditions for the existence of a random histogram limit. First, we characterize
the support of Borel probability measures; next, we consider approximations of random P
by random P,.

3.1.1. Support and Domination

The following lemma is immediate but central enough to emphasize.

Lemma 3. Let 27, o/ and M (.2") satisfy the minimal conditions. Consider M'(2") with a Borel
probability measure T1. For any Borel set A in %', G(A) = 0 implies that TI({P € M'(Z") :
P(A) > 0}) =0.
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Proof. Let a Borel set A in 2" be given and assume that G(A) = 0. If the Borel set
B={Pe MY(Z):P(A) >0} in M'(2) has probability I1(B) > 0, then, by o-additivity,
for some € > 0, the Borel set B’ = {P € M!'(%") : P(A) > €} has probability I[1(B") > 0.
This would imply that G(A) = [ P(A)dIT > [, P(A)dII(P) > elI(B’) > 0, contradicting
the assumption. [

Domination by the mean measure plays a role in the following proposition concerning
the support of weakly-Borel probability measures on M!(2).

Proposition 4. Let 27, o/ and M (.2") satisfy the minimal conditions. Consider M (2") with
the weak topology and a Borel probability distribution I1. Let G be the mean measure under IL
Then, {P € M'(Z) : P < G} is closed in M' (%) and,

supp 4 (IT) C {P € MY (2):P < G}.

Moreover, if P € M'(Z") is such that for all measurable partitions a € <, Py lies in the support of
I1, in M'(2y), then P lies in the weak support of T1.

Proof. If P € M'(2") is not dominated by G, then there exists a Borel set A such that
P(A) > 0 = G(A). Consequently, for small enough ¢’ > 0, the weakly open neighborhood
U={Qe M\(Z):|Q(A)—P(A)| < €} does not meet {Q € M'(Z) : Q < G}, so
{Q € M{(Z) : Q < G} is weakly closed. According to Lemma 3, IT(U) < T1({Q €
MYZ): Q(A) > 0}) =0, so U receives II-mass zero, implying that P ¢ supp g (I1).

Regarding the last assertion, it is noted that since M!(.2") with the weak topology
is homeomorphic to a subspace of the inverse limit N of Proposition 3, the collection of
sets {92 (V) :a € o,V € %} (Where %, is any topological basis for M!(.2})) in M'(2")
forms a basis for the weak topology. Consequently, for any weak neighborhood U of
P e MY(Z'), there exists an & € &7 and a V € %, such that ¢} (V) C U, and,

II(U) > TI(g,, (V) =TL(V) >0,

by assumption. O

Recall the open problem regarding the construction of random elements from specific
dominated families, as posed in [7] (p. 42):

Indeed, it appears to be an open problem to find simple sufficient conditions, analogous
to Corollary 9.3.VI, for the realizations of a random measure to be [almost-surely]
absolutely continuous with respect to a given measure.

(Ref. [7] (Corollary 9.3.VI), formulates a condition for a system of random histograms with
a limit to be almost-surely non-atomic). Proposition 4 says that, given some probability
measure G, we should look for coherent systems of random histograms with the projections
Gy as their mean histograms and a limit IT that is a weakly-Borel probability measure on
M'(Z). In Section 3.2, we provide a relatively simple necessary and sufficient condition for
a coherent random histogram system to have a unique weakly-Radon random histogram
limit IT.

3.1.2. Approximation by Weakly Convergent Histograms

Next, we consider the way in which histogram systems with a weak limit approximate
(random) probabilities P(A). Let I be a Radon probability measure on M'(.2") with the
weak topology, with mean measure G. For every 7 > 0 and every a € 7, let 6 ,(17) denote
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the collection of all Borel sets B in 2" that are approximated by elements of the c-algebra
o(a) to within G-measure 7:

Conln) = {B € Z:inf{G((B\C)U(C\B)):Cec(w)}<n)

Note that for any 7 > 0 and any B, there exists an a such that B € 4 ,(77) (see Theorem 4.4
in [28]).

Proposition 5. Let 2", o/ and M'(2") satisfy the minimal conditions. If T1 is a weakly-Radon
probability measure on M'( %) with mean measure G, then, for every §,€ > 0, there exists a
partition « € o and an 1 > 0, such that for all B € €5 (1),

n({p e MY(2) :inf{P((B\C)U(C\B)):C € o(a)} > 5}) <e.

Proof. Let e > 0 be given. By inner regularity, there exists a weakly compact H in M!(.2")
such that IT(H) > 1 —e. For every 6 > 0, there exists an # > 0, such that for all Borel
sets Ain 2°, G(A) < py implies that P(A) < d forall P € H, cf. (Al). In particular, if
B € %65,(1), then, for some C € o(a), G((B\C)U (C\ B)) < y, implying that for all
PeH,P((B\C)U(C\B))<é. O

This observation is important from a computational perspective: the practitioner
chooses an approximating partition a to perform computations with histograms and would
like to be able to control the accuracy of their approximations for the P in terms of their
restrictions to (). They have control over the probability measures I, and, as a result,
control over the mean measures G,. Accordingly, they can choose a level of refinement
(expressed by a choice for some partition &), making approximations in the G-measure by
the a-histogram. The Radon property ensures that the approximation in the G-measure
carries over to approximation in the P-measure, uniformly in P, with arbitrarily high
I1-probability, depending on the degree of approximation in the level « that is chosen
for actual computations. Such a guarantee concerning degrees of approximation is not
automatic if I'T is a Radon measure for the tight topology of Section 4.

3.2. Existence of Weak Histogram Limits

Let o/ denote a set of finite Borel-measurable partitions of 2", directed for ordering
by refinement. If we equip T = M!'(2") with the weak topology, Theorem 1 takes the
following form.

Theorem 2. Let 2, o/ and M'(Z") satisfy the minimal conditions. Assume that </ resolves
2 and consider M' (") with the weak topology. Let (Ily, @ 4p) be a coherent system of Borel
probability measures on the inverse system (M'(2y), ¢x op)- There exists a unique weakly-Radon
probability measure IT on M'(2") projecting to 11, for all & € <, if and only if, there is a
Q € MY(Z) such that, for every €,6 > 0 there is a L > 0 such that,

Iy ({Py € MY (2%) ¢ [P — Pu ALQull1,2;, > 6}) <6, (12)
foralla € o

Proof. According to Proposition 3, (M!(2%), . «p) forms an inverse system of Hausdorff
topological spaces. For all & € &7, ¢sq : MY(Z') — M'(Z,) is continuous with respect
to the weak topology. If P,Q € M!'(2°) and P # Q, then there exists a set B in the
o-algebra generated by the o(«) such that P(B) # Q(B), which cannot be the case unless,
for some « € <7, the histogram projections @, ,(P) and ¢ (Q) differ. Combining this with
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Equation (4), we can conclude that (¢, ¢«ap) forms a coherent and separating family of
continuous mappings M'(.2°) — M!(2%).

The assertion now follows from Theorem 1 if we can show that condition (10) holds.
To that end, let € > 0 be given and define €, = 27"e. Given some monotone decreasing
sequence (d,,) such that §,, > 06, — 0, let L, be positive constants such that,

H,X({P,x € M'(23) : [|Pa— Pu ALy Qully 2, > 5,1}) <en,
for every & € 7. Define,
H=(){Pe MY Z) : ||Pu = Pu ALy Qull2, <0nym>1,a € o}

Let § > 0 be given, choose n > 1 such that J,, < ¢ and define L = L,,. Since </ resolves 2,
Proposition 1 and Lemma 2 say that ||[P — P AL Q|,2- = sup{||Px = Px AL Qx|l1,2; : & € &}
for all P and, hence,

sup{||[P—PALQ|1,2 :Pc H} =sup{||Px —Px ANLQull1,2, : P€ Huac o/} <6.

Conclude that H is relatively compact with respect to the weak topology, cf. the Dunford-
Pettis-Grothendieck condition. For the compact closure H of H in M!(.2") and any &, we
have (by monotony of & — ||[Py — Py A L Qq||1,2; for any L > 0),

T (MY(22) \ pra(H)) < Tl (MY (22) \ 90 (H))

<11, (MU 20\ () oa({P € MUD) : 1B = P LuQull s < 60}) )

n>1
— 11, (U (P € M) ¢ B~ ALy il > ) )
n>1

<2Ha {P,XEMl (Za) + |Pu =P ALy Qa
n>1

71)<€/

which shows that condition (10) of Theorem 1 is satisfied. Conclude that there exists a
unique Radon probability measure IT on M!(.2") that projects to I, for all « € <.
Conversely, let IT be a weakly-Radon probability measure IT on M!(2"). According
to Proposition 4, the weak support of I1 is dominated by the mean measure G. Again
appealing to Lemma 2, we see that that for every > 0,all L > O0and alla € 7,
({PeM(2):||P~PALGly 5 > 6})
= H({P € MY(2) : sup || P — Pg A LGyll1,2, > 5})
pe

> H({P € MYZ): |Py— Py ALGy|l1 0 > 5})

= o ({Pu € M'(22) : | Pa = P ALGally 2, > 6}).
Since I1 is weakly-Radon, for every J, € > 0, there exists a constant L > 0 such that,

M({Pe M (2):|P-PALGly ., >0}) <e

verifying that condition (12) holds. [
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On first sight, condition (12) may appear technical and inaccessible. It is noted,
however, that in practice one has considerable control: one may choose .27 (large enough
to resolve 2" but otherwise) as small as possible and a histogram system (I1, : & € &)
as simple as possible in order to enable the verification of condition (12) in a manageable
form. Moreover, all subsequent calculations involve only probability distributions on
finite-dimensional simplices, enhancing feasibility greatly.

Regarding the measure Q, we simplify by appeal to a necessary condition: it is clear
that if Theorem 2 holds, then the support of the probability measure I1 is dominated by
the mean measure G, cf. Proposition 4. So, when looking for a candidate-dominating
measure Q to verify condition (12), we can turn to the mean measures G, of the histogram
distributions I1,: if we show either that the G, are the histograms associated with a
mean measure G (the Mean-measure condition [23]) or that condition (16) below holds
(cf. Definition 5), then G can play the role of Q.

Based on those two remarks, condition (12) can be rewritten as follows:

For some G € M!(Z’), a-histograms ¢.,(G) equal the mean measures G, for all
« € o/ and, for every €,6 > 0 thereis a L > 0 such that,

H,X<{P,x € MY(2y) : Y (Pe(A) = LGa(A)) >5}> <€, (13)
A€
foralla € «/.
This form of the condition forms the starting point for the examples of Sections 7 and 8.

3.3. Existence of Total-Variational Histogram Limits

Let 2 be a Hausdorff topological space and let & be a subset of M'(.2") dominated
by a probability measure Q € M!(2). In this subsection, we distinguish & from 2,
represented by the same set, denoted as & when equipped with the weak topology and
&, when equipped with the total-variational topology. The identity mapping i : &%, — &
is a continuous bijection. Write Z(2?) and #(Z,) for the associated Borel o-algebras.

Proposition 6. If 2 is separable and & is a dominated subset of MY (2"), then 2, is separable
and B(P) = B(P).

Proof. Let Q denote the probability measure that dominates &?. By the separability of .2,
the Banach space L1 (2, %4,Q) of Q-integrable, real-valued functions on 2, is separable,
and so is its subspace of Radon-Nikodym densities &7, = {dP/dQ : P € £}. Since
P, and .9”{, are homeomorphic, &, is separable too. It can be shown [29,30] that, then,
the total-variational norm is measurable with respect to the minimal c-algebra for the
measurability of the mappings P — P(A), A € %, which is contained in #(Z?). Accord-
ingly, #(2%,) C #(2?). Since the total-variational topology refines the weak topology, also,
%(32) - f%(@b) O

As a consequence, any Borel probability measure IT on & (viewed as a c-additive
set-function with #(.%) as its domain) gives rise to a Borel probability measure IT, on &
(viewed as a o-additive set function with Z(%,) as its domain).

Corollary 1. Let 2" be separable and, together with < and M'( %), satisfy the minimal conditions.
Consider M' (%) with the total-variational topology. Assume that o7 resolves % . Let (I, @, ap)
be a coherent system of Borel probability measures on the inverse system (M'(2y), ¢, p) If
condition (12) holds, there exists a unique Fry-Radon probability measure I1on M (2") projecting
to I, foralla € 7.
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Proof. Under the stated conditions, Theorem 2 asserts the existence of a Radon probabil-
ity measure IT on M!(.2") with the weak topology and Proposition 4 guarantees that
& = suppg (Il) is dominated by the mean measure G. Because 2 is separable,
B(P) = B(Py), so I1is a Borel probability measure on &7,. Uniqueness follows from the
uniqueness of the weak histogram limit. By the Radon-Nikodym theorem, &7, is home-
omorphic (isometrically, even, cf. (7)) to a closed subset of the Polish space LY (2 ,%,G)
and, therefore, a Radon space, so that I1is a Radon measure. [

So, remarkably, the existence of a total-variational random histogram limit does not
impose stricter conditions than the existence of a weak random histogram limit; moreover,
not even inner regularity is lost in the transition from & to &7,. From the perspective of
Theorem 5, this amplification is inconsequential, but events and statements involving the
total-variational norm are very common and the measurability of total-variational balls is
crucial for many applications (for example, in large-sample limits of posterior distributions
on metric spaces in non-parametric statistics [2,3]).

4. Random Histogram Limits with the Tight Topology

The existence question of a limit for coherent random histogram systems has been
studied extensively with the tight topology for M!(.2"): a rich body of literature has grown
from Kingman's original work on completely random measures [4], with an emphasis on
limits with almost-surely purely atomic realizations [6,7]. Here, we revisit the existence
problem without restricting to point processes and derive a necessary and sufficient con-
dition in Section 4.1 based on Theorem 1. In Section 4.2 we consider the support of tight
random histogram limits.

4.1. Existence of Tight Histogram Limits

Let 2 be a Polish space with topology .7. We are interested in the construction of
Radon probability measures on M!(.2") with the tight topology. In comparison with the
construction of Section 3.2, the assertion is weaker since the weak topology refines the
tight topology. Accordingly, compactness as in condition (10) constitutes a less stringent
restriction, while the continuity requirement of histogram projections becomes harder
to satisfy.

Indeed, when one tries to reproduce the initial steps in the proof of Section 3.2 with
the tight topology, a disappointment awaits: if 2° = R with the standard topology, for
example, then for any partition « of 2" into two or more subsets, the projection mapping
@iq 2 MY (2) — M'(2,) of Equation (2) is not continuous: superficially, it appears that
Theorem 1 cannot be applied.

In order to correct this, we refine to a zero-dimensional version Z of 2, rendering
projection mappings continuous for a collection of partitions that is large enough to be
separating and resolving. While this leaves the Borel s-algebra unchanged, the transition
to Z does complicate the nature of tight compactness in M'(%Z). A counterexample at the
end of this subsection shows that this complication corresponds directly to the precise way
in which a coherent system of random histograms can fail to have a tight limit.

4.1.1. Zero-Dimensional Refinements of Polish Spaces

With a countable basis % for the topology 7, define the topological sub-basis,
S={U2\U:Uec%}, (14)

for a topology 7 on the set 2 in which each basis element U € % is clopen; denote the
resulting topological space by % .
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Proposition 7. The space % is zero-dimensional and the identity mapping i : 2 — 2 is contin-
uous. If 7, and %, are two bases for 2, the corresponding spaces %1 and %> are homeomorphic.
If & is Polish, then % is also Polish.

