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Abstract

We establish a theory whose structure is based on a fixed variable and an algebraic inequal-
ity and which improves the well-known least squares theory. The mentioned fixed variable
plays a basic role in creating such a theory. In this direction, some new concepts, such
as p-covariances with respect to a fixed variable, p-correlation coefficients with respect
to a fixed variable, and p-uncorrelatedness with respect to a fixed variable, are defined
in order to establish least p-variance approximations. We then obtain a specific system,
called the p-covariances linear system, and apply the p-uncorrelatedness condition on its
elements to find a general representation for p-uncorrelated variables. Afterwards, we ap-
ply the concept of p-uncorrelatedness for continuous functions, particularly for polynomial
sequences, and we find some new sequences, such as a generic two-parameter hypergeo-
metric polynomial of the 4F3 type that satisfies a p-uncorrelatedness property. In the sequel,
we obtain an upper bound for 1-covariances, an improvement to the approximate solutions
of over-determined systems and an improvement to the Bessel inequality and Parseval
identity. Finally, we generalize the concept of least p-variance approximations based on
several fixed orthogonal variables.

Keywords: Least p-Variance approximations; least squares theory; p-Covariances
and p-Correlation coefficients; p-Uncorrelatedness with respect to a fixed variable;
Hypergeometric polynomials; generalized Gram-Schmidt orthogonalization process

MSC: 93E24; 62]10; 42C05; 33C47; 65F25

1. Introduction

Least squares theory is known in the literature as an essential tool for optimal approxi-
mations and regression analysis, and it has found extensive applications in mathematics,
statistics, physics and engineering [1-4]. Some important parts of this theory include the
following: the best linear unbiased estimator, Gauss-Markov theorem, the moving least
squares method and its improvements [5-7], least-squares spectral analysis, orthogonal
projections and least squares function and polynomial approximations [8]. See also [9] for
synergy interval partial least squares algorithms. It was officially discovered and published
by A. M. Legendre [10] in 1805, though it is also co-credited to C. F. Gauss, who contributed
significant theoretical advances to the method and may have previously used it in his work
in 1795 [11]. The base of this theory is to minimize the sum of the squares of the residuals,
which are the difference between observed values and the fitted values provided via an
approximate linear (or nonlinear) model. In many linear models [12], in order to reduce the
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influence of errors in the derived observations, one would like to use a greater number of
samplings than the number of unknown parameters in the model, which leads to so-called
overdetermined linear systems. In other words, let b € R™ be a given vector and A € R"*"
for m > n a given matrix. The problem is to find a vector, x € R”, such that Ax is the best
approximation to b. There are many possible ways of defining the best solution; see [13]. A
very common choice is to let x be a solution of the minimization problem mxin |[Ax —b ||§,
where || . ||z denotes the Euclidean vector norm. Now, if one refers tor = b — Ax as the

residual vector, a least squares solution in fact minimizes ||» ||2 = Z r2. In linear statistical
i=

models, one assumes that the vector b € R™ of observations is related to the unknown
parameter vector x € R" through a linear relation

Ax=b+e, (1)

where A € R™*" is a predetermined matrix of rank n, and e denotes a vector of random
errors. In the standard linear model, the following conditions are known as the basic
conditions of Gauss—Markov theorem:

E(e) =0 and var(e) = 0?I,, )

i.e., the random errors, ¢;, are uncorrelated and all have zero means with the same variance,
in which ¢? is the true error variance. In summary, the Gauss-Markov theorem expresses
that, if the linear model (1) is available, where e is a random vector with mean and variance
given by (2), then the optimal solution of (1) is the least squares estimator, obtained
by minimizing the sum of squares ||Ax —b —e||3. Furthermore, E(s?) = ¢?, where
$2 = —L|b— Ax — Ae H% Similar to other approximate techniques, the least squares
method contains some constrains and limitations, just like in the above-mentioned theorem,
such that the conditions (2) are necessary. In this research, we introduce a new fixed variable
in the minimization problem to somehow miniaturize the primitive quantity associated
with sampling errors. For this purpose, we begin with a basic identity which gives rise to
an important algebraic inequality, too. Let S denote an inner product space. Knowing that
the elements of S satisfy four properties of linearity, symmetry, homogeneity and positivity,
there is an identity in this space that is directly related to the definition of the projection of
two arbitrary elements of S, i.e.,

W) ®

Prolul = 1, )

where (x1, x2) indicates the inner product of x; and x; and (x3, x2) = [|x2||%> > 0 denotes
the norm square value of x,. In other words, suppose that x, y, z are three specific elements
of §,and p € [0,1] is a free parameter. Noting (3), the following identity holds true:

<x— (1—-+/1=p)projzx, y— (1 —/1— P)prOizy> =(x,y) — P<x’<z><y’z>, 4)

Z,2)

and, naturally, for y = x, it leads to the Schwarz inequality

(x,x) —p (z,,z> >0, Vpelo1]. (5)

This identity can also be considered in mathematical statistics. Essentially, as the
content of this research is about the least variance of an approximation based on a fixed
variable, if we equivalently use the expected value symbol E(.) instead of the inner product
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symbol (.), though there is no difference between them for use, we will get to a new
definition of covariance concept, as follows:

Definition 1. p-Covariances with respect to a fixed variable.
Let X, Y and Z be three random variables and p € [0, 1]. With reference to (4), we correspond-

ingly define

covy(X,Y; Z) = E((X - Iz(éf)) z) <y (- ip) I;((éf)) z>) ©)
— E(XY) pE(X;)Zi()YZ) ,

and call it “p-covariance of X and Y with respect to the fixed variable Z”.

Note, in (6), that
E(XZ)

ﬁz :prO]ZX,

and, therefore, e.g., forp =1,
covi(X,Y;Z) = E((X — projzX)(Y — pronY)).

If p = 1 and Z follows a constant distribution, say Z = c*, where ¢* # 0, then (6) will
reduce to an ordinary covariance as follows:

covy (X,Y;c*) = E(XY) — E(X)E(Y) = cov (X,Y).

Also, for p = 0, it follows that the fixed variable Z has no effect on Definition (6).
For Y = X in (6), an extended definition of the ordinary variance is concluded as

E?(XZ)
. _ . — 2
vary (X;Z) = covy(X,X;Z) = E(X*) —p E(Z2) >0, (7)
where E(Z?) is always to be positive.
Moreover, for any fixed variable Z and p € [0, 1], we have
0 <var (X;Z) <vary (X;Z) <vary(X;Z) = E(Xz), (8)

which is equivalent to

0SB 6 )

< <x—(1— V1-1p) 2;’2 z, x—(1—=y/1-p) i:’i; z> < {(x,x) Vzes,

in an inner product space. Note that, after simplification, the second part of the latter

inequality is in the same form as (5). Although inequality (8) shows that the best option is

p = 1, we prefer to apply the parametric case p € [0,1] throughout this paper. The reasons

for making such a decision will be revealed in forthcoming sections (see the illustrative

Section 2.4 in this regard). The following properties hold true for Definitions (6) and (7):
(al1) COVP(X, Y;Z) = COVP(Y, X;Z).

(a2) covy (aX,BY;Z) = ap covy(X,Y;Z) (a, B € R).
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(a3) covy (X+a,Y+B,2Z) =
covy (X,Y;Z) +acovy (1,Y;Z) + B covy (X, 1, Z) +ap covy (1,1, Z).

(ad) vary (X;Z) =0ifp=1and Z = ¢*X (c* #0).

(a5) covy (X,Y;c*X) = covy (X, Y;c*Y) = (1 — p)E(XY) (c* #0).

n
(a6)  covy <k20 i Xk Xm;Z> = ¥ cxcovy (Xi, Xi; Z)  ({extiy € R).

k=0
and

var(aX + BY; Z) = a*vary, (X; Z) + p*var, (Y; Z) +2ap cov, (X, Y; Z). )

Definition 2. p-Correlation coefficient with respect to a fixed variable.
Based on relations (6) and (7), we can define a generalization of the Pearson correlation

coefficient as
covy (X,Y;Z)

pp (X,Y;Z) = , (10)
\/Varp (X;Z)vary(Y;Z)
and call it “p-correlation coefficient of X and Y with respect to the fixed variable Z”.
It is straightforward to observe that Op (X,Y;Z) € [—1, 1], because, if the values
E(XZ) E(YZ)
=X-(1-1-p)—<Z d V=Y-(1-41- V4
are replaced in the Cauchy-Schwarz inequality [14]
EX(UV) < E(U*)E(V?), (11)

then covf,(X, Y;Z) < var, (X;Z) vary(Y; Z). In this sense, note that
E(UZ)=+/1-pE(XZ) and E(VZ)=./1-pE(YZ),
which are equal to zero only for the case p = 1.

Definition 3. p-Normal standard variable with respect to a fixed variable.
Noting the Definitions (10) and (6), since

o (5,52) =E<(X(1m)pr°jzx) (Y(l mnorojzy)),

vary (X;Z) vary(Y; Z)

a p-Normal standard variable, say N, (X; Z) can be defined with respect to the fixed variable Z as

X—(1-4/1- jzX
Ny (X;Z) = (1- y1-—p)projzX
vary (X; Z)

For instance, we have Ny (X; Z = ¢*) = i((xx))
var

Definition 4. p-Uncorrelatedness with respect to a fixed variable.
If, in (10) pp(X,Y; Z) = 0, which is equivalent to the condition

pE(XZ)E(YZ) = E(XY)E(Z?),
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then we say that X and Y are p-uncorrelated with respect to the fixed variable Z.

Such a definition can be expressed in an inner product space, too. We say that two
elements, x,y € S, are p-uncorrelated with respect to the fixed element z € S if

(x —(1-y1-p) prOJ'zx) L (y ~(1-v1-p) projzy), (12)

or, equivalently,
p{xz)(y,z) = (v, y){z2).

As (12) shows, p = 0 gives rise to the well-known orthogonality property. In summary,
0-uncorrelatedness gives the orthogonality notion, p = 1 results in complete uncorrelated-
ness and p € (0,1) leads to incomplete uncorrelatedness. We will use the phrase “complete
uncorrelated” instead of 1-uncorrelated.

The aforesaid definition can similarly be expressed in a probability space. We say that
two events, A and B, are p-independent with respect to the event C if

pP:(A|C)P(BIC) =P (ANB),
which is equivalent to
pP.(ANC)P,(BNC) = P,(ANB)P*(C).
Hence, e.g., 1-independent means a complete independent with respect to the event C.

2. Least p-Variances Approximation Based on a Fixed Variable

Let { Xy }}_, and Y be arbitrary random variables, and consider the following approxi-
mation in the sequel

n
Y = Z Xy, (13)
k=0

in which {c;}}_ are unknown coefficients to be appropriately determined.
According to (7), the p-variance of the remaining term

n
R(co 1, cn) = Y X — Y, (14)
k=0

is defined with respect to the fixed variable Z as follows:

2
vary (R(co, .., cn); Z) = E<<R(c0,. e —(1— = p)EZ R](;(Oé'z')"c")) z) )

E(ZXy)

2
o ((ch(xk ~0- VI EEHz) - —a- vy iiﬁf}m) ) 15

k=0

E(Z R(cq,--,tn)

where (25 ) 7 shows the projection of the error term (14) on the fixed variable Z
and ELE(ZZ}%) Z the projection of each elements on Z. For the special case p = 1, we have in

fact considered (15) as

vary (R(co,...,cn); Z) = E<<R(Co,...,cn) —pronR(co,...,cn)>2>.
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0< varg (R(Co, oo

We wish to find the unknown coefficients {c,}_ in (15), such that var,(R(co, ..., cu); Z)
is minimized. In this direction, it is important to point out that, according to inequality (8),
the following inequalities always hold for any arbitrary variable Z:

,cn); Z) < var, (R(co, ..., n); Z) < varg (R(cq, ..., cn); Z) = E(R2(c0,...,cn)). (16)

This means that inequalities (16) are valid for any free selection of {ci }}_, especially when
they minimize the quantity (15). In other words, we have

min vary (R(co,...,cx); Z) < min vary(R(co,...,cn); Z) < min E(Rz(co, ... ,cn)),
€0/ €0s--+/Cn €0s-++/Cn
which shows the superiority of the present theory with respect to the ordinary least squares
theory (see Sections 2.4 and 3 in this regard).
To minimize (15), forevery j = 0,1, ..., n we have

ovary (R(co, .-, cn);Z) ‘ E(X;Z)
% =0 =2E((X;— (1-/I—p) 27 %)
L E(XxZ E(YZ
Y o(X— (- viep PR ) v — - yicp B2 ) —o a9
k=0 E(Z?) E(22)
leading to the linear system
vary (Xo; Z) covy (Xo, X1; Z) . covy (Xo, Xu; Z) o
covy (X1, Xo; Z) vary (Xy;Z) e covy (Xq, Xu; Z) ol a8)
covy (Xn, Xo; Z) covy (X, X1, 2) . vary (Xyu; Z) Cn

covy (Xo,Y;2)
covy (X1,Y;2)

covp (Xn,Y;Z)

Notice that only finding the analytical solution of the above system is sufficient to guarantee
that var, (R(co, ..., cn); Z) is minimized, because we automatically have

> 0.

2
ac]

{Bzvarp (R(co,---,Cn); Z) }n
j=0

For instance, after solving (2.6) for n = 1, the approximation (13) takes the form

Y

1

vary (Xy; Z)covy (Xo,Y; Z) — covy (Xo, X1; Z)covy (X1, Y; Z) X
vary (Xy; Z)vary (Xo; Z) — COV% (Xo,X1;2) 0
n vary (Xo; Z)covy (X1,Y; Z) — covy (Xo, X1; Z)covy (Xo, Y; Z) X
vary, (Xy; Z)vary (Xo; Z) — covi (Xo, X1, Z) t

In general, two continuous and discrete cases can be considered for the system (18), which
we call from now on a “p-covariances linear system with respect to the fixed variable Z2”.
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1 (/bw(x) ®;(x) j(x) dx — p

2.1. Continuous Case of p-Covariances Linear System
If {Xp = Pr(x)}_o, Y = f(x) and Z = z(x) are defined in a continuous space with

w(x)

/ f w(x)dx
positive on the interval [a, b], then the components of the linear system (18) appear as

a probability density function as P-(X = x) = , for any arbitrary function w(x)

covy (@;(x), @j(x);z(x)) =

J? w(x) ®i(x) 2(x) dx f:aﬂx)dﬁ(x)z(x)dx>
b b , (19)

Jow(x)dx \/e [, w(x) z%(x) dx

where fs w(x) z%(x) dx > 0.

2.2. Discrete Case of p-Covariances Linear System

If the above-mentioned variables are defined on a counter set, say A* = {x;}}*, with

j(x)
Y j(x)

xXeA*

a discrete probability density function as P(X = x) = , for any arbitrary function

j(x) positive on x € A*, then

covy (@;(x), @j(x);z(x)) =

1 | L 0@z £ 0020
xgﬂ@@&ﬂ”@m©w*” RGEL )'Qm

where Y j(x)z%(x) > 0.
xeA*

One of the important cases of the approximation (13) is when {Xk =@ (x) = xk }ni
has a constant distribution function, which leads to the Hilbert problem [13,15] in a con-
tinuous space and to the polynomial type regression in a discrete space. In other words,
if {Xk = xk}:—o’ Y = f(x), Z = z(x) and w(x) = 1 for x € [0,1] are substituted into
(18), then

1 1
o ! d 1 d
covy (¥, x;z(x)) = i—l—;—l—l —pfo xz(;cl z(fo);z(x) X for i,j=0,1,...,n,
o 22(x)dx
and
: r ' dz(x)dx [} d
covy (¥, f(x); z(x)) :/0 x]f(x)dx—pfo xz(x)lx Jo f(x)z(x)dx forj=0,1,...,n.

Jo Z2(x)dx

For p = 0, we clearly encounter with the Hilbert problem.

::0, A* = {5}, Y = f(x) where
f(xx) = yx, Z = z(x) and j(x) = 1, the entries of the system (18), respectively, take
the forms

Similarly, if in a discrete space {Xk = xk

m

- R o O ECA I N T
covy (!, 2(x)) = - 3 ()~ DI k=1
k=1

- for i,j=0,1,...,n,
¥ 22(xp)
k=1
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and
m . m
| m Y ()z(xk) X yez(xg)
cov («, f(x); EZ Zk:l — k=1 forj=0,1,...,n
k=1 k21 z%(xx)

As a particular sample, the system corresponding to the linear regression Y = ¢y Xy +
c1X1 = co + c1x with respect to the fixed variable Z = z(x) appears as

m ¥ 22(x) — p( >"f 2(x))%, Yoy L2 —p 2w L oaa(x)
" mk:1 " k=1 k=1 " k=1 " k 1 " k=1
L % L 2(w) = p L 2(w) z wz(x), LY 2x) -p( L xzx)’
k=1 k=1 k=1 k=1 k=1 k=1 k=1
[ C ] g Yk g 22 (xp) — p g z(x) g Yrz(xg)
> 0 _ k=1 %1 k;l k=1m
1 Z e ¥ 22 () —p o sz(xk)k;1 vrz(xg)

It is interesting to know that, if z(x) = ¢* # 0 is substituted into the above partially
system for p # 1, the output gives the well-known result

m 2 m m m m m m
YoXxp X Yk— XXk X XkYk M Y XkYk— X Xk X Yk
y k=1 k=l k=1 k=1 k=1 k=1 k=1
= 5 + X,
mZxk—(Zxk) mZxk—(Exk)
k=1 k=1 k=1 k=1

i.e., p # 1 has been automatically deleted. In this sense, if the only case p = 1 is substituted
into the above mentioned system for z(x) = c¢* # 0 as

0, 0 c 0
0, mY xg— (¥ x) 1 moy XkYk— X Xk 2 Yk
k=1 k=1 k=1 k=1

m m

m Y Xy Z e X Yk
k=1 =L_I=1x, where ¢ is a free parameter.

the output gives the result Y = cp +

In the next section, we show why ¢ became a free parameter when z(x) = ¢* # 0 and

p=1

2.3. Some Reducible Cases of the p-Covariances Linear System
2.3.1. First Case

Suppose there exists a specific distribution for the fixed variable Z, such that
E(ZX,) =0 for every k=0,1,...,n (21)
Then, the p-covariances system (18) reduces to the well-known normal equations system
E (X3) E(XoX1) - E(XoXa) co E(XoY)
E(X1Xo) E (X2 o E(X1Xy) | _ | E(XaY) @

E(X;XO) E(X,;Xl) » E (3{%) c.n E(X'HY)
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and

min var, (R(co,...,cn); Z| {E(zX0) i, = 0) =

CQseeesCn

in £ (RZ(CO, .. cn)). (23)

o,

Also, it is obvious for p = 0 that

min vary(R(co,...,cn); Z) = min E(Rz(co,...,cn)).

CseesCn €0+l

2.3.2. Second Case

If Z follows a constant distribution (say Z = ¢* # 0) and Xy = 1, the condition
(21) is no longer valid for k = 0 because c*E(1) # 0. Therefore, noting the fact that
covy (X, Y;c*) = E(XY) — p E(X)E(Y), the linear system (18) reduces to

(1- p)E(X) (- p)E(X)
A-pEX)  E(G)—pEAX)) - E(X1Xe) — pE(X)E(X) o
- pE(X)  E(XX)— pEXE(X) - E(X2)— pE2(Xy)

(1- p)EQY)

E(X1Y) — pE(X1)E(Y)

E(X,Y) — pE(X,)E(Y)

Relation (24) shows that for p = 1, ¢ is a free parameter. For Xy = 1, the approximation (13)
n

takes the simplified form Y = ¢y + ), ¢, Xy, and replacing it in the normal system (22) yields

k=1
1 E(Xl) cee E(Xy) o E(Y)
EU‘Q) E (?(%) - E(X.lxn) C'l _ E(%lY) 25)
EX)  ECGX) o EOA) | le ] [ By

Now, the important point is that, after some elementary operations, the system (25) will
exactly be transformed into the linear system (24). This means that, for any arbitrary
p € [0,1], we have

min Varp(R(co,...,cn);Z‘ Z=c*and Xy = 1)

C1,-/Cn

= min E (Rz(co,...,cn)

C1seeCn

XO =1and o) = E(Y) - i CkE(Xk)>. (26)
k=1

Such a result in (26) can similarly be proved for every Z = X wherek =1,2,...,n, as the
following example proves.

2.4. An Illustrative Example and the Role of the Fixed Variable in It

The previous Sections 2.1-2.3 affirm that the fixed variable Z plays a basic role in
the theory of least p-variances. Here, we present an illustrative example to show the
importance of such a fixed function in constituting the initial approximation (13). Let
Y = v/1— x be defined on [0, 1] together with the probability density function w(x) = 1
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and the fixed function z(x) = x}, where A > —1/2 because fé w(x) z%(x) dx = 2/\+1 For

2
the basis functions {Xk = xk }kfo’ the initial approximation (13) takes the form

V1—x=co(A,p)+c1(Ap)x+ca(A, p) x? = Ar(x; A, p), (27)

in which the unknown coefficients satisfy the following linear system according to (18):

_ 2A+1 1 2\+1 1 2A+1
a2 2T P 3T P | [ c(A, p)
2A+1 1 2A+1 1 2A+1

eEsyne=at R (Hz)z P 1 P c (A p) (28)

A A
w5 G L)

1_
4
{ 3= BA+1Y)p

1_
2
1 2a+41
37 (At Pr

- 2HBA+1L3)p |,

1 _oih 5

where . F(a)T(b)

B(ab) = [ @ 1(1-x)"dx =100 (ab>0).

@b) = [ w110 e = GO (@b >0
After solving (28), Ay (x; A, p) will be determined, and since the remaining term of (27) is
defined as
Ro(x; A, p) = Ax(x; A, p) —V1—x,

S0

var, (Rz(x; Ap); x)‘) =F ((Rz(x; A, p))2> —p(2A+ 1)]52 (x)‘Rz(x; A, p))
However, there are two different cases for the parameter A > —1/2, which should be

studied separately.

2.4.1. First Case
If A = 0,1,2, then the fixed functions z(x) = 1, x, x2 coincide, respectively, with the
first, second, and third basis functions in (27), and the system (28) is simplified for A = 0 as

N LA LA o 0 | I R I

33P0 1—gP 5 3P c2(0,p) 05— 5P
and for A =1 as

N A S LG o o B I A

3-8 1— 1P 5P | | 2lp) 05~ 5P
and finally for A =2 as

O S W G Dok L oAl Bl P

3—3P 1—-1p 5—s5P || @p) 105 — 105 7

According to the result (26), the solutions of all above systems must be the same and
independent of p so that, in the final form, we have

8
Ar(x;0,p) = Ap(x;1,p) = Ap(x;2,p) = Az(x;A,0) = 5 gx—i— 5



Mathematics 2025, 13, 2255

11 of 89

Note for p = 1, after solving (28), we get

4 8
Ao (x;0,1) = =2 2% = =x +¢0(0, 1),

in which ¢9(0,1) = E(v/1—x) + 3 E(x?) + £E(x) = 3¢ according to (26) again.
In this sense, E(Rx(x;0,1)) = E(A»(x;0,1) — /1 — x) = 0, implies that
var; (Ra(x;0,1);2(x) = 1) = E((Ra(x;0,1))°)

1 4 8 34 2 1
2 / ~
—_— - = 1 . .
2.4.2. Second Case

Any assumption other than A = 0, 1,2 causes the system (28) to have a unique solution.
For example, A = 1/2 simplifies (28) in the form

U L A e O Il I i R
33 1- 3P s wp ][ elyp) 105 — 14 7P
After solving the system (29), we obtain
1 7 (7 4)p — 21t — 14 1(1 204 -2
Aol L, p) = -7 (75 +64)p 300x2+20( m—80)p+ x+7( 057 +2048)p 380'
2 3 1224p — 1225 1224p — 1225 2 1224p — 1225

For the special case p = 1, i.e.,

Az(x;%,l) = —(isz — 175 71) x* + (1320 — 420 77) x + 166 — 1;£ 7T,
we have
1 1 2 1652 2 2 105 s

and consequently

1 2
vary (Ro(x; =,1);x2 | = E (Rz(x;1,1)) — B2 Ry(x;3,1) ) = 0.000388.
2 2 2
As we observe
1 1 2
vary (Ro(x; 5, 1);x ) < van (Ra(x;0,1);1) = E((Ra(x:0,1))°),

which clearly shows the role of the fixed function in the obtained approximations.