Proof. The sub-basis . gives rise to a basis consisting of clopen sets, so Z is zero-
dimensional, and the identity i is continuous because J refines 7. Because any Uy € %
contains a U; from the basis %4 and vice versa, the identity mapping on 2" is continu-
ous from Z; to % and also from %5 to Z;. Assuming that 2" is Polish, the countable
product space 2N = [T,»1 2 is Polish (see [31] (Proposition 3.3)) and has a diagonal
A={(xx...)€ll>Z : x € Z} thatis a closed subspace, homeomorphic to .Z".
Enumerate the basis sets in % = {U; : i > 1} and define %, to be the refinement of 2~
with Uy, ..., U, made clopen (e.g., % is the topological sum of U; and 2"\ Uj, etc.). The
canonical set-theoretic identification i, : %;, — %  is continuous. The spaces %, are all
Polish as the topological sums of U, and 2"\ U, (which are Polish). The product space
[1,>1 % is Polish and the map j : [T,>1 % — 2™ is a continuous bijection. Then, j~1(A)
is Polish and homeomorphic to Z. [

Proposition 8. Let 2" be a Polish space. The Borel sets on 2" and 4 are equal and any set
function y is a (bounded/signed/positive/probability) Borel measure on % if and only if y is a
(bounded/signed/positive/probability) Borel measure on % .

Proof. Note that the Borel o-algebra on 2" generated by the basis % is identical to the
c-algebra generated by % and its complements, which form the sub-basis for #". Conclude
that 2" and # have the same Borel sets. Boundedness, signedness or positivity, being
a probability measure and countable additivity, are then identical as properties of set
functions y on the Borel -algebra. [

Proposition 8 implies the existence of a bijective mapping i, with the following properties.

Proposition 9. The mapping iy : My(Z) — My(Z") is a continuous bijection. If 2" is Polish,
MY Z) and MY(Z) are Polish and iy : MY(2") — MY (%) is Borel-measurable.

Proof. Any bounded and continuous f : 2~ — R is also bounded, continuous when
viewed as f : 2" — R, so there exists a linear, injective mapping j. : C,(2") — Cp(Z) of
norm one. Transpose to that a bounded, injective, linear i, = jt : My(2") — My(Z) of
norm one (see [32], Ch.1II, § 6, No. 4, Proposition 5 and [32], Ch.1V, §1, No. 3, Proposition 8).
As noted earlier, if 2" is a Polish space, then so is Ml(% ) (ref. [12], Ch.IX, §5, No.4,
Proposition 10), so, based on Proposition 7, both M'(.2") and M'(.Z") are Polish spaces.
According to Theorems 12.4 and 14.12 (Souslin’s theorem) in [31], if 27, # are standard
Borel spaces and f : 2" — % is a Borel-measurable injection, then its inverse on f(.2") is
also Borel-measurable. Applied to i, this proves the last assertion. [

For all a € 7, define the mappings ¢ : My(Z) — M(Zy),
Pualp) = (W(A1), -, u(Al)), (15)
that take any bounded, signed Radon measure y on % into its a-histogram.

Proposition 10. Let « be a partition of 2~ generated by a basis % and let % denote the associated
zero-dimensional version of 2. The mapping ¢«q : My(Z) — M(2y) is continuous for the
tight topology.
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Proof. For any partition a generated by the basis % (cf. Definition 3), any A € a is
clopen in Z". For any clopen A, 14 is a bounded, continuous function on %". There-
fore, M'(Z) — R : P+ P(A) is continuous with respect to the tight topology and so
iS Puy. O

Compactness in Z has a more stringent meaning than in the original space 2":
indeed, according to Brouwer’s theorem, any compact K C %" is a union of a subspace
homeomorphic to the Cantor set with isolated points. For example, with 2" = R in its
standard topology, [0, 1] is not compact in the space Z .

4.1.2. Tight Histogram Limits with Zero-Dimensional Compacta

Tight compactness in My, (.2") is characterized in Prokhorov’s theorem (see Appendix A),
which says roughly that a norm-bounded set H of measures is relatively tightly compact if
inner regularity is a property that holds uniformly in H.

We are now in a position to apply Theorem 1 to M'(.2") (or rather, M'(.2")) with the
tight topology. (Note: mention of the Radon property in the statement of Theorem 3 is
accurate but strictly speaking redundant since M!(.2") is a Radon space.)

Theorem 3. Let 2" be a Polish space with a directed set o/ of partitions that resolves Z', gen-
erated by a basis that gives rise to a zero-dimensional % . Consider M'(2") with the tight
topology. Let (T1y, ¢4 ap) be a coherent system of Borel probability measures on the inverse system
(MY(2%), ¢« «p)- There exists a unique Radon probability measure I1 on MY(Z) projecting to
I1, for all « € <, if and only if, for every €,6 > 0, there is a compact K C %" such that,

I ({Pn € M'(24) : Pa(a(K)) <1-36}) <, (16)
foralla € .

Proof. Under the condition of the theorem, Z, &7 and M'(.Z") satisfy the minimal condi-
tions. Like before (see Proposition 3), (MY (23, Qs “/5) forms an inverse system of compact
Hausdorff topological spaces. As in the proof of Theorem 1, (@x«, P+ ap) is a coherent and
separating family of mappings on M!(%") and, from Proposition 10, we can conclude that
the ¢, o are also continuous.

To show that condition (10) holds, let € > 0 be given and define €, = 27"¢. Given
some decreasing sequence (J,) such that §,, > 0, 5, — 0, let K, be compact subsets of z
such that,

Mo ({Pa € MY(22) ¢ Pala(Ra) <1-8,}) < en,

for every & € &/ and every n > 1. Define,
H=({PeM\Z) : Pu(pu(Kn)) 21 —0p,n>1,a € o/}

Let 6 > 0 be given, choose nn > 1 such that §,, < é and choose L = K,,. Since the Borel sets
Ly = (¢ 0 ¢4) (L) decrease as the level of refinement of the partition & increases, and since
of tesolves 27, L = NyeyLa, and P(L) = inf{Py(¢4(L)) : « € &/} by monotony. Conclude
that H is relatively compact with respect to the tight topology, according to (A2). For the
compact closure H of H in M! (%) and any &, we have (by monotony of & + Py (¢4 (K))
for any K),
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I (M'(22) \ @ o(H)) < Tl (M'(22) \ @ o(H))

< (M ) 2ea ([P €M) © Bloa(R) 2 1-8)))

n>1

<11 (U{R € MU0+ Plgu(Ra)) <1013 )

n>1

< YT ({P € MU(22) : Palga(Rn)) <1-8,}) <,

n>1

which shows that condition (10) of Theorem 1 is satisfied. Conclude that there exists a
unique Radon probability measure IT on M' (%) that projects to I, for all « € /. The
continuous mapping i, : M'(Z) — M!(2") of Proposition 9 serves to define IT = ITo i, !,
a Radon probability measure on M!(2"), and I1 still projects to I1, for all & € 7.

Conversely, since 2" is Polish, cf. Proposition 9, %, M'(Z") and M'(.2") are Polish
spaces and the mapping i;! : M(2) — M,(Z) is Borel-measurable. Therefore, the
mapping IT = IT o i, defines a Borel probability measure on M!(%"), which is Radon
because M! (5&9 ) is a Radon space. So, according to Prokhorov’s theorem, for every 6,e > 0,
there exists a compact K in Z such that,

H({P e MY(Z):P(R)<1— 5}) <e
With Ry = (¢ 0 ¢0)(K) C 2, for every & € o7, we have K C K, and, accordingly,
H({P eMY(Z):P(R) <1-— 5}) > H({P e MY(Z):P(Ry) <1-— 5})
=, ({P € M'(22) : Pulga(R)) <1-0}),

for any ¢ > 0, which implies the converse. [J

Let us paraphrase: to have a coherent inverse system of probability measures for
histograms defining a limit I that is a Radon probability measure on M!(2") for the tight
topology, we look for compacta K in a zero-dimensional version of 2" that captures most
of the mass of the projected measures P, with high I'l,-probability, uniformly in a € 7.

4.1.3. Tight Histogram Limits with Ordinary Compacta

In certain histogram systems (like those that define Dirichlet process distributions),
there is an easy way to prove the Mean-measure condition (see the proof of Theorem 6). In
histogram systems where this condition is less or not accessible (like those that define the
Pélya-tree distributions), zero-dimensional compacta in the space Z" are unwieldy, so we
also provide a re-formulation of Theorem 3 that relies only on compacta in 2.

To avoid mention of the zero-dimensional space 2, we re-construct compacta K from
decreasing sequences of compacta in .Z". Let o7 be a directed set of partitions generated by
a basis. For every a € 7, consider the topological space %, obtained from 2" by declaring
all sets A € « clopen, i.e., % is the topological sum of all the partition sets A € a with their
subspace topologies. Note that the set-theoretic identity mapping on 2" is continuous as a
mapping 7, : Z — %,. (See also the proof of Proposition 7.)
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Lemma 4. A subset K is compact in 2 if and only if Ky = m,(K) is compact in %, for all
a € /. Conversely, given compact subsets Ky of % for all a € <7, the subset Ny Ky is compact
inZ.

Proof. Consider the product space % = [],c.y %. The diagonal A = {(x,x,x,...) € ¥ :
x € %'} is a closed subset of %, homeomorphic to %, and the mappings 71, are the
canonical projections % — %, applied after the homeomorphism Z — A. A compact
K in 2 has compact images 71,(K) in all %, « € /. Conversely, if H is a subset of Z
such that 7, (H) is compact in % for all « € 7, then B = [], ¢y 7« (H) is compact in % by
Tychonov's theorem, and so is the closed subspace A N B. Set-theoretically, 77, (H) = H for
all « € o7, implying that A N B is homeomorphic to H, so H is compact. Given compact
subsets K, of %, for all « € 7, the subset K = N,K, is compact as a subset of any %4,
(« € o), 50 K is compact as a subset of Z". [

Corollary 2. Let 2" be a Polish space with a countable basis % and a well-ordered sequence
o/ of partitions generated by the basis that resolves 2. Consider M (2") with the tight topol-
ogy. Let (Ily, @xap) be a coherent system of Borel probability measures on the inverse system
(MY (23), Puap)- If, foralla € o7, all A € aand all €,6 > 0, there is a K C A compact in 2
such that,

g ({Ps € M'(2}) : Pa(pp(K)) < Pg(@p(A)) —6}) <e, (17)

forall B € o such that a < B, then there exists a unique Radon probability measure ITon M'(2")
projecting to 11, foralla € 7.

Proof. Enumerate the partitions in </, & = {a,, : n > 0} and let 4, e > 0 be given. To find
a compact subset K of " to satisfy property (16), we construct a decreasing sequence of
non-empty, compact sets in the spaces %, (n > 0) by induction and take the intersection.
For now, assume that ayp = {.2"}. According to condition (17), there exists a compact set Ky
in %, = Z such that,

fon ({Plxn € Ml(%n) : Pan(q)lxn (KO)) <1- %5}) < %E’

for all n > 0. Make the induction assumption that for given n > 0, there is a compact K;; in
%, with,

€, (18)

2n+1 -1 2n+1 -1
5}>
2n+1 on+1

Hﬂ‘m ({P“m € Ml(%m> : Plxm((Plxm(K”)) <1-

forall m > n. Fix m > n + 1. To combine masses back at a later stage and choose 0 < A; < 1
foralll <i < |a,4q|, suchthat);A; = 1. Forany 1 <i < |a, 1|, there exists a compact
K; C A;, such that,

M ({Pay € MU (22,) Py (9 (A1) — Puy (91, (K)) > 270006} ) < 27020
(19)
for all m > n + 1. The intersection K;, 11 = K, N (U;K;) is not only compact in %, but also
in %,,.,. Then, for any m > n, if P,,, does not lie in any of the M!(2;,,) subsets on the
left-hand sides of inequalities (18) and (19), then,

2n+2 -1
Pﬂﬁm (qoam (Kn+1)) Z 1- W(S/
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and the I1,,,-probability of that event is lower-bounded by,

1 2n+2 -1
1FLXm ({Pfxm GM (%m) : P“nt((l)“nl(Kn+1>) 2 1 - 2;1+25}>

2n+1 -1

—m+2) e =1 —
Zl*wE*ZZ (}’l )/\16—1

2n+2 -1

on+2 €

1

completing the induction step. Define K= Mp>1Ky, which is compact in X by Lemma 4, and,
Hlxn <{P“n € Ml(‘%‘;‘n) : Plxn (qblxn (K>) <1- 5}) <g,

for all n > 0, showing that condition (16) is satisfied, and the assertion follows from
Theorem 3. Coming back to the assumption that oy = {2}, if &g consists of more than one
set, then the induction argument is started from a (finite) partition &g that coincides with
some «,-stage in the proof provided above. O

The requirements that Corollary 2 places on 2" and &/ are more specific than those
of Theorem 3, but not necessarily more restrictive: all Polish spaces have countable bases,
and well-ordered partition systems %7, generated by some countable basis %, can all be
derived as subsequences of the generic situation, cf. Example 1.

4.1.4. Coherent Random Histogram Systems Without Limit

To conclude, we consider the cases in which condition (16) does not hold. We start
with a counterexample that illustrates concretely how the failure of condition (16) is related
to the ‘leaking away’ of probability mass in the limit of refining «.

Example 2. Consider " = R with a basis % defined by all open intervals with rational midpoints
and rational radii. Consider a triangular array defined by {qum :n > 1,1 <m < M, =2" — 1}
of values in Q, such that for every n > 1, we have qu111 < Gu1, Gui1,M,.; = Gnt1,M,; for
every 1 < m < My, Gui12m = Gnm; and for every m < My — 1, Gum < Gui12m—1 < Gum+1-
Defining wy, to be of the form,

an = {Ap1 = (=00, qn,1], An2 = (Gu1, 92, -+ An | = (Gn, )},

one verifies that the a,, are generated by the basis % and a1 refines ay, for any n > 1. Assuming
that the set U{qnm : n > 1,1 < m < M,} is dense in R, the resulting partitions collectively
generate the Borel o-algebra. (For later reference, we indicate the possibility to choose q,,1 = 0,
qnm, = 1, to define partitions on (0,1].)

The simplest example of a coherent histogram system that does not satisfy condition (16) is
constructed as follows. Choose some 6 > 0, N > 1 and define histogram distributions I, for all
n > N for the probability vectors (Py, (Anm) : 1 < m < |ay|) satisfying,

Ma, (Pay (Ant) + Poy (Ao, ) =) =1,

that is, some non-zero fraction of the total probability mass in the n-th histogram is concen-
trated in the ‘outside’ sets Ants Ay jay| with I, -probability one. As Api11 C Ay and
At ] C Anlay|, coherence of the histogram system (Ilu,, @s a,a,, ) is maintained. Assuming
that —qu1,qn,m, — o, any compact K in 2~ = R fails to meet the ‘outside’ sets, KN A, 1 = &
and KN A, |, = @, for large enough n, which invalidates condition (16).

To summarize the above example, the problem occurs because the I'l,, shifts a non-zero
amount of mass towards oo without limitations as n grows. For any presumed limit mea-
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sure ITon M'(.2"), this would mean that for all compact sets K in R, II(P(K) <1—4) = 1.
This shows that property (16) cannot be satisfied, and no such limit IT exists as a probability
distribution on M!(.2").

The non-compactness of 2" appears essential in the above example; however, the next
example shows that the situation is more complicated: mass can ‘leak away’ not just to
points at infinity but at any boundary between partition sets.