2.5. How to Choose a Suitable Option for the Fixed Variable: A Geometric Interpretation

Although inequality (28) holds for any arbitrary variable Z, our wish is to determine
some conditions to find a suitable option for the fixed variable Z, such that

var; (X;Z) < E(X?), (30)
and/or

E?(XZ)
E(72)

> 0. (31)
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Various states can be considered for the above-mentioned goal. For example, replacing
Z = c¢* # 0in (31) yields E2(X) > 0 which means that, if the magnitude of the mean
value E(X) # 0is very big, we expect that the presented theory based on the fixed variable
Z = ¢* # 0 acts much better than the ordinary least squares theory. Another approach is to

E(XZ) Z — 0. The Figure 1

directly minimize the value var (X;Z) in (30), such that X — % )

describes our aim in a vector space.

— [‘_9:903' for p=1

- -~ T =
pA A=proj; X Z

Figure 1. Least p-variances based on the fixed vector Z and the role of p from 0 to 1.

x2 leads to the same as ordinary least squares for p = 0,
1

In this figure,

112 m
-
2 k=
o o2 ., o112 -
HX —A H , = H X —proj ;X H 5 leads to the complete type of least variances based on Z and

. 112 =
p=1,and finally, | X —p A H ) leads to the least p-variances based on Z and p € [0, 1].

3. p-Uncorrelatedness Condition on the p-Covariances Linear System and
Its Consequences

Since the coefficients matrix of the system (18) is symmetric and all its diagonal entries
are positive, the aforesaid system is solvable, and its unknown coefficients are computable.
However, as we observed in the previous example, analytically solving such linear systems
is difficult from a computational point of view. To resolve this problem, we can impose
the condition

covy (X;, X]-;Z) = vary (Xj;Z) d;j forevery i,j=0,1,...,n with §;; = { 0 (1,7& ]])' (32)

on the elements of the system (18) to easily obtain the unknown coefficients in the form

covy (Xi, Y; Z)

Cr =
vary (Xy; Z)
In this case,
" ocovy(Xy,Y;Z
vy Lz, (33)
= varp (Xy; Z)

would be the best approximation in the sense of least p-variance of the error with respect
to the fixed variable Z.

Theorem 1. Any finite set of random variables satisfying the p-uncorrelatedness condition (32) is
linearly independent.
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n
Proof. Assume that }° 4;X; = 0, where {a;}]_, are not all zero, and {X;}}_, are p-
k=0
uncorrelated variables satisfying (32). Then, applying cov,, (., X;; Z) on both sides of this

assumption yields

n n
0 = covy (kz a Xy, Xj; Z) = kz axcovy (X, X]';Z) = ajvary (X]',' Z),
=0 =0

which implies that aj = Oforj=0,1,...,n,ie., acontradiction. O

The question is now how to find linear combinations that are p-uncorrelated with
respect to the variable Z. There is a basic theorem in this direction similar to the Gram-—
Schmidt orthogonalization theorem [16].

Theorem 2. Let { Vi }}_ be a finite or infinite sequence of random variables, such that any finite
number of elements, { Vi }I_, are linearly independent. One can find constants {a; ;}, such that
the elements

Xo =WV,
X1 =V1i+anpV,
Xo = Vo +anVi +axW, (34)

Xn=Vu+apVi 1+ -+ an,nJerO/

are mutually p-uncorrelated with respect to the fixed variable Z

Proof. Let us set, recursively,

XO = VO/
- covy (Xo,V1;2)
X1 - Vl - Vaprp (X0;Z) 0/
(35)
=1 oy (X, Vs Z)
Xo=Va- T LI X,

Since relations (35) show that X}, is a linear combination of { Vi }}_,, itis just enough to show
that X, is p-uncorrelated to {X; ;1;01 with respect to the variable Z. For j =0,1,...,n—1
we have

=1 covy, (Xi, Vi Z)
. _ p k/ nrs .
covy (Xu, Xj; Z) = cov, (vn “L T gy X
=1 cov,(Xy, Vu; Z)
Vi, Xj;2) - Y o
COVp( n ] ) = Varp<Xk,Z)

= COVp<Vn/ X]';Z) - COVP(X]', VmZ) =0. O

covp(Xy, Xj; Z)

In fact, Theorem 2 is a generalization of the Gram-Schmidt orthogonalization process
when p = 0 or the condition E(ZVj) = 0 holds for every k = 0,1,...,n.
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covy (Xu, Xim; Z) = covy <Xn, Vin— Y,

= covy (Xn, Vi, Z) —

Theorem 3. The reverse proposition of the previous theorem is as follows: There are constants,
{bij}, such that

Vo = Xo,
Vi = X1+ b12Xo,
Va2 = Xo + b2 X1 + b3 Xo, (36)

Vn = Xn + ananl +- bn,n+1X0/

and
covy (Xu, Vi;Z) =0 for k=0,1,...,n—1,

provided that
covy (X;, X;;Z) =0 for i#j. (37)

Proof. By virtue of the fact that the system (34) is invertible, the general element of (36) in
the form
Vi = Xi + bio X1 + -+ - + b1 Xo,

yields

k+1
covy (Xu, Vi Z) = covy (X, X+ Y, b jXer1-j; Z)
j=2
k+1
= covy (X, X; Z) + ) by jeovy (Xn, Xe11-; Z) =0,
j=2

which is valid for every k = 0,1,...,n — 1, according to the condition (37). O

A General Representation for p-Uncorrelated Variables

Both previous theorems, Theorems 2 and 3, help us now obtain a general representation
for p-uncorrelated variables with respect to the variable Z. Assume that {V;}}_, is an
arbitrary, independent sequence of random variables, and { X }}_, satisfy the condition

n
(32) as before. Noting the last row of (35) and this fact from (34) that X;, = Y- a,, p11-« Vi
k=0

where a,,1 = 1, for m < n, we have

m=1covy (X;, Vi; Z

covp (X Vi Z) y .

= varp (Xj;2)

m=1 cov, (X, Viu; Z)
p jr Vms ) B '

“var, (X;2) <OV X X Z) = covp (Vi Xi2)

j=0

n n
= covy (Vin, Z Apni1—k Vi Z) = 2 Ay ni1—k COVp (Vin, Vi; Z) = vary (Xu; Z) -

k=0 k=0
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Form =0,1,...,n, relation (38) leads eventually to the linear system

var, (Vo; Z) covy (Vo, Vi;Z) e covy (Vo, Vi, Z) Ay 41
covy (V, Vo; Z) vary (Vi;Z) e covy (Vi, Vi, Z) Apn (39)
covy (Vy, Vo, Z) covy (Vi V1; Z) e vary (Vu; Z) An1
0
0
vary (Xy; Z)
If the determinant
vary (Vo; Z) covy (Vo, V1;2) e covy (Vo, Vu; Z)
covy (V1, Vo, Z) vary (V1;2) e covy (V1, Vi, Z)
& ({(Vidieyi 2) = . . . , (40)
covy (Viy, Vo; Z) covy (Vi Vi; Z) vary (Vu; Z)

is defined with A(_pl) (.) = 1, the first result of solving the system (39) is that the value
vary (Xy; Z) can be computed in terms of the determinant (40) as

AP ((Vidf_y Z)

vary (Xu; Z) = = . (41)
s (e z)
On the other side, it follows from (41) as a first-order equation that
n
A (it Z) = [T vary (X 2) >0. (42)
k=0
The second result of solving (39) is to derive a general representation for X, as
8 ((Vikzei Z) X
vary (Vo; Z) covy (Vo, V1;2) e covy (Vo, Vi, Z)
covy (V1, Vo; Z) vary (Vi;2) e covy (V1, Vi, Z)
= : : : : , (43)
covy (Vo1, Vo, Z2)  covy (V1 Vi Z) -+ covy (Viyoq, Vi, Z)
Vo i e Vi

where we have exploited (41) to derive it.

Inequality (42) reveals that the determinant of the coefficients matrix of the system (18)
is always non-negative. Moreover, if p = 0 or E(ZXy) = 0, for every k = 0,1,...,n
in (43), it gives the same as the Gram-Schmidt orthogonalization process. For instance, the
expanded forms of (43) forn = 0,1,2 are
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Xo =W,
covy, (Vp, Vy, Z

X1=V1— W 0,

_varp (Vo; Z)covy, (Vi, Vo; Z) — covy (Vo, Vi; Z)covy (Vo, Vo, Z) v
vary (Vo; Z)var, (V1;Z) — cov%(Vo, Vi;Z) !

_ varp (V1;Z)covy, (Vo, Vo; Z) — covyy (Vo, Vi; Z)covy, (Vi, Vo, Z) v
vary, (Vo; Z)vary (Vi; Z) — cov3(Vo, V1; Z) 0/

X, =V,

satisfying the conditions
covy (Xo, X1;Z) = covy (Xo, X2; Z) = covy (X1, X2, Z) = 0.

Notice that, although the general representation (43) is computationally slower than the
recursive algorithm described in Theorem 2, it is of theoretical interest, as we have used it
to find new sequences of p-uncorrelated functions (see examples of Sections 7-10).

4. p-Uncorrelated Expansions with Respect to a Fixed Variable

Let {Xi}}_, be a sequence of p-uncorrelated variables with respect to the variable Z.
If n — oo in approximation (33), the series

& covy (Xi, Y;Z)

— X
vary (Xy; Z) kr

k=0
is called a p-uncorrelated expansion with respect to Z for Y, and then we write

& covy (Xi, Y;Z)

Y ~
vary (Xy; Z)

X . (44)
k=0

In the case where 7 is finite, there is a separate theorem, as follows.

Theorem 4. Let { Vi }}_ be linearly independent variables, and let { X }_, be their corresponding
n

p-uncorrelated elements generated via { Vi }}_, in Theorem 2. If Y- a;Vy = Wy, and then
k=0

", covp (Xy, Wy, Z)

W p—
" kg) Varp(Xk;Z)

X . (45)
Proof. First from Theorem 3 and relation (36), we have

n
Wiy = ) @ Vi = ao(Xo) + a1 (X1 + b12Xo) + - -+ + an(Xn + bya X1+ - - - + by ny1Xo0) (46)
k=0

=coXo+ 1 X1+ -+ cn Xy
Now, fork = 0,1,...,1, apply cov,(., Xi; Z) on both sides of (46) to get
n n
covy(Wy, Xi; Z) = covy (2 ciXj, X Z) = Z cjcovy (Xj, Xi; Z) = cpvary(Xy; Z),
j=0 j=0
which yields

~ covy (Wy, Xi; Z)
&= varp (X Z)
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and (45) is, therefore, proven. O

Remark 1. There is an important point in Theorem 4. Let us reconsider n + 1 mutually p-
uncorrelated elements { Xy }}!_,, satisfying the condition

covy (X, Xj; Z) = vary (Xj; Z) 6; ;. (47)

Since

covy (X, Xj; Z) = E((Xi —(1-/1 —p)EE((XZizz)) Z) (Xj -(1- M)EE((XZ]ZZ)) Z>>,

by defining the variable

T]-,p(Z) =X;— (1-+1-p) E(ij) Z=Xj— (1—+/1—p)projzX;, (48)

we observe in (47) that
E(Tip(2)T;p(2)) = E(T2,(2)) i 49)

Now notice that the orthogonal sequence {T; ,(Z) };l:o in (48) is created only when we have already

E(X;Z . .
created the uncorrelated sequence {Xf}?:o because of the term E((szf Z; otherwise, generating

such orthogonal sequences is impossible. This means that uncorrelatedness would always lead to
orthogonality, but its reverse is not possible when {E(ZXy)}}_, # 0. Also, note that the original
shape of these two sequences is quite different, so their corresponding approximations are different,
such that the approximation corresponding to the orthogonal base {T; ,(Z) }?:o is optimized in
the sense of ordinary least squares, while the approximation corresponding to the uncorrelated
base {Xj}?zo is optimized in the sense of least p-variances. Referring to (48) and (49), let us now
consider the following orthogonal approximation sum for the same variable Wy, as stated in (45),

& E(WaTjp(2))
Sn_]g E(T? g

i (50)
2.(2))

Since, in (50),

E(WaT;,(Z)) = E(Wn (X]- —(1- \/ﬂ)i(éfzz)) z)) = covy (Xj, Wi; 2),

and

2 —— E(X;2) \?
E(Tffp(z)> =E (Xf —(1=v1-p) E(Z2) Z) = vary (Xj; Z),
the aforesaid sum is simplified as

X E(X;Z)

j—(l—vl—P)E(Zz)Z) (51)

Z & covy (X, Wy, Z) E(X;Z)

Z2) /g) vary (Xj; Z)

", covp (Xj,Wn;Z) (

S =
! ];) vary (Xj; Z)

:Wn_(l_M)E(

The main point is now here: if, in (51), p = 0 or {E(X;Z) = 0};.;0 (see Section 2.3.1) and/or the

limit condition
> covy (Xj, Wy; Z) E(XjZ)

];) vary (Xj; Z) -

(52)
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is satisfied, then lim S, = lim W, = W*, and subsequently
n—oo n—oo
® covy, (X;, W*; Z © E(W*T; ,(Z
v (X Wi 2) =Z—( (%) Tjp(2). (53)
= varp (X 2) j=0 E(T.2 (Z))

This means that the two aforesaid expansions in (53) coincide with each other only if the condition
(52) holds. However, in many cases, this condition will not occur independently, as W, is distinct
for each choice, especially in continuous spaces; see Corollary 9 in this regard. We finally add that,
in a general case, we have

n n E(X;Z)
;)C]« T,p(2) = chj <Xj —(1-+/1-p) E(ij) z)

n 7 n

j=0 j
n n
:ECij—(l—\/l—p)prO]z C]X] .
j=0 j=0

4.1. A Biorthogonality Property

Let { Xj }x—o be a sequence of complete uncorrelated variables satisfying the condition
COVy (Xkr X], Z) = varg (X], Z) (Sk,j'

Since

E(Xk <Xj ~ Eéézz)) z)) = covy (Xp, Xji Z),

so the relation

E(X;Z)
implies that the sequence {Xj}x—o is biorthogonal with respect to the sequence
{X]- — % Z}jzo' This means that every complete uncorrelated sequence can be

biorthogonal, but its reverse proposition is not true. See also Corollary 7. To study the topic
of biorthogonality, we refer the readers to [17,18].

Theorem 5. Let { Xy }x—o be p-uncorrelated variables satisfying the condition (47), and let Y be
arbitrary. Then,

" covy (Xy,Y;Z) "
Y-y POV X 7| < Y — Xy;Z 4
vary ( I;) var, (X, 2) ks < vary ];)ak wZ], (54)

for any selection of constants {a;}}_.

Proof. According to (9), we first have
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k=0 = =

n n n
vary (Y — 2 ocka;Z> =vary, (Y;Z) + var, <2 (kak;Z> —2covy (2 ocka,Y;Z> (55)

n n
=var, (Y;Z)+ Y agvar, (X;Z) —2 Y aycovy (Xi, Y; Z)

k=0 k=0
2
2 .
=var, (Y;Z) + Z \/W covy (X Y, Z) Z) i covy, (X, Y5 Z)
- P P 4 . 4
1/varp X Z k=0 Vvalp (Xk; Z)

in which the following identity has been used:

n n
vary <Z aka;Z> =Y a}var, (X Z) < covy (X, X;j;Z) =0 fori#j.
k=0 k=0

. nocov? (X, Y;Z) . . . .
Since var, (Y;Z) — ¥ W is independent of {a;}}_ in the last equality of (55),
k=0 !

n
the minimum of vary, (Y - Y X, Z ) is, therefore, achieved only when
k=0

_covy (X, Y;Z) Xk Y;2Z)
agy/vary (Xi; Z \/7}( (56)
vary ( Xi;

which results in the left side of inequality (54). O

With reference to (8), inequality (54) can be completed as follows

covy, (Xi, Y; Z2) n n 2
var (Y=Y — 20 X Z | <varp (Y- Y X Z ) <EL (Y- Y aXy) |, (57)
p( g)varp(Xk,Z) k ) p( kg(:)kk ) (( ];)ko)
where {ay }}_, are arbitrary.
Again, inequality (57) shows the superiority of p-uncorrelated approximations (33)
with respect to any approximation that is made using the least square method (in particular
orthogonal approximations). See Example 3 in this regard.

Corollary 1. Let {Vi}}_ be an independent set of random variables. The problem of finding
n
that linear combination of Vo, V1, ..., Vy, which minimizes var, <Y -y /Ska;Z), for any

selection of constants { By }]_, is solved using Z MX;( where { Xy }}_, are mutually p-
k

—) Vvarp (Xp;:2)

uncorrelated with respect to the variable Z. This corollary tells us that every least p-variance problem
with respect to a fixed variable is solved by an appropriate truncated p-uncorrelated expansion of

type (44).

Corollary 2. Substituting (56) into (55) gives

" covy (Xi, Y;Z)
vaty (Y - L vary (Xy; Z)

k=0

n cov%(Xk, Y;Z)

w2 ) = vy vi2) - £ I

k=0

= var, (Y;Z) (1 ~ f 05 (X, Y;Z)). (58)

k=0
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vary (Vn —

On the other hand, the positivity of a p-variance in (58) implies that
n
Y 03 (X Y3 Z) <1,
k=0

where { Xy }_, satisfy (47). Also, if { Xy }i2, is an infinite sequence of p-uncorrelated variables,
then the latter inequality changes to

o cov%(Xk, Y;Z)

()
2
X, Y;Z) <1 or
,g(’)pp( ) vary (Xi; Z)

<vary (Y;Z). (59)

k=0

Finally, convergence in the series (59) causes

covp (X, Y;Z)

li e
v vary (Xy; Z)

k—o0

lim
k—o00

05 (X, Y;2) =0 or

Definition 5. Convergence in p-variance with respect to a fixed variable
Reconsider the approximation (13), and form the p-variance of its error just like in relation (15). If

lim var, (R(co,...,cn);Z) =0,

n—o0

(60)

we call the limit relation (60) “Convergence in p-variance with respect to the fixed variable Z”. In

n
1-—
k=0

=var, (Y;Z),

this sense, by noting identity (58) if
n

>

(0]
05 (X, Y;Z) =1 or
k=0

covy (Xi, Y; Z)

vary (Xy; Z) fim

0= lim vary,
n—,oo

n—oo

X ;z) = var, (Y;Z) 05 (X, Y;Z)),

and then
© covy (Xp, Y;Z)

ng vary (Xy; Z)

provided that { Xy }x—o are mutually p-uncorrelated.

Theorem 6. Let { Vi }}_, be linearly independent variables, and let { X }}_, be their corresponding
p-uncorrelated elements generated via { Vi }}_, in Theorem 2. Then, for any selection of constants
{Ae}iZa, we have

n—1

Z /\ka,'Z> .

k=0

vary (X, ;Z) < vary <Vn + (61)

Proof. First, suppose in (54) that n — n — 1, and then take Y = V},. Noting the last equality
of (35) gives

"=l cov, (Xi, Vii; Z)

vary (Xi; Z) (62)

n—1
Xk;Z) = vary (Xn;2Z) < vary (Vn - Z aka;Z>.
k=0 k=0

On the other hand, according to relations (34), there exists an arbitrary sequence, say

n—1 n—1
{/\k}Z;é, such that — ¥ & Xy = ¥ ArVj in (62) which completes the proof of (61). O
k=0 k=0
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Corollary 3. Let { X }}_, be a p-uncorrelated variables with respect to the fixed variable Z. Then,
for any variable Y and every j = 0,1,...,n, we have

covy (Xi, Y; Z)X .7
vary (Xy; Z) ks

—cov, (Y,X;;2) - ) 2 Ke X Z)
v (

n
covy <Y Z

k=0
covy (Xy, X;; Z)
= vary (X Z)

Y,X;;Z) —covy (X;,Y;Z) = 0.

Here is a suitable position for studying the p-uncorrelatedness topic practically and
introducing new sequences of functions in continuous and discrete spaces.

5. p-Uncorrelated Functions with Respect to a Fixed Function

Let {®y(x) },_, be a sequence of continuous functions defined on [a, ], and let w(x) be
positive on this interval. Also let z(x) be a continuous function, such that | Hb w(x)z?(x)dx > 0.
Referring to (19), we say that {®y(x)};_, are (weighted) p-uncorrelated functions with
respect to the fixed function z(x) if they satisfy the condition

f[l:w(x) Dy (x) z(x) dx ff w(x) Py (x) z(x) dx

/h w(x) Py (x) Oy (x)dx —p

ff w(x) z2(x) dx
g p () D) 2(x) dx)
= (/u w(X) ch(x) dx p ffw(x) zz(x) Ix ) 5m,n- (63)

Especially when w(x)z(x) = v(x), (63) becomes

/uhw(x) By () Dy () dx — A2 /ﬂbv(x) Dy (x) dx /bv(x) @, (%) dx

- ( / " o) B2 (x) dx — 2( /b 0(x) Dp(x) dx>2> S

where /\2 =p/ f o w( x ) dx (e.g., see relation (225)).

Noting (20) such a definition in (63) can similarly be considered for discrete functions as

L jx)®@m(x)z(x) X j(x)Pnu(x)2(x)

. xeA* xeA*
L SOl @) —p PRCES
. (xeg*j(x)q)” (x) z(x))?
= erA*](X)q)n(X) —-p xg*j(x) 22(x) Smn -

Remark 2. Relation (63) clarifies that, after deriving p-uncorrelated functions, one will be able to
define a sequence of orthogonal functions in the form

b
() — (1= yT=p) L fh( )(q))”( ()xz( %) = Galxip), 68
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having the orthogonality property

/ﬂb w(x) G (x;p)Gn(x; p) dx = (/ab w(x) G2(x; p) dx) S
= (/b w(x) dx) (Varp (D, (x); z(x)))émln,

a

whereas its reverse proposition is not feasible when ff w(x) Oy (x)z(x)dx #0or p # 0in (64).
Thus, p-uncorrelated functions cannot be directly derived from orthogonal sequences, as they are an
extension of orthogonal functions for p = 0, while, from p-uncorrelated functions, the aforesaid aim
is always possible.

There are essentially two classifications for deriving (weighted) p-uncorrelated func-
tions with respect to a fixed function.

5.1. Two Classifications for Deriving p-Uncorrelated Functions
5.1.1. First Classification

If the weight function in (63) is non-classical, i.e., not belonging to the Pearson distri-
butions family and its symmetric analogue [19,20], the procedure to derive p-uncorrelated
functions will lead to the same as generalized Gram—-Schmidt process presented in
Theorem 2 or equivalently in the representation (43). In this sense, there are ten classi-
cal sequences of real polynomials [20] that are orthogonal with respect to the Pearson
distributions family

dx+e
x> =exp (/ ax2+bx+cdx) (a,b,c,d,e € R),

and its symmetric analogue [19]

r, s rx2+s
W* ! x| =ex /dx) ,q,7,8 € R).
(p, q ) p( x(px? +q) pra )

Five of them are infinitely orthogonal with respect to particular cases of the two above-

mentioned distributions and five other ones are finitely orthogonal which are limited
to some parametric constraints. For other applications of orthogonal polynomials, see,
e.g., [21-24]. Table 1 shows the main characteristics of these sequences, where

_ : +1
ros x) _ [n)f} < /2] ) [n/2]—(k+1) (21+ (-1)" +2[n/2}) p+r % 5 ()
p, q k=0 k i=0 (21' + (=) 4 2) qg-+s

is a four-parametric sequence of symmetric orthogonal polynomials [19] that satisfies the
second-order differential equation

x2(px? 4 q) Sl (x) + x(rx® 45) S)y(x) — (n(r +(n=1)p)x2+(1-(-1)" s/2> Su(x) = 0.
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Table 1. Characteristics of ten sequences of classical orthogonal polynomials.

Kind, Interval

Symbol Weight Function &
Parameters Constraint
(u,0) —u—-9, —u+0 ’ > _ o\ v Infinite [—1 1}
P W< x| =1-x)*1+x , ’
o (X) -1, 0, 1 (1-2)"1+x) u>—-1,0>-1
() -1, u ) — oy Infinite, [0, o)
L W( x) = xtexp(—x s 1Y,
0 (%) 0, 1, 0 p(=2) w>—1
2,0 2 Infinite, (—oo, 00)
Hy(x) W o 0 1 |*)=ep(=x9) e, ,
(110) W( —2u, v x) = (14 x?)7* exp(v arctan x Finite, (—o0, %)
Ja (%) 1, 0, 1 ( ) p( ) maxn < (u—1)/2
(u,0) —u, v _ .0 —(u+0) Finite, [0, o0)
My (x) W( 1, 1, 0 x) x(x+1) maxn < (u—1)/2,
v>—1
—u, 1 ..
N W( ’ x> — x Mexp(—1/x Finite, [0, c0)
n (%) 1, 0, 0 P( ) max n < (u—1)/2
S —2u—-2v-2, 2u . W ( —2u —2v, 2u x) — 224(1— 22)? Infinite, [—1, 1]
n -1, 1 -1, 1 u>-1/2, v>-1
-2, 2u W+ < =2, 2u x) — 2 exp(—x2 Infinite, (—o0, 00)
S"( 0, 1 x) 0, 1 p(=x) u>—1/2
—2u—2v+2, —2u «f —2u—2v, —2u oy 2N\ Finite, (—o0, c0)
Sn( N h x) w ( 1, 1 |¥) =) n<u+o-1/2,
u<l1/2,v>0
—2u+2, 2 w*( —2u, 2 x) o eyp(—1/x2 Finite, (—co, c0)
S"( 1, 0 ’x) L, 0 P( ) maxn <u—1/2

5.1.2. Second Classification

If the weight function belongs to the family of distributions presented in Table 1,
there is an analogue theorem below for p-uncorrelated functions similar to the well-known
Sturm-Liouville theorem for orthogonal functions [20].

Theorem 7. Let a(x), b(x), u(x) and v(x) be four given functions continuous on the interval

[a,b] and p € [0,1]. If
w(x) = u(x) exp (/ de),

is a positive function on [a,b] and the sequence {®, (x)},_, with the corresponding eigenvalues
{An} satisfies an integro-differential equation of the form

a(x) @y (x) + b(x) @5, (x) + (An u(x) + 0(x)) P ()

_ J2 w(x) Pu(x) 2(x) dx
= p(An+ Az) u(x) z(x) f‘f o) 2 dx (65)
such that the function z(x) satisfies the equation
a(x)z"(x) +b(x) 2/ (x) +v(x) z(x)
u(x)z(x) = Az (66)
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where A, is a constant value, and also

w1 Dy (11) + '81(19;1({1)
a Dy (b) + p2®;, ()

0,
(67)
0,

are two initial conditions where ay , By, ap and By are given constants, then {®,(x)},_, are
(weighted) p-uncorrelated functions with respect to the fixed function z(x).

P w(x) @ (x) 2(x) dx = B;. Then,

Proof. For the sake of simplicity, we assume in (65) that ) 2(0) dx

Equation (65) can be written in the self-adjoint form
(r(x) @3, (x))" + (A w(x) +(x))Pu(x) = p(An + Az) By w(x) 2(x), (68)

and for the index m as
(r(x) @1 (%)) + (A w(x) +q(x)) P (x) = p(Am + Az) By w(x) 2(x), (69)

in which

and

g(x) = v(x) exp (/ b(x)a(;z)’(x)dx)'

On multiplying by ®,,(x) and ®,(x) in, respectively, (68) and (69) and subtracting, we get

06) (@ ()} ) — @ (), ()] (= ) [ 10() @0 (6) Do) i

a

b b
= (A +AZ),/3;/H w(x) Dy (%) 2(x) dx — p(Am +AZ)5;/ w(x) Dy (x) 2(x) dx

a

fb w(x) @y (x)z(x) dx fg w(x) O (x) z(x) dx

= PO = An) = f:w(x)ZZ(x) dx '
which results in
b f: w(x) @, (x) z(x) dx ff w(x) Dy (x) z(x) dx
(A — Am) (/,1 w(x) Py (x) Py (x)dx — p ff () 2(x) dx )

= —[1(x) (@ (2) D) (x) — Pu(x)®),(x))] V=0 & n#m O

It is important to mention that the integro-differential equation (65) can be transformed
into a fourth-order equation using (66). First of all, without a loss in generality, we can
assume in (65) that u(x) = 1 because it is just enough to divide both side of (65) by u(x). In
this case, substituting

1

2(x) = p(An+ Az)B;,

(a(x) @7 (x) + b(x) @}, (x) + (An +0(x))Pn(x))

into the equation
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yields

a?(x) D (x) + 2a(x) (' (x) + b(x)) DY) (x) +
(a(x) (2" (x >+2b< >+zv<x>+An Az) +b(x) (' (x) + b(x))) Dl (x)
+( a(x )(b” ) + 20/ ( ))—I— x)( x) +20(x) + Ay —AZ))CD;(x)

+ (a(2)0" (x) + b(x)0' (x) +02(x) + (Ay — A2)0(x) = Azdn ) Pu(x) = 0,
having four independent basis solutions.

5.2. A Generalized Theorem with an Important Remark
5.2.1. An Extension of the Previous Theorem

This time, let us assume in the right side of (65) that the function u(x)z(x) = h(x)
satisfies a second-order differential equation of the form

p(x) W' (x) + g(x) W (x) + 1(x) h(x) = 0,

instead of satisfying the Equation (66), where p(x),(x) and r(x) are all known functions.
Then, Equation (65) will be transformed into the fourth-order equation

p(x) (a(x) @) (x) + b(x) D}, (x) + (A u(x) + 0(x))Pn ()"
+q(x) (a(x) D} (x) + b(x) D}, (x) + (A 1(x) +0(x)) P (1))’
+r(x) (a(x) @y (x) + b(x) P (x) + (Aw u(x) + 0

which is equivalent to

p(x)a(x) @1 (x) + (p(x) (2'(x) + b(x)) +q(x) a(x) ) @ (x)

P () A+ p(x) (0" (x) + 26/ (x) + 0(x)) +(x) (a'(x) + b(x)) + r(x)a(x) ) & () (70)
2p(x)u (x) + g(x)u(x)) An + p(x) (0 () +20'(x)) +9(x) (V' (2) + 0(x)) + r(x)b(x) ) @) ()

p()u” (x) + ()’ (x) + r(x)u(x)) A + p(x)0" (x) + ()0 (x) + r(x)0(x) ) P (x) = 0.

+ o+ o+
— =

Noting the above-mentioned comments, Equation (65) can now be generalized as

a(x) @y (x) + b(x) @5, (x) + (An u(x) +0(x)) Pu(x) = Ru(x),

whose self-adjoint form

(r() @ () + (A (x) +4(x)) D) = 2 R, (),

yields

b

[1(2) (G ()P} (x) = By (x)B) (x ))]Z+(An—/\m) / w(x) Dy (x) Dy (x) dx

a

_/ = (x) = Ryn(x) @ (x)) dx. (71)
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Now, if in (71), we set

b
Ro(x) = p(Ay + Az o ) 2E) ulx) dx

we directly get to Theorem 7.

5.2.2. Remark

The previous section shows that Equation (65) is, in fact, a non-homogeneous second-
order differential equation whose general solution for p = 1 reads as

@y (x) = c1y1n(x) +coyon(x) +A%z(x)  (c1,c2, A" €R), (72)
where c1y1,,(x) + c21/2,,(x) is the solution of the homogeneous equation
a(x) @y (x) + b(x) @5, (x) + (An p(x) +q(x)) Pu(x) =0,

with two independent solutions, y1 ,(x) and y, ,(x), respectively.
Hence, substituting (72) into (65) for p = 1 simplifies the general solution as

b
) o
L W(x) z(x) y2,u(x) dx

provided that f: w(x)z(x)y2n(x)dx #0 (Vn ¢ Z7). On the other hand, since, in (73),

CDH(X) =0 (yl,n(x) -

b

b
/ P, (x)w(x)z(x)dx = A* / w(x) z%(x) dx,
a a

the uncorrelated condition (63) for p = 1 is simplified as

/ﬂb w(x) Dy (x) Py (x) dx — A2 /b w(x) z%(x) dx

a

= </Hb w(x) D2 (x) dx — A*2 /ab w(x) 2% (x) dx> Om,n.s

leading to the “simple type of p-uncorrelated variables” to be defined and studied in detail
in the next Section 6. In this sense, note that

Cl% (/abw(x) @2 (x)dx — A*2 /ub w(x)z%(x) dx) = /ub w(x) yin(x) dx
b 2
RIAICECTRCE Ry
(fa w(x)z(x) y2,u(x) dx) "
L Jew() z(x) yra(x) dx o
P ole) o) santey s o 2O

i.e., the aforementioned 1-variance value is always independent of A*.
Example 1. Consider the following integro-differential equation

Jo @n(x)z(x)dx
[o2(x)dx

@)} (x) + 1 Py (x) = (n® + A) z(x) (74)
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in which z(x) satisfies the equation
1
) _ oy (75)
z(x)
Noting (70), the equivalent form of (74), together with (75), is
o (x) + (n2 - A)q>;;(x) — An*®,(x) = (D*+ n?)(D? — A)®yu(x) =0,
having the general solution
®,(x) = cysinnx + cycosnx + A*z(x) where (D% — A)z(x) = 0. (76)
According to (73), the solution (76) changes to
7T .
z(x) sinnx dx
P, (x) =cp | sinnx — f% (x) cosnx | + A% z(x), (77)
Jo z(x) cos nx dx

satisfying the relation

0

(fq z(x)sinnx dx)2> S

T 2 [T 7T
/ Dy (x) P (x) dx — A /Ozz(x)dxc%2<1+ (férz(x)cosnxdx)2

In this regard, notice that the two sub-sequences

[o z(x) sin2nx dx

[o z(x) cos 2nx dx

Dy, (x) =1 (sinan - cosan) + A" z(x),

and

 Jo2(x)sin(2n +1)xdx
[ z(x) cos(2n + 1)xdx

Dy,11(x) =1 (sin(Zn +1)x cos(2n + 1)x> + A% z(x),

in (77) are automatically uncorrelated (without any constraint) with respect to every fixed
function, z(x), that satisfies (75).

In total, three cases can occur for the constant value A in (75).
(i) If A = a? (a # 0), the solution of equation (75) is as z(x) = a;e** + a;e~*¥, and
subsequently, (76) takes the form

D, (x) = cq sinnx + cp cos nx + ay e** +ay e **.
(i) If A = —a® (a #0), then z(x) = by cos(ax) + by sin(ax) and

@, (x) = 1 sinnx + ¢p cos nx + by cos(ax) + by sin(ax).
(iii) If A = 0, then z(x) = c3x + ¢4 and

®,(x) = 1 sinnx + ¢y cosnx + c3 x + cy.

For instance, if z(x) = ¢* is chosen from the above mentioned options, the general
solution of the equation
2(n?+1)

T
D! (x) + n* Dy (x) = 1 /0 @, (x)e*dx,



Mathematics 2025, 13, 2255 28 of 89
is, according to (77), as
i fgexsinnxdx . x
D, (x) =1 | sinnxy — ————cosnx | + A%e". (78)
Jo €¥cosnxdx
On the other hand,
/ne" sinnxdy = — ((-1)"™" —1) and /n e’ cosnxdx = 1 ((=1)"e™ —1)
0 n2+1 0 21 ’
imply that (78) takes the final form
D, (x) = cq(sinnx +ncosnx) + A*e*, (79)

where ¢1, A* € R. Note that, since in (79),
®,(0) = ®,(0) and @,(7) =D (7),

S0
[ @ (x) @3, (x) = @ ()P, (x)] 5 = 0.

However, for other choices of z(x), we may have to determine the values ¢; and A* uniquely.
Also, for n = m, we obtain

T 27‘[_1
nvam(qm(xyeX)::/" @2 (x)dx — A2 =2
0

5 E(nz+1) (Vn € N).

Finally, according to Remark 2, the sequence
P, (x) — A% e* = c¢q(sinnx + ncosnx),

must be orthogonal with respect to the constant weight function on [0, 7], i.e.,

/On (sin(n +1)x+ (n+1)cos(n + 1)x) (sin(m +1)x + (m+1) cos(m + 1)x) dx

T
= §<n2 + 21+ 2) dpm,

in which
sin(n+1)x+ (n+1)cos(n+1)x = Vn2+2n+2 sin ((n +1)x + arctan (n + 1)),
having the explicit roots

_ km—arctan (n +1) B
X = o for k=1,2,...,n+1.

The important Section 5.2.2 and its subsequent example imply that we study and
investigate a specific type of p-uncorrelated variables in the next section.

6. Simple p-Uncorrelated Variables and Their Relationship with
Orthogonal Sequences
Instead of applying previous statistical concepts, in this section, we focus on an inner

product space and study a special case that extends the orthogonality concept and leads to
defining a simple type of p-uncorrelated variables. As before, assuming that (i, v) indicates
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the inner product of two free elements and (1, u) = ||u||> > 0 denotes the norm square
value, suppose that {x; }}_, and y are arbitrary variables, and consider the approximation

n
vy cxg, (80)
k=0
together with its remaining term
R(cg,...,c chxk—y, (81)

where {c;}}_, are unknown coefficients to be appropriately determined.
It is well known that minimizing the value

IR(co, ..., cn)||* = <chxk_]/fzckxk_> (82)

will lead to the normal equations system [13,17],

(xo,x0)  (xo,x1) -+ (x0,%n) c {x0,)
<x1r'x0> <x1,'x1> <X1,.xn> a | _ <x1:/y> . (33)
(xn, x0) (xn, x1) T (2, Xn) Cn (xn,y)
It is also known that applying the orthogonality condition
(Xm, Xn) = (Xn, Xn) Smn, (84)
on the components of the above linear system eventually gives the explicit solutions
{Ck _ () }n _
(i x0) S j=o
Hence, the orthogonal approximation
n
v L e )

is derived as the optimal case in the sense of ordinary least squares.
By repeating the steps (80) to (83), instead of considering the orthogonality condition
(84), we consider the generalized condition

) = {< A (m#n), (86)

Xn, Xn) (m=n),

where the non-negative parameter A is independent of the indices m, n.
As we mentioned in the preceding sections, the random variables { X }}}_ are said to
be p-uncorrelated with respect to the fixed variable Z if, for every m # n:

E(Xy Z)E(X, Z)
E(Z2)

covy(Xin, Xn; Z) = E(XiuXn) — =0. (87)
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In addition to the condition (87), if we now add another condition as
E(XxZ) = ?E(Z%) >0 forevery k=0,1,...,n, (88)

where r is independent of k, then we say that {Xj }}}_, are simple p-uncorrelated variables.
In this case, both conditions (87) and (88) imply that

X — priE(Z%) (m #n), %
(XnXn) = E(X,%) (m =n). (89)

Furthermore, replacing the extra condition (88) in the condition (87) for p = r = 1 leads to
the orthogonality condition

E((Xm— Z) (X, — Z)) =0.

Note in (89) that the parameter p has no effect on simple p-uncorrelated variables. Hence,
throughout this section, we assume that p = 1. The definition (88) can similarly be applied
in an inner product space. We say that x; is a simple uncorrelated variable if the condition
(86) holds, and also,

X, 1 =72(1,1) >0 forever k=0,1,...,n.
y

In this case, if the sequence {yx = x; — r}}_, is orthogonal, then, for every m # n the
orthogonality condition

(X — 1,0 — 1) = (X, X)) — (%X, 1) — (1, xp) +r2(1,1) = (Xm, Xn) — r2<1,1> =0,

would be equivalent to (86) for A = r2(1,1). Moreover, according to the Schwarz inequality,
(X, %) < (X, X} (X, %), (86) implies that (X, ) (X, X)) > A2 & m # n.

Noting the above-mentioned definition, now suppose that {x}}}_, are simple uncor-
related variables, and then substitute (86) into the normal system (83) to arrive at

(x0, Xo) A e A co {(xo0,)
).\ <X1,'x1> - )\ C.1 _ <x1‘,y> ‘ ©0)
)‘\ )\ : : <xn/‘xn> C;i <x71.' .]/>

An interesting point is that the above system is explicitly solvable. In fact, there is even a
more general case that can be solved analytically according to the following theorem.

Theorem 8. Given the real numbers {”]‘j};:of {/\f};:o and {bj};lzo, the general solution of
the linear system

ago M e An Co bo

Ao an e An | by o1)
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is (for every j = 0,1, ...,n) given by

n
_ Axbg
(1 + Z Agp— /\k> kgo Ak —Ag _ b]- — Sn({/\k;akk, bk}Z:[))

Cj = PR , (92)
(af] Aj ) <1+ L - )\k> Y
where
kZOAkbk H (ajj — 7))
J%k
Sn({Aks ik i tem) = = :
IT ( )"' Z Ak H ( ])
j=0 k=0 j=0
j7k
Proof. First, the system (91) can be rewritten as follows:
n
Y Akck = bo — (ago — Ao) co,
k=0
n
Y Ak =by — (a1 — M) e,
k=0 (93)

n
Z Ak = by — (Aun — An) Cn-
k=0

Comparing the first two rows of (93) yields

by —by | ago — Ao

Can—A o an—M
As well, comparing the first row of (93) with other rows gives, generally,

by —by  app — Ao
= . 94
k Ak — Ak * Ak — Ak 0 &)

By replacing (94) in the first row of (93) as

Ak — Ak Ak — Ak

—b agy — A
2/\( L0 0 0>—b0—(aoo—7\o)co,

we finally obtain

by—b,
bo— ¥ Aeai=p
C 0 Z k ay—Ap bofsn({/\k/akkrbk}k 0)
0:
agy — A
aOO_AoJrZ/\kZﬁi 0 o

Following the above-mentioned approach for other unknown coefficients, {c; }7:1 are

derived as
n
b N Z Akﬂl::c l;\k b: s A be—b;
o k;é] T Z ko= bj—sn({)\k;akk/bk}Z:O) -
= i J aji — A; '
ajj + Z /\kakk /\k /\ + Z Akakk /\k V !

=
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A particular case of the system (91) arises when Ag = A; = -- - = A;, = A. In this case,
the general solution (92) is simplified as
b; (1 +A z ) Ay b
. akk ag—A P’ A=A B bj — Sy ()\; {akk, bk}Z:O) (95)
] n - Y ’
l a
(ajj —A) (1+Ak§OW> V
where
A kZ by H (a]] A)
J#k
Sn (A;{akkf bk}l?zO) ~m non ’ (96)
I ( )+A ¥ I (a5 —A)
j= k=0 j=0
j#k
From (95) and (96), one can conclude that
ago A .. A
A an - A L LI |
. . . . = ((Iljj-)\)(l-i-/\z .
: : : : =0 =0 Mk — A
A A e Ann

We can now apply the solution of type (95) for the linear system (90).

Corollary 4. If the condition (86) is satisfied for the elements of the approximation (80), then

" (x5, y) = Su(A)
[ ]
B a0
A i (xx) K
in which Sy (A) = S (A; {{(xp, xk), (X, ) Hoeo) = %, is the best approximation in
=0 Cexi) A
the sense of ordinary least squares, such that
2

n(xj,y) = )

Sn(A n
> ij -y (V{zx]'}jzo €R)

n
,Z jxj
j=0

When it is noted that (97) is a generalization of the orthogonal approximation (85) for A = 0,
substituting n = 0, 1, 2, respectively, gives

ye oY)
(x0, x0)
~ {(x0,y)(x1,x1) — A{x1,Y) (x1, ) (x0, X0) — A{x0, )
y= <XQ,X0><X1,X1> — )Lz %o + <XO,X()><X1,X1> — /\2 1
and
y o X0y}, ) (v %) = A2 (xo — x1 — x2,y) = M((x1,y) (%2, %2) + (x2, y) (x1,31))

{x0,x0) (x1, x1) (x2, x2) — A2({x0, x0) + (x1,x1) + (x2, x2) — 2A)
(x1, y) (x0, X0) (x2, X2) — A*(x1 — x0 — x2,y) — A({x0,y) (x2, X2) + (%2, ¥) (x0, X0)) .
(x0, x0) (x1, x1) (X2, X2) — A2((x0, X0) + (¥1,x1) + (X2, %2) — 2A) !
(x2,y) {x0, %0) (x1,x1) = A*(x2 — x1 — x0,y) — A{x0, y) (x1,X1) + (x1, ) (X0, X0))
(x0,x0) (x1, 1) (x2, x2) — A2((x0, x0) + (x1,x1) + (x2,%2) — 2A)

+

+
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The question is now how to find the elements {x;}}_, such that they satisfy the generalized
condition (86).

Theorem 9. Let {v},_, be a finite or infinite sequence of variables defined in an inner product
space, such that any finite number of elements {vy }}}_ are linearly independent. One can find
constants {a; ;}, such that the elements

X0 = 0o,
X1 = v1 + 4120,

Xp = U2 + a01 + 42370y, (98)

Xp = Un + Ap20p—1 + -+ aynt1900,

satisfy the condition (86).