Example 3. In Example 2, take % equal to the compact subset [0,1], define the points
Snm = % + %arctan(qn,m)for alln > 1,1 < m < M, and consider partitions

Bn = {Bn,O = {0},By1 = (0,8,0],
Bn,Z - (sn,O/ Sn’l]" : "B”f|"‘n‘*1 = (S”zMnfl)’Bi’l,‘ﬁM = {1}}’

so that [Bn| = |an| + 2. Now define the histogram distributions Tlg, for the probability vectors
(Pﬁn(Bn,m) 11 <m < |Bul) by,

Ig, (P, (Bno) = 0) =TIlg, (Pg, (B, p,) =0) =1,

and the distribution of (Pg, (Bum) : 2 < m < |Bn| — 1) equal to that of (Pu, (Anm) : 1 < m < |ay]).
Again, we have a coherent system of histogram distributions and, like in Example 2, probability mass
is shifted up against the boundary points at 0 and 1, but no limiting distribution TT1 on M*(]0,1])
exists with the Ilg, as histogram projections.

In fact, probability mass does not even have to disappear at points of the boundary of Z: if we
make this example on [0, 1] part of a refining system of partitions of R, with some fraction of the
total probability mass in (a random histogram system on) the complements (—oo,0) U (1, c0), the
construction on {0} U (0,1) U {1} will continue to make some non-zero fraction of the mass ‘leak
away” across the boundary of (0, 1), which lies in the interior of 2 .

The concluding remark in Example 3 is close to the generic situation: if we partition
R into intervals, boundaries between partition sets create the potential for coherent ran-
dom histogram systems that make probability mass disappear there in the limit. If we
generalize to higher dimensions, it becomes clear that mass does not necessarily disappear
at specific points, it may be concentrated in any decreasing sequence of partition sets
with an empty limit; this shows in which way a (histogram-specific) form of o-additivity
makes a re-appearance.

These counterexamples highlight the significance of condition (16): requiring the
existence of a compact K in 2" would prevent Counterexample 2 but not Example 3. In
order to prevent ‘leakage’ of the latter type, we have to impose the stronger requirement of
the existence of a compact K in 2, which keeps probability mass away from all potential
points of ‘leakage’ simultaneously.

In case condition (16) cannot be satisfied, as in Examples 2 and 3, it is possible to
consider the compactification of Z°, for example, the Stone-Cech compactification 8.2 .
With the canonical extension of partitions of 2" to the space 8%, condition (16) is satisfied
trivially. The limiting probability measure IT on M'(8.2") may not be unique (because
the projections onto the spaces M!(Z,) are not necessarily separating). Moreover, in
applications, the added points in the closed subset 8.2\ Z lack interpretation.

4.2. Support in the Tight Topology

Below, Theorem 3 is used to characterize the support of histogram limit measures I'1
on M'(.2") with the tight topology for a Polish space 2. As it turns out, the appropriate
relation for the mean measure is the inclusion of supports. This assertion is already known
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in the literature (see, for example, Theorem 4.15 in [2]), but the proof given here is not. In
the formulation of the following theorem, let G denote the mean measure of Definition 5.

Proposition 11. Let 2" bea Polish space. Consider M (Z") with the tight topology and a Borel probabil-
ity distribution T1. Let G be the mean measure under I1. Then, {P € M'(%) : supp(P) C supp(G)}
is closed in M'(.2") and,

supp 5. (IT) € {P € MY(2') : supp(P) C supp(G)}.

Moreover, if P € M'(Z") is such that for all partitions a € <, Py lies in the support of 1 in
MY(2%), then P lies in the tight support of T1.

Proof. If P is such that supp(P) ¢ supp(G), there exists an x € supp(P) \ supp(G) and,
by complete regularity of 2", a continuous f : 2~ — [0,1] with f = 0 on supp(G) and
f(x) = 1. While (G, f) = 0, the open neighborhood of x for which f > 1 receives non-
zero P-probability, and we see that (P, f) > 0. So, if Q lies in the tight neighborhood
{Qe MY (Z) : [((P—Q),f)| < 3¢} of P (for some 0 < € < (P, f)), (Q, f) > 0 and, accord-
ingly, supp(Q) ¢ supp(G), from which it follows that {P € M!(2") : supp(P) C supp(G)}
is closed. Moreover, by Markov’s inequality and Fubini’s Theorem,

M({Q eM!(2) : |((P— Q) /)] < ke})
STI({Q e M'(2):Q.f) > Jeb) < 2 [1a pran) = 24 =g

€

Conclude that P has a tight neighborhood of I1-mass zero, which means that P does not lie
in the tight support of I1.

Regarding the last assertion, it is noted that since M'(.2") with the tight topology is the
continuous image of a subset of the inverse limit N of Proposition 3, the collection of sets
{:(V):n € o,V € U} (where %, is any basis for M'(.2,), e.g., total-variational balls)
in M!(2") forms a basis for the tight topology. Consequently, for any tight neighborhood
Uof P € M'(2'), there exists an & € o/ and a V € %, such that ¢; } (V) C U, and,

() > T3, (V) = (V) >0,
by assumption. [

5. Phase Structure of Probability Histogram Limits

In this section we combine the two main existence theorems of the preceding sections
with the general theory of completely random measures [4] to describe the various ways
in which random histogram limits manifest. In Section 5.1 we review completely random
point processes [7] and show in Section 5.2 how combination leads to the conclusion
that random histogram limits occur in one of four distinct phases: continuous-singular or
dominated, each either purely atomic or not (see Theorem 5 below). The phase of a random
histogram limit depends on the topology on M!(.2") and on independence within random
histogram distributions. In Sections 7 and 8, we demonstrate that both in the Pélya-tree
family and in the Gaussian family of histogram limits, changes in the defining parameters
of their histogram systems can cause the limit to transition from one phase to another.

5.1. Completely Random Measures

In [4,5], so-called completely random measures are defined as positive random mea-
sures v ~ IT’ that assign stochastically independent random masses to disjoint measurable
subsets of the underlying space 27, and it is shown that (the random part of) a completely
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random measure is a purely atomic measure with IT'-probability one. (Note, we say that a
positive measure v is purely atomic if the collection D of points x € 2" for which v({x}) >0
(so-called atoms) contains all v-mass, i.e., v(D) = v(2"); we say that v is non-atomic, if
D = ©.) Below, we give the briefest of introductions to completely random measures
(following [7] (Chapters 9 and 10)), and relate the results to the existence theorems of
Sections 3 and 4.

Definition 6. Let (27, %) be a Polish space. A random positive Radon measure v on 2, dis-
tributed according to I, is called a completely random measure, if, for any finite collection of
disjoint measurable sets A1, ..., Ay, € B, the measures v(Aq),...,v(Ay) are independent.

Any (random) positive Radon measure v ~ IT" decomposes as a sum of a (random)
purely atomic measure v; and a (random) non-atomic measure v, in a unique way [7]
(Proposition 9.3.1V),

IM'v=va+1y) =1, (20)

and, for a random positive Radon measure to be almost-surely non-atomic, it is necessary
and sufficient that for any €,6 > 0, there is a finite Borel measurable partition « of 2" such
that for all finer finite Borel-measurable partitions g, IT' (max{v(B) : B € B} > ) <e.In
the case of a completely random measure v, this implies that v is IT'-almost-surely equal
to some fixed (that is, non-random) non-atomic measure v, [7] (Proposition 10.1.1I). As a
consequence, the atomic part of any completely random measure can be fixed or random,
while the non-atomic part is always non-random.

Definition 7. For any random positive Radon measure v ~ I1' on (2, #) and any t > 0, define
the cumulant Ay : 28 — [0, 0] by,

M(A) = log/et"(A) drr' (v).

Fubini’s theorem implies that if v ~ IT' is a completely random measure, for any t > 0,
the cumulant A; is a positive Borel measure. The theorem below says that the atomic part
of a completely random measure decomposes into a sum of random atoms at fixed points
in & and a sum v, of random atoms at random points in 2.

Theorem 4 ([4]). Let v ~ IT' be a completely random measure with cumulant measures A for
t > 0. If all A are o-finite, then with IT'-probability one, v satisfies the decomposition,

V="V + Vit (21)

where vy is a non-random, non-atomic, o-finite measure on (2°, ), vy is a purely atomic measure
supported on a fixed, countable subset D C 2" where v({x}) and v¢({x'}) are independent if
x,x" € D, x # x'; and v, is a random purely atomic measure that is independent of v¢.

As it turns out, o-finiteness of A; is equivalent to the existence of countable cover
C1,Cy, ... € Bof Z such that IT' (v(C;) < o) > 0, for every i > 1. Furthermore, the set of
fixed atoms D is the set of atoms of A;, and the c-additivity of A; implies the countability
of D. The random purely atomic measure v; is realized with the help of a Poisson point
process N on 2" x (0,00) (cf. [7] (Proposition 9.1.1II-(v)), as follows:

v(4) = [yN(Ax dy), (22)
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with an intensity measure y that may be unbounded on sets of the form A x (0,€), (¢ > 0),
but satisfies,

/min{l,y} du(A x dy) < oo.

One may also start by choosing the intensity measure y# and define v, through (22).
In the case that 2~ = [0, o), the existence of an almost-surely strictly positive and finite
completely random measure is equivalent to the requirement that the Lévy intensity
associated wit the random jumps assigns infinite mass to (0, c0) [33] (see p. 563).

The measure v, appears in A; as the t-linear contribution: A¢(A) = tv,(A) + ...
So, completely random measures with cumulant measures without tv,-terms (v, = 0) and
without fixed atoms (vy = 0) are characterized as purely atomic with random locations,
purely v,; similarly, completely random measures with v, = 0 and Poisson intensity
measure y = 0 are characterized as purely atomic with fixed locations, purely v;. Based on
complete randomness, a wider class of random measures can be characterized in which the
almost-sure atomic nature is preserved [34].

Complete randomness imposes a purely atomic nature on random probability mea-
sures too, after normalization: if a given positive random measure v ~ I’ satisfies
0 < v(Z") < oo with IT-probability one, then P = v/v(2") ~ II defines a random
probability measure called a normalized completely random measure, and P inherits
the purely atomic nature of v. The histogram distributions I, for P, follow from the
distributions IT,, through,

(P“(Aﬂé,l)""'Pﬂé(Atx,hx\)) = (Vtx(Atx,l)r-'-/VOL(Aa,hx\)) NHU(, (23)

v (Z)
where vy (27) = Va(Ag1) + ... + Va(Ay o). We say that the random histograms Py are
independent up to normalization.

5.2. Phases of Probability Histogram Limits

Combining the conclusions of Sections 3 and 4 with the presence or absence of com-
plete randomness, we arrive at the following theorem. (Given a random probability
measure, let G denote the associated mean measure.)

Theorem 5 (Phases of random histogram limits). Let 2", 7 and M' (%) satisfy the minimal
conditions. Let </ be a directed set of finite, Borel-measurable partitions that resolve 2, with
a coherent system of Borel histogram probability measures (Ily, . ap) on the inverse system
(M1<%ﬂl)rq’*txﬁ)~
(i.) (absolutely-continuous)
If condition (12) is satisfied, the histogram limit describes a random element P of M'(.2"),
distributed according to a weakly-Radon probability measure 11, such that 11-almost-surely,
for all measurable B € %, G(B) = 0 implies P(B) = 0:

H({PeM(2):P<G}) =1

The random element P can be identified isometrically with a random positive Radon—Nikodym
density function p in LY(2°, 8, G) of norm one, and we can write, for all B € B,

P(B) = [ p(x)dG(»);
(ii.) (fixed-atomic)

if condition (12) is satisfied and the 11, describe normalized completely random histograms, cf.
(23), the histogram limit P ~ 11 is a normalized version of the sum v of a fixed non-atomic
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measure vy, < G and a random purely atomic measure vy supported on the fixed, countable
set D={x € 2 :G({x}) > 0}. Forall B € A,

P(B) = ;g (n(B) +vy(B)).

Assume , in addition, that 2 is a Polish space and that <7 is a directed set of finite partitions
generated by a basis that resolves Z;

(iii.) (continuous-singular)
If condition (16) is satisfied, the histogram limit describes a random element P of M (Z"),
distributed according to a tightly-Radon probability measure 11, such that I1-almost-surely,
forallopen U C 2, G(U) = 0 implies P(U) = 0:

I1({P € M'(2') : supp(P) C supp(G)}) = 1;

(iv.) (random-atomic)
if condition (16) is satisfied and the 11, describe normalized completely random histograms, cf.
(23), the histogram limit P ~ 11 is a normalized version of the sum v of a fixed non-atomic
measure vy, < G, a random purely atomic measure vy supported on the fixed, countable set
D= {xe 2 :G({x}) > 0}, and a random purely atomic measure v,. For all B € A,

P(B) = 1/(1%) (v(B) + v£(B) + 1y (B)).

Proof. In cases (i.) and (iii.), the theorem states the assertions of Theorems 2 and 3; in cases
(ii.) and (iv.), these assertions are combined with those of Theorem 4, specific to normalized
completely random measures (where it is observed that the set of atoms of A; (for any ¢ > 0)
is equal to the set of atoms of G). O

In qualitative terms, we may describe the phase structure of random histogram limits
as follows: The most general, least constrained type of limit above is that of the continuous-
singular phase. According to (20), any continuous-singular random P decomposes into a
random atomic component and a random non-atomic component. The random component
of any completely random case manifests as purely atomic (the random-atomic phase), with
independent, randomly sized point masses at fixed locations and independent random
locations. Many examples of (normalized) completely random families are known, includ-
ing the well-known Dirichlet family (which is discussed in Section 6) and a sub-family of
Gaussian histogram systems (see Section 8).

The random non-atomic component of a histogram limit in the continuous-singular
phase is novel and more interesting: it is implied by the above that dependence in histogram
distributions is required to induce a random non-atomic continuous-singular component.
To illustrate the nature of such a component, we may think, for example, of 2" = [0, 1]
and a IT with G equal to the Lebesgue measure, describing a random Stieltjes function
F :[0,1] — [0,1], from a class that is everywhere continuous but not everywhere (or even
nowhere) differentiable (e.g., the so-called Cantor distribution). Such distributions are non-
atomic but cannot be identified with random Radon-Nikodym density functions. The Gaus-
sian histogram systems of Section 8 are in the non-atomic continuous-singular phase gener-
ically, and only Gaussian histogram systems with diagonal covariance matrices are in the
random-atomic phase.

In the absolutely-continuous phase, the histogram distributions are such that the his-
togram probabilities P, (A) may be larger than their means G, (A ), but not to such a degree
that (Gy-averages of) proportions between P, and G, grow unbounded in the limit. This
is borne out by the formulation of property (13), and also serves to interpret later bounds
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(e.g., (26)). The upper bound on the proportions between P, (A) and G4(A) induces domi-
nation P < G with IT-probability one. Extending the above example with 2™ = [0,1], the
absolutely continuous phase describes a random Stieltjes function F : [0,1] — [0, 1] that is
everywhere differentiable and can be identified with a random Radon-Nikodym density
function with respect to G. In Section 8, we discuss Gaussian random histogram limits
in the absolutely-continuous phase. If we specify that an absolutely-continuous random
histogram limit is also normalized completely random, then the limit is in the fixed-atomic
phase: combining the resulting purely atomic character of the random component with
domination by G, we find only random point masses at the fixed locations of the atoms
of G. The sub-family of Dirichlet process distributions with countably supported base
measures are in the fixed-atomic phase.

The distinction between the random-atomic and fixed-atomic phases provides an alter-
native explanation for the decomposition v¢ + v, of the random, purely atomic component
in Kingman'’s theorem: based on the above and the Radon-Nikodym theorem, we explain
this by the fact that any random probability measure decomposes uniquely into a random
component dominated by its mean measure G and a random component that is mutually
singular with respect to G (but still with support inside the support of G).

6. Existence and Phases of Dirichlet Histogram Limits

The best-known family of histogram limits is the Dirichlet family; its definition is based
most conveniently on the observation that if Z;, ..., Z, are independent and distributed
according to Gamma distributions I'(vq,1),...,T(vy, 1), then Z; + ... + Z, is distributed
according to I'(v7 + ... 4+ vy, 1). (Below, we use the convention that I'(0, 1) is a single atom
of mass one located at zero.)