Proof. Referring to (96), we first assume, only for simplicity, that

11 (A) = A= S (A { (v 00), A = (i o) 155 99)

_ n—1 <xkfvn> n—1 A
B /\<1 " k:ZO (xe Xi) —)\>/<1+ k_;) (e, Xk) —/\>’

with §*; (A) = A. Then, set recursively,

X0 = 0o,

(x0,01) = 55(2)

=01 <XQ,Xo> —A

X0,

(100)

N G Nt rR1Q),
" " =0 <xk, xk> —A

X

Since the final shape of x;, is a linear combination of {vy}}_, in (100), it is enough to show
that (x,, xj) = A for every j = 0,1,...,n — 1. For this purpose, applying (., x;) on both
sides of the last equality of (100) gives

P <xnrxj> _ <vn B nil <xklvﬂ> — S;—l()\) xk/xj>

(X, X)) — A

=l (xg, vn) — SE_1(A)
= (U, Xj) — Xy Xj ).
(vn ]> k;() (e X5) — A < k ]>
Therefore, we have to prove that
=1 (3, 00) — Siy ()
— X, Xi) = (U, X;) — A. 101)
kg(:) <xk1xk>*)\ < k ]> < n ]> (
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We first simplify the left side of equality (101) as follows:

(x,0n)—S;,

— 1) xj,0on)—=S5_1(A)
A Z (xp,xk) — /% + < J<x]>,x/> )i <xj’ xf>
k;e]
1 (xp,00) =S5 _1 (M) S, _1(A) Xj, S, 102
): | % Xk/xk> /{ _ )L< < > > /\1 < ]< j>’ ]>_/\1 <x],x]> ( )

It is now sulfficient to use (99) and replace

n—1 M B -1 # *
! <1+k§] <xk/xk> _)\> N <1+ k—ZO <xk/xk> _/\> nfl(/\)r

in the last equality of (102) to complete the proof of (101). O

Here, one may ask how we could find relations (100). The answer is as follows:
Since {v;}'_, are assumed to be linearly independent, there are constants {g;}/_;,

such that the general element in (98) can be rewritten as x, = v, + Y Xk

Forj=0,1,...,n—1,apply (., > on both sides of the later assumption to get

n—1
<xn, x]-> = <Un,xj> + 2 qk<xk' x]->,
k=0

which leads to the familiar linear system:

<'x0/ x0> /\ e A ‘70 A - <x0/ Ui’l>
A <x1/ xl> e A ‘71 . A - <x1/ Ui’l>
A A a (Xn—1,Xp—1) Jn-1 A — (Xy—1,0n)

having the explicit solutions

g — (xk, o) — 551 (A)
(xe ) —A

Note that the procedure will be simplified if the initial data are orthogonal. In other
words, let {vy}}_, be mutually orthogonal, i.e., (v, i) = (Vy, Vn)0um. Also, let {x;}}_,
satisfy the condition (86) as before. Noting the last row of (100) and this fact from (98) that

n

Xy = ). Apni1—k Ok Where a, 1 =1, form < n, we have
k=0

m_l(xj,vm) — S,_1(A)
) = <xn’vm - Jg) ] (xj,%j) 5 xf>

Ml (g om) — S 4 (0) <

= (X, 0m) — A Z

n
= () —A Oms ), 1k Uk> +A=5,4(A) (103)

k=0
{ A (m#n),

n
= 2 un,n+1fk<vm/vk> +A - S:Fn—l()q =
(xn, xn) (m=n),

k=0
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where we have used the following equality from (99):
m_l (x;,0m) — Sk _1(A)
—A / m A A —S% (A).
;) (xj,xj) = A m-1(4)
Form =0,1,...,n, relation (103) leads eventually to the linear system
(v0,v0) (vo,v1) e (vo, Un) Ann+1 SE(A)
<Ul/UO> <U]/ Ul> t <Ulr Un> Ann X
. = : . (104)
n—2(A)
(Un,00)  (onv1) 0 (On,On) n,1 ! .
' ' . ' | (o) = A+ S50 (A) |

Now, applying the orthogonality condition (vy, v;) = (Vn, Un)dn,m on the components of
the coefficients matrix (104) gives

_ S
an,nJrlfk - <Uk Uk>

and  (xy,xn) = (Vn,0n) + A =S _1(A).

n—1

Noting the identity

_ G* - _ n_lm ”_1#
A %1M)A<EW%W—A%/G+;Q%w%“>

we respectively obtain

Ml (xj0m)
n—1 1+ ; <x-,xv>7)\
A j=0 7777
=t Y 0 o, (105)
=0 <Um/ Um> 1+ A
=0 {xj.xj) =2

and

(0, ) = (0, 01) A<k20<xk,xk>_A>/<”,?:0<xk,xk>—A>'

On the other hand, for every j = 0,1,...,m — 1, since

j
P (Vk, vm) = 0,
=0

j
(xj,0m) = <Z kakfvm> =
k=0

k
so
n—1 A
Xp = Un + Z Om,
"= Oy Om) 1+mi17A
e j=0 (xjxj) =2
and

A

—1 = <Un/vn>+/\— <xn,xn>,
A
1+ ,EO (X xpe) —A

which finally simplifies (105) as

n—1
7 )\ - 7
Yo =vpt Y (O ”’"><: - ><x’" i) o (106)
m=0 mrs Ym
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There is a simple recurrence relation for the final result (106) if n — n + 1. We have

(Un,00) + A — (xp, x4)
<Un/ Un>

Xpt1 — Ontl = Xn — Un + iy

which can be rewritten as

A — (Xn, Xn)

Xn+1 = Xn + On4+1 + <U ) >
nrYn

Uy

For instance, the expanded forms of (106) or, equivalently, (107) forn =0, 1,2,3 are

and

Xo = Yo,
00
= /\7
X1 01 + <U(), U()> ,
A
x2:712+/\(1 ) AR P
<00/ UO> <Ullvl> <UOI Z]0>

o . A . /\(<Uo,'00> —/\)2 (%) B A (%] 0o
x3—173+)\(1 ) { >+A<1 { )< +A

<UO/UO> <UO, UO>2<7J],01> 02,02 00, UO> Ul/U]> <UO/ ’UO>,

satisfying the conditions

and

(x0,x1) = (x0,x2) = (x0,x3) = (x1,%2) = (x1,x3) = (x2,x3) = A.

Let us consider an illustrative example here. The shifted Legendre polynomials

where (a); =a(a+1)...(a+k— 1), satisfy the orthogonal relation

1

1
/0 Pn’+(x)Pm’+(x) d.x - mén,m.

Pos(x;A) =1,
P (x;A) = —2x+ A +1,
Poy(x:A) = 662 +6(A2 = A —1)x =327 + 41 +1,

Py, (x;A) = —20x° + 30(—3/\4 TS Y L 1)x2

+6(15A4 — 3003 +210%2 —6) — 2) x —15A%* +30A% — 2372 + 91 + 1,

satisfying the simple uncorrelatedness condition

1
/ Py (A) Py (xA)dx = A & m #n and m,n =0,1,2,3.
0

(107)

(108)

Since Py 4 (x) = 1P (x) = —2x+1,P, 4 (x) = 6x> —6x+1,and P34 (x) = —20x> +
30x? — 12x + 1, replacing them in (108) eventually yields
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Remark 3. A very obvious case is when A = (vg,vg) as (106) or (107) takes the simple form
Xpn = Up + vg and, for m # n, we therefore have

(Xn, Xm) = (Vn + 00,0 + Vo) = (Vn, V) + (Un,v0) + (Vo, Vm) + (vo, Vo) = (o, Vo).

In this sense, for the above-mentioned example, since A = (Py 1 (x), Py 4+ (x)) = 1,50 Py 4 (x;1) =
Py +(x) + 1. See also Section 9 in this regard.
6.1. A Biorthogonality Property

Reconsider the condition (86), and let x, be a fixed variable. Since
(Xm, xp) = A for m #n and (xy,x,) =A for m#r,

it follows that (x;;, x, — x,) = 0 for m # n,r. This means that the sequence {x,},,_ is
biorthogonal with respect to the sequence {x;, = x, — x,},_, particularly when r = 0.

6.2. A Basic Remark

Theorem 9 and analytically solving the linear system (91) in Theorem 8 show that we
can apply the aforesaid approach for any functional type of linear approximations. In other
words, consider the approximation

f(x) = i k@i (x), (109)
k=0

in which {c;}}_, are unknown coefficients and {®;(x)}}_, are known basis functions.
Applying the linear functionals {Lj};lzo on both sides of (109) one by one will lead to the
following linear system:

Lo(®o(x))  Lo(P1(x)) Lo(®n(x)) co Lo(f(x)
Li(Pg(x)) Li(®q(x)) Li(®y(x)) a | _ Li(f(x)
Li@()  La@(¥) - Le@u()) || e | | La(FG0)

Now, if the uncorrelatedness condition

Li(®n(x)) =

{ A>0 (m #n),
Ly(®u(x)) (m=n),

is employed on the components of the above linear system, we will reach the same solution
as in Theorem 8. The concepts presented in the preceding subsections help us now derive
some orthogonal sequences of continuous functions in the next section.

6.3. Simple Uncorrelated Functions of Classical Type

Noting Theorem 7, again, let a(x), b(x), u(x) and v(x) be four given functions contin-
uous on the interval [a, b], and let {1, } be a sequence of eigenvalues. A Sturm-Liouville
problem is a second-order linear differential equation of the form

a(x) ¥ (x) + b(2) Yo (x) + (A u(x) +0(x)) yu(x) = L (ya) + Anw(x) yn =0, (110)

where p
L(yn) = == (r(®) yu(x)) +a(x)yn(x),
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in which

r(x) = a(x) exp (/ de), g(x) = v(x) exp </ b(x)a(—xa)’(x)dx>/

and w(x) = u(x) exp(f blx) s (x)dx) >0, Vxe(ab).

a(x)
Equation (110) should be considered on an open interval, say (a, b), with boundary

conditions a1y, (a) + B1y;,(a) = 0 and axy, (b) + B2y, (b) = 0, where a1, ap and B, B are
given constants and r(x), r'(x), g(x) and w(x) are to be assumed continuous for x € [a,b].

Suppose that v, (x) and v, (x) are two eigenfunctions of Equation (110). According to
Sturm-Liouville theory [21], they are orthogonal with respect to the weight function w(x)
on (a,b) under the given conditions, such that

b b
/ wW(X)Yn(X)ym(x) dx = (/ w(x)y%,(x) dx> Sn,m- (111)
a a
Now if, in (111), there exists a specific function, say z(x), such that

Yn(x) = ®p(x) — z(x), (112)

then substituting (112) into (111) yields

/h<x@mwﬂw»@wm—4wa (113
b b
= / x) D (x) dx — / w(x)z(x) Dy (x) dx — / w(x)z(x) Py (x) dx
+/ x)dx = (/ab w(x)(Pp(x) — z(x))zdx> Snm

On the other hand, the sequence of functions {®,(x)},"_, is said to be simply uncorrelated
if, for the known specific function v(x) and for every n, we have

/bv(x) P,(x)dx=A1>0,

a

where the non-negative parameter A is independent of 7.
Based on this definition, if {®,(x)},_ in (112) is a sequence of real functions, such that

b b
/a w(x)z(x) ®p(x)dx :/a w(x)z2(x)dx >0, (114)

then (113) will be simplified as
b b b
/ﬂ W(x) (D (x) — 2(x)) (P (x) — 2(x)) dx = / () Dy () Dy () dx — / w(x)2(x) dx

— ([[we@im ix— [Tw@P@an) b @15)

Moreover, replacing (112) in (110) gives the inhomogeneous differential equation

a(x) @ (x) + b(x) @5 (x) + (An u(x) + 0(x)) Pu(x)

(116)
— a(x)2(x) + b(x) (%) + (A u(x) + 0(x)) ().
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Let us impose an extra condition on Equation (116) for the function z(x) as follows:
a(x)z"(x) +b(x) 2/ (x) + v(x) z(x) = A u(x) z(x), (117)

where A} is a constant value independent of x. Using relations (114), (115) and
Equations (116) and (117), we can extract a remarkable result for inhomogeneous type
of Sturm-Liouville equations.

Theorem 10. Let a(x), b(x), u(x) and v(x) be four given functions continuous on [a, b]. If

w(x) = u(x) exp </ de), (118)

is positive on (a, b) and the sequence {®y, (x) },_, with the corresponding eigenvalues { A, } satisfies
an inhomogeneous differential equation of the form

a(x) D) (x) + b(x) By (x) + (Ay u(x) +0(x) Pu(x) = (Ag + AD u(x) 2(x),  (119)

such that )

/b w(x)z(x) @y (x) dx = / w(x) 2% (x) dx,

a a

and
a(x)z"(x) +b(x) 2/ (x) + v(x) z(x)

u(x) z(x)
where A} is constant, and also ay Oy (a) + p1P),(a) = 0 and ay O, (b) + PP}, (b) = 0 are two
initial conditions where wq , B1, ap and By are given constants, then the sequence of functions in
the form

*
= A,

J2 () 2(x) y1n (x) dx
J2 () 2(x) y2n(x) dx
is orthogonal with respect to the weight function (118) on [a, b] provided that

Gn(x) = yl,n(x) -

Yon(x), (120)

/hw(x)z(x)yz,n(x) dx #0 (YngZ").

a

Proof. First, write Equation (119) in the self-adjoint form

(r(x) @ (x))" + (An w(x) + () @u(x) = (A + A7) w(x) 2(x), (121)
and, for the index m, as

(r(x) D1 (%)) + (A w(x) +q(x)) P (%) = (A + AZ) w(x) 2(x), (122)

in which r(x) = a(x) exp (f %}f{(")dx), and g(x) = v(x) exp (f %}f{(’()dx).
On multiplying by ®,,(x) and ®,(x) in, respectively, (121) and (122) and subtracting,

we get

[7(x) (@ ()@ (x) = @ (1)}, ()] b + (An = Am) / " 0(x) Dy (x) By (x) dx
b b
:(/\n—irA;‘)/a w(x) 2(x) Dy () dx—(Am+A;)/ w(x) 2(x) O (x) dx

a

= (=) [ wl) 2(x)
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which results in
b

(Ap — Am) (/b (%) Dy (x) Dy (x) dx — /

a

w(x) 2% (x) dx)
= —[1(x) (@ (x) D) (x) — Pu(2)®}, ()] V=0 & n#m.

But on the other hand, Equation (119) is inhomogeneous, and its general solution takes
the form

D (x) = cryan(x) +c2yan(x) +2z(x)  (c1,c2 € R), (123)
where c1y1,,(x) + c21/2,,(x) is the solution of the homogeneous equation
a(x) @y (x) + b(x) @5, (x) + (An p(x) +4(x)) Pu(x) =0,

with two independent solutions, 1 ,(x) and y,(x), respectively. So, substituting (123)
into (114) simplifies the solution as

b
) o
, W(x)z(x) yo,u(x)dx

ch(x) =0 <yl,n(x) -

provided that | f w(x) z(x) you(x) dx # 0forevery n ¢ Z*. Finally, for c; = 1, the sequence

D (x) = 2(x) = y1(x) =

would be orthogonal with respect to the weight function w(x) in (118) on [, b] according
to the relation (115). O

Remark 4. The given condition [ f w(x)z(x) Yo, (x) dx # 0 in (124) reveals the importance of
the role of z(x) # 0 in the above-mentioned theorem. Moreover, if it is a constant function, say
z(x) = 1, we will not be able anymore to use the theorem because {y1,(x)} is orthogonal, and we
have (especially for orthogonal polynomial sequences) the case in which [ f w(x) y1,(x)dx =0.
In other words, for z(x) = 1, the sequence Gp(x) in (120) will be reduced to the single case
Gu() = y1,0(x).

Finally, when it is noted in (124) that ff w(x) z(x)Pp(x)dx = |
square value is explicitly computed as follows:

b 2
/abw(x) G2(x)dx = /bw(x)y{n(x) dx + (ﬁ w(x z(x)y1,nEx; Zx) /abw(x) 2, () dx

b

L w(x) z%(x) dx, the norm

a

6.3.1. New Classes of Orthogonal Functions

In order to introduce some new sequences of orthogonal functions using Theorem 10,
we first recall some comments available in the literature. A generalized hypergeometric
series of order (p, q) is defined as

k
a, ...,a
qu bl ¢
Lo by

© (a1);-.-(ap), x
x) :go (bl)i...(b:)k x (125)

k
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where (a), = rgqu(;r)k) = a(a+1)...(a+k—1) denotes the Pochhammer symbol, and

I'(x) = [, " le~!dt, (Re(x) > 0), is the well-known gamma function.
There are two special cases of the series (125) arising in many physics and engineering

problems [20,25]. The first case is the Gauss hypergeometric function whose integral
representation

a, b I'(c T L _
21—"1( C ’x) _m)r((c)—a) [eta—n -t (> a>0) (126)
satisfies the differential equation

x(1—x)y"(x)+ (c— (a+b+1)x)y (x) —aby(x) =0, (127)
with the general solution

a, b
y=ci2h ( c x). (128)

When the well-known beta integral is noted, substituting x = 1 into (126) gives

a b
2F <
c

The second case is known in the literature as the confluent hypergeometric function
with the integral representation

a
1F1<
c

satisfying the equation

1—¢, b+1-
x)—i—cle_czFl( a+ ;—C_I_ ¢

1) = I'(c)T(c—a—Db)
- T(c—a)l(c—b)’

xy"(x) + (c—x)y'(x) —ay(x) =0, (129)

x> . (130)

In this sense, there are two sequences of classical orthogonal polynomials that can be

whose general solution is given by

a
= b1 F
Y 111<C

1—
X> +b2 xlchl< a+t ¢
2—c

represented in terms of Gauss and confluent hypergeometric series. The first sequence is

x) , (131)

that are orthogonal with respect to the weight function (1 — x)*xF on [0,1] as

the shifted monic Jacobi polynomials

wp),  _ (=D"(B+1), —n, n+a+p+1
nt (x)_(n+a+ﬁ+1)n2F< B+1

r(n+a+ﬁ+1)r(n+a+1)r(n+ﬁ+1)5
Tentatprl(2ntatptra)

and the second sequence is the monic (generalized) Laguerre polynomials

1
| =0 B P () de = iz
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x) , (132)

that are orthogonal with respect to the weight function x*¢™* on [0, c0) as

—n

inf")(x) = (—1)”(0{ + 1)71 1F ( a1

[¢]
/ x“e*xig,‘f)(x) iﬁf()(x) dx =nT(n+a+1)0um.
0
We can now introduce some sequences of orthogonal functions by means of Theorem 10.

First Sequence

With reference to the Gauss hypergeometric Equation (127), consider the differen-
tial equation

x(1=x)®",(x) + (c — (d+1)x)®',(x) + n(n +d) @, (x)

133
= x(1—-x)2"(x) + (c — (d+1)x)Z'(x) + n(n +d) z(x), (139
with the general solution
@, (x) = c12Fy ( ot ' x) (134)
c
+c2x1C2F1< —-n+l—-c n+d+1-c x> +2().
2—c
For a known parameter e, assume in (133) that
x(1—x)Z"(x) + (c — (d+1)x)Z'(x) = —e(e +d) z(x), (135)
which has a general solution, according to (127) and (128), as
z(x) =z(x; A, B,c,d,e) (136)
_ A2F1< —e, e+d x) +Bx1—sz1< —e+1—cé e+d+1—c x>,
c —c

in which A, B are two free parameters. It turns out from (133) to (136) that the general
solution of the equation

x(1 = 2)@ (x) + (¢ — (d +1)x)®}, (x) + n(n +d) Dy(x) = (n(n+d) - e(e +d))
><<A2F1< —e, Ce+d x)—i—BxlczFl( —e+1—¢c, e+d+1—c x)), (137)

2—c
—n, n+d )
X

is as

CIDn(x) = C]zF] (

— 1—c¢, d+1-—
x)+czx1C2F1< n—+ ¢, n+d+ c

2—c

x) +Bx1‘sz1< —e4+1—¢ e+d+1—c

(138)
—e, e+d

+A2F1< 2 ¢
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Note that the sequence (138) is also the general solution of the fourth-order equation
x(1 = x) (x(1 = )@ (x) + (¢ — (d+ 1)0)D} (x) + n(n +) Du(x))”
e = (d+ )2) (x(0L— 1)@ () + (¢ — (@ + 1)x) @ (x) + n(n +d) Dy (x))]
+e(e+d) (x(1 —X)®(x) + (c — (d + 1)x) D), (x) + n(n +d) CDn(x)) —0.

Considering that there are five parameters for z(x; A, B,c,d,e) in (136) and the

well-known identity F;(a,c;c;x) = (1—x)7“, various cases can be considered for
Equation (137) and its solution in (138). Here, we introduce four orthogonal subsequences
of (138).

(i) First subsequence. For two given parameters p,q € R, if
(A,B,c,d,e) =(0,1,1+p1+p+q,—p—9),

are replaced in (137) as

x(1—x)®)(x) = ((p+q+2)x—p—1)P,(x) +n(n+p+q+1)Dy(x)
=m+1)(n+p+q)xP1—-x)"9, (139)

x) (140)

—n— 1
—i—czxngl( mepontltg ‘x)—i—x’”(l—x)q.

its general solution, according to (138), reads as

-n, n+p+q+1

D, (x) = c12F ( pt1

1-p

As the weight function corresponding to the self adjoint form of Equation (139) is
w(x;p,q) = xP(1 —x)7 and z(x) = x P(1 —x)~ 7, applying the condition (114) on the
solution (140) gives

1 _ 1 —
cl/ »F nontprqrl X dx+cz/ x PR n—ponAlag x| dx=0. (141)
0 p+1 0 1-p
Since in (141),
1 —n, n+p+g+1 Lo(—n)(n+p+q+1), 1
F dx =
/o“< p+1 ) kzé) (p+1)k 1+k

(142)

—n, n+p+q+1r 1
=35
p+1, 2

_ P _ n(q)n+1
1) = e )

and

0 1—p = (1I—p) k! 1-p+k

1 —n—p, n+ltgq (D) Dap

1 _y_ no(_y— 1
/x_%< n—p, n+l+g ‘x>dx_z< nopl(ntita) 1
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the first orthogonal subsequence appears as
1 —n, n+p+g+1
G\ (x:p,q) = 2R P x
p+1
(143)

(Dn(x) =c12h

1
/0 (1-x)F

B n! ((—1)”(P)n+1+(‘1)n+1) v P F —n—p, n+l+g .
BA—p1—q)(p+q),alp+1), > 1-p ’

which is orthogonal with respect to the weight function w(x; p,q) = xP(1 — x)7 on [0, 1] if
and only if p,q € (—1,0), because @, (x) must be convergent at the points x = 0,1 in (140).
To derive (142), we have used the identity

a1, ap, 1 by —1 ap—1, ap—1
F, 1|=——+~———|>F 1]—-1].
32( ) (01—1)(02—1)<21< by -1 ) >

b1, 2
Also, notice that the first term of (143) is the same as shifted Jacobi polynomials P,S,qu ) (x)
defined in (131).

(ii) Second subsequence. If (A,B,c,d,e) = (0,1,1+p,1+ p+4g,—p) are replaced in
(137) as

x(1—x)®)(x) = ((p+q+2)x—p—1)P,(x) +n(n+p+q+1)Dy(x)
=n+1)(n+q+1)xP, (144)

its general solution, according to (138), is as

x>+czx_P2F1< L ’x)—i—x_’”. (145)

p+1

-n, n+p+q+1
T-p

As z(x) = x~F in (144), applying the condition (114) on the solution (145) gives

x) dx

1 —n —
+cz/0x_p(1—x)q2F1< " ”1’_”;1” ‘x) dx = 0. (146)

! —n, n+p+qg+1
1—x),F !
c1/0( x)zl( p+1

Since in (146),

( —n, n+p+q+1

x) dr= 3 CMelntp ot (W

p+1 P (p+1)k! (q+1)(q+2) 147)
:LF -n, n+p+g+1, 1 _ p
g+1°7 p+1, g+2 (p+n)(g+1+n)
and

S—

1 T
xp(l—x)q2F1< nepontltg ‘x)dx
0 1-p

v (n—ph(n+1+4q)
_k;) (1—p)k!

EB(k+1—p,q+1)

_ —n—p, n+l+g _ D),
_B(lp,q+1)2F1< 2—pHg '1>_(‘7+1)(q+2)nl
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the second subsequence is finally derived as

-n, n+p+q+1

G\ (x;p,q) = 2F1< e

x> (148)

(g+1), _ —n—p, n+1l+q
(="M n oy F )
Vs, ¥ A 1-p *

which is orthogonal with respect to the weight function w(x; p,q) = x”(1 — x)7 on [0, 1] for
p € (—=1,0) and g > —1. To derive (147), we have used the Pfaff-Saalschutz summation
theorem [26]

3F2< —n, a, b (d—a),(d—-D),

1) = 71— s —nta+b+1=d+e.

d, e (d),(d—a—-10),

(iii) Third subsequence. If (A,B,c,d,e) = (1,0,1+ p,1+ p+ g, —q) are replaced as

X(1=x)@(x) = ((p+q+2)x —p = )P (x) +n(n+p+q+1) Py(x)
=m+q)(n+p+1)(1—x)"1, (149

x) (150)

+czxp2F1< “nop ntltg |x>+(l—x)‘7.

its general solution reads as

—n, n+p+qg+1

q)n(x):C12F1< P+1

1-p

As z(x) = (1 —x)~7in (149), applying the condition (114) on the solution (150) yields

x) dx

1 —pn —

1 _
Cl/ xp2F1< n,on+p+q+1
0 p+1

x) dx =0. (151)

1—p
Since in (151),
1 _ _—
/xp2F1 n, n+p+q+1 ; dx:z( ”)k(”"‘P‘H']‘i‘l)k 1
° p+i & (pr itk
L nonrpratt ) _ 0@,
125 ) = T
P P (P+ )n+1
and
/121:1 Thepentlag dx:f(_n_p)k("+1+Q)k(1)k
0 1=p = (—pek Q)
:3F2< —n—p, n+q+1, 1 1)
1—-p, 2
_ —p <1+(—1)”qB(—p,—q)(p+q+1)n)
(n+p+1)(n+q) n! ’
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the third subsequence appears as

—n, n+p+q+1
G;SB)(x;P,q) =2F1< o Py x)
p+1
. (152)
(=1)"n! (q)1x7P —-n—p, n+l+g
+ n 2F1 x|,
(P)pi1(n! + (=1)"B(=p,—q)(p+q+1),) 1-p

which is orthogonal with respect to the weight x”(1 — x)7 on [0,1] for —1 < p,g < 0.
From (143), (148) and (152), we can conclude that, in fact,

—n, 1 _ —n—mp, 1
n, n+p+qg+ x>+)\,(qk)(p,q)x 7”21:1< n—p, n+1l+g ’x),

G (x;p,q) = 2F <

p+1 1=r
wher
ere N n! (1) (P)psr + @)ng1)
n \Pq) = B(l—Prl_Q)(p+q)n+l(p+1)n’
A (pg) = - (—1)"((213"'
and

(=1)"n! (9) 41
(P)py1 (0! + (=1)"B(=p,—q)(p+q+1),)

However, as we pointed out, there are also other orthogonal sequences that are different

A (p,q) =

from the above-mentioned general form. We consider one case here.

(iv) Fourth subsequence. If (A,B,c,d,e¢) = (A,B,1+ p,1+2p, —p), where A, B are two
free parameters, are replaced in (137) as

x(1—x)®, (x) + (p+1— (2p +2)x)®@,, (x) + n(n+2p + 1) ®p(x) (153)
=mn+p(n+p+1) (A(l —x) P+ Bx"’),

its general solution is

-n, n+2p+1
D, (x) = c1oF X 154
n(x) = c12 1( 1 ) (154)
+czx_P2F1< —n—pi nltp ‘x)—l—A(l—x)_’”%—Bx_”.
—-p

As z(x) = A(1 —x)~ P + Bx"? in (153), applying (114) to the solution (154) gives

x) dx
x) dx = 0.

-n—p, n+p+1
x> dx = ((-1)"A+ B) P

-n, n+2p+1

1
Cl/O (Axp+B(1—x)p)2F1< 1

(155)
1
+co / (A + Bx_p(l - X)p)zpl <

0

Since, in (155),

-n, n+2p+1
p+1

1-p
1 AxP p
Jy (ax+B0-2) )2F1< (n+ p)intpr1)
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and
1 -
/ (A+Bx_p(1—x)p)2Fl n=p 1’l—|—p—|—1 x | dx
0 1-p
_ 4 B (=1)"pB(=p,—)2p+1),\ , , {\n
B (n+p)(n+p+1)< A<1+ n! VB
the fourth subsequence appears as
@) (v p) — o F -n, n+2p+1
Gn (x/ p) 2 l( P+1 x (156)
. ((-1)"A+B)x? F( —n—p, n+p+1 x)
2 ,
((_1)n+%B(—P/_P)(2P+1)n)A_B 1_p

which is orthogonal with respect to the weight function w(x; p) = x?(1 — x)” on [0, 1] for
-1<p<0.

Second Sequence

Noting the confluent hypergeometric Equation (129), this time, we consider the differ-
ential equation

x @ (x) + (c — x)P)(x) +nDy(x) = x2"(x) + (c — x)2' (x) + nz(x), (157)

with the general solution

Dy (x) = bnﬂ( -

— 1—
x> + by x1_61F1< n ¢
2—c

x) + z(x). (158)

For a known parameter e, assume in (157) that
xZ"(x) + (c —x)Z/(x) = —ez(x), (159)

having a general solution, according to (129) and (130), as

— 1—
x) + B* xlfchl ( et ¢

z(x) = z(x; A*,B*,c,e) = A" ( - )
—c

x), (160)

in which A*, B* are free parameters. Consequently, from (157) to (160), we can conclude

x) > (161)

that the general solution of the equation

x @ (x) + (c — x)D),(x) + n Dy (x)

= (7’1 - E) <A*]Fl < B

na1—
x) + by xl_chl ( n ¢

+A*1F1< B

2—c

— 1—
X> + B* xlfchl ( et ¢

is

Dy (x) = b11F1< -

x) . (162)
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Note that (162) is also the general solution of the fourth-order equation

/

2 (2@ () + (e = )@ (x) + 1 @a(x)) "+ (€~ 1) (x @) () + (¢~ X)) (x) + 1Dy (x))
+e (xCID;;(x) +(c—x)D,(x) + nCIDn(x)) =0.

Similar to the preceding First Sequence Section, there are various subcases for the sequence
(162). Here, we consider one case. For the given parameters p € R, if

(A*/ B*/ c, e) = (0/ 1/ 1 + pl _P)/
are replaced in (161) as
x®)(x)+(p+1—x)P),(x) +nDy(x) = (n+p)x?, (163)

then its general solution reads as

—n
b, (x;p) = F
n(xrp) bll l( p+1

x) + by xp1F1< 7111:; x) +x7P. (164)

As the weight function corresponding to the self adjoint form of Equation (163) is
w(x; p) = xPe~* defined on [0,0) and z(x) = x~ 7, applying the condition (114) on the

x) dx+b2/ x"’e"‘ﬂﬁ( P
0 1-p

solution (164) gives

e —n
b/e_xF
10 11(}74_1

But since in (165),

x) dx = 0. (165)

and

o J—
/ e "1h "
0 p+1

n

v ()@ -n, 1
x>dx_kz(p+]{)kkk!_2a< p+1

0

choosing by = 0in (164) eventually yields

Gu(x;p) =x"P1F ( —1n_—pp

which is orthogonal with respect to the weight xe™* on [0, c0) if and only if p € (—1,1).
Let us prove this latter result via its differential equation, too. If equation (163) is written in
the self-adjoint form

/
(x“le*x CID'n(x)> +nxPe™ @y(x) = (n+p)e ™,
and for the index m as

(x”“e*x d#n(x)), +mxPe ¥ @y (x) = (m+ple?,
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we get

(57107 (@ ()@ () = @u(R)@ ()] T+ (r = m) [T @ (x) @) d
= (n+p) [T Ou(x)dx = (m+p) [ e @u(x)dx = (1= m)T(1 - p),

which results in

(n—m) (/Ooo xPe ™ @, (x) @py(x)dx — T(1— p))

= - {x”“e*x (D (x) D), (x) — @n(x)QD’,,l(x))} ;o =0 & n#m —1<p<l

x) dx,

x) is orthogonal with respect to the

Finally, since

/0 xPe Gy (x; p) Gm(X}P)dx:/O x_pe_xlFl< _1”__pp 'x> 11:1( _1m—_Pp

—-n+p
1+p
weight function xPe~* on [0,00) if -1 < p < 1.

the simplified sequence G} (x; p) = 1F (

7. p-Uncorrelated Polynomials Sequence (p-UPS)

As the most important part of p-uncorrelated functions is the class of p-uncorrelated
polynomials, we prefer to study them in a separate section and consider their monic form
(i.e., with leading coefficient equal to 1generality) in a continuous space. With reference
to Theorem 2 (or representation (43)) and using the initial monomial data {V} = xk H_or@
monic type of p-UPS with respect to z(x), say P, (x, p; z(x)), can be generated, so that

covy (Pa(x,p; 2(x)), Pu(x, p; 2(x));2(x)) =0 < n # m. (166)

In a weighted continuous space, the condition (166) is equivalent to

[ 5000 Pz, pr 2(2)) B, 3 2(2)) d
S w(x)z(x) Pu(x, p; 2(x)) dx [ w(x)z(x) Pu(x, p; 2(x)) dx
Y w(x) 22(x) dx

2
w(x)z(x Pn(x p; ())dx)
fhw x) dx

a

-p

b
= /w(x)PnZ(x,p; Ydx —p ( Snm, (167)
a

where w(x) > 0 and z(x) are two continuous functions, such that | ub w(x)z2(x) dx > 0.

The existence of relation (167) is when the integrals [ f w(x) x"z(x) dx all exist and are
bounded for every n =0, 1, .. .. In this section, we deal with such spaces of type (167) as
the role of z(x) would be undeniable. Let us recall that a hypergeometric polynomial as a
particular case of the generalized hypergeometric series

ay, ..., ﬂp
F,
i ,,( by, ... b
where by,...,b; #0,—-1,-2,... and (a)y = a(a+1)...(a+k—1), appears when one
of the values {ak}]f:l is a negative integer. Also, we recall that the aforesaid series is

& (@) (a),
x) =) (b1)g--- (by), K’
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convergent for all x if p < g+ 1, convergent for x € (—1,1) if p = g + 1, and it is divergent
for all x # 0if p > g+ 1, while, if one of {a;} ,’z:l is a negative integer, it will reduce to a
hypergeometric polynomial that is convergent for all real x.

Theorem 11. Let {P,(x, p; z(x))} be a monic p-UPS with respect to the fixed function z(x), and
let Q(x) be an arbitrary monic polynomial of degree m < n. Then,

covyp (Qm(x),Pn(x, p; Z(x));z(x)) = vary (Pn(x/ p; Z(x));z(x)) Smn-

Proof. Since P, (x, p; z(x)) is a p-UPS, its elements are linearly independent according to
Theorem 1. Hence, {Pc(x, p; z(x))}}", is a basis for all polynomials of degree at most m
and, for any arbitrary monic polynomial of degree 1, say Qy(x), there exist constants {by },
such that

Qm(x) = i bePe(x, p; z(x)) with by, = 1.
k=0

By the linearity of p-covariances with respect to z(x) and using (166), we get

covp (Qm(x), Pal(x, p; 2(x));2(x)) = kfo bicovy (Py(x, p; 2(x)), Pa(cx, p; 2(x));2(x)) (168)

{ 0 if m<mn,
vary (P (x, p; z(x));z(x)) if m=n.

O

n
For the monomial basis {Vk = xk} , the elements of the main determinant (40), i.e.,

vary (1;z(x)) covy (1,x;z(x)) e covy (1,x";z(x))
AP (popgto) = | T EIEesol e G e
covy (x",1;z(x)) covp (x",x;z(x)) e vary (x";z(x))

can be expressed in terms of a special case of moments that are related to z(x) directly. In
other words, if we define

b b
un(z(x)) = (/ w(x) dx> E(x"z(x)) = / w(x) x"z(x)dx, (170)
a a
then the entries of (169) can be represented in terms of definition (170) as follows

_ w1 i(z(x)p(2(x))

po0 oM po(20))
Theorem 12. A necessary condition for the existence of a monic p-UPS with respect to the function

z(x) is that A,(f) ({xk};‘zo;z(x» # 0.

covy (xi, x; z(x))

(n)

¥ is a monic p-UPS with ¢, (p) = 1. Refer-

Proof. Suppose P, (x,p; z(x)) = i c;{”)(p)x
k=

ring to (168), for m < n and Qu,(x) = x™, we observe that the relations

covy (x™, Pu(x, p; z(x)) ;2(x)) = g c,((") (p) covy (xm,xk;z(x)> = vary(Pu(x, p; z(x)); 2(x)) b,
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will at last lead to the following solvable linear system:

vary (1;z(x)) covp (1,x;z(x)) e covp (1,x7z(x)) ¢y (p)
covy (x,1;z(x)) vary (x;z(x)) o covy (x,x";2(x)) an)(P)
covp (x",1;z(x))  covp (x",x;z(x)) .- vary (x";z(x)) ¢ (p)

0
0

vaty (Pa(x, s 2(x));(x))
which obviously implies that A ( {xk3n_; z(x)) #0. O

One of the consequences of solving the above system is that

A (Y giz())
var, (P, (x, p; z(x));z(x)) = — (n>1), (171)
' ' Affi)l({x"};?:o;z(@)

which is valid for n = 0 if we set A(fl) ()=1
Another consequence is a general representation for the non-monic case of uncorre-
lated polynomials as

vary (1;z(x)) covy (1L, xz(x)) ...  covp(1,x"z(x))
covy (x,1;z(x)) vary (x;z(x)) coocovp (x,x"z(x))
Pu(x,p; 2(x)) = : : : : (172)
covy (x"71,1;2(x)) covy (x"7Lx;z(x)) ... covp (2771, X7 z(x))
1 X . x"

A

Remark 5. For p = 1and z(x) = x", since

covl(xi,xj;x/\):O S A=ior A=j,

the rows of determinant (172) show that z(x) should conditionally be chosen as a member of the
monomial basis {x*}1_o. For example, if \ = 5, the finite polynomial set {Py(x,1; x°)}3_, is

finitely 1-uncorrelated with respect to z(x) = x°. The determinant (172) also shows that for the

monic type of the polynomials we always have Py(x,1; x") = x", e.g., Ps(x,1; x°) = x°.

Theorem 13. Let {P,(x, p; z(x))} be a (weighted) p-UPS with respect to the function z(x). For

any arbitrary polynomial Qn(x) = f qxx* of degree n, we have
k=0

covy (Qu(x), Pu(x, p; 2(x));2(x)) = qucovy (x", Pu(x, p; 2(x)); z(x))
AP (1 _giz(x))
Afzp—)l ({x* g z(x)) ,

where c,(f) (p) denotes the leading coefficient of Py (x, p; z(x)).
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Proof. Suppose Q(x) = g,x" + Q};_;(x), in which Q7 _,(x) is a polynomial of degree at
most # — 1. In this case,

covp (Qu(x), Pu(x, p; 2(x));2(x)) = qucovy (x", Pu(x, p; 2(x)); 2(x))
+ covp (Qp_1(x), Pu(x, p; 2(x));2(x)) = qucovy (x", Pu(x, p; z(x));2(x)),

and the proof is completed by noting (171) and Theorem 12. O

7.1. A Generic Recurrence Relation for p-UPS

Let Qy(x) be an arbitrary monic polynomial of degree m, and let { P, (x, p; z(x))} be
a monic p-UPS with respect to the function z(x). According to Theorem 11 and relation
(168), we have

Onx) = 37 Ve (Qu0), Pt pi 2(x));2(x))

iz varp(Pe(x, p; z(x));2(x))

Pi(x, p; z(x)).- (173)

Now, replacing m = n+ 1 and Q,+1(x) = x Py (x, p; z(x)) in (173) as

_ - (x)) — "l covy, (x Pu(x, p; z(x)), Pe(x, p; z(x)); 2(x))
xPn(x/p/ ( )) = kg‘z) Varp(pk(x,p,‘ Z(x));z(x))

Pe(x, p; z(x)),  (174)

gives a 11 + 2 term recurrence relation for the sequence { P, (x, p; z(x))}.
In general, since

covy (f(x)h(x),g(x);2(x)) = covy (f(x), h(x)g(x);2(x))

E(f(x)z(x)) E(h(x)g(x)z(x)) — E(g(x)z(x))E(f (x)h(x)z(x))

Ty E(2(x)) '

the coefficients of (174) can be changed in the form

covy (x Pu(x, p; 2(x)), By(x, p; 2(x));2(x)) = covy (Pu(x, p 2(x)), x Pu(x, ps 2(x));2(x))

E(x Pe(x, p; 2(x))z(x)) E(Pa(x, p; 2(x))2(x)) — E(x Pu(x, p; 2(x))2(x)) E(Pe(x, p; 2(x))z(x))
E(z%(x)) ‘

+p
Note in the above formula that
covy (Pu(x,p; 2(x)), x Pe(x, p; 2(x));2(x)) =0 & k+1 < n.

Accordingly, if p = 0 or E(z(x)P(x, p;z(x))) = 0in (174), it will reduce to the same as
celebrated three term recurrence relation of monic orthogonal polynomials [25]. See also
relations (201) and (202) in this regard.

7.2. A Complete Uncorrelated Sequence of Hypergeometric Polynomials of 4F3 Type

In this section, we introduce a complete uncorrelated hypergeometric polynomial that
reveals the importance of the role of a non-constant fixed function. Let w(x) = 1 be defined
on [0,1] and z(x) = x" forr > —1/2 as fé w(x)z2(x)dx = ﬁ Then, the components of
determinant (172) are explicitly computed as

(r+i+1D)(r+j+1) —pr+1)(E+j+1)
(r+i+1)(r+j+D(E+j+1)
for i=0,1,...,n—1andj=0,1,...,n. (175)

covy (xi, X/ xr) =
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A few samples of the monic type of the corresponding p-uncorrelated polynomials are

Po(x,p; x) =1,
r+1 (r+1)(r+2)—2p(2r+1)

2(r+2)  (r+1)*—p2r+1)

s r+2(r+1)(r+2)(r+3) — p(2r +1) (52 + 5r + 6)
43 (r+1)2(r+2)2 —4p2r+1)(2+r+1)
r+1 (r4+1)(r+2)%(r+3) —6p(2r + 1) (12 + 7 +2)
6(r+3) (r+12r+22—4pQr+1) (2 +r+1)

Py(x,p; ') =x—

Dy(x,p; x") =x

satisfying the uncorrelatedness condition

1 1

x"Py(x, p; x")dx / X" Py (x, p; x")dx & n # m.

1
/ Py(x, p; x") Py (x, p; x")dx = p(2r + 1)/
0

0 0
For p = 0, the above samples are in fact the monic type of the well-known shifted Legendre
—n, n+1
1
erty [25] f é Py (X) P+ (x)dx = ﬁ%,m , while, for the optimized case p = 1, relation
(175) is first simplified as

polynomials P, (x,0; x") = P, 4 (x) = 2F (

x) , having the orthogonal prop-

(r—i)(r—}j)
(r+i+1)r+j+1)(E+j+1)
for i=0,1,...,n—1andj=0,1,...,n. (176)

covy (x', x/; xr) =

If (176) is directly substituted into (172), with the aid of advanced mathematical software,
see, e.g., [26,27], we can eventually find the explicit form of the polynomials as

-n, n+1, —r, r+2
1, —r+1, r+1

Py(x,1; x") = 4F3< x) , (177)

satisfying the complete uncorrelatedness condition
1 1 1
/ Py(x,1; X" )Py(x,1; x")dx — (2r + 1) / X' Py(x,1; x")dx / X' Py (x,1; x")dx
JO 0 0

= (/01 P2(x,1; x") dx — (2r +1) (/01 x'Py(x,1; xr)dx> 2) Smn, (178)

where
1 n (—n) (n+ 1) (=7r)(r+2)
rP ’1’ I’d — k k k k 179
/ox ol 2)dx kg(l)k(—”+1)k(7+1)kk! (r+1+k) )
1 F —n, n+l/_r 1 7L(1+r)n
r+172 1, —r+1 Cr+1(1-1),”
and

1
/ Py(x,1; x")Py(x,1; x") dx
0

_ i (=) (n+ 1), (=7) (r +2); r —m, m+1, —r, r+2,k+1
_k:O (2) (=7 + 1) (r +1)k! > 1, —r+1, r+1, k+2

1>,
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which simplifies the left side of (178) as

1 1 1
/ Py(x,1; x")Py(x,1; x")dx — (2r + 1) / xX'Py(x,1; x")dx / X Py (x,1; x")dx  (180)
0

0 0
1)

y (=m)i(n + 1) (=7)i(r +2); r ( —m, m+1, —r, r+2,k+1
= 54
Of course, the result of (179) has been derived using the following technique. Since

= (2)p(=r 4+ 1) (r + 1),k 1, —r+1,r+1, k+2
2r+1 (1+471),(14+71),
(7+ 1)2 (1 - r)n(l - r)m.

-n, n+1, —r
H(n) = 3F 1],
(n) =3k ( 1 —r+1 )
satisfies the first order recurrence equation
n+1+r
1)= ———H
H(n+1) n+1l—r (n),

SO

E —n, n+1, —r
201, 41

This technique can similarly be used to obtain 5Fy(.) in (180). First, we can find out that

1),

the sequence
-m, m+1, —r, r+2,k+1
1, —r+1, r+1, k+2

S(m) = sk, <

satisfies the second-order recurrence equation

(m+1)(m+2—r)(m+3+k)S(m+2)
—(2m+3)(m+1)(m+2)+r(k+1))S(m+1)+(m+2)(m+1+4r)(m—k)S(m) =0,

having two independent solutions

_ (m+7)(r), _ (k)
Sm) = =y, 2 S0 = e T SR e,
It is clear that
S(m) = AS1(m) + BSy(m). (181)

To compute the unknown coefficients A and B, it is sufficient to replace m = 0, 1, respec-
tively, in (181) to finally get
-m, m+1, —r, r+2,k+1
5Fy

1

_ k+1 <(Zr+l)(m—|—r)(r)m n rk(k —r)(=k),,
k+r+1)(r+1D)\  (m=r)(=1), (k+m+1)(k+m)(k),

> . (182)

Thus, in order to compute

1 1 2
vary (Py(x,1; x"); x") = /0 P2(x,1; x") dx — (2r +1) (/0 x'Py(x,1; xr)dx> ,
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we first suppose in (180) that m = n and then refer to (182) to arrive at

. Lo(—n) (n+ 1) (=) (r +2), —n,n+1, —r, r+2,k+1
§*=1) 5F4
(2)k (=7 + 1) (r + 1), k! 1, —r+1, r+1, k+2

)
k=0
__ @reD)m4r)@), i (=) + Dy (=r)(r +2); k+1
iz (2)(

(r+1)(n—r)(=r k(T Dp(r+ 1)k k47 +1

o () D) (=) (r+2), k41 k(k—1)(—k),
_r+1k—;) (2)11:(_r+1k)k(7':f1)kk! kk-l-r—l-l(k—l—n—i-l)(k—i-n)(k)n. (189

Since, in general,

r 5 (=K), (4 1) (=n)

* _ (27+1>(Tl—|—7’)(1’)n (1+r)n k
= (r+1)7>*(m—r)(-r), 1=1), ’ r+1)*m+1) = (De(n+2); (459
C @r)mAn(n), A+r), N r? n! (n+1),
G+ mn=r) (=), A=7)y  r+1)Pm41) (1+2),

Noting that (—k), = 0 for any k < n in (184), the following final result will be derived.

Corollary 5. Ifr > —1/2and r ¢ Z*, then

1 1 2 2
5 . ) _ r 1
A Pn(lez xr) dx — (27+1) (/0 ern(X,l, x')dx) = mzn 1

Moreover, (180) is simplified as

1 1 1
/ Py(x,1; X" )Py (x,1; x") dx — (2r—|—1)/ x'Py(x,1; xr)dx/ X Py (x,1; x")dx
0 0 0
2 n 1 _ _
_ 27 (n+ 1)y (=n)y ( k')m:()@m#n,
(r+1)*m+1) = (m+2) K

which means

3 (4 Dilom (K _ (n+1)
m+2), k! 2n+1 """

—-n, n+1
x>:2F1< 1

and from Corollary 5, we subsequently conclude that

r2 1 1 1 2
lim — = i PR(x, 1 ) dx = 2r+ 1) ( [ X Palx, 15 37
lim PRI TES lim /0 (x,1; x")dx — (2r + )( 0" w(x,1; x7) x)

1 1 (1+7),\* 1
_ : 2 s 1 n —_ 2 —_
= J, i) i o0 () = [ B g

Remark 6. It is interesting to know that

Jim Pt 153 = Ji o

—n, n+1, —r, r+2
1, —r+1, r+1

x) = Pn,Jr(x)/




Mathematics 2025, 13, 2255

56 of 89

Remark 7. Instead of z(x) = x", if we take z(x) = (1 — x)" defined on [0, 1], (178) changes to

/01 Pu(1=x,1; (1—2))Pu(1—2x,1; (1—x)) dx

1 1
—(2r + 1)/0 (1—x)P(1—x,1; (1—x)")dx /0 (1-x)"Pu(1—x1; (1—x)")dx

BRGNS
(r+1)22n+1""

Using Corollary 5, we can now establish an optimized approximation (or expansion
as n — oo) of polynomial type for any expandable function, say f(x), as follows:

n

f(x) ’é 2k+ 1)covy (f(x), Pe(x,1; x"); x")Pe(x,1; x7),

whose error 1-variance is minimized with respect to the fixed function z(x) = x” on [0, 1].