Definition 8. Let v be a non-zero, bounded, positive Borel measure on a Polish space 2" and define,
for every Borel-measurable partition a,

(P(A): A €a)~ Diry,, (24)

where v, = (V(A) : A € a). The histogram distributions Dir,, on M'(2,) are those of the
normalized positive random elements (Z1/S, ..., 2,/ S), where Z; ~ T(v(A;),1), (i € I(a))
and S = Y_; Z;. Together, the distributions (Dir,,,« € ) are coherent and form the Dirichlet
histogram system with base measure v.

It is clear that the Gamma process, defined by the positive random vectors (Z1, ..., Z,) ~
[T:T(v(A;),1),is completely random and that Dirichlet histogram systems are normalized
completely random. Limits of Dirichlet histogram systems therefore describe random
probability measures in one of the two atomic phases.

A second immediate observation is that coherence of the histogram system could have
been guaranteed based on parametrization in terms of a finitely additive base measure
v. The well-known Mean-measure condition [23] requires v to be countably additive to
guarantee the existence of a unique histogram limit with respect to the tight topology on
M'(2Z"). We come back to the Mean measure condition below.

6.1. Tight Limits of Dirichlet Histogram Systems

The following theorem is the (by now classical, see [2]) existence result for Dirichlet
histogram limits, with a new proof in terms of condition (16).
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Theorem 6. Let 2 be a Polish space, endow M'(Z) with the tight topology and let v be a
non-zero, bounded, positive Borel measure on 2. There exists a unique Radon probability measure
Dir, on M(2") projecting to the Dirichlet histogram distributions (24), describing a random
probability measure in the random atomic phase.

Proof. Let % be a countable basis for 2" and let &/ be a refining sequence of partitions,
generated by 7%, that resolves Z". By assumption, there exist distributions Dir,, for the
random histograms P, € M'(.2,), (x € 7). As said, the coherence of the inverse system
(Diry,, ¢« ap) follows from finite additivity of the measure v.

To prove condition (16), let e > 0,6 > 0 be given. According to Proposition 8, v defines
a bounded positive Borel measure on Z and, according to Proposition 7, %" is Polish, so v
is a Radon measure on Z . Hence, there exists a compact Kin 4 such that,

v(Z\K) < dev(Z).

Let a be given. By Markov’s inequality and the fact that under Dir,,,

Py(A) ~ Beta(v(A),v(2) —v(A)), (25)
forany A € o(a), we have,
Diry, ({pa e MN(2,) : Pa(pu(R)) < 1 —5})

= Diry, ({p,x € MY(2,) : Pu(Zi) — Pu(¢u(R)) > 5})
<1
oMz

_ v\ (@009 (K)) _
0 v(Z) -

Po(Za \ (f’a(K)) dDirva(Pa)

v(Z\K)
v(Z)

<eE€,

| =

by Markov’s inequality, the fact that the G, are proportional to v, and the fact that
K C (¢7' 0 ¢a)(K). Conclude that there exists a unique histogram limit Dir,, a Radon
probability measure on M!(2") with the tight topology. Because the histogram system
is normalized completely random, the limiting random element P is in the random-
atomic phase. [

To conclude, two remarks are in order: Firstly, coming back to the Mean-measure
condition, it is noted that the above proof relies on v being not just finitely, but countably
additive, to imply the Radon property. Secondly, we note that restriction to &/ with
partitions generated by the basis may be confusing since the most common definition of
the Dirichlet histogram system involves all Borel-measurable partitions, . We argue that
this distinction expresses the difference between the roles that .« plays in Theorem 6 and
Proposition 2: to define Dir,, we are restricted to directed sets . of a special form, while,
after proving existence, we may use histograms associated with all & € 7.

6.2. Weak Limits of Dirichlet Histogram Systems

Whether Dir, is a Radon measure with respect to the weak topology as well depends
on the base measure v. To make a preliminary assessment, note that, given « € & and
L >0, forany Py, Qu € MY (2,
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|Pu—Pu AL Qull1,2;, = Z{Pa(Ai) ci € I(w), Pu(Af) > LQ,X(AI-)}

< 12{ (Sﬂ;((‘:i) >2QN(A1-) ciel(a), Po(A;) > LQa(Ai)} < %

Py (A;)? (26)

i)
Based on (25), we see that for every A € a,

)  v(A)?+v(A)
/Ml(%) P,(A)*dDir,, (Py) = V(2 ALEST TRk

Now, let > 0 be given. Due to the bound (26), for any L > 0 and any &« € </, Markov’s
inequality gives,

[y ({Py € MY (2%) : ||Px — Pu A LGa|l1, 2, > 0})

Sna({Pa e MY (2;) : 1 3 Py(A;)? >5}>

L iel(a) G (As)
1 1
< = - Py (A;)?dIL, (P
~ L iGIZ(a) Ga(Aj) /Ml(ﬂm (A dlle(Be)
1 v(A)+1 1 u(Z) + |af

N gie%x)v(%)—i-l LS v(2)+17
forall w € o/. Since |a| — o0, as « € o refines (unless 2 is finite), this shows that the most
obvious upper bound to imply uniform integrability does not lead to a useful argument.
However, we show the following.

Theorem 7. Let 2, o = <y and M'(Z") satisfy the minimal conditions and consider M'(Z")
with the weak topology. Let v be a non-zero, bounded, positive, purely atomic measure on 2. Then,
there exists a unique Radon probability measure Dir, on M'(2") with the weak topology, projecting
to Diry, for all & € o). In that case, Dir, describes a normalized completely random measure in the
fixed-atomic phase.

Proof. First, consider a countable set D with the discrete topology (which is a Polish space),
with a bounded, positive Borel measure vp on D. According to Theorem 6, the Dirichlet
histogram system with base measure vp has a Radon histogram limit Dir,,, on M!(D)
with the tight topology. Since any bounded f : D — R is continuous, the tight and weak
topologies are equal. Therefore Dir,,, is also Radon with respect to the weak topology on
M!(D) by default.

Now, let 2" be Polish and let D denote the set {x € 2" : v({x}) > 0}. Let & denote
the set of all finite partitions of D and let /- p denote the set of all finite, Borel-measurable
partitions of 2"\ D. Define <7 to contain all partitions « that combine a partition ap from
“/p and a partition a5\ p from @y p, to partition the whole space 2". Note that &/
resolves 2, and ¢/ is directed and co-final in . For any « = (ap,a5\p) € &, the
Dirichlet histogram distribution Dir,, is such that for the (c(x)-measurable) subset 2"\ D,

Diry, ({Px € M'(23) : Po(2°\ D) = 0}) = 1.

So, Px(D) = 1 with Dir,, -probability one. The projections of (P(A) : A € a) onto
(P(A) : A € ap) give rise to a Dirichlet histogram system with base measure vp, the
restriction of v to subsets of D. As argued above, the limit Dir,, is a Radon probability mea-
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sure on M!(D) with the weak topology. The space M!(D) is weak-to-weak homeomorphic
to the weakly closed subspace M of all P € M!(.2") such that P < v, through the mapping
¢ : MY(D) - MY(Z), (P)(B) = P(BN D) for all B € #. Conclude that the histogram
system based on partitions in &7 has a histogram limit Dir, that is Radon on M!(2") with
the weak topology. [

7. Existence and Phases of Pélya-Tree Histogram Limits

Here, we give only a very brief introduction to Pélya-tree distributions; for much
more, see [19,35-37] and the overviews in [2,27].

The Pélya-tree distribution is defined through a sequence of refining partitions of
a Polish space 2" (usually R or the interval [0, 1]), where, in each step, every set in the
preceding partition is split into two subsets. To describe the resulting tree of refinements,
we define the following: For every m > 0, we denote by &, the set of all binary sequences ¢
of length m (and we denote the empty binary sequence formally as e, forming the only
element of the set denoted &y). We also define the set & = U,;,>0&y; of all finite binary
sequences (including the empty one). For any two binary sequences ¢ € &, ¢ € &,
we write e¢’ for the concatenation in &, . In particular, for any ¢ € &, €0 (e1) in &, 1
appends a zero (one) to €. Also note that eze = ee; = e for all € € &. We write out e € &,
as € = ep...ey and use the notation ¢; := ey ...¢; € & for the projections onto the first
1 <1 < m binary digits. We also define for any ¢ € &, withe,, € {0,1}, e with the last digit
flipped: &€ = €,,_1(—en).

We use & to organize a refining sequence &7/ = {a, : n > 0} of partitions, ag = { 2"},
a1 = {Ao, A1}, a2 = {Aoo, Ao1, Aro, A11}, ete., into a dyadic tree, defining o, = {A; : € € &}
and, foralle € &,

Ae = A UA,. (27)

Mostly, we shall look at refinement through intersection with basis sets and their
complements, i.e., for every € € &, either Ay or A1 equals A; N U for some element U in a
basis % for 2. Note that in the case of a countable basis %/, iterative application of the
above construction gives rise to a countable &7 = {a,, : m > 1} that resolves 2"

Example 4. A typical example is a dyadic tree of partitions of 2" = (0,1] (or [0,1]), constructed
by iteratively bisecting every interval at the mid-point. This leads to a sequence of refining partitions
ay, m > 0, consisting of 2™ intervals of the forms (I,u] where | = u —2"" and u = 27"k,
k=1,2...,2", which is generated by a basis and which resolves (0,1]. (In case 2" = [0,1], we
add to every partition the singleton {0}).

To arrive at random histogram distributions for the Pélya-tree, we define for every
€ € & a so-called splitting variable Vi (and Vi1 = 1 — V), taking values in [0, 1] such that
(i) foranye € € & such thate # €, Vg is independent of Vy/g;

(ii.) forevery e € &, there exist B0, Be1 > 0 such that V, has a Beta (B, Be1) distribution.

(In case 2" = [0, 1], we assign a separately chosen, fixed probability 0 < py < 1 to {0}
with I'l,-probability one for all & € 7. As a default, we choose py = 0.)

Remark 2. Here and below, we extend the usual family of Beta-distributions somewhat: we consider
Beo = co and Be1 = oo and define Beta(oo, Be1) = 81 for all 0 < B < o0, Beta(Bep, 00) = &y for
all 0 < Bgy < oo and Beta (oo, 00) = d7 5.
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The splitting variables Vi are interpreted as random fractions that determine how
much of the probability mass of A, goes to Ag and how much remains for Ay, in accor-
dance with (27):

VSO = P(ASO|AS>/ Vsl = P(A€1|AS)'

Consequently, for every m > 1,e = ¢e1...ey € &y, the random probability for A, can
be written as a product of independent fractions:

m
P(AS) = VE] V€1€2 e VE]‘..EW = 1_‘[‘/(3]...61/
=1

which fixes the histogram probability measures I1,, on 24, forallm > 1,
(P(Ae) 1€ € &) ~ I, (28)

By construction, the I1,, are such that the refinement and coarsening of partitions
(corresponding to relations of type (1)) are accommodated coherently.

For later reference, we note the first two moments of the random variables P(A;): for
every m > 1 and every ¢ € &, the mean measure equals,

m
G(Ae) = /Ml(% )Pﬂém (A )dntxm P“m /H‘/gl £ dH,Xm H 1381—161 , (29)

1=1 1381710 + 1851711

by independence of the variables Vo and expectations of the Beta-distributions. Expressed
in terms of the parameters f8, the second moment of P(A;) takes the form,

/M](%m) P“m(A ) dHlxm Pam /H ey...eq dH“m

2
,BEI 10ﬁ€]_11 + £1-1€
=1 ﬁs, 10 T ﬁsl 11) (ﬁ€]710 + ﬁsl,ll +1) (ﬁel—lo + 1321—11)2

:S

based on the independence of the Vg, the variances of the corresponding Beta-distributions
and Equation (29).

To have a sub-class of relatively simple examples, we define so-called homogeneous
Pélya-tree systems.

Definition 9. Let o7 denote the a dyadic tree of partitions of 2" = (0,1] (or [0,1]), as in Example 4.
A Polya-tree system is called homogeneous if we choose B, > 0 for all m > 1 and set Be = B
forall e € &,.

Accordingly, in a homogeneous Pélya-tree system, splitting variables are distributed
symmetrically around v = %, and the mean measure G for any homogeneous Pdlya-tree
system with a limit is a Lebesgue measure.

7.1. Tight Limits of Pélya-Tree Histogram Systems

First, the general case of the Pélya-tree histogram system is analyzed with Corollary 2:
here, the particulars of the partition play a role in the formulation of the condition, so we
have to be specific regarding 2" and its partitioning. In this subsection, we specify that
Z = (0,1] (or R), with a dyadic tree of partitions. We use the following notation: for all
m>0,0,=0...06&,and ,, =1...1 € &,.
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Theorem 8. Let 2 = (0,1] and let of = {ay, : m > 0} be the dyadic tree of Example 4. Let
(T1a,,, Qs e, ) be a coherent inverse system of Pélya-tree measures (with parameter p = {Be : € € £})
on the inverse system (M*(2u,,), Psana, ) Then, there exists a unique probability measure on
MY (2°) that is Radon with respect to the tight topology and projects to the Pélya-tree histograms
parametrized by {(Beo, Be1) : € € &}, if and only if,

:860 0
Baoot BV 30
m>0 IBEOmO + ;Bsoml (30)

for every ¢ € &, and the resulting random element P of M'(Z) is in the continuous-
singular phase.

Proof. Given thatm > 1, the partition a,, consists of 2" intervals of the forms (a, b], where
a=b—-2""and b=2""k k=1,2...,2", which is generated by a basis for the standard
topology on (0,1]. The well-ordered set of partitions &/ = {a,, : m > 1} resolves (0,1].
For the given ¢ € &, we consider A, € a,,. Let also §,7 > 0 be given. If G, (A:) =0,
Py, (A¢) = 0 with IT,,,-probability one and any compact K C A, satisfies property (17).
Assuming that Gy, (A¢) > 0, we write A, = (a, b] for certain fixed a, b, like above, and
consider the sequence of half-open intervals (I, ;);>,, in 2, defined by,

Iy = A\ Ao, _, = (a+271,8].

Assuming that (30) holds, choose I > m large enough such that,

=l ‘BSOkO < 577
k=0 ﬁ€0k0 + IBEOkl Glxm (Ag) '

Note that for allm < k <1, ¢4, (I;) = @a, (A¢), while, forany I’ > I, (p“;(I&Z) = q)lx;(Ag) \
Po! (Ago,, ,)- Defining K to be the closure of I, ;, by Markov’s inequality, we have,

I, ({Py, € M'(Z4,) : Pa, (K) < Pu, (¢a, (Ac)) — 6})
< H:x,/ ({Pucl/ € Ml(%ﬂ) : Pﬂél/ (Is,l) < PIXII (%l,(Ae)) - (5})
= IL, ({Py € MY(Zi) : Py (Aeo,, ) > 0}) < Pay(Aco,, ) Iy, (Py,)

o Imizy) "

_ Ga,(4Ae) = Beoo
o k=0 ,Bka =+ ﬁsokl

<7,

which shows that property (17) holds.
Conversely, suppose that there exists a € € &, such that,

,BsomO

—n— >0
m>0 ,Bsomo + ﬁeoml ’

Then,
lim / Pﬂ(m (Asom) dnﬂm (pﬂém) > O’

m—00

while the sequence (A, )m>0 decreases to @. Hence, the mean measures G, do not define
a measure (on the ring that is formed by the union of all ¢(«), « € «7), which precludes the
existence of a Borel probability measure ITon M!(.2") with the tight topology (if IT would
exist, B — [ P(B)dII would define a Borel mean measure). [
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Remark 3. The above applies to examples with 2" = R as well, but, in that case, we have to
require, in addition to (30), that,

,Bl 1
Bl —, (31)
m>0 lBlmo + lBlml
because aside from the open, left-sided boundaries of half-open intervals A € a, there are directions
towards oo where mass can ‘leak away’ in the limit.