Furthermore, if f(x) is of a polynomial type, the approximate operator in the above
relation will change to an equality according to the finite type Theorem 4 and its important
consequences in Remark 1. For example, since Py(x,1; x") =1, P (x,1; ") = 2r<r+2) +1

and P,(x,1; x") = 6 (ri(zr;(”fj_l) X2 — 6r£;f? x + 1, every arbitrary polynomial of degree 2,

say ax? + bx + ¢, can be expanded in terms of the above samples as follows:

2 (r+1)° 2
ax=+bx+c= 5 covl(ax —I—bx—l—c,PO(x,l;xr);x’)
r
(r+1)° ) o r(r+2)
+3 2 covl(ax —l—bx—l—c,Pl(x,l,xr),x’) -2 r2_1x+1
(r+1)° 2 . rr43) 5, _r(r+2)
+5 " covl(ux —l—bx—i—c,Pz(x,l,xr),xr) 6(r—2)(r—|—1)x _6r2—1 x+1),
where
1 r(r—2) 1 r(r—1) r2
2 r r
ax“+bx+c,Py(x, 1, x);x" ) =c———a+ = + c,
covi (ax® +bx +¢, Po( ) 3+ 0)(r+3) 20+ 00 +2) " (r41)
1 r(r—2) 1 r(r—1)

2 Ny — - N = N T
covi (ax® + b+ 6, Py (x, 1 4 ) = 6(r+1)(r+3)" 6(r+1)(r+2) "

and
l r(r—2) .
30 (r+1)(r+3)
According to Remark 2, since the uncorrelated polynomials (177) are now explicitly
known, a new sequence of orthogonal functions can be constructed as follows:

covy (ax2 +bx+c P(x,1; xr);xr) =

-n, n+1, —r, r+2
1, —r+1, r+1

Gn(leir) = 4F3<

2r+1(1+r), ,
f— x,
r+1 (1-r),

satisfying the orthogonality relation

2 1

1
1; Lr)dy= ———-——6
/0 Gu(x,1:1) G, 1) dx (r+1)22n+1""
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The above orthogonality is valid for every n if and only if r > —1/2 and r ¢ Z*. However,
if r = m € N, the polynomial set {G,(x,1;m)}"_ will be finitely orthogonal on [0,1]
according to Remark 5. For instance, for m = 3 the elements of the finite set
7 7 15 35 45
. 2 _ g3 T _r.3 2
{Gn(x,1;3)}5—0 =1 4x +1, 2x 4x+1, 2x +27x 4x+1},
are mutually orthogonal with respect to the constant weight function w(x) = 1 on [0, 1]
having the norm square value 1z { 517 }2_.

8. On the Ordinary Case of p-Covariances

When Z = ¢* # 0 and p = 1, we have covy (X, Y;c*) = cov (X, Y). Replacing these
assumptions in (43) as

var (V) cov(Vo, V1) ... cov(Vp, Vy)
cov (V1, Vp) var (V1) .. cov (W, V)
Xn = : : ; : ’ (185)
cov (V,_1,Vo) cov(V,_1,Vq) ... cov(V,_1,Vy)
Vo Vi . v,

generates an ordinary uncorrelated element. Note that the leading coefficient in (43) has no
effect on being uncorrelated, and we have therefore ignored it in the above determinant.

There are, in total, two cases for the initial value V}y in (185), i.e., when V}) is a constant
value (preferably Vy = 1) or it is not constant. As we have shown in Section 2.3.2, the first
case leads to the approved result (26), whereas the non-constant case contains some novel
results. The next subsection describes one of them.

Another Uncorrelated Sequence of Hypergeometric Polynomials of 4F3 Type

Let w(x) = 1 be defined on [0, 1], and consider the initial data {V}, = x’+k}]’j:0 for
r # 0 because Vj # 1. In this case, the components corresponding to (185) are computed as

r+i xr+j) — (T’—I—i)(i’—l—j)
! (r+i+1)(r+j+1)2r+i+j+1)
fori=0,1,...,n—1andj=0,1,...,n. (186)

cov(x

(r+i)?
(r+j+1)?(2r+1+2))
2r+1 > 0. If (186) is directly substituted into (185), with the aid of advanced mathematical

software, we can again find the explicit form of the functions, say X, = fr1n(x; 7), as

x) ) (187)

Since var(x't/) = > 0, for j = 0, we must also add the condition

—n, n+2r+1,r, r+2

x; 1) = x"Qu(x; ) = x"4F
fr+n( ) Qn( ) 43< 241, r4+1, r+1

satisfying the ordinary uncorrelatedness condition

1 -1 1
[, Fren D fremtes 1y dx = [ frinCe i [ fron(o

= </01 f,2+n(x; r)dx — </01 fron(x; r)dx) 2) Omn,
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which is equivalent to
1 1 1
/ xern(x; 7)Qm(x; ) dx — / X' Qu(x; 7) dx / X' Qu(x; 7)dx
0 Jo Jo

1 1 2
= (/ xZ’Q%(x; r)dx — </ X Qn(x; 7) dx> )(Sm,n. (188)
0 0

Remark 8. If, in general, Pr(X = x) = u(x)/ f}; u(x) dx, one can find a relationship between
ordinary covariances and 1-covariances as follows:

</ab w(x) dx) cov(z(x) f(x), 2(x)g(¥)) | 4 () =w(x)

_ (/ab w(x) 22(x) dx> covy <f(x)/ g(x); Z(lx))

Hence, (188) shows that, if z(x) = x" and w(x) = 1 are replaced in (189), then

(189)

u(x)=w(x) z2(x)

cov (X' Qu(x; 1), X" Qi (%5 7)) [y =1 = covy (Qn(x; 7), Qu(x; 7);x7") |u(x):x2r'

2r+1
In the sequel, in (188),
1 1 (=n) (n+2r+1),(r),(r +2)
X'Qux; r)dx = k bk £ 190
,/0 Qn(x; 7) k;(zm)k r D+ Dk (F 1K) (190)
1 E —n, n+2r+1,r 1 n!
T2 241, r 41 T rt1(2r+1),

and

/01 X Qy (x; 7)Qm(x; r) dx

1 & (—n)(n+2r4+1),(r)(r+2), —-m, m+2r+1,r, r+2,2r+1+k
“w ik 54

= (2r+2)(r+ 1) (r + 1)k! 2r+1, r+1, r+1, 2r+2+k

1),

yielding

1 1 1
/ xern(x; 7)Qum(x; 1) dx—/ X Qu(x; 1) dx/ X Qum(x; v)dx
0 0 0
1 & (—n)(n+2r+1),(r), (r +2), —m, m+2r+1,r, r+2,2r+1+k
= Z E
2r+1/4  (2r+2)(r + 1) (r + 1),k 2r+1, r+1, r+1, 2r+2+k

B 1 n! m!
(r+1)? 2r+1),(2r+1),

(191)

To derive (190), we have used a similar computational technique as follows. Since

-n, n+2r+1,r
A(n) =3F 1],
(m) 32( 21, r+1 )
satisfies the first-order equation
1
An+1) = —F2_ a(m),

- n+1+2r
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SO
-n, n+2r+1,r
3b
2r+1, r+1

1) = n!
@ 1),
Also, to compute the hypergeometric term in (191), since

—-m, m+2r+1,r, r+2,2r+1+k
2r+1, r+1, r+1, 2r+2+k

B(m) = 5F4<

1> ,
satisfies the recurrence relation

—(m+2r+1)(m+2r+2)(m+2r+3+k)B(m+2)
+(m+2)2m+2r+3)(m+2r+1)B(m+1)+ (m+1)(m+2)(k —m) B(m) =0,

having two independent solutions

(2r1—1|—1!1) and By(m) = mt (k)

m

By(m) = (2r+1),@2r +k+2),

B(m) = c1 By(m) + cp Bo(m),

which finally results in

F —-m, m+2r+1,r, r+2,2r+1+k
>t 2 +1, r+1, r+1, 2r+2+k

(_k)m
(2r+2+k),,

1 m!
ST DG 1k 2D, (2””"“(”")

) . (192)

In order to compute

var(frin(x,7)) = /: X Q% (x; r)dx — (/01 x"Qu(x; ) dx> 2,

it is enough to take m = n in (191) and then use (192) to arrive at

B — i (=) (n+2r + 1), (1) (r +2), F —n, n+2r+1,r, r+2,2r+1+k 1
= 2r+2)(r + 1) (r + 1)k! 2r+1, r4+1, r+1, 2r+2+k

n! 2r+1 i Je(n+2r +1),(r),
(2r+1 (r+1)* & (—r+1), (r+1)kk!
n! 2 " Tl+27’+1)( k)n
+ Z —,
2r+1), (r+1)%(2r +2),, (= ”+27+2)kk

which is finally simplified as

g 21 (n!)? r? (n!)*(n+2r+1),

C(r+1)?2(2r+1),(2r+1), + (r+1)% 2r+1),2r+2),(n+2r+2),

Corollary 6. Ifr > —1/2and r # 0, then

! 2F 2 ( o ! r ; 2— ! T 2
f) e nas— ([ vaumnar) = o ()
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oV (D (x), P (x))

_ f: w(x) 6%(x) dx

Moreover, (191) is simplified as

/01 X2 Qu(x; 1) Qu(x; 7) dx — /01 X' Qu(x; 1) dx /01 X Qu(x; r)dx

_ 2m! L (nA4-2r 4+ 1) (—n)y (=k),,
= r+1*2r+1)(2r+1),,2r+2),, =) (m+2r+2), 0= 0 < m#n.

Therefore,
Lo (n4+2r+1)(—n), (=k),, _ n+2r+1
(m+2r +2), kKl U 2n+2r+1

M

On,m.s (193)

k=m

which is a generalization of the second result of Corollary 5 for r = 0.

In Section 10, we will prove that both polynomials obtained in Sections 7 and 8 are
particular cases of a two-parametric sequence of uncorrelated polynomials.

9. A Class of Uncorrelated Polynomials Based on a Predetermined
Orthogonal Polynomial

In this section, we introduce a class of uncorrelated polynomials which is constructed
through a predetermined sequence of orthogonal polynomials, and then we study its
general properties in detail. In order to clarify the subject, we also present two hypergeo-
metric examples based on Jacobi and Laguerre polynomials. First of all, we should raise
two important points. Let {®,(x) },—o (with ®y(x) = 1 valid especially for polynomial
sequences) be a sequence of real functions orthogonal with respect to w(x) on [a, b], i.e

E(®ur()®a () ) = E(@2)) | b, (194)

w(x)

w(x)
f}: w(x)dx
The first point is that, if the mentioned sequence has the special form

where (.) [,y means Pr(X = x) = , as before.

D, (x) =0(x) gn(x)+ B (with Pp(x) =1),

in which 6(x) is a function independent of 1, and {B,} is an arbitrary numeric sequence,
then noting (194) and (189) in Remark 8, we have

o) (195)
E(@ (x) P (x)) | (x) = E(Pm(x)Po(x)) [ 1) E(Prr (x) P (%)) | ()
E(@F0)) [, mn = cov (0) gn(x) + B, 60x) gu(x) +Bn) |

cov (G(x)gm(x),G(x) gn(x)> ‘

w(x)

w(x)

ACCICERS woiae))

fab w(x) dx

leading to the following biorthogonality relation according to the Section 4.1,

b

, w(x)dx

_ bf E(CD,ZZ(x)) ‘ S .
w(x)2(x) [ w(x)62(x)dx w(x)

w(x) 6% (x)
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Also, if it satisfies a second-order equation as

a(x) @y (x) + b(x) @5, (x) + Ayu(x) P (x) =0,

then {g,(x) },—o will satisfy the equation

(a(x)0(x)) 8 (x) + (2a(x)6" (x) + b(x)6(x)) &5 (x)
+ (a(x)6" (x) + b(x)0"(x) + Anut(x)0(x)) gn(x) = —AnBaus(x). (196)

In this sense, the second point is that the relation

Jaw(x) 0(x) ga(x)dx _ [y w(x) (®u(x) — Bu) dx
ff w(x) dx ff w(x) dx

will change Equation (196) to

(a(x)0(x)) g (x) + (2a(x)6" (x) + b(x)0(x)) gu(x)
+ (a(x)0” (x) + b(x)6'(x) + Anu(x)6(x)) gn(x) = Anu(x)

which is a particular case of Equation (65) in Theorem 7.
Now, noting the two above-mentioned points, for a real parameter A let

{Pn X A) Za }n_o,

be a sequence of polynomials orthogonal with respect to w(x) on [a, b], such that

E(Pu(x:1)Pa(xA)) Ly = E(PR(x;0)) iy B (197)
It can be verified that the sequence
P xXA)—P A A L
Qu(x;7) = 1 ( J)C_ An+1( ) _ a}({r:;l)(x _ /\)k’ (198)

k=0

is also a polynomial of degree n. With reference to (195) and (197), the following relations
hold for the polynomial sequence (198),

Ja (X)(x )dx

cov1<Qm(x;A) Qul(x; A); ! ) (199)

x—A

w(x) (x=7)*
( /\)Qm(x A)r (x = 2)Qu(x;4)) [ ()
P (6A) = Puga(A;A), Puga (65A) = Puga (A A)) [ oy

= cov(Pusa(5A), Pust (1)) Ly = E(PRa (i) |

Corollary 7. From (199), the relation

B fﬂbw( ) nH(x A)dx

- m,nrs

w(x) (x—A)> f: w(x) (x — /\)2 dx

covy (Qm(x;)\) Qn(x;A); i)\)
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shows that the polynomial set {Qy(x;A)},_ is a complete uncorrelated sequence with respect
w(x) (x=A)*

to the fixed function z(x) = 1= and the probability function P,(X = x) = T ate) o)’

respectively. Also, relation (199) shows that the two defined sequences
p e q

{Puin) = £ale-n it {Quen) = £ o0

n=0 n=0

are biorthogonal with respect to the weight function (x — A) w(x) on [a, b], as we have

covy (Qm(x,')\), Qu(x;A); i,\)

w(x) (x—A)*
N o EQu(A)/(x=A) 1
—E(Qm( /)\> (Qn( //\) E(l/(x—)\)z) X-/\))

- E@u(xA)/(x—=A)) 1 Pua(xA)
Q) E(1/(x-AP) ¥=A x4

There is a direct proof for this result in an inner product space, too. If we suppose

w(x) (x=7)?

where

(P (x;A), Pu(%A)) ) = (P (3 A), P (5 A)) g ) Oms
then, for every m € N, we have

P, s A) =Py (A A
<Qn(x;/\),Pm(x;/\)>(x7)\)w(x) = < +l(x )2'7 /\ +1( )/Pm(x/)\)>( 7/\) ( ) (200)

= (Pus1 (5 A), P (25 A) o) = Pr1 (4 A) (L, P (%5.4))
= (Pug1(%;A), Puga (%5 A) )y ) On-t1,m-

Using (200), one can create a biorthogonal approximation (or expansion as n — o) for any
appropriate function, say f(x), in terms of the uncorrelated polynomials {Qx(x; A) },_,

as follows:
n n %), Pt (55A)) (x—ayw(x) Peg1 (5A) — Py (A; A)
x) = C Q X, )\ + 4 + ! 7
£x) = 1 el ; mHQA)ﬂH&A»() x—A
whose error is clearly minimized with respect to the fixed function z(x) = L in the sense

of least 1-variances. In the sequel, since {P,(x;A)},_, was assumed to be orthogonal, its
monic type must satisfy a three term recurrence relation [25] of the form

Pyi1(x;A) = (x = By)Pu(x;A) — CuPy_q(x;A)  with Py(x;A) =1 and Py(x;A) = x — By. (201)
After doing some computations are performed in hand, substituting (198) into (201) gives

Qui1(6A) = (x = Buy1)Qu(6A) = Cup1Qu-1(xA) + Prpa (A A) - with Qo(x;A) =1 (202)

This type of recurrence relation in (202) helps us obtain an analogue of the well-known
Christoffel-Darboux identity [25] as follows. We have, respectively, in (202),

(xQn(x;A) + Pui1(4;4))Qn(tA) = Quaa (x51) Qu(£4)
+ Bn-i—lQn( /\) (t A) +Cn+lQn 1(x A)Qn(t A)
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and

(tQn(t;A) 4+ Pur1(AA)Qn (6 A) = Qui1 (5A)Qn (x5 1)
+ Bu1Qu(t;A)Qu(;A) + Cuy1Qu1 (6 A) Qu(x; A).

Therefore, by defining the kernel

T Quit(A)Qu(BA) = Quia(BA4)Qu(x;A)

Gn(x,t) = p po— ,
=
j=1
we eventually obtain

4 1 = = 5 Q_W(X; /\) - Q_n(t}/\)

3 i (QuwnQu62) = P (i) 2 =R )

n=0 I1 C]'

j=1
_ i Gn(x, t) _ Gn—l(x/ t) _ m+11 Qm+1 (X,' A)Qm(tr/\zc:tQm-i-l(tr/\)Qm(xr /\) (203)
n=0 C:
j=1

We now introduce two uncorrelated polynomials of the hypergeometric type that
are constructed based on Jacobi and Laguerre polynomials, and then we apply all the
above-mentioned results on them.

9.1. An Uncorrelated Sequence of Hypergeometric Polynomials of 3F, Type
The monic type of Jacobi polynomials [20]

PP (x) =

2"(a+1), E —n, n+a+p+1
nta+p+1),”" a+1

1—x
2) , (204)

satisfy the equation

2
(1= 2) PP () — ((at B 2)x +a— )PP () 4 nln bt )PP () = 0, (205)

and are orthogonal with respect to the weight function (1 — x)%(1 + x)f on [~1,1] as

/j =" PP (0B () dx

— 1 p2n+atpl Im+a+p+DI(n+a+1)I'(n+p+1)

TentatpilT@ntatprz omm (200
Since D" ) (—x) = (—1)”157(1/S ) (x), another representation of these polynomials is as
08 () = (T2 B+ Dy p (= bt pil 14 x 00
" (n+a+p+1),”" B+1 2 )
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They also satisfy a three term recurrence relation in the form

Py _ B2 —a? 5(ap)
Pt (x) = (x (2n+a+ﬁ)(2n+“+5+2>)Pn )
» n(n+a)(n+B)(n+a+p) PP (x). (208)

Qn+a+p+1)2n+a+p)*2n+a+p—1)

Representations (204) and (207) show that there are two specific values for A in (198), i.e.,
A =1land A = —1. Noting that pP )(1) = 2"ty the first kind of uncorrelated

(rtatptl),”
polynomials is defined as
) gy = Pat () = P )
Q'rl (x/ 1) -
1—x
(n+1)2"(a+2), —n,n+a+p+31 [1—x
= sb —]. (209
(n+a+pB+3), a+2,2 2 (209)

Also, for A = —1 the second kind is defined by
PR ) =PI (-1) ()" (=) - (- ()

_(’X'/g) . _ n+1 n+1

Q™ (i —1) = x+1 - 1— (—x)
w1 (=2)"(B+2), —n, n+a+p+3,1 [1+x
i( 1) Qn ( x,l)f (Tl—l—lx—i—ﬁ—l—:‘})n 3F2 IB+2l2 5 X

(210)

Relation (210) reveals that we, in fact, deal with only one value, i.e, A = 1.
If in (209), P}gi? (x) =(x—1) i (x;1) + P(a p >( 1) is substituted into the differential
Equation (205), we obtain

O—x)ﬂ+x%i

QB (1) — (1 x) (a4 B+ A)x 4= p2) 1 Q0P (1)
+(nn+a+pB+3)(1—x)+2u+2) Q%P (x;1)
(m+1)(n+a+p+2)2"(a+1),

(n+a+p+1),

= (n+1)(n+a+p+2)P (1) = 11)

On the other hand,

N1 (14 PO (1) dx — [
[ a=0* 10t nar= [
_pwh gy [ W) wrpra D@+ 1DI(B+1)
=B [ 00t = R )2 P,

(1= 2)" (1 40P (P (1) = PYA) (x)) dx

changes Equation (211) to

(1= 020+ 1) 08P (1) — (1 = x) (4 p+ ) +0— o 2) - QP (1)

+ (75(1 = x) + 20+ 2) QP (x;1)

Tla+B+2)(7p+a+p+2) et BB ..
T (e DT+ ) L(l )1+ 0PN (1) dx, (212)

inwhich v, =n(n+a+ p+3).
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Theorem 14. For any a, § > —1, we have

1—x

covr (@4 (1), QP i 12 )

(1-2)" 2 (14x)P
P JT(a+B+4)T(n+a+B+D)T(n+a+DI(n+p+1)
IFa+3)I(B+1)I2n+a+B+1)I2n+a+p+2)

mmn-

Proof. We would like to prove this theorem via differential Equation (212) so that, if it is
written in the self-adjoint form

i((l )06+3(1+x),5+1dx ("‘ﬁ)(x 1))
+ (1 =00+ 0+ Ca+2)(1 -0 1+ 0F) P (1)

F(”‘z;gjrz();fl‘;lf‘(;fj)z) (/_11 (1- x)oc+1(1 + x)ﬂQE,a'ﬁ)(x;l) dx) (1— x)oc+1(1 + x)ﬁl

then

1
[(1—x>“+3<1+x>ﬁ”(c3£z" 1) QP 1)~ QP ) AP )|

1 w )
+ (i) [0 (1= 20+ 0P Q) (1) QP (1) d

B I'(a+p+2)
= 2T+ DT (B + 1)

X (/11 (1— )a+1(1 +x)ﬁQ(ucﬁ (X;l)dx) </11 (1- x)a+1(1 +x)ﬁQ( 5)(x 1)dx>

(Yn—Ym)

leading to the result

[ @0 0P 0 (1) 0l x5 1)
(f_ )1+ 2)PQP) (1) dx) (fﬁ1 (1 - )1+ x)POWP (x;1) dx)
(

JL (=%t (1 4 x)P dx

= p*B (1) PP 1) /71 (1—2)*(1+ x)Pdx

ntmtatpr1 L@+ DI +1) (a+1),(x+1),
=2 T(a+B+2) (n+oc+ﬁ+1)n(m+zx+ﬁ+1)m@n#m’ (213)

which proves the first part. To obtain the variance value, i.e., for n = m in (213), it is enough
to refer to Corollary 7 and then apply relation (206). [

Note that, in (208), C; = 3 ‘(j+“)(]+ﬁ)(]+“+ﬁ) , we have
(208), G =3 (L) 448 (- 245
m+lC' o 1 (1)m+l(‘x+1)m+1(18+1)m+1(“+:8+1)m+1
H T gm+1 a+p+3 a+pB+2\2 x+p+1
j=1 ( 2 )m—l—l( 2 )m+1( 2 )m+1

Hence, the identity (203) can be applied straightforwardly.