Example 5. It is well known [36] that a Polya-tree histogram system with defining parameters

{(Beo, Be1) : € € &} that satisfy,
Be = Beo + Be1, (32)

forall e € & coincides with a Dirichlet histogram system (not on all of <7, but on a smaller set of
dyadic partitions o/ that resolves 2, generated by a basis). Accordingly, such Dirichlet—Pélya-tree
histogram systems have limits that are Radon probability measures on M'(.2") with the tight
topology, and the resulting random element P of M (.2") is in the random-atomic phase.

In the example below, we make a choice for the parameters { (B0, Be1) : € € &} that
gives rise to a coherent histogram system without a tight limit. This choice is not singular
by construction in the sense that parameters either grow very large or vanish in the limit:
forall e € &, we have ,B?O + /351 = 1. To introduce the example, we define the following
function on &

Definition 10. In the standard construction of Cantor space as a subspace € of [0, 1] by successive
deletions of open mid-sections of intervals, we define the Cantor mid-point function x that
parametrizes the set of all mid-points of deleted intervals in terms of finite binary sequences:
x:& — [0,1] maps € € &y to the midpoint of the interval that is deleted in the m-th transition in
the construction of the set €: for example, x(ez) = 1/2 in &, x(0) = 1/6, x(1) =5/6in &,
x(00) =1/18, x(01) = 5/18, x(10) = 13/18, x(11) = 17/18 in &, etc..

Example 6. Tuke 2" = R with a dyadic tree of partitions as defined in Example 2, and, for all
m >0, &€ &y,

Beo = cos(37x(e)), PBer = sin(imx(e)). (33)
Note that
I Bowo cos(37x(om))
1i20Bon0 T Bowl s cos(2mx(om)) + sin(37x(om))

- 1—[(l—i—’can(%mc(om)))i1 :exp< Z>; <1+tan (Om)))).

m>0

1t is noted that x(0y) = 1/2(1/3)™ and

Y 1og(1 +tan(%7'cx(om))) ~ Y tan(37x(om)) ~ T Y x(om) = 4 < o0
m>0 m>0 2 m>0 8
Similarly,
Bint -1 sin (370¢(tm))
w50B0 T Bt s cos( 37 (tm)) + sin (27 (im))
-1
— nE[O(l +1/ tan(%ﬂx(tm))) = exp( mgolog(l +1/ tan(%nx(tm))))



Mathematics 2025, 13, 2309

33 of 51

Since x (1) =1 — x(0p) forall m > 0,
1/ tan(3mx(im)) = 1/ tan(3 (1 — x(om))) = tan(27wx(om)).

Conclude that,

:BO 0 ,Bz 1
m — m > 0,
n:!;IOﬁomo_'_ﬁoml 7:7|;I()ﬁlm0+,31ml
which implies that the Pélya-tree random histograms defined in (33) form a coherent system that
does not lead to a limiting probability measure on M'(IR) with the tight topology.

7.2. Weak Limits of Pélya-Tree Histogram Systems

Second, we formulate a sufficient condition for the parameters { (B0, Be1) : € € &'}
such that the corresponding Pdlya-tree histogram system has a limit I1 that is a Radon
probability measure on M'(.2") with the weak topology. Based on this condition, it is
demonstrated that homogeneous Pélya-tree systems with §;,! = O(m~!) give rise to such
weak histogram limits. This rate of growth is lower than that required in the sufficient
condition of [19], which is elaborated upon in [21,35,36] and re-visited in [2].

Theorem 9. Let 2 be a second countable metrizable space with countable basis %, with a
corresponding dyadic tree <f of partitions a,,, m > 1, generated by the basis. Let (Ily,,, Qs upar)
be a coherent inverse system of Pélya-tree measures (with parameter p = {Be : € € &}) on the
inverse system (M'(Zu,,), @x ayay )- Assume also that condition (16) holds. Then, there exists a
unique Radon probability measure T1 on M'(.2") with the weak topology, projecting to I1,,, for all
m > 1if,

su + Be | < oco. (34)
mZIi 6625,,, 111 1851 10 + ,Bs, 11 <‘B€110 + 1881_11 +1 g)

The resulting random element P of M'(2") is in the absolutely-continuous phase.

Proof. Condition (16) implies the existence of a tightly-Borel probability measure IT' on
MY (Z) and a corresponding mean measure G € M'(2"), which serves as our choice of Q
in the proof for property (12). Let 6 > 0 be given. For any L > 0 and every m > 1, Markov’s
inequality gives,

Hlxm ({Pfxm S Ml('%l'xm) : HPle - Plxm A LG!XmHl,%m > 5})

<Tl,, ({Pam € M'(Z4,) : % Y. IM = 5}>

iel(am)

1 1

=D 7/ Py, (A;)?dIly,, (P,
L&ie%m) Gay (A7) Sz ) © (A;)?dIly,, (Py,)

_ % Z ﬁ(ﬁslloﬁelll 1 + Bei 1e )
ecéy =1 Bei_se, (1381—10 + 1381711)(1881—10 + Bey g1+ 1) Bei 10+ Be 11
K
< s
for all m > 1, where K denotes the value of the supremum in Condition (34). Consequently,
condition (12) is satisfied and Theorem 2 asserts that there exists a unique weakly-Radon
probability measure ITon M'(.2") that projects to I, forallm > 1. O

Corollary 3. Assume the conditions of Theorem 9 and let a sequence By, > 0, (m > 1) be
given. If the By, grows like m or faster, B,,' = O(m™1), there exists a unique Radon probability
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measure TT on M (2") with the weak topology, projecting to the associated homogeneous Pélya-tree
histogram system.

Proof. Substituting B = B, in Condition (34), we find, for every m > 1,

m
1 1 Bz 1
+ =|z=——+1] ,
sezé”m 111 1881—10 + 1881711 <ﬁ€1-10 + :B€1711 +1 ﬁg) (2[3”1 +1 )

which behaves like exp(m/(2B, + 1)) in the limit m — co. Since m/B, = O(1) by
assumption, the right-hand side stays bounded and Property (34) is satisfied. O

Note that the sufficient condition of [19] (see also [2]) suggests that the absolute continuity
of homogeneous Pdlya-tree limits sets in when f,,, grows as O(m?) or faster; here, it is shown
that absolute continuity is already obtained with B, that grows more slowly, like O(m),
or faster.

8. Existence and Phases of Gaussian Histogram Limits

Most known examples of random histogram systems with a limit are of the (nor-
malized) completely random type [7]. The reason for the preference for systems with
independent components is coherence, cf. (1) or (9), which is analyzed most conveniently
with infinite divisibility, requiring independence between summands. The consequence is
that most known histogram limits are in one of the atomic phases of Theorem 5. In this
section we introduce the family of Gaussian random measures, random signed measures on
the space £ with components that display dependence generically, manifesting in one of
the non-atomic phases of Theorem 5.

8.1. Random Histogram Limits with Signed Measures

To arrive at a proof of existence for Gaussian histogram limits, we have to generalize
the approaches of Sections 3.2 and 4.1. Consider the case of a locally compact Polish space
Z . The most natural generalization of our random histogram question calls for construc-
tion of Radon probability measures on M(2"), the space of all signed (and potentially
unbounded) Radon measures on 2", with the vague topology (see [38], Ch.IlII, §1, No.9),
rather than M'(.2") with the tight topology as in Section 4. However, to make histogram
projections continuous, transition to a zero-dimensional refinement Z" (as in Section 4.1.1)
is still a necessary step, which does not combine well with the vague topology (test func-
tions f : 2~ — R for the vague topology on M(.2") remain continuous when viewed as
f: Z — R, but the compactness of their supports in Z" is lost in general).

However, since M(2") with the vague topology is the inverse limit of the spaces M(K)
for compact K C 27, we may also limit attention to compact subsets K C 2 initially and
then use Theorem 1 (with a directed set of compact K C £ labeling a coherent inverse
system of histogram limits ITk) to define a limiting Radon probability measure ITon M(.2")
with the vague topology.

We defer proof of existence for such a ‘vague inverse limit of histogram limits on
compacta’ to future work and focus here on the case where 2" itself is a compact Polish
space. Then, M(2") = M, (.2") and the vague and tight topologies coincide. Although % is
not compact in general, M, (%) with the tight topology still stands in continuous bijective
correspondence with M(2") (as in (the first part of) Proposition 9), and the histogram
projections ¢, : My(Z) — M(Z,) of the form (15) are continuous. This enables the
use of Theorem 1 to prove the existence of histogram limits I1 that are Radon probability
measures on M(.2") with the vague/tight topology.
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Theorem 10. Let 2" be a compact Polish space and let <7 be a directed set of partitions that resolves
2, generated by a basis that gives rise to a zero-dimensional % . Consider M(.2") with the tight
topology and a coherent random histogram system (Ily, ¢xap)- If,

(i.) for every e > 0, there is a constant M > 0 such that for all « € <7,
I ({®a € M(22) : | Pallie > M}) <6 (35)
(ii.) and, for every €,6 > O there is a compact K C % such that for all & € o,

I, ({®o € M(22) : [Pal(9a(K)) < |Pel(22) — 5}) < (36)

then there exists a unique Radon probability distribution IT on M(.Z") projecting to I1, for
alla € .

Proof. According to Proposition 8, the Borel sets on 2" and %, as well as (bounded)
signed Borel set functions and measures, are the same. The first part of Proposition 9
remains true, (the set-theoretic identity mapping i. : M,(Z) — M(Z') is a tight-to-
tight continuous bijection), but the second part fails because M(2") and M, (%) are not
necessarily Polish spaces (see Remark 4). Like before, the mappings (¢« «, ¢+4p) form a
coherent and separating family of continuous mappings on My, (%" ). Trivially, the linear
spaces M (%) are finite-dimensional normed spaces (the vague, tight and total-variational
topology are all equivalent) and the mappings ¢,z are surjective and continuous, like in
Proposition 3. Accordingly, (M(Z4), ¢+ 4p) forms an inverse system.

To show that condition (10) holds, let € > 0 be given and let M > 0 be a constant such
that property (35) is satisfied for every a € <. Define,

=({eeM(Z): @, <M aca}={®ecM): || , <M}

||1zx

since ||®||y, 2~ = sup, . [|Pa||1,«, cf. Proposition 1.
Let K be a compact subset of & . For any ® € Hj,

[@(K) < [@|(Z) = |@|(2) = [|®]lh,2 = Sugl\% 1La <
[L4SX

M,

with (€,), (8,) as in the proof of Theorem 3 and the corresponding compacta (K,) in Z" cf.
property (36), we also define,

= (@ € M(Z) : [@a](pu(Ka)) > [®ul(22) ~ 6y, n > L a € o/},

Following steps analogous to those in the proof of Theorem 3, one then finds that
H = H; N H, satisfies Prokhorov’s conditions (see (A2)), so that the closure H forms
a compact subset of M (%) and, for any &, we have (by monotony of & — |®,|(B) for any
B € o(a), like in the proofs of Theorems 2 and 3),

Iy (M(22) \ ¢=a(H)) < T ({® € M(Z) : || ®u,, > M})

Hl,uc

Y T ({Pe € M(22) + [Pul(u(Ra)) < [9al(22) — 6:}) < 2¢,

n>1

which shows that condition (10) of Theorem 1 is satisfied. Conclude that there exists
a unique Radon probability measure IT on M(.2") that projects to I1, for all & € .
The continuous mapping i, : M(Z) — M(Z) serves to define IT = IToi; !, a Radon
probability measure on M(2"), and IT still projects to I'l, foralla € o/. [
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As it stands, property (36) is somewhat unwieldy due to the occurrence of compacta
in 2. Analogous to Corollary 2, we also provide a version that refers only to compacta in
Z' . For brevity’s sake, we omit the proof (which follows the same precise steps of the proof
of Corollary 2): if, foralla € .7, all A € v and all €,6 > 0, thereisa K C A, compactin 2,
such that,

I ({@p € M(Zp) : [@5l(95(K)) < [@pl(95(4)) = 0}) <, (37)
for all B € &7 such that & < B, then property (36) is satisfied.

Remark 4. Regarding the pair of properties (35) and (36), we remark that, unlike earlier applications
of Theorem 1, our conditions are sufficient but (perhaps) not necessary for the existence of a histogram
limit: note that M(%") is not necessarily complete and not a Polish space generically (see [38],
Ch.1II, § 1, No. 9, Proposition 14), so that Borel measurability of the inverse mapping iy ' can no
longer be guaranteed. Accordingly, not every Radon probability measure on M(.Z") can be extended
to a Borel probability measure on M(Z") canonically, and there may exist coherent histogram
systems with an tight inverse limit 1T on M(Z"), for which stated conditions do not hold.

8.2. Existence of Tight Gaussian Histogram Limits

For the definition of Gaussian histogram systems, location and covariance parameters
are defined in a way comparable to that of the base measure of the Dirichlet family.

Definition 11. Let 2 be a compact Polish space, let A be a signed Radon measure on
Z'. For any Borel-measurable partition «, let A, denote the w-histogram projection of A,
Aw = (M(A1), -+, A(A}y))) in M(Zy). Let X be a signed, symmetric Radon measure on 2" X %
(symmetric meaning that ©(A x B) = %(B x A) forall A, B € A). Assume that for every o € <,
the |a| X |a|-matrix ¥, with entries,

Za,ij = Z(Al X A]>,

(1 <i,j < |a|) is semi-positive definite. We refer to A as the center measure, X as the covariance
measure and (A, X) as Gaussian parameters.

The measure ¥ may be viewed equivalently as a linear mapping that takes continuous
functions on 2" into signed Radon measures on 2", or as a symmetric bi-linear form. To
give examples, we may turn to the theory of reproducing kernel Hilbert spaces.

Example 7. Ford > 1, let 2" be a compact subset of R?, and consider a so-called positive-definite
symmetric kernel function k : 2" x 2" — R; cf. the Moore—Aronszajn theorem. Every such
kernel function is the reproducing kernel for a unique Hilbert space of functions on Z". We use k
to define,

S.(A x B) = /A Ky dxdy, (38)

and note that such a X is a covariance measure in the sense of Definition 11. Mercer’s theorem
formulates the associated spectral theory, with Xy viewed as a (compact, self-adjoint, positive)
integral operator L2(2°) — L*(Z°). Indeed, we may define a kernel by choice of a countable
orthonormal subset of continuous functions {¢; : i € I}, and non-negative {A; : i € 1}, to define

k(x,y) = Yier Aigi(x)¢i(y).
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To extend the previous example for general covariance measures X, note that if ./
consists of partitions generated by a basis for 2, then, for any continuous f : Z° — R,

(o= [, f@F@)d(xy) 20

Polarization then defines a positive semi-definite bilinear form on C(2") x C(2").
Within C(.27), there is a linear space Qs of functions f that are X-almost-surely equal to
zero (f ~ 0if (f,f)x = 0; f ~ gif f —g ~ 0.), and the quotient space C(:2")/Qy is a
real pre-Hilbert space (see [39] (Definition 7.5)), with Hilbert space completion denoted as
L%(X), which generalizes the Moore-Aronszajn Hilbert spaces associated with reproducing
kernel functions.

Definition 12. Given Gaussian parameters (A, %), we define a Gaussian histogram system as
follows: for all & € <7, we choose normal probability distributions 11, . , for random signed
histograms ®, € M(Zy), as follows:

<¢06(A1)/ e /q)tX(Altx‘)) ~ H/\,Z,IX = N(ADUZIX)/

where N(Ay, Xy) denotes the multivariate normal distribution on Rl with expectation A, and
covariance matrix Xo. When A = 0, we speak of a centered Gaussian histogram distribution,
denoted as Iy , = N(0, Zq).

For partitions a, B € </, where B refines «a, let ¢, .4 be as in (3), the mapping that
expresses finite additivity. Below, we show that for any </ and any Gaussian parameters
(A, %), the above histogram distributions define a coherent system, referred to as the
Gaussian histogram system (T1) 5, @« ap) associated with the parameters (A, X).

The inclusion of a center measure A is not of influence for the existence of Gaussian
histogram limits: for all « € &/ and all Borel sets B in M(2%),

HA,Z,,X({% € M(2;): @y € B}) - 1‘[2/“({@)“ € M(2;): @y € B —/\a}),

and, hence, Il 5. exists if and only if Iy exists. The existence of histogram limits therefore
only concerns the X-parameter. The existence conditions of Theorem 10 can be dominated
by uniform bounds on mixed second moments of the absolute histogram components
|®,(A)|, which we denote by,

T(A,B) = /

M(

= CE(Ax B)+ 2\/Z(A x A)Z(B x B) ~Z(A x B,

) |CDIX(A)q>IX(B) ’ dHZ,a (q)ﬂé)
Zu) (39)

where 0 < C < 1is a constant that depends only on the correlation coefficient between
P, (A) and P, (B) (see [40], p. 933).

Corollary 4. Let 2 be a compact Polish space and let <f be a directed set of partitions generated
by a basis, as in Example 1. Let X be a covariance measure on 2" x 2. Consider M(Z") with the
tight topology and the centered Gaussian histogram system (I1s, 4, ¢« op)- If the covariance measure
Y. is such that,
(i.)
sup Y T(A,B) <o (40)
w€d/ A,Bea
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(ii.) and, for any open U, € U{o(«a) : & € o/} that decrease to &,
lim sup ) {T(A,B): A, Bcw, A BC U,}=0, (41)
"7 hed

then there exists a unique Radon probability distribution Iy, on M(Z") projecting to Iy , for
alla € o

Proof. To use Theorem 10, we first verify the coherence of Gaussian histogram systems.
(We do this first step of the proof generically, that is, with A # 0.) If «, 8 € &/, « < 8, and
we write A; = Uke]aﬁ(i)Bk/ then,

(Ma)i= 3 (M (Ba)y= 2 3 (Zp)u

ke]ﬂcﬁ(i) ke]aﬁ(i) le]txﬁ(j)

for 1 < i,j < |a|. This can be expressed in terms of a linear mapping Pyg : RIFl — Rl
such that,
Aw = Puphp, Tu = PupZp (Pap)’,

(where (P, ﬁ)t denotes the matrix transpose of P,g). Recall that for any finite d, d' >1,any
linear P : R? — R? and a random variable ® distributed N (A, %), the random variable
P® is distributed N(PA, PLPT). So @, ~ I1, ., has the same distribution as ¢, ,5(®) for
Op ~ 1)k,

Peap(@p)i= )Y, (Pp)j= (PDp),
jejaﬁ(i)

forall 1 <i < |a|. This verifies the coherence of the histogram system (IT) x4, @+ ap)-

In the rest of the proof, we assume that the histogram system is centered: A = 0. To
show that property (35) holds, we use Chebyshev’s inequality to upper-bound its left-hand
side, for every « € &/ and M > O:

I ({Po € M(2%) : || Pall1,e > M}) =15, ({d)a €M(Zy) = ) |@u(A)| > M})

Acw

_ nz,a<{q>a EM(Zi) 2 ), [Pa(A)®a(B)] > Mz})

1
= W /M(%) A;JQQ(A)(Da(Bﬂ dHZ,fX(q)a)-

Assuming Condition (40) and choosing M large enough, we see that property (35) is
satisfied for every e > Oand all « € /.

Leta € o/ and A € a be given. Because « is generated by a basis, A is the intersection
U N C of an (open) finite intersection U of basis sets and a (closed) finite intersection C
of complements of basis sets. Because 2" is a Polish space, U is F;, i.e., U is equal to a
countable union of closed sets U = Uy,,>1Cy,. Then, the closed sets C;, = C U (U1 << Cii)
increase to A as n — oo. In the open complements of Cj, in A, there exists a decreasing
sequence of basis elements U, and we may define closed sets K, = A \ U,. The open sets
U, decrease to @ and the sets K, are closed as subsets of 2" and therefore compact. By
assumption (see Example 1), <7 is such that all sets in the basis occur as elements of («)
for some & € 7. So, for every n > 1 and every a € 7, there exists a § > a such that the
decomposition A = U, UK, is such that Uy, K, € (B).

Let €,6 > 0 be given. Based on Assumption (41), choose n > 1 large enough such that,

supY_{T(B,C): B,C €7, B,C C Uy} < &%.
r=a
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Let v > a be given. Since ¢ (A) \ ¢, (Ky) C ¢ (Uy),

s, ({®y € M(25) : [Dy](9y(Kn)) < [Dy|(pq(A)) —6})
<y, ({®y € M(Z7) : [Dy|(py(Un)) > 6})
— nm({qx, € M(Z,) : 2{|q>7(3)q>y(c>| : B,Cev,B,CC un}> 52}>

1
< 7/ @, (B) dIs. . (D) T(B,C)
82 Jm(2) B,(;un| ! ) (%) B(;Un

showing that property (37) holds. [

In the above proof, we satisfy property (37) by roughly following the proof of The-
orem 8, but with a different construction of the compacta K;;, which is more generic and
based on Example 1. In applications, control over the choice of « allows for convenient
constructions. Where the proof of Theorem 8 depends on the Carathéodory-like condition
that G4 (¢a(Uy)) — 0 for (specific) sequences (Uy,) in the generating ring that decrease to &,
here, the second-absolute-moment set functions of Condition (41) are required to go to zero.

Based on Condition (40), we briefly come back to the space L?(X) and indicate how it
is related to the covariance structure of a centered Gaussian histogram limit Iy. To this end,
we define the real-valued stochastic integrals @ := Sy fd® for f € C(27) and consider
the linear space of real-valued random variables L = {®; : f € C(2")} that they span.
Assuming integrability, on L, we define the bilinear form,

b, P = DD, dlsy (D).
(@f, D)1 /M(%) ¢ @, dllx (D)

With Qp = {®f € L: (®f, @)1 = 0}, the quotient space L/Qy, with (-, ) as an inner
product is a real pre-Hilbert space, with Hilbert space completion denoted by L?(Iy). The
following proposition involves histogram approximations of continuous functions: for any
f € C(Z) and any partition « generated by a basis, let f4 (A), (A € a) be real numbers such

that inf{f(x) : x € A} < fa(A) < sup{f(x) : x € A} and let fo(x) = L acy fa(A)La(x),
noting that, for all x € 27, fx(x) = f(x) as a refines within an <7 that resolves 2".

Proposition 12. Let 2 be a compact Polish space and let </ be a directed set of partitions generated
by a basis, as in Example 1. Let 3. be a covariance measure for which Conditions (40) and (41) hold.
Then, forall f,g € C(%),

(f.g)x=lm Y fu(A)ga(B)Z(A x B) = (@, )y,

A,BEa

and the mapping C(2") — L : f > @y extends to an isometric isomorphism of Hilbert spaces
L2(Z) — L(I1g).

Proof. We first show that the (semi-definite) inner-product spaces C(2") and L are isomet-
rically isomorphic. Let f,g : 2" — R be continuous and denote their supremum norms by
| fllco, 27+ 18lco, 27 < o0. By the continuity of R — R : (x,y) — xy,
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(F,8)x = [, F©)g)dZ(x,y)

= hm [ llm d x,
(1l A%f a() (1 lgﬁgﬁw)lg(y)) =(x,y)
= [ tim T £ (A (B)LA(0)15() dZ(x, )
ABG'y
—lim Y f,(A)g, (B)Z(A x B),
A,Bey

and the last step holds by Lebesgue’s dominated convergence, based on the facts that
1 flleo, 27/ |8llco, 27 < 0and £(2" x 27) < oo. Using the definition of ®,, we may then write,

(g =lim ¥ [ fu(A)0u(4) ga(B)Ou(B) dlTs (@)
—tim [V f(A)D(4) gu(B)D(B) dIT5(P).
To complete the argument, note that,

7

) fa(A)@D(A)ga(B)@(B)‘ < flloo, 2 I18lloo, 2z Y [®(A)P(B)

A,Ben A,Bea

and the right-hand side is monotone-increasing in «. By monotone convergence,

fim, 3 Joio @A B) dnz@) = [ fim, 3 [2(4)2(8)]drTx(®),

so that Condition (40) asserts the integrability of the function ® — lim, }_4 e, [P (A)D(B).
So, using again the continuity of R — R : (x,y) — xy and dominated convergence,

gz =, lm T A(A)0(4) T gu(B)0(8)dls(@)
= () (hm Z fu(A ) (liénl%gﬁ(B)CD(B)) dITy (P)

= b P, dlIs (D).
/M(%) f Py A1z (P)

This implies that for any f € C(%"), (f,f)s = 0 if and only if (&, &f); = 0. Con-
sequently, the pre-Hilbert spaces C(:2")/Qyx, and L/Qy are in isometrically isomorphic
correspondence, and so are their (unique) Hilbert space completions. [

To conclude this subsection, we briefly consider two statistical perspectives: the
frequentist question of estimation of the covariance measure and the Bayesian question of
using Gaussian histogram limits to define priors on spaces of probability measures.

Remark 5. Consider the statistical estimation of the covariance measure . from observed data. As-
sume independent and identically distributed observations ®1, @y, . . ., each distributed marginally
according to the Gaussian histogram limit 11y, for some fixed covariance measure X.. The idealized,
direct question of how to estimate . from the observed sample is difficult because the data is of a
functional nature: in any practical way, observing points in a space of measures amounts to the
observation of some approximation or projection. In the present context, we interpret the data points
as histograms: for some sample size n > 1 and some o € </, we observe independent and identically
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distributed ® 1, . .., Po,n. The question of estimating ¥, is then the textbook question of estimating
the covariance matrix based on an independent and identically distributed sample from a multivariate
normal distribution. This is a smooth parametric estimation problem, with best-reqular estima-
tors 3, displaying n=1/2-convergence, optimal asymptotic covariance and optimal Wald-type
confidence sets.

If the functional data ®1, ®», . . . is expressed through any « € o7 (that is, if the statistician
can choose the partition before he sees the data @y 1, . .., Py ), it is important to note that, like the
approximation of probability densities in Lemma 1, it is possible to approximate . by histograms in
total variation:

HZI’C - ZHl,%-X% — 0/

(as n — o). In such a setting, we may refine partitions oy, < a1 as the sample size n increases,
ideally in such a way that the estimation error,

||Z“nrn - Z‘lxn Hl,%n X‘%Vn — 0/
(as n — oo) and the histogram approximation error ||Ly, — X||1 -« 2~ are of comparable order.

Remark 6. To illustrate the statistical possibilities also from the Bayesian perspective, consider the
following family of non-parametric priors for measure spaces: since Gaussian histogram limits de-
scribe random signed measures, there is no direct Bayesian interpretation for a Gaussian histogram
limit as a prior on a statistical model. However, a Gaussian random measure ® can be conditioned
to be positive, and if,

Mg (0 < [ @] <o | ®>0) =1,

the conditioned random element can be normalized to a random probability measure, analogous to
the (Bayesian) normalization of positive completely random measures (e.g., the Gamma process of
Example 8). The resulting class of normalized conditionally positive Gaussian priors enable the
novel option of describing continuous-singular random probability measures with histograms, rather
than only random discrete probability measures (e.g., the Dirichlet random measures of Section 6).

8.3. Existence of Weak Gaussian Histogram Limits

In Section 8.1, we saw that for the existence of tight histogram limits, condition (35)
(which is close to necessary, cf. Remark 4) says that the limiting random & has a norm
||®[[1, 2 thatis a tight real-valued random variable. We shall see in the present subsection
that for the existence of weak Gaussian histogram limits, it is sufficient that ||®||; 5~ is an
integrable random variable.

Let 2" be a compact Hausdorff space, fix the topology on M(.2") to be the weak
topology and choose a directed set <7 of finite partitions in non-empty Borel sets. Then, 2,
o/ and M(Z") satisfy the minimal conditions of Definition 1. The compactness of a subset
of M(Z) is still characterized by the Dunford—Pettis—Grothendieck condition, but with
P replaced by the positive measure |®|: a subset H of M(.2") is relatively compact in the
weak topology if and only if for some positive, bounded measure Q € M+ (2"),

sup ||| — [P ALQ; , =0,
deH

as L — oco. The proof of the existence theorem for histogram limits that are Radon with
respect to the weak topology does not differ substantially from that of Theorem 2, so we
omit explicit statement.
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Theorem 11. Let 2 be a compact Hausdorff space, consider M(Z") with the weak topology and
choose a directed set of finite partitions </ in non-empty Borel sets that resolves 2. Let (I, ¢ ap)
be a coherent system of Borel probability measures on the inverse system (M(Zy), @xap). There
exists a unique weakly-Radon probability measure IT on M(Z") projecting to I, for all « € <7, if
and only if, there is a Q € M, (2") such that for every €,6 > 0, there is a L > 0 such that,

I, ({®Pa € M(2%) : |||Pa] — | P4l /\LQ,XHll >6}) < (42)
foralla € of.

Given a Radon probability measure ITon M(.2"), the role of the mean measure G of
Definition 5 as the dominating measure is taken over by the positive measure,

QB) = [ 1@lB)ari(e),

for B € #, and Q(B) = 0 implies II({® € M(Z") : |®|(B) > 0}) = 0 (as in Lemma 3).
Proposition 4 can be adapted to the signed case as well: {® € M(2) : |®| < Q} is closed
in M(2") and,

supp & (II) C {® € M(Z') : [®| < Q}.

Below, we apply Theorem 11 to Gaussian histogram systems. To prepare, it is noted
thatforalla € &/ and all A € «,

Qu(4) = [ [@al(4) dILa(@x) =/ 2(4 x 4), )

Clearly, the resulting set functions Q, : o(a) — [0, o) are not the o («)-restrictions of
the measure Q (contrary to the cases of positive or probability histogram limits, where all G,
are restrictions of the mean measure G). Forevery o € & andall A € o, |®,|(A) < |D|(A),
and, hence, Qu(A) = [|Pa](A)dIIy(Py) < [|P|(A)dII(P) = Q(A). If we as-
sume that </ resolves 2, the positive measures |®,| (and the total-variational norms
| Dn = |®,|(Z%)) increase to |P| (and the total (2)).

Corollary 5. Let 2 be a compact Hausdorff space and let <7 be a directed set of partitions generated
by a basis that resolves 2 . Let L. be a covariance measure on 2 . Consider M(.Z") with the weak
topology and the centered Gaussian histogram system (Ils,u, @xap)- If,

=sup ) \/E(AxA) (44)

then there exists a unique weakly Radon probability distribution ITs on M(Z") projecting to Iy, »
foralla € of.

Proof. Let €,6 > 0 be given and choose L = /7tS/(\/2¢), where S > 0 denotes any

upper-bound for the left-hand side of Condition (44). Due to the bound (26) and Markov’s
inequality, we have for any « € <7,

Iy, ({Pn € M(22) : |||Pa| — [Pul /\LQ,XHU,Z > 6})

>o})
L /M(%) r E((z:); ATy, (@) < Li ) JEE(Ax A) <

< Iy, ({qn,xeM (2) :

IA
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where we use the conditions that for every a € o and all A € a, [ @y (A)?dlly 4 (Ps) =
Y(Ax A)and (43). O

Two remarks are in order: firstly, we relate Condition (44) for the existence of weak
Gaussian limits to Condition (40) for the existence of tight Gaussian limits by the Cauchy-
Schwartz inequality:

Y [ @a(A)0u(B)] dlTx (@)

ABea ! M(Za)
Y VE(Ax A)/E(BxB) = (2,/ AxA)

ABEa

showing that (44) implies (40). Second, we note that Corollary 1 stays valid in the signed
case, so if Condition (44) holds, there exists a unique Radon probability measure IIy on
M(Z") with the total-variational topology, projecting to Iy , for all a € <.