Some Particular Trigonometric Cases

There are four trigonometric cases of Jacobi polynomials that are known in the litera-
ture as the Chebyshev polynomials of the first, second, third, and fourth kinds. The main
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advantage of these trigonometric polynomials is that their roots are explicitly known [25];
see also [28]. Their monic forms are represented, respectively, as follows:

I 1 B (2k—1)m
Py 2 (x) = i1 cos(narccos x) = IE (x — cos T)' (214)
_,S%’%)(x) -1 sin((n 4 1) arccos x) = ﬁ (x — cos dd ),
2ny/1 — x2 ple] n+1
S-1h 1 2 1 CTTe (2k—1)m
N (x) = 2’”/ Trx cos((n + 2).arccosx) = 11 (x — cos T ),
sG-H,ov_ 1 [ 2 . 1 T 2kt
" (x) = i\ 1% sin((n + 2)arccosx) =11 (x — cos It 1).
When it is noted that
To(x) = 2" 1Ty (x), Un(x) =2"Uu(x), Vu(x) =2"Vy(x) and W,(x) = 2"W,(x),
they also satisfy the following orthogonality relations:
/1 T () Ton () = {2 O (215)
Joa " MY A—x2 | mifn=m=0,

1
/ Uy (x) U (x) V1 —x2dx = gén,m,
-1

1 1+x

/1 Wi (x) Wiy (x) 1_xdx—7'c5
1 n m 1+x = n,m-

Now, we can employ relations (214) and define four trigonometric uncorrelated sequences,

according to the main definition (209), as follows:

1-Tu(x)

NI
Ni—

F o1y — A2 1y
Tn(xll) - Qn (xll) - 1— X
_ (n+1)2"(3/2), -n,n+2,1 |1-x) & 2kt
= w2, O 3/2, 2 2 ’g("_c"snﬂ)’ (216)

Un(x;1) = Qi%'%)(x;l) _ +21__u;+1(x)

1—x
2 7

(n+1)2"(5/2), g ™ n+4,1
(n+4), °° 5/2, 2

(1) = 0 (1) = 1 Vo)

_ (n+1)2"(3/2), el ™ n+3,1
- (n+3), 7 3/2, 2

1—x 1 2krt
7 ) (x —cos ), (217)
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Wn(x/'l) — ng%'_%)(x;l) _ 2n +31_7M;n+l(x)
_ (n+1)2"(5/2), B n+3,1 |1—x
- (n+3), 7 5/2, 2 2 )

As we observe, only relations (216) and (217) are decomposable having multiple roots. In
this direction, it is worth mentioning that there is a generic decomposable sequence,

Tpi1(x) — Ti1(A) 1 2kt . 2km
T 1) = n+1 n+ —on Y _J1_x2
n(X, ) gx cosn_|_1 vV smn_‘_1 ,

x—A

satisfying the non-homogeneous differential equation

2 d
(x =) (1 =) 5 Talx;A) + (—3x2 FAx+ 2) —Tu(x;A)

+ ((n +1)2(x—A) — x) T, (x;A) = —(n+1)%cos((n + 1) arccos A),
and the recurrence relation
Tui1(x;A) = 2xTy(x; A) — Ty, _1(x; A) + 2 cos(n arccos \).

For instance,

Tn+1(x) — Tn+l (0) n - - 2km
=2 | |
x 4 (rfsin =

Tu(x;0) =

),

—

is an uncorrelated polynomial with respect to the fixed function z(x) = x~! so that accord-
ing to Corollary 7 and relation (215), we have

and as a result,

1 L x?
covy (Tm(x;O), Tn(x;O);>’ = [ s T )T (x;0) dx
=
1 /1 x 1 x
2 [ A Tux0)dy [ Ty(x;0) dx = G
71/71 — m(x;0) x/71 — w(x;0) dx mn

9.2. An Uncorrelated Sequence of Hypergeometric Polynomials of ,F, Type
At this turn, we consider the monic type of the (generalized) Laguerre polynomials [20,25]

L) +nL®(x) =0,

—n

Ly (x) = (-1)"(a + mm( i1

satisfying the equation

4

x——=Ly "’ (x) + (oc—i-l—x)dx

They also satisfy the recurrence relation

L (x) = (x—2n—a—1)L{ (x) = n(n + &)LV, ().
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Noting that Lw (0) = (—=1)"(a + 1)y, the uncorrelated polynomials based on Laguerre

x) . (218)

polynomials is defined as

-n, 1
a+2, 2

0 (x;0) = 11 = <1>”<n+1><«+2>n26<

Similar to the previous example, for « > —1, we can prove that

! T(n+a+1)

= ———————Sun-
X x:x+2€—x F(OC + 3) i

covy ( _,(ff) (x;0), _,(f‘) (x;0); 1)

10. A Unified Approach for the Polynomials Obtained in Sections 7-9

According to the distributions given in Table 1, only beta and gamma weight functions
can be considered for the non-symmetric infinite cases of uncorrelated polynomials, as the
normal distribution is somehow connected to a special case of gamma distribution. In this
direction, the general properties of two polynomials, (177) and (187), reveal that the most
general case of complete uncorrelated polynomials relevant to the beta weight function
is when w(x) = x*(1 — x)? and w(x) z(x) = x°(1 — x)4, i.e., z(x) = x*"%(1 — x)?~? where
a,b,c,d € Rand x € [0,1]. Hence, if the corresponding uncorrelated polynomial is
indicated as P, (x;4,b,c,d), we have

1
/0 x"(1— x)an(x; a,b,c,d)Py(x;a,b,c,d)dx (219)

I'(2c+2d—a—b+2)

T2c—a+1)I(2d—b+1)

1 1
/ x6(1 — x)dPn(x; a,b,c,d)dx / x6(1 — x)de(x; a,b,c,d)dx
0 0

2c—a+1)I(2d—b+1

1 g 1 2
= (/0 x”(l—x)bP%(x;a,b,c,d)dxfr(r(zc+2d a—b+2) )(/0 xc(lfx)dPn(x;a,b,c,d)dx> >5m,n,

provided that2c —a+1>0, 2d—b+1>0 and b,d > —1.
The components of the determinant (172) corresponding to this generic polynomial
are computed as follows

T(a+i+j+1)

w(x)=x7(1—x) (ﬂ+b+i+j+2)
T(2c+2d—a—b+2)T2(d+1)  T(c+i+1)(c+j+1)

 TQc—a+0)I(2d—b+1) T(c+d+i+2)T(c+d+j+2)

covy <xi, X x60(1 — x)d_b> ’ ,=T(b+1) T

(220)

in which2c—a+1>0, 2d—b+1>0and b,d > —1.
According to the preceding information, the polynomials (177) can be represented as

-n, n+1, —r, r+2
4F3
1, —r+1, r+1

x) =Py (X; 0,0,7, 0)/ (221)

and the polynomials (187) as

—n, n+2r+1,r, r+2
4F3
2r+1, r+1, r+1

x) = P,(x;2r,0,7,0), (222)
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and noting (213), since

a+2, 2

1 _
0 a+2, 2

x>3Fz< -m, m+a+p+3,1

x) dx

1 _
:1; /x"‘“(l—x)ﬁng montatprs i x | dx
Jo x%(1—x)Pdx \Jo a+2,2
1 — 3,1
8 +1(1 _ 3)BaF m, m+a+p+3, J
><</Ox ( x)32< 02 2 x|dx | &n#m,

the shifted polynomials (210) on [0, 1] are represented as

—-n, n+a+p+3 1
3b
a+2, 2

x) =Py(x;a+2,8,a+1,pB).

Similarly, the most general case of complete uncorrelated polynomials relevant to
b and w(x)z(x) = x%e ¥

z(x) = x¢% (@b where a,b,c,d € R and x € R*. Therefore, if the corresponding

the gamma weight function is when w(x) = x% , le,

uncorrelated polynomial is indicated as Q,(x;4,b,c,d), then

/ x%ebx Qu(x;a,b,¢,d) Qu(x;a,b,¢c,d)dx
0

(Zd _ b)ZC—tZ+1 oS ; - ,
- Co—ax . c,—dx .
T(2c—a+1) /0 xe Qn(xf”fbfcfd)dx/o e~ Q,(x;a,b,c,d) dx

00 b ) (zd . b)ZC*LH’l ) p 2
_ a_—bx . . c —dx .
= (/0 x"e™"* Qi (x;a,b,c,d)dx —F(Zc—a+1) (/0 x‘e Qu(x;a,b,c,d) dx) >5m,n,

provided that2c —a+1>0, 2d—b >0 and b,d > 0.
The components of the determinant (172) corresponding to this second generic poly-
nomial are computed as

covy (xi, xl; xc_“e_(d_b)x> ‘
w(x)=xebx

_T(a+itj+1) (2d—b)* " T(c+i+)T(c+j+1)

patitj+1 F(2c—a+1) J2c+itj+2 !

inwhich2c—a+1>0, 2d—b >0 and b,d > 0.
As a sample, the polynomials (218) can be represented as

—-n, 1
F 7
2 2( a42 2

A Basic Example of Uncorrelated Hypergeometric Polynomials of 4F3 Type

x> =Qu(v;a+21,a+11).

In this section, we are going to obtain the explicit form of P,(x;a,0,c,0) using an
interesting technique. Since b = d = 0, w(x) = x* and z(x) = x°~“ defined on [0, 1]. In the
first step, we simplify (220) for b = d = 0 as follows:

e (c—a—i)c—a—j)
I f.sC—a —_
COVl(x'x'x )‘w(x):xn (tct)(+rc+D)(i+j+at+1)’

where2c—a+1>0, a#c and a,¢ > —1.
Referring to the results (221) and (222) and the fact that P, (x;4,0,¢,0) is a generaliza-
tion of both of them, we can imagine that it is of the 4F3 type without a loss in generality.
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Since, in a 4 F3-type polynomial of the form

F —n, 4ap, az, a4
413
bl/ bZ/ b3

VY K where 1 — (Mk(2)i(a3),(a4)
x) _k;() ¢ here ik (1) (b2)(b3) k!

we have
up1 _ n(n+b—1)(n+b—1)(n+bs—1) (223)
Un (mtay—1)(n+az—1)(n+as—1)"°

which is to be equal to the minus of the coefficient of x"~! in the determinant of the monic
polynomial P, (x; 4,0, ¢,0) in (172), if, for simplicity, we set

o (c—a—i)(c—a—j)
YT et D) retD(it+j+atl)

fori=0,1,...,n—1and j=0,1,...,n,

to achieve our goal, we should, therefore, compute the two following determinants (accord-
ing to the main determinant (172)),

a0,0 ao,1 T ap,n—2 ag,n—1
a1,0 a1,1 T a1,n-2 A,n-1
n = . . . . . ’
an-1,0 4p-11 - OGp-1,n—2 Gn—-1,n-1
and
a0,0 a0,1 T ap,n—2 ag,n
a1,0 ai,1 te aA1n-2 a1,n
n = . . . . . ’
ap-1,0 An-11 - OGp—-1n—2 An—1n

and then obtain the quotient —N,,/ M;, (with the aid of advanced mathematical software) as

Ny nn+a)(n+a—c)(n+c)

M,  (@nta)(nta—c-1)(n+tc+1)

and compare it with (223) to finally obtain the explicit form of the polynomials as
-n,n+a+1l,a—c c+2 x), (224)

Py (x;a,0,c,0) = 4F
n(x:8,0,¢,0) 43( a+1,a—c+1, c+1

satisfying the uncorrelatedness condition (219) withb =d =0, i.e,,

1
/ x*Py(x;a,0,¢,0) Py (x;a,0,¢,0)dx
0

1

1
—(2c—a+1)/ xan(x;a,O,c,O)dx/ x° Py (x;a,0,¢,0) dx
0 0

1 1 2
= (/ x“P%(x;a,O,c,O)dx—(2c—a—|—1)</ xan(x,‘a,O,c,O)dx> )(5,,1,,1
0 0
< 2c—a+1>0,a#c and a,c > —1. (225)

For the limit case 2c —a +1 = 0 in (225), the polynomials (224) would reduce to the
well-known special case of shifted Jacobi polynomials defined on [0,1], i.e.,

x) (a>-1).

a—1 (0,a) —n, n+a+1
P,(x;a,0,——,0) = P, =,F
n(x;a,0,——,0) (x) 21( at1
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Also, we have

lim P,(x;a,0,¢,0) = hm 4F3

c—00

—n,n+a+1l,a—c, c+2
a+1,a—c+1, c+1

Y

7”/ 7’l+a+1
—2F1<

a+1
and
—n, c+2
lim P,(x;a,0,c,0) = »F ! > —1).
Jlim Py (x;a,0,c,0) 21( et X> (c )

As we mentioned, the polynomials (224) are a generalization of (177) or (221) for
(a,c) = (0,7) and a generalization of (187) or (222) for (a,c) = (2r,r). In order to eval-
uate the existing integrals in (225), we first have

S (e tat e —c)c+2),

1
x“P,(x;a,0,¢,0)dx =
A n ) g%w+1hm—c+1kc+n¢'(+1+m

1 n! (c+1),
c+1 (a+1),(a+1-0¢),’

1 2( —n, n+a+1,a—c (226)

BrESE a+1,a—c+1

and

no(_ _
X0 P(x:,0,¢,0) P (x:,0, ¢, 0) dx — 1 3 ( (n)k(n+a+1)k(a )lc+2),

a+1/= (a+2)(a—c+1)(c+1)k!

-F —m, m+a+1,a—c, c+2,a+1+k
St a4+1, a—c+1,c+1, a+2+k

1),(2%
which simplifies the left side of (225) as
1
/x”Pn(x;a,O,c,O)Pm(x;a,O,c,O)dx (228)
0
—(2c—a+1) / x“Py(x;a,0,c,0)dx / x° Py (x;a,0,¢,0) dx
0
_ 1 G (nmtatl)(a—c)ylc+2)
Cat+15 (a+2)(a—c+1)(c+1)k!

-m, m+a+1,a—c, c+2,a+1+k
><5F4 1
a+1,a—c+1,¢c+1, a+2+k
2c—a+1 n! (c+1), m! (c+1),
(c+1)* (a+1),(a+1-c), (a+1),(@+1-0),

To evaluate (226), we have again used the recurrence relations technique. Since

—n, n+a+1,a—c
N(n) = 3F 1],
() 32( a+1,a—c+1 )
N(n),

satisfies the first-order relation

(m+1)(n+c+1)
(m+a+)(n+a—c+1)

N(n+1) =
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SO

-n, n+a+1l,a—c
3h
a+1,a—c+1

1 — ° ( + 1)}’[ .
(a+1),(a+1-¢),

However, note that all results obtained in (226), (190) and (179) could also be derived using

the Pfaff-Saalschutz summation theorem employed to derive (147). Similarly, to evaluate

1>,

5F4(.) in (227), we can apply a recurrence technique as follows. Since

M(m) = sF —m, m+a+1,a—c, c+2,a+1+k
T o a4+1, a—c+1,c+1, a+2+k

satisfies the second-order equation

Cm+a+2)(m+a+2)m+a+l)(m+a+2—c)(m+a+3+k)M(m+2)
—2m+a+3)(m+a+1)(m+2)2m(m+a+3)+ 2c—a)k+ (a+2)(c+2)) M(m+1)
+(C2m+a+4)(m+2)(m+1)(m+14c)(m—k) M(m) =0,

having two independent solutions

B m! (c+1), B m! (—=k),,
MO =G @1 -0, ™ M =G5 2 TR,
SO,
E —-m, m+a+1,a—c, c+2,a+1+k _ m!
Y a4l a—c+1,c41, a+2+k RS I CE))
m
(c+1) (—k) )
2c — 1 1+k)—— 22 — k) ———21 . 229
< ((@e—at D+ 140 T s et b ) )

Hence, in order to compute
vary (P, (x;4,0,¢,0); x*77)
1 1 2
= / x"P2(x;a,0,c,0)dx — (2c —a+1) (/ x¢ Pn(x;a,O,c,O)dx) ,
0 0

we first suppose in (228) that m = 1, and then we refer to (229) to arrive at

i (—n)p(n+a+1)(a—c)lc+2)

(a+1)M" = = (a+2)(a—c+1)(c+1)k!

a+1,a—c+1,¢c+1, a+2+k
2
(a+1)(2c—a+1)  (n)(c+1)>

( “n, ndatl,a—c c+2,a+1+k ’ )
><5F4 1

(c+1) (a+1)2(a—c+1)3
(rl@—cf __n (=)l +a+ 1 (—K),
" (C+1)2 (n+ﬂ+1 61+12Z k +a+2)kk' .

Again, when it is noted that (—k), = 0 for every k < n, the following final result will
be derived.
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Corollary 8. If2c—a+1>0, a # ¢ and a,c > —1, then

1 1 2 1 (a—c)n! 2
a P2 (. o o c . — .
/0 x*P;(x;a,0,¢,0)dx — (2c a—l—l)(/o x Pn(x,a,O,c,O)dx> PR ((C+1) (a+1)n> .

Moreover, (228) is simplified as

1
/ x*Py(x;a,0,¢,0) Pp(x;a,0,¢,0) dx
0
1 1
—(2c—a+1) / xCPn(x;a,O,c,O)dx/ x“ Py (x;a,0,¢,0) dx
Jo 0

=0&m#n,

(a—c) m! 2 (n+a+1)(=n)y (=K),,
(c+1)? (m+a+1)(a+1)3 (m+a+2), k!

leading to the same as relation (193) for 2r = « > —1.

Corollary 9. Using the latter corollary, we can now construct an optimized polynomial approxima-
tion (or expansion as n — o) for f(x), whose error 1-variance is minimized as follows:

A —k, k+a+1,a—c, c+2
X = 71: X 7 230
fx) kgoBk43 a+1,a—c+1, c+1 (230)
in which
1 —k, k4+a+1,a—c, c+2
A = a F ! ! ! d 231
k /Oxf(x)43< a+1 a—c+1, c+1 x) X (3)

1 1 —k, k+a+1,a—c c+2
—(2c—a+1 / x“f(x dx/ x4 F ! ! ! x | dx
( + ).0 fx) Jo 453 a+1,a—c+1, c+1

)i(k+a+1)i(a—c)i(c+2); gy 2e—at1 k! (c+1); /1

_ ¥ £(x) d
;J a+1)(a—c+1)(c+1)]' /0 f(x) (c+1)* (a+1)(a+1-c) Jo

x°f(x)dx,

and

B 1 (a—c)k! 2
Bk_2k+a+1<(c+l)(a+1)k> ' 232)

We clearly observe in the polynomial-type approximation (230) that its basis do not
satisfy an orthogonal condition but a complete uncorrelatedness condition. However, if we
define the non-polynomial sequence

G, (x;a,c)

—-n, n+a+1,a—c, c+2
=4k

, (233)
a+1,a—c+1, c+1

2c—a+1 n! (c+1), —a
x| - x
c+1 (a+1),(a+1-c¢),

satisfying the orthogonality condition

1 1 (a—c)n! 2
a . . p—
/o X Gu(x0,¢) G(x;a,c) dx = 2n+a+1((c+1) (a—i—l)n) omm

S 2c—a+1>0,a#c and a,c> -1, (234)
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we then obtain a non-polynomial type approximation (or expansion) as follows:
n A;
flx) =)’ ¥ Gi(x;a,0), (235)
k=0 "k

in which A; = Ay and B} = By according to the important Remark 1 and relation (53),
i.e., as the same forms as (231) and (232). Once again, the orthogonal sequence (233)
is generated only when the uncorrelated polynomial sequence (224) has been already
generated. Also, the non-polynomial approximation (235) is optimized in the sense of
ordinary least squares, while the polynomial-type approximation (230) is optimized in the
sense of least 1-variances.

11. p-Uncorrelated Vectors with Respect to a Fixed Vector

The concept of p-uncorrelatedness can similarly be employed in vector spaces.
Let A, = (ar,az,...,ay) and B, = (b1,by,...,by) be two arbitrary vectors, and let
Iy = (1,1,...,1) denote a unit vector. Also, let Tm = (z1,22,...,2m) be a fixed and
predetermined vector. When the definition of the inner product of two vectors is recalled

. m
as Apy.Bm = ) agby, it is not difficult to verify that
k=1

where I,.I,, = mand p € [0,1]. Relation (236) shows that the two vectors A,, and B,, are p-
uncorrelated with respect to the fixed vector Zy, if p (An.Zm)(Bu-Zm) = (Am-Bu)(Zi.Z) -
Also, the notions of p-covariance and p-variance can be defined for these two vectors (with
respect to Z,,) as follows:

oL 1(. . AmZw)(By.Z
COVp(Am/ Bu; Zm) = % (Am'Bm - P( z Z»r:ln)(zmm m) ) , (237)
and )
oL 1 e (AnZw
vary,(Am; Zm) = — | A Ay —v—=——=-"—1 > 0. 238
p( m m) o ( m-Am — P 7 7. (238)

Referring to the basic representation (43) and definitions (237) and (238), we can establish a
set of p-uncorrelated vectors in terms of the parameter p € [0,1] ifand only if m =n+1
and the finite set of initial vectors are linearly independent.

Example 2. For m = 3, given three initial orthogonal vectors

Vo,3(1,0,0), V13(0,1,0), V55(0,0,1),
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together with the fixed vector Z3(1,2,3). Substituting them into (43) eventually yields

o = 2 = 3 6
Roa(p) = (10,0} Kas(p) = (377100 Kas(p) = (7 5 g5 g (239

which satisfy the conditions

covy (Roa(p), %a3(p)i Za) = covy (Roa(p), Kaa(p)i Zs ) = covy (X3 (p), %oa(p)iZa) =0,

According to Theorem 4, every arbitrary vector of dimension 3 can be expanded in terms
of the above vectors so that we have

A= (abc) = O (Xo3(p), 723)(1 0,0) + 2V (5?1,3(17),/123)( 20 10)
varp (Xo3(p); Z3) vary (X13(p);Z3) 14—p
Covyp (Xz,s(P),A;zs)( 3p 6p 1), (240)
vary (Xo5(p); Z3) 14 —5p"14=5p" "
in which
X VA7
covp (Xos(p). AiZ5) _  2p , 3 (241)
vary (Xo3(p); Z3) 4—p 14-p
covy ()?1,3(;7),2,-23) L 6p - and covy (}2'2,3(;7),[&';23) _.
vary (X13(p); Z3) 14 —5p vary (X23(p); Z3)

For p = 0, the finite expansion (240) would reduce to an ordinary orthogonal expansion,
while there is an important point for the case p = 1. We observe that replacing p = 1 in the
last item of (239) gives

. 1.
Xo3(1) = 5(1,2,3) = 3 Z5.

W=

Hence, in (240) (and subsequently (241)),
covy (Xp3(1), 4; Z3) = covy (Xp3(1), A;3Xp3(1)) =0,

and

. . 1. -
vary (Xp3(1); Z3) = vary (5232 Z3) =0,

which shows that the finite expansion (240) is not valid for the sole case p = 1, although
it is valid for any other p € [0,1). This is one of the reasons why we have considered this
theory for every arbitrary parameter p € [0,1]. For a better analysis, see Figure 1 again. In
general, we conjecture that

5 det (Vom, Vi, - Vet Vam) 5
Ky (1) = = Vo Vi ot V) 7 (m=n+1), (242)
det (VO,I’I’I/ Vl,WI/ ceey n—l,rru Zm)

as for the above-mentioned example

1 0
det Vo, Vi, Vaz) = | 0 0 |=1 and det(Vys Vis Z3) =
0 1

o = O
o O =
o~ O
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We symbolically examined such a conjecture (242) for the particular cases n = 2,3, and
the results were true. Now that the explicit forms of the p-uncorrelated vectors (239) are
available, we can make three parametric orthogonal vectors based on them as follows:

Toa(p) = Roalp) — (1 — /T~ p)B)-Za 7, (243)
73.73

1

B+ VI—p—2+2/1-p,3+3/1-p),

= 1

Vis(p) = m(2;7—2—}—2\/1—p,—p—klO—i—éh/l —p,—6+64/1—p),

. 1
Vas(p) = 14_5;7(3;7—3—0—3\/1— ,6p—6+6+/1—p,—5p+5+9/1—p).

Note in the above vectors that
V03(0) = Vo3, V13(0) = Viz and V55(0) = Va3,
while for p = 1 we have
Vos(1) = %(13, —-2,-3), Vi3(1) = %(o, 3,—-2) and Vs3(1) = (0,0,0),
which confirms that it is not valid for choosing in the orthogonal vectors (243).

12. An Upper Bound for 1-Covariances

As the optimized case is p = 1, in this part, we are going to obtain an upper bound for
covy (X,Y; Z). Let my, my, Mx and My be real numbers, such that

mxZ < X< MxZ and mYZSYSMyZ. (244)
It can be verified that the following identity holds true:

vary (X; Z) = E<1Z2) (MXE(ZZ) - E(XZ)) (E(XZ) - mXE(Z2)> - E((MXZ —X)(X — mXZ)). (245)
Noting the conditions (244) and this fact that
E((MXZ —X)(X - mXZ)) >0,

equality (245) leads to the inequality

vary(X;Z) < E(lzz) (MXE(zz) - E(xz)) (E(xz) _ me(z2))
= 415(122)<MX’5(ZZ) B me(Zz))z = E(fz) (Mx —mx)*. (246)

On the other hand, following (246) in the well-known inequality

covi(X,Y; Z) < var, (X;Z) var(Y; Z),
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gives
cov3(X,Y;Z) < L(MXE(Zz) - E(XZ)) (E(XZ) - mXE(Zz)) (247)
TS )
x (MYE(ZZ) - E(YZ)) (E(YZ) - myE(Z2)>
E2(Z2
< §6 ) (Mx — mx)*(My — my)?.
One of the direct consequences of (247) is that
E(Z?)
‘ COV1(X, Y; Z) | S 1 (MX — mX)(My — le), (248)

where the constant 1/4 in (248) is the best possible number in the sense that it cannot be
replaced with a smaller quantity. As a particular case, if, in (248), we take

Pb(X=x)=——""—, X=f(x), Y=g¢(x) and Z=1z(x)=1,

it will reduce to the weighted Griiss inequality [29,30]

B f w(x)f(x)dx f dx
w0 g s (V ) (U )| b0ty )y ),
J7 w(x) dx (ff w(x) dx)

in which
mp < f(x) <My and mg < g(x) < Mg forall x € [a,p].

13. An Improvement to the Approximate Solutions of
Over-Determined Systems

For n > m, consider the linear system of equations
m
Yoaxi=b (i=12...n), (249)
j=1

whose matrix representation is as A xm X1 = Bnx1 where

an a2 e A1 X1 by

an ax e Ao X2 by
A= ) . ) ) , X=1 . and B =

an1 an1 T Anm Xm by

As we mentioned in the introduction, the linear system (249) is called an over-determined
system since the number of equations is more than the number of unknowns.

Such systems usually have no exact solution, and the goal is instead to find an ap-
proximate solution for the unknowns {xj};”zl that fit equations in the sense of solving
the problem

2
1’{1’}1;1; Enn(x1,..., Xm r{r}l{t? Z (Zaw i— i) . (250)
It has been proven [13] that the minimization problem (250) has a unique vector solution,
provided that the m columns of the matrix A are linearly independent, which is given by
solving the normal equations ATA X = ATbh, where AT indicates the matrix transpose of A,
and X is the approximate solution of the least squares type expressed by X = (AT A)~1ATp.
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Instead of considering the problem (250), we would like now to consider the mini-

mization problem
(251)

2
2 n m
mian,n(xl,...,mezi}z’-l 1 mm 2(261”36] i> m <Zzi(2ai,jxj—bi)> ’
x;} {x yoz2 \i=l =1
i=1

j
based on the fixed vector Z], , = [z1,2y, ..., 24|, where the quantity (251) is clearly smaller
than the quantity (250) for any arbitrary selection of {z;}"_,. In this direction,

Vi (x1,. ., xm|[{zi}1 )

Bxk

n m n
=2 () ajxj—bj) — (E%k%) (E Eﬂz,] xj—b; ) =0,
-1 j= Y 22 i—1

leads to the linear system

m zazkzlzazjzz Z szszzz
Y Zalkalj e Zalkb p=—EL (k=1,2,...,m), (252)
£ 22 2
i=1 i=1
which can also be represented as the matrix form
(ATA _ P ATz ZTA> %X,,=ATB— _F_AT7 77,
z'z P z'z
with the solution
S (4T P AT 5T T P 4T T
X,z = (A A-oATzZ A) (A B—t-ATZZ B) (253)
=I,=[11,...,]]andp =1,

A simple case of the approximate solution (253) is when Z;, ,
i.e., an ordinary least variance problem such that (253) becomes

-1
X1, = (ATA — %ATI,?IH A) (ATB — %ATIZI,, B).

m=2,72T =1,=][1,1,...,1] and p = 1. Then, the corresponding

1xn

Example 3. Suppose
over-determined system takes the simple form

ai1x1+ajpxp = b; (Z =12,...,.n> 2),

and the problem (251) reduces to
(254)

2

1 n
min V,(x1,x2|I;) = min Z aj1X1+ajpxp—b — Z aj1x1+ajpxp—b;) | .
{x1,22 {x 2} i3 T =
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Hence, the explicit solutions of the system (252), i.e.,

n 2 n 1 n n
(Z (ai,l) - *( Z ﬂz1) )xl + (Z ai1aip — = Y. ai1 1 ﬂi,z) X2
i=1 i=1 ni—1 i=1

n

= Y aiabi — — Z a1 ‘Z b,

i=1 i

n n 1
(Z ;24 11** Zﬂzz Zﬂz1>x1+ (Z (%‘,2)2**(
i=1 n

1 i=1 =1

,_;

n

= Y ajob; — = Z i Z b;,
ni=1 i=1

i=1

are, respectively,

and

=
—
2
=Y

’

i )2 - %(ié ﬂi,1)2>
>

|
<

M=
2

=
Sy

|
=
M=
2
o .

N lM: v
vVA
]
1= L=

N}
0

\
/|
M=
2

R

2

)

2=
.M: X
2

—

M=
=

)
~_

Il
Il
—_
Il
—_

n
Z asz )
i=1 i=1 i=1 i

n n 2
L (a;1)? ;1 (@2 = (X ﬂi,lﬂi,z)

i=1

ai14i2

It

7

and

(X aiob;) i (a;1)* — (Z a;1b;) é a;14i

- i=1 i=1 =
7 i i

n n 2
2 (a2)° & (@) = (£ ainaia)

i=1

2 X
Ay = , Xox1 = [ x; ] and Byy1 =

= W N =

then the solutions of the ordinary least squares problem are (%1, %) = (3, 1), while the
solutions corresponding to the minimization problem (254) are
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8 13

(x(p =L 1), %2(p = L) = (57, 7).

By substituting such values into the remaining term
4 ” 1 4 2
Vou(x1,x20ly) = ) (ajq x1 + aipxp — by)™ — 1 Y (@iixi+aipx,—b;) |,

i=1 '

we observe that

9 53983
V2,4<7, 1 14> = Ty 74438,
whereas 8 13 35378
v24<74 = 1) = Soey 48783,

On the other hand, for the well-known remaining term

4

2
Epa(x1,x2) = Y (a1 %1 4 ajp x2 — b;)7,
i—1

we observe that

9 185 _

whereas 8 13 80335
E24< ) = —— 229.3407.

74" 74 2738
9
I E =, 1],

9
I4> < V2,4<7, 1

14. An Improvement of the Bessel Inequality and Parseval Identity

In conclusion,

8 13
V24<74 74

which confirms inequality (16).

In general, two cases can be considered for this purpose.

14.1. First Type of Improvement

Let {®(x)};2, be a sequence of continuous functions which are p uncorrelated with

respect to the fixed function z(x) and the probability density function w(x)/ f x) dx on
[a,b] as before. Then, according to (44),

F(x) ~ i covp (Py(x), f(x);2(x))

oo varp(®r(x);z(x))

Dy (x), (255)

denotes a p-uncorrelated expansion for f(x) in which

f:w(x)z2 x)dxfsw(x) Dp(x)f(x) dx—pf x) @i (x) z(x) dx f[fw(x)f(x)z(x)dx.
f:w(x) z2(x) dx fsw(x) k(x)dx — p(ff w(x) D (x) z(x) dx>2
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Referring to Corollary 2 and relation (59), the following inequality holds true for the
expansion (255):

0y < () 056

Also, according to the definition of convergence in p-variance, inequality (256) will be
transformed to an equality if

Jim var, ( F) = 3 S (Pel), [ 2(x >>q,k(x)> o o57)

oo varp(®r(x);z(x))

which results in

oo V2 D (x), f(x);z(x
covy, (P )J;f z )g )) = var, (f(x);z(x)). (258)

= vary (P (x); z(x

If (257) or, equivalently, (258) is satisfied, the p-uncorrelated sequence {®(x)}}° , is said
to be “complete” with respect to the fixed function z(x), and the symbol “~” in (255)
will change to the equality. Noting the above comments, now let f, ¢ be two expandable
functions of type (255), and let {®y(x)}?, be a “complete” p-uncorrelated sequence. Since

f(x) _ i covy (CDk(X),f(X);z(x))

izo varp(®r(x);z(x))

Dy (x),

and
2(x) = i covy (Pr(x), g(x);z(x))

= varp(Px(x);z(x))

Dy (x),

thanks to the general identity

covy (Z 1Py (x 2 bi®;(x > = f i agbj covy (Pr(x), @j(x);2(x)),

0 k=0 j=0

and the fact that cov, (P (x), ®j(x);z(x)) = vary(Px(x);z(x)) & j, we obtain

ovp (f(x),g(x);z(x)) =
g~ covp (Pulx), f(1);2(x) covp (Pr(x),g(x);z(x)) .
<k§ vary(@(x);2(x)) q”‘(x)>’ (EO vary (@ (x);2(x)) @k(x)),z(x)>
& covp (Dp(x), f(x);2(x)) covy (Pr(x), g(x);z(x))
_kgé var, (P (x); z(x) . (259)

which is an extension of the identity (258) for f(x) = g(x). Also, for p = 0, this important
identity leads to the generalized Parseval identity [16]

E(f(x)g(x)) = E(f(x) ®i(x)) E(g(x) r(x)) (260)
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The finite type of (259) occurs when f, g and {®y(x)}7, are all polynomial functions. For
example, let @y (x) = Pi(x;a,0,c,0) denote the same as polynomials (224) satisfying

1
/ x*Py(x;a,0,¢,0) Py (x;a,0,c,0)dx
0

1 1
—(2c—a+1) / x°Py(x;a,0,¢,0)dx / x°Pp(x;a,0,¢,0) dx
0 0
B 1 (a—c)n! 2
= mraii ((C+1) (”"‘1)”) Omm & 2c—a+1>0,a%#cand a,c>—1.
m m
Alsolet Qy(x) = ¥ qxF and R, (x) = Y rpx*, be two arbitrary polynomials of the same
k=0 k=0
degree. Since
i (c+1)(a+1)\?
Qm(x) = (2k+a+1)<
" kgé (a—c)k!
x covy (Pi(x;a,0,¢,0), Qu(x); x)Pr(x;4,0,c,0),
and
o (c+1) (a+1)\*

x covy (Pr(x;a,0,¢,0), Ry (x); x°~*)Py(x;4,0,c¢,0),

according to (259), we have

e (c+1) (a+1)\?
covy (Qu(x), Rn(x);x77) = ];)(ZkHH)((a—c)k!k)

x covq (Pg(x;a,0,¢,0), Qu(x); x°)covy (Pi(x;a,0,¢,0), Ry (x); x7%).

14.2. Second Type of Improvement

As inequality (57) is valid for any arbitrary selection of the coefficients {a;}}_, i.e.,

n n
0 < var, (Y -y ocka;Z> <E <(Y -y tkak)2>, (261)
k=0 k=0

such kind of inequalities can be applied for orthogonal expansions. Suppose that
{®r(x)}32, is a sequence of continuous functions orthogonal with respect to the weight
function w(x) on [a,b]. If f(x) is a piecewise continuous function, then

- : Py
fx) ~ kg;,)“kq)k(x) with o = m

is known as its corresponding orthogonal expansion in which (f, g),, = [ f w(x) f(x)g(x)dx.

The positive quantity

" 2
Su = /bw(x) ( oDy (x) f(x)> dx, (262)
' 0

a k=
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will eventually lead to the Bessel inequality [15]
0 5= (), — 3 LB
- T k=0 <<Dk/ q)k>w
Now, noting (261) and (262), instead of S;;, we define the following positive quantity:

Va(piz(x)) = Su = Ri(p;z(x))

n 2 n 2
_ /ab w(x) (kg 2, Dy (x) — f(x)) dx — W (/b w(x) z(x) (lg)zxkcbk(x) —f(x)>dx> .

a

It is clear that
0 < Va(piz(x)) < Su. (263)

Therefore,
0 < Vu(prz(x) = (f, o k;) (D, Dy ),y

2
I < <f’q>k>w<zfq>k>w 22 z - <ffq>k>w<zfq)k>w
((2 (Pr, Pr)yy ) U =2, >w; (Pk, Pr)yy )

<Zl Z>w k=0

can be rewritten as

2
L £ <f/q)k>w<zlcbk>w
<Z'Z>w<f’f>w <f Z w — wkz() q)k,q)k> p (kgo <q)k/q)k>w )
~2plf,2), Y LR P gy

k=0 <q)k/ q)k>w

Inequality (264) is an improvement of the well-known Bessel inequality for every p € [0,1]
with respect to the fixed function z(x). For example, if ®;(x) = sin(k + 1)x for x € [0, 77]
and w(x) = z(x) = 1 are replaced in (264), the Bessel inequality of the Fourier sine
expansion will be improved as follows

/Oan(x) </ flx dx) zni</ flx smk—i—l)xdx)
7rp< k+1 / flx Sm(k+1)xdx>2
flx

(/ (x) dx )I;J k—|—1 /f x)sin(k+1)xdx.

Obviously (264) will remain an inequality if the sequence {®y(x)}x—o does not form a
complete orthogonal system. On the other side, if they are a complete orthogonal set,
inequality (264) becomes an equality when n — oo. In other words, suppose { @y (x) }x—o is
a complete orthogonal set. Since

; 2
lim S, = lim bw(x) (Z o, D (x) —f(x)) dx =0,
k=0

n—oo n—oo /4
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we directly conclude from (263) that
0< Jimg, Va(piz()) < iy, $n =0,

and, therefore,

b n 2
lim S, — Rj(p;z(x)) = lim ( / w(x) z(x) (Zak¢k<x> —f(x)>dx> =0,
a k=0

eventually yields

i <f/ q>k>w <Z’ q>k>w _ <f Z>
k=0 <CI>k, q>k>w v

which is known in the literature as the inner product form of the generalized Parseval
identity (260). In the next section, we will refer to the above-mentioned results in order to

extend the presented theory in terms of a set of fixed mutually orthogonal variables.

15. Least p-Variances with Respect to Fixed Orthogonal Variables

Since parts of this section are somewhat similar to the previous ones, we just state
basic concepts. Suppose x,y and {z;}}’ ; are elements of an inner product space S, such
that {z; }}” , are mutually orthogonal as

<Zi1 Z]> = <Z]‘, Z]> (51‘,]'. (265)

Due to the orthogonality property (265), the following identity holds true

<x— VTP L 8z y- (- V) 1 (22 > (266)

— Zk/ Zk k=1 Zk/ Zk

_ oy ez Yz
- <x’y> pk§1 <Zkrzk> 4

and, for y = x, it gives

m

Z (x,20)° >0  VYpelo1] (267)
Zk/Zk

The identity (266) and inequality (267) can again be employed in mathematical statistics
concepts.

Definition 6. Let X,Y and {Z}]' | be arbitrary random variables, such that {Z; }* | are mutu-
ally orthogonal, i.e.,

iji=12...,m (268)

E(Z;Zj) = E(Z7) 6,

Corresponding to (266), we define

covy (X, Y; {Ze }iLq) (269)

R G )

E(XZy)E

k=1 ( k

(YZ)
IR

and call it the “p-covariance of X and Y with respect to the fixed orthogonal variables {Z; }}* ;.
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For Y = X, (269) changes to

n E(xz) L\
vary (X; {Zk},) = E <X ~(1-v1-p) ). E(Z;; Zk) (270)
k=1 k
M E2(XZy)
=EX*)-pY —=52% >0,
5 e
where {E(Z2)}""_, are all positive. Note in (269) that
mE(XZ) oo
Zk = 10] 7 X,

and, therefore, e.g., forp =1,
m m
covi(X,Y;{Z}j1) =E ((X - k:leroj 7. X) (Y — k_zlprojzkY)> .

Moreover, for orthogonal variables {Z;}]" ; and p € [0,1], we have

0 < vary (X; {Zc}jy) < var, (X {Zi}y) < varg(X;{Z L) = E(X?). (271)
A remarkable point in (271) is that, if m, n are two natural numbers, such that n > m, then

0 < varp(X; {Z}{_q) < varp(X; {Ze}ilq),

which can be proved directly via (270). For instance, if n = 2 and m = 1, then

0 < vary(X; Zy, Z2) < vary(X; Zy, Z2) < vary(X; Zy) < varg(X; Z1) = E(X?),

in which E(Z; Z;) = 0.
The following properties hold true for definitions (269) and (270), provided that the
orthogonal condition (268) is satisfied:

(b1) covy(X, Y {Zk 1) = covp (Y, X; {Zk L)
(b2) covy (aX, BY; {Zk L ) = aB covp(X, Y {Z}L,)  (a,BER).

) covy (X+a, Y+ B {Zc},) = covp (X, Y {Ze}L ) +acovy (LY {Z}] )
+B covy (X, 1;{Ze} ) +ap covy (1, L{Zk ).

n n
(b4) cov, ( Y e Xe X; {zk}zi1> = Y crcovy (Xe Xi{ZiHy)  Hedo € R).
k=0 k=0
- vary (aX + BY; {Z 1) = a? var, (X; {Z}1 ) + BAvar, (Y;{Ze 3 )
+2apB covy (X, Y; {Zk}L )
Definition 7. Based on definitions (269) and (270) and the orthogonality condition (268), we define

covy (X, Y {Zk} )

(X, Y {Z}L,) =
TR Fear, (% (2K var (0 (2K

, (272)

and call it “p-correlation coefficient of X and Y with respect to the fixed orthogonal variables
{Z}}L,”. Clearly,
Op (Xr Y; {Zk}szl) € [—1, ”/
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because, if

m
3 Zy,

U—X—(l—\/l—p)ZEhﬁ((XZZ%’;)Zk and V:Y—(1—~/1—;9)2E(YZZ2

k=1 = E(Zp)

are replaced in the Cauchy—Schwarz inequality (11), then
covy (X, Y {ZHLy) < vary (X {Zi}Ly) varp (Y {Zi}iLy)-

Definition 8. If o, (X, Y;{Z}]' ;) = 0in (272), we say that X and Y are p-uncorrelated with
respect to { Zy }7_,, and we have

E(XY) = 7 i E(XZYE(YZy)

=1 EZ)
15.1. Least p-Variances Approximation Based on Fixed Orthogonal Variables

n
Again, consider the approximation (13), Y = ) ¢, Xy, and define the p-variance of the

n
remaining term R(co,c1,...,cn) = Y. cx Xy — Y, with respect to the orthogonal variables
k=0

{Zk}}L, as follows:
vary (R(co, ..., cn); {Ze}iy)

" 2
- E((R(co,...,cn) —(1-yi-p ). E(ZkR(CO";"C”)) zk> ) (273)

2
k=1 E(Zk

To minimize (273), the relations

ovar, (R(co, ..., cn)i {Zk}{ ;)

aC]'

=0 for j=0,1,...,mn,

eventually lead to the following linear system:

vary (Xo; {Zk}] 1) covy (Xo, X1;{Zk}}" 1) e covp (Xo, Xu; {Zk}iLy)
cov, (X1,X0} {Zk};cnzl) var,, (Xl} {Zk}km=1) S covp (Xl, Xu; {Zk}kmzl) (274)
covp (Xu, Xoi{Zi}py)  covp (Xn, Xi{Zi}ply) - vary (Xu {Zisy)
co covp (Xo, Y;{Zk}Ly)
c1 covp (X1, Y;{Ze L)
x| .| = :
Cn covy (Xn, Y; {Zk}1y)

Two continuous and discrete spaces can be considered for the system (274).

15.1.1. First Case
If {X; = @(x)}i_o, Y = f(x) and the orthogonal set {Z; = z(x)};_, are defined

in a continuous space with a probability density function as P,(X = x) = j”wEx; o the
a wix)ax

elements of the system (274) appear as
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covy (qu(x),q)j(x)}{Zk( X)) =
1

fbw(x)dx(/ubw(x) i(x) @ dx_pzf

7

zi(x) dx f w(x) @j(x) z(x) dx>
ffw( )2 (x) dx

if only if
/b w(x) zi(x) zj(x) dx = (/ﬂh w(x) zjz(x) dx) di j-

a

15.1.2. Second Case
If the above-mentioned variables are defined on a counter set, say A* = {x;}[, with

a discrete probability density function as P(X = x) = Z( ])( 7y, then

xeA*

covp (Di(x), D;(x); {zx(x) ) =

p L 00 () T 9%
xeA*ﬂ (L 0o eit)—p PFEELE )

only if

Y j(x)zi(x) zj(x) = ( Y j(?f)Z?(X))&-;
XeA* xeA*

Let us consider a particular example. Suppose that m = 2, x € [0, 7] and P,(X = x) = %
In this case, it is well known that, if we take z; (x) = sin x and z,(x) = cos x, then

s
E(z1(x)zp(x)) = %/0 sinx cosxdx =0,

and, therefore,

T
covp (@;(x), Pj(x);sinx, cosx) = %/0 ®@;(x) @j(x)dx

2 T s
n}; (/0 P;(x) sinxdx/o @;(x) 51nxdx+/ cosxdx/O @;(x) cosxdx).
The weighted version of the above example can be considered in various cases. For example,
ifw(x) =e*,z1(x) = e *sinx and z(x) = cos x all defined on [0, 7], then

1

et —1

E(z1(x)z2(x)) =

7T
/ sinx cosxdx =0,
0

and consequently the corresponding space is defined as

(e —1) covp (Pi(x), ®j(x);sinx, cosx) = /On " ®;(x) @j(x) dx

Jo @i(x) sinxdx [ ®;(x) sinxdx fo )e* cosxdx [ @j(x)e* cosxdx
P [ e ¥sin®xdx [o e¥cos?x dx

4

where
7T

2 T 3
/ e ¥sinfxdx = Z(1—e ™) and / e¥cos?xdx = = (e —1).
0 5 0 5



Mathematics 2025, 13, 2255 88 of 89

In the sequel, applying the uncorrelatedness condition
covp (X, Xji{Zk}i=1) = varp (Xj; {Zx};2y) 0ij forevery i,j=0,1,...,n, (275)
on the elements of the linear system (274), we can obtain the unknown coefficients as

_ covp (X, Vi{Zi}ity)
vary (X {Zk 1)

In this case,
" covy (X, Y {Zk} )

k=0 VvaIp (Xi; { Zk }?:1 )

is the best approximation in the sense of least p-variance of the error with respect to the

Y =

X,

fixed orthogonal variables {Z;}}" ;.
Finally, we point out that p-uncorrelated vectors with respect to fixed orthogonal
vectors can be constructed as follows. Let A, = (ar,az,...,ay)and B, = (b1,by,...,by) be
o 1
two arbitrary vectors, and let {Zk,m = (Zk1,2Zk2s - - Zkom) }k ) be a set of fixed orthogonal
vectors. Then, B

if only if Zj . Zj = (z],m. zj,m) S
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