Example 8. Let 2" be a compact subset of RY. Consider Example 7 with a kernel function that
is constant: k(x,y) = c for some ¢ > 0. If we let o/ consist of partitions a with the property
that for all A, A’ € a, there exists a translation vector x in R such that the Lebesgue measure of
(A\ (A" —x))U((A" —x) \ A) is zero. Then, for every a, L, is the |a| X |a|-matrix with all
entries equal to,
- - . N = oy

Tij = /A,»<Ai cdxdy = cy(Al)y(A]) = cuy,
(where p, = u(A) forany A € a). Clearly, the corresponding covariance measure ¥. gives rise to
positive semi-definite covariance matrices L., with random histogram components that are highly
dependent: in fact, the linear space of all j, € M(Zy) with components that sum to zero forms the
kernel of £:

Ker(Z) —{m €EM(22) + ), pai= 0}

iel(a)

and a centered multivariate normal distribution is supported on the range of its covariance matrix.
This means that ®, lies on the diagonal of M(Zy) with probability one:

s ({@n € M(23) : Ppp=...=DQppy}) = 1. (45)

Note that

sup Y \/Z(AxA)=sup Y Veu(A) = Veu(2) < oo, (46)

aedd Acn acd Aca

so, according to Corollary 5, there exists a weakly-Radon probability measure Iy on M(2")
projecting to Iy, , foralla € o7.

Additionally, a moment’s thought shows that the above example serves as a bound
for a host of examples based on the reproducing kernels of Example 7.

Corollary 6. Let 2" be a compact Hausdorff space and let o7 be a directed set of partitions generated
by a basis that resolves % . Let ¥ be a covariance measure based on a bounded kernel function
k: Z xZ — R. Then, there exists a unique weakly-Radon probability distribution 11y, on
M(Z") projecting to Iy, , forall « € <.

Proof. Assume first that &/ is as in Example 8. Since, for some ¢ > O and all x,y € &,
lk(x,y)| < cforallaandall A € a, (A x A) < cu(A)?. Summability then follows as in
Inequality (46), proving the existence of a weakly-Radon histogram limit ITy. For any Borel-
measurable partition a of 27, the weakly continuous mapping ¢, : M(2") — M(Z%) :
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#— (1(A1), ..., u(A)y)) induces the Gaussian histogram distribution Iy, = N(0,Z4) on
M(Z%). The uniqueness of the limit proves the assertion. [J

Over the last two decades there has been considerable interest in the so-called Gaussian
free field (see, e.g., refs. [24,41]); below, we use Green’s functions for the harmonic operators
ind =1,2,... as covariance kernels to define Gaussian histogram systems in the closure
2 of a non-empty, bounded, open subset of R,

Example 9. We consider the existence question for the Gaussian free field first in d = 1: the Green’s
function Gy : & x & — Ris of the form,

Gi(x,y) = =[x —yl+ f(x,y),

where x — f(x,y) is harmonic in x for every y. Define,

Y1 (AxB) = /A><B Gi(x,y)dxdy,

(where we choose f such that X is symmetric and positive-definite). Choose a directed set </ of
partitions generated by a basis that resolves 2. Based on Corollary 6, we see immediately that
the associated centered Gaussian histogram system with histogram distributions Ily, , has a limit
Iy, that is a weakly Radon probability measure on M(2"). Then, Q(B) = [ |®|(B) dIIx(®P),
(B € A), is a multiple of the Lebesgue measure due to translation invariance and,

My, ({®eM(2): @< Q}) =1,

implying that the random element ® ~ Iy is of the form,
o(B) = [ ¢(x)dx,
B

forall B € %, where ¢ is a random Radon—Nikodym density function in L'(.2"), the Banach space
of Lebesgue integrable functions on Z .

Ford = 2,3,..., the situation changes drastically (see Figures 1 and 2): Green’s functions
Gy : X x & — Rare unbounded and display singular behavior in neighborhoods of the diagonal,
namely, Gy(x,y) = —log |x — y| and G(x,y) = —|x — y|*~2 for d > 3. To apply Corollary 6,
we modify Gy for small length scales to reqularize the singular behavior near the diagonal (e.g.,
for some small € > 0, replace |x — y|*~2 by |(|x — y| + €)¥~2|, which replaces the pole for x =y
with an upper bound 1/€%~2). The modified G, are bounded kernel functions, and Corollary 6
guarantees that for every € > 0, there exists a weak histogram limit Iy, .. One may hope that the
limit for Iy, c as € — O (which may exist only as a tightly Radon probability measure) describes
the so-called Gaussian free field in d Euclidean dimensions. In light of earlier explorations (see,
for example, ref. [24] for a detailed overview of (mostly) the d = 2 case), it is also possible that
the € — 0 limit exists only if we embed the space M(Z") of Radon measures on 2, in spaces
of distributions on 2. The limiting probability distribution Iy, would then describe a random
generalized function of the type discussed in [12] (Ch. IX, §6, No. 10) and [42]
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Figure 1. A sample from a random histogram on a 64 x 64 (lower-right) partitioned square patch
of two-dimensional Euclidean space-time with the Green’s function for the Laplacian to define
the covariance measure and its 32 x 32 (lower-left), 16 x 16 (upper-right) and 8 x 8 (upper-left)
coarsened histograms. Coherence of the histogram system says that the distributions of the random
8 % 8,16 x 16 and 32 x 32 histograms must equal the distributions implied by the coarsening of the
random 64 x 64 histogram. The histogram limit is the random object obtained by infinite refinement.

Figure 2. Samples from Gaussian random histograms on a 64 x 64 partitioned two-dimensional
square slice of Euclidean space-time, with the Green’s function for the Laplacian to define the covari-
ance measure, in two dimensions (upper-left), three dimensions (upper-right) and four dimensions
(lower-left), alongside a sample with the Yukawa potential of a massive scalar boson field in four
dimensions (lower-right).

8.4. Completely Random Gaussian Histogram Limits

The class of (centered) Gaussian histogram limits has a non-empty intersection with
the class of completely random measures, characterized by covariance measures that place
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all mass on the diagonal. Completely random Gaussian histogram limits exist in the fixed
or random atomic phase.

Definition 13. Let ¥ be a covariance measure on & x Z'. We say that ¥ is diagonal if for all
ABe B, L(AXxB)=%X(ANBx ANB).

Note that with a diagonal X, the set function T : & — [0,00) defined by
T(B) = %(B x B) for all B € % is a positive Radon measure on 2, and the Hilbert
space L2(X) is isometrically isomorphic to L?(T), the usual space of T-square-integrable
functions on 2.

A diagonal covariance measure leaves histogram components independent and leads
to a completely random limit, which is of a fixed- or random-atomic nature also in the case
of a signed completely random measure. If a Gaussian histogram system with a diagonal
covariance measure has a tight limit and X distributes its mass in a uniformly asymptotically
negligible way (see (Section XVIL.7) of [43]), infinite divisibility of the distribution of the
random variable ||®|; 4 is implied.

Corollary 7. Let 2 be a compact Polish space and let <f be a directed set of partitions that resolves
Z and is generated by a basis. Assume that 3. is a diagonal covariance measure. Then, the centered
Gaussian histogram system (Ilx, o, ¢« p) has a unique tightly-Radon probability distribution I,
on M(Z") projecting to Iy , for all « € <. If, in addition,

li A) =0, 47
e ) )

then the total-variational norm ||®@||y 4~ has a probability distribution that is infinitely divisible.

Proof. For a diagonal covariance measure ¥, any « and any ¢ € R, the restrictions of
cumulant measures A; of Definition 7 to the o-algebras o(«) are given by,

Ai(B) =1 104(B) 41Ty . (D) = 1 / 194(A) 41Ty . (D
t( ) 0og M(,%x)e Z,tx( tx) og M(tﬁ)%e Z,rx( zx)
(A Looa 2 #2
:log};[B/Re@( ) dITy , (Pa(A)) zlog};IBefT( ) = EA;BT(A) = r(B),

for any B € o(«). By the Carathéodory extension, all cumulants are therefore finite positive
measures and, hence, [44] (Theorem 4.4), there exists a tight completely random limit
described by a marked Poisson process [7] (Ch. 9-10) (with marks in R rather than (0, c0)),
of the form (21).

With a diagonal covariance measure X, the components of ®, are independent random
variables for every a € <. Therefore, the norms of the random histograms ®,,

7

1@xly, = X [@a(4)

A€

are sums of independent terms in a triangular array, and uniform asymptotic negligibility,
as assumed in (47), is sufficient for tight convergence to an infinitely divisible limiting
probability distribution [43] (Section XVIL7). Since the total-variational norm ||®|[; 4 is
the monotone limit of the norms ||®,||; , (Proposition 1), its probability distribution is tight
and infinitely divisible. [

Example 10. Let 2" = [0,1], let < consist of partitions in half-open intervals, generated by a
basis and collectively fine enough to resolve 2. Consider a centered Gaussian histogram system
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with diagonal covariance measure . defined by choosing T equal to the Lebesque measure. With sets
Ay i of the form (s, ;,54,i+1) (and the singleton {0}, for which we set ®,({0}) = 0 forall x € o),
the histogram system,

(q>IX(AtX,1)I . '/Csz(Azx,M)) ~ H N(O, (Sa,iJrl - Sa,i));

Aca

describes the independent, normally distributed increments of Brownian motion started from
B(0) = 0, so the (random) Stieltjes function B : [0,1] — R for the measure ®,

B(t) = aigf‘/ Z{q)vé(Azx,i) 11<i < |‘X|/ Sai < t}/
is a version of the sample path of Brownian motion on [0, 1]. Since < resolves 2, the Lebesgue
measures of all intervals (Syi+1,54,i] g0 to zero as « increases in </, and Condition (47) is satis-
fied. (By extension, if we replace normal distributions by stable distributions in this construction
appropriately, infinite divisibility preserves the coherence and existence of ®, cf. Theorem 10, im-

plies random Stieltjes functions corresponding to right-continuous versions of Lévy sample paths
on [0,1].)

Weak histogram limits with diagonal covariance measures display a limitation similar
to that of Theorem 7. To appreciate the problem, note that for a diagonal covariance
measure with positive T dominated by the Lebesgue measure, Condition (44) cannot be
satisfied. Purely atomic measures 7, however, lead to Gaussian histogram systems with
weak limits.

Corollary 7 and Example 8 form two extremes: in diagonal cases, Gaussian histogram
limits manifest in the fixed- or random-atomic phase, while covariance measures that
spread their mass more homogeneously over 2~ x 2  dependence introduces a degree
of smoothness, a situation that we have seen in its most extreme form in (the highly non-
diagonal) Example 8. Gaussian histogram limits for other covariance measures X are
somewhere in between: depending on the degree to which X-mass is located away from
the diagonal, corresponding to the degree of dependence between Gaussian histogram
components, the histogram limit may manifest in close-to-atomic (i.e., highly concentrated)
or smooth/closer-to-constant form.

To demonstrate the explanatory value of the phase structure of Gaussian histogram
limits described above, the last example, which is analyzed more comprehensively in
forthcoming work, suggests the applicability of Gaussian histogram limits in (Euclidean)
quantum field theory [45].

Example 11. Let d > 1 be given and consider 2 = {p € R? : ||p|| < A} for some constant
A > 0, and X diagonal with,
1
7(B) = /B 2 dp,

forall B € . The space 2 plays the role of d-dimensional Euclidean ‘momentum space’ (and
the constant A that makes 2 compact is known as the UV cutoff scale in physics). The kernel
defining . is interpreted as the (unregularized, Euclidean) ‘propagator’ of the massless scalar field
(roughly, the Green’s function for the Laplace operator, which is represented by the convolution kernel
—p?6,(p — q) in momentum space). The diagonal Gaussian histogram limit exists, cf. Corollary 7.

We point out the following consequence of the phase of this Gaussian histogram limit. In this
case, ‘quantization’, a description of the field in terms of particles, emerges as a consequence of
complete randomness: the Gaussian histogram limit is in the random-atomic phase and manifests as
a random sum of discrete point masses in Euclidean momentum space. Such configurations have
an immediate physical interpretation, as states describing (off-shell) particles, point-like quanta of
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momentum. It is noted that the emergence of quantization is not a feature of (second-quantized)
quantum field theory: in the physical theory of quantum fields, particles are axiomatic and introduced
by hand with the formal introduction of a Fock space to describe quantum states of the field (see the
classical work [45] (p. 106)).
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Appendix A. Topologies on Measure Spaces

The locally convex topologies that play a role in vector spaces of measures are dis-
cussed here in some detail, with special attention for compactness criteria and subspaces
of probability measures. In the main text, two topologies feature centrally, the tight and
weak topologies (with a smaller role for the total variational topology). While we mention
a minimal set of definitions necessary in the main text in Section 2.1, here, we consider
the weak topology in some more detail. We assume that the reader is familiar with the
much-better-known total-variational and tight topologies, and we mention Prokhorov’s
condition for tight compactness for reference in the main text.

From a measure-theoretic perspective, the canonical duality for a vector space of
bounded measures is formulated with a space of bounded measurable functions. Let
(Z',.7) be a measurable space and denote its vector space of bounded measures by
My (%, F) (a measure is bounded if ||ully 9 = |[p|(2Z) = pp(2) +u—(2) < oo).
Let L® (2, %) denote the vector space of bounded measurable functions on 2". For
pe M(Z,7)and f € L°(Z,7), (u,f) = [, fdu defines a bilinear form and
a sub-basis of sets Wy = {u € My(Z,F) : [(nf)| < 1} for the weak topology
A = c(Mp(Z,F),L°(%Z,%)). The weak topology is the initial topology for the
mappings p — (i, f), f € L®(Z,.F), a locally convex topology with semi-norms
pr(n) = [{u, f)|- A net (sequence, filter) p;, (i € I), converges weakly to y if for ev-
ery f € L®(2,.7), [ fdu; — [ fdu. The space M;,(Z, %) with the weak topology is,
in general, not metrizable, not complete and not separable, making it rather inaccessible
compared to the tight and total-variational topologies.

The Dunford-Pettis—-Grothendieck theorem characterizes weak compactness for sub-
spaces of M,(%Z,F) (see, for example, Appendix 8, Theorem 6 of [1]): a subset H of
M, (2, F) is relatively compact in the weak topology if for some Q € M' (2", %),

sup ||| = [u[ ALQJ, 5 — 0,
neH

as L — oo (to make this condition also necessary, choose Q from the positive elements
of the L-space generated by M, (.2",.% ), see [1]). Therefore, dominated subspaces play a
central role when considering inner regularity with the weak topology. For any subset
H of My(%,.#) dominated by some Q € M!(%',.#) and any u € H, there is a unique
du/dQ € LY(2,.%,Q) such that u(F) = [p(du/dQ)(x) dQ(x) by the Radon-Nikodym
theorem. In that case, duality between L'(.2",.%, Q) and the vector space L®(Z,.Z,Q)
of (Q-almost-everywhere equivalence classes of) bounded measurable functions on 2~
corresponds to the better-known weak-star topology on the continuous dual of the normed
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space L* (2, #,Q). Weak(-star) compactness is characterized by the Dunford—-Pettis
theorem (see [46]), which says that a Q-dominated H C M, (2", %) is relatively compact in
the weak topology if and only if the subset of Radon-Nikodym densities {dyu/dQ : y € H}
in L! (2, #,Q) is uniformly integrable, i.e.,

sup / )
peH JA{xeZ:|du/dQ|(x)>L}

dy
‘E (x)dQ(x) — 0,
as L — oo. Finally, we may characterize the relative compactness of a subset H of M (2", %)
in the weak topology by the condition that there exists a Q € M'(2",.7) such that for
every € > 0, there exists a 6 > 0, such that,

Q(A) <é = suplu|(A) <e, (A1)
ueH

for every A € .#. These three characterizations of weak compactness are equivalent.
While tight and total-variational convergence are widely used in statistics, the weak
topology is much less prominent. This is unfortunate, given that in frequentist statistics, the
weak topology characterizes the testability of hypotheses and the estimability of parameters,
cf. an underappreciated theorem of Le Cam and Schwartz that gives necessary and sufficient
conditions for asymptotically consistent estimation [47]. The following theorem is the
Le Cam-Schwartz theorem, in a form specific to the existence of asymptotically consistent
hypothesis tests, in the case where H is a weakly compact subset of M! (2", %).

Theorem Al. Foralln > 1, let X" = (Xq,..., Xy) denote independent, identically distributed
observations with X ~ P for some P from H, a weakly compact subset of M* (2", F ). For mutually
exclusive hypotheses B, V. C H, there exists a sequence of measurable ¢, : 2" — [0,1] such that,
ny P ny Q
Pon(X") =0, ¢u(X") =1,
forall P € B, Q € V if and only if there exists a sequence () of F;-uniformly continuous
functions ¢, : BUV — [0,1] such that ,(P) — 1y(P), as n — oo for every P € BU V.

The interpretation of this theorem is that data-based distinction between two subsets
in a statistical model can be made with asymptotic certainty if and only if B, V allow for lim-
iting separation with a sequence of .71 -uniformly continuous functions. This result appears
technical and inaccessible, but, for weakly compact H, the tight and weak topologies are
equal and the above condition may be replaced by the requirement that both B and V are
Fy-sets for the tight topology! The Le Cam—Schwartz theorem demonstrates the centrality
of the weak topology in (asymptotic) frequentist statistics.

The total-variational topology Jrv is the strong topology B(M,(Z, F),L*®(Z,.F))
associated with the weak topology 7. | - ||1,2 is a norm on M;(%2",.#) and the associated
norm topology is complete. (Banach spaces like (M, (2Z",.%),|| - ||1,2°) are considered in
detail in [48], for example.) Since,

[l 2 = sup{ [(w O] = [ fllo <13},

the total-variational distance between two probability measures P,Q € M!(.2") can be
written as the L!-difference between densities, cf. (7), for any y such that P, Q < u. Ona
subset H C M!(2",.%) that is dominated by a bounded positive measure Q, the Radon~-
Nikodym theorem induces a one-to-one mapping H — L! (Z',.Z,Q), which is isometric

by (7).
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If the o-algebra .7 is the Borel o-algebra % on 2" associated with a (Hausdorff com-
pletely regular) topology on 2", weaker dual topologies are also natural: in particular, we
consider the vector space of bounded Radon measures M, (2") C M,(2Z", %) and the vec-
tor space Cp,(.2") of bounded continuous functions on 2. For y € M,(2") and f € C,(2"),
(, f) defines a sub-basis of sets Vy = {u € My(2") : [(n, f)| < 1} for the tight topology
Te = c(My(Z),Cp(Z)). The tight topology is the initial topology for the mappings
w= (u, f), f € Cp(27), alocally convex topology with semi-norms p¢ (1) = |y, )| A net
(sequence, filter) y;, (i € I), converges weakly to j if forevery f € Cp(2), [ fdu; — [ fdp.
If 2" is a Polish space, the cone of all positive, bounded Radon measures M, (:2") and
the subspace of probability measure M'(.2") with the tight topology are Polish spaces too.
(Note that M;,(.2") is not necessarily a Polish space!)

Prokhorov’s Theorem characterizes tight compactness for subspaces of M, (.2") [12,49]:
let 2” be a Hausdorff completely regular space; a subset H of M, (.2") is relatively tightly

compact if and only if sup{||u|[; 2 : # € H} < oo and, for every € > 0, there exists a

compact K C 2" such that,

sup{|u|(Z \K) : p € H} <e. (A2)

References

1.  Le Cam, L. Asymptotic Methods in Statistical Decision Theory; Springer: New York, NY, USA, 1986. [CrossRef]

2. Ghosal, S.; van der Vaart, A.W. Fundamentals of Nonparametric Bayesian Inference; Cambridge Series in Statistical and Probabilistic
Mathematics; Cambridge University Press: Cambridge, UK, 2017. [CrossRef]

3. Kleijn, B.J.K. Frequentist validity of Bayesian limits. Ann. Statist. 2021, 49, 182-202. [CrossRef]

4. Kingman, ].FE.C. Completely random measures. Pac. |. Math. 1967, 21, 59-78. [CrossRef]

5. Kingman, ].F.C. Random discrete distributions. J. R. Stat. Soc. Ser. B (Methodol.) 1975, 37, 1-15. [CrossRef]

6. Daley, D.J.; Vere-Jones, D. An Introduction to the Theory of Point Processes: Volume I: Elementary Theory and Methods; Probability and
Its Applications; Springer: New York, NY, USA, 2003.

7. Daley, D.J.; Vere-Jones, D. An Introduction to the Theory of Point Processes: Volume II: General Theory and Structure; Probability and Its
Applications; Springer: New York, NY, USA, 2007.

8. Bochner, S. Harmonic Analysis and the Theory of Probability; Courier Corporation: North Chelmsford, MA, USA, 1955.

9.  Choksi, J.R. Inverse limits of measure spaces. Proc. Lond. Math. Soc. 1958, 3, 321-342. [CrossRef]

10. Metivier, M. Limites projectives de measures, martingales, applications. Ann. Mat. 1963, 63, 225-352. [CrossRef]

11.  Schwartz, L. Radon Measures on Arbitrary Topological Spaces and Cylindrical Measures; Studies in mathematics; Tata Institute of
Fundamental Research: Mumbai, India, 1973.

12.  Bourbaki, N. Integration II: Chapters 7-9; Actualités scientifiques et industrielles; Springer: Berlin/Heidelberg, Germany, 2004.

13.  Rao, M.M. Foundations of Stochastic Analysis; Academic Press: Cambridge, MA, USA, 1981.

14. Bogachev, V.I. Measure Theory; Springer: New York, NY, USA, 2007; Volumes I-II.

15. Mallory, D.; Sion, M. Limits of inverse systems of measures. Ann. Inst. Fourier 1971, 21, 25-57. [CrossRef]

16. Rao, M.M. Projective limits of probability spaces. |. Multivar. Anal. 1971, 1, 28-57. [CrossRef]

17.  Pinter, M. The existence of an inverse limit of an inverse system of measure spaces—A purely measurable case. Acta Math.
Hungar. 2010, 126, 65-77. [CrossRef]

18. Beznea, L.; Cimpean, I. On Bochner-Kolmogorov Theorem. In Séminaire de Probabilités XLVI; Donati-Martin, C., Lejay, A., Rouault,
A., Eds.; Springer International Publishing: Cham, Switzerland, 2014; pp. 61-70. [CrossRef]

19. Kraft, C.H. A Class of Distribution Function Processes Which Have Derivatives. |. Appl. Probab. 1964, 1, 385-388. [CrossRef]

20. Ferguson, T.S. A Bayesian analysis of some nonparametric problems. Ann. Statist. 1973, 1, 209-230. [CrossRef]

21. Ferguson, T.S. Prior distributions on spaces of probability measures. Ann. Statist. 1974, 2, 615-629. [CrossRef]

22. De Blasi, P; Favaro, S; Lijoi, A.; Mena, R.H.; Pruenster, I.; Ruggiero, M. Are Gibbs-type priors the most natural generalization of
the Dirichlet process? IEEE Trans. Pattern Anal. Mach. Intell. 2015, 37, 212-229. [CrossRef] [PubMed]

23. Orbanz, P. Projective limit random probabilities on Polish spaces. Electron. J. Stat. 2011, 5, 1354-1373. [CrossRef]

24.  Werner, W.; Powell, E. Lecture notes on the Gaussian Free Field. arXiv 2020, arXiv:2004.04720. [CrossRef]

25. Bourbaki, N. General Topology: Chapters 1-4; Elements of Mathematics; Springer: Berlin/Heidelberg, Germany, 2013.

26. Minlos, R.A. Generalized random processes and their extension to a measure. Sel. Transl. Math. Stat. Prob. 1963, 3, 291-313.


http://doi.org/10.1007/978-1-4612-4946-7
http://dx.doi.org/10.1017/9781139029834
http://dx.doi.org/10.1214/20-AOS1952
http://dx.doi.org/10.2140/pjm.1967.21.59
http://dx.doi.org/10.1111/j.2517-6161.1975.tb01024.x
http://dx.doi.org/10.1112/plms/s3-8.3.321
http://dx.doi.org/10.1007/BF02412184
http://dx.doi.org/10.5802/aif.361
http://dx.doi.org/10.1016/0047-259X(71)90028-5
http://dx.doi.org/10.1007/s10474-009-8248-1
http://dx.doi.org/10.1007/978-3-319-11970-0_3
http://dx.doi.org/10.2307/3211867
http://dx.doi.org/10.1214/aos/1176342360
http://dx.doi.org/10.1214/aos/1176342752
http://dx.doi.org/10.1109/TPAMI.2013.217
http://www.ncbi.nlm.nih.gov/pubmed/26353237
http://dx.doi.org/10.1214/11-EJS641
http://dx.doi.org/10.48550/arXiv.2004.04720

Mathematics 2025, 13, 2309 51 of 51

27.

28.
29.
30.
31.
32.
33.

34.

35.

36.

37.

38.

39.

40.

41.
42.

43.

44.

45.

46.

47.

48.
49.

Ghosh, ].K.; Ramamoorthi, R.V. Bayesian Nonparametrics; Springer Series in Statistics; Springer: Berlin/Heidelberg, Germany,
2003.

Kingman, J.EC.; Taylor, S.J. Introduction to Measure and Probability; Cambridge University Press: Cambridge, UK, 1966. [CrossRef]
Pfanzagl, J. On the Existence of Product Measurable Densities. Sankhya 1969, 31, 13-18.

Strasser, H. Mathematical Theory of Statistics; De Gruyter: Berlin, Germany; New York, NY, USA, 1985. [CrossRef]

Kechris, A.S. Classical Descriptive Set Theory; Graduate texts in mathematics; Springer: Berlin/Heidelberg, Germany, 1995.
Bourbaki, N. Topological Vector Spaces: Chapters 1-5; Springer: Berlin/Heidelberg, Germany, 1987.

Regazzini, E.; Lijoi, A.; Priinster, I. Distributional results for means of normalized random measures with independent increments.
Ann. Stat. 2003, 31, 560-585. [CrossRef]

James, L.F. A simple proof of the almost sure discreteness of a class of random measures. Stat. Probab. Lett. 2003, 65, 363-368.
[CrossRef]

Mauldin, R.D.; Sudderth, W.D.; Williams, S.C. Polya Trees and Random Distributions. Ann. Statist. 1992, 20, 1203-1221.
[CrossRef]

Lavine, M. Some Aspects of Polya Tree Distributions for Statistical Modelling. Ann. Statist. 1992, 20, 1222-1235. [CrossRef]
Lavine, M. More Aspects of Polya Tree Distributions for Statistical Modelling. Ann. Statist. 1994, 22, 1161-1176. [CrossRef]
Bourbaki, N. Integration I: Chapters 1-6; Springer: Berlin/Heidelberg, Germany, 2003.

Treves, F. Topological Vector Spaces, Distributions and Kernels; Pure and applied mathematics; Academic Press: New York, NY, USA;
London, UK, 1967.

Kan, R.; Robotti, C. On moments of folded and truncated multivariate normal distributions. J. Comput. Graph. Stat. 2017,
26,930-934. [CrossRef]

Sheffield, S. Gaussian free fields for mathematicians. Probab. Theory Relat. Fields 2007, 139, 521-541. [CrossRef]

Gel’fand, I.M.; Vilenkin, N.Y. Generalized Functions: Applications of Harmonic Analysis; AMS Chelsea Publishing: Providence, RI,
USA, 1964; Volume 4.

Feller, V. An Introduction to Probability Theory and Its Applications, 2nd ed.; Wiley Series in Probability and Statistics; John Wiley
and Sons, Inc.: Hoboken, NJ, USA, 1991; Volume II.

Hellmund, G. Completely random signed measures. Stat. Probab. Lett. 2009, 79, 894-898. [CrossRef]

Zuber, ].B.; Itzykson, C. Quantum Field Theory; Dover Books on Physics; Dover Publications: Mineola, NY, USA, 2012.

Diestel, J. Uniform Integrability: An Introduction; Dipartimento di Scienze Matematiche, Universita Degli Studi di Trieste: Trieste,
Italy, 1991.

Le Cam, L.; Schwartz, L. A Necessary and Sufficient Condition for the Existence of Consistent Estimates. Ann. Math. Statist. 1960,
31, 140-150. [CrossRef]

Dunford, N.; Schwartz, J. Linear Operators, Part 1: General Theory; Wiley Classics Library; Wiley: Hoboken, NJ, USA, 1988.
Prokhorov, Y.V. Convergence of Random Processes and Limit Theorems in Probability Theory. Theory Probab. Appl. 1956,
1,157-214. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1017/CBO9780511897214
http://dx.doi.org/10.1515/9783110850826
http://dx.doi.org/10.1214/aos/1051027881
http://dx.doi.org/10.1016/j.spl.2003.08.005
http://dx.doi.org/10.1214/aos/1176348766
http://dx.doi.org/10.1214/aos/1176348767
http://dx.doi.org/10.1214/aos/1176325623
http://dx.doi.org/10.1080/10618600.2017.1322092
http://dx.doi.org/10.1007/s00440-006-0050-1
http://dx.doi.org/10.1016/j.spl.2008.11.009
http://dx.doi.org/10.1214/aoms/1177705993
http://dx.doi.org/10.1137/1101016

	Introduction
	Limits of Random Histogram Systems
	Inverse Systems of Random Histograms
	Measures, Partitions and Histograms
	Domination, Histogram Densities and Total Variation
	Random Histogram Systems and Coherence

	The Bourbaki–Prokhorov–Schwartz Theorem

	Random Histogram Limits with the Weak Topology
	Support and Approximation
	Support and Domination
	Approximation by Weakly Convergent Histograms

	Existence of Weak Histogram Limits
	Existence of Total-Variational Histogram Limits

	Random Histogram Limits with the Tight Topology
	Existence of Tight Histogram Limits
	Zero-Dimensional Refinements of Polish Spaces
	Tight Histogram Limits with Zero-Dimensional Compacta
	Tight Histogram Limits with Ordinary Compacta
	Coherent Random Histogram Systems Without Limit

	Support in the Tight Topology

	Phase Structure of Probability Histogram Limits
	Completely Random Measures
	Phases of Probability Histogram Limits

	Existence and Phases of Dirichlet Histogram Limits
	Tight Limits of Dirichlet Histogram Systems
	Weak Limits of Dirichlet Histogram Systems

	Existence and Phases of Pólya-Tree Histogram Limits
	Tight Limits of Pólya-Tree Histogram Systems
	Weak Limits of Pólya-Tree Histogram Systems

	Existence and Phases of Gaussian Histogram Limits
	Random Histogram Limits with Signed Measures
	Existence of Tight Gaussian Histogram Limits
	Existence of Weak Gaussian Histogram Limits
	Completely Random Gaussian Histogram Limits

	Appendix A
	References 

