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Abstract

We establish a theory whose structure is based on a fixed variable and an algebraic inequal-
ity and which improves the well-known least squares theory. The mentioned fixed variable
plays a basic role in creating such a theory. In this direction, some new concepts, such
as p-covariances with respect to a fixed variable, p-correlation coefficients with respect
to a fixed variable, and p-uncorrelatedness with respect to a fixed variable, are defined
in order to establish least p-variance approximations. We then obtain a specific system,
called the p-covariances linear system, and apply the p-uncorrelatedness condition on its
elements to find a general representation for p-uncorrelated variables. Afterwards, we ap-
ply the concept of p-uncorrelatedness for continuous functions, particularly for polynomial
sequences, and we find some new sequences, such as a generic two-parameter hypergeo-
metric polynomial of the 4F3 type that satisfies a p-uncorrelatedness property. In the sequel,
we obtain an upper bound for 1-covariances, an improvement to the approximate solutions
of over-determined systems and an improvement to the Bessel inequality and Parseval
identity. Finally, we generalize the concept of least p-variance approximations based on
several fixed orthogonal variables.

Keywords: Least p-Variance approximations; least squares theory; p-Covariances
and p-Correlation coefficients; p-Uncorrelatedness with respect to a fixed variable;
Hypergeometric polynomials; generalized Gram-Schmidt orthogonalization process

MSC: 93E24; 62J10; 42C05; 33C47; 65F25

1. Introduction
Least squares theory is known in the literature as an essential tool for optimal approxi-

mations and regression analysis, and it has found extensive applications in mathematics,
statistics, physics and engineering [1–4]. Some important parts of this theory include the
following: the best linear unbiased estimator, Gauss–Markov theorem, the moving least
squares method and its improvements [5–7], least-squares spectral analysis, orthogonal
projections and least squares function and polynomial approximations [8]. See also [9] for
synergy interval partial least squares algorithms. It was officially discovered and published
by A. M. Legendre [10] in 1805, though it is also co-credited to C. F. Gauss, who contributed
significant theoretical advances to the method and may have previously used it in his work
in 1795 [11]. The base of this theory is to minimize the sum of the squares of the residuals,
which are the difference between observed values and the fitted values provided via an
approximate linear (or nonlinear) model. In many linear models [12], in order to reduce the
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influence of errors in the derived observations, one would like to use a greater number of
samplings than the number of unknown parameters in the model, which leads to so-called
overdetermined linear systems. In other words, let b ∈ Rm be a given vector and A ∈ Rm×n

for m > n a given matrix. The problem is to find a vector, x ∈ Rn, such that Ax is the best
approximation to b. There are many possible ways of defining the best solution; see [13]. A
very common choice is to let x be a solution of the minimization problem min

x
∥Ax − b ∥2

2,

where ∥ . ∥2 denotes the Euclidean vector norm. Now, if one refers to r = b − Ax as the

residual vector, a least squares solution in fact minimizes ∥r ∥2
2 =

m
∑

i=1
r2

i . In linear statistical

models, one assumes that the vector b ∈ Rm of observations is related to the unknown
parameter vector x ∈ Rn through a linear relation

Ax = b + e, (1)

where A ∈ Rm×n is a predetermined matrix of rank n, and e denotes a vector of random
errors. In the standard linear model, the following conditions are known as the basic
conditions of Gauss–Markov theorem:

E(e) = 0 and var(e) = σ2 In, (2)

i.e., the random errors, ei, are uncorrelated and all have zero means with the same variance,
in which σ2 is the true error variance. In summary, the Gauss–Markov theorem expresses
that, if the linear model (1) is available, where e is a random vector with mean and variance
given by (2), then the optimal solution of (1) is the least squares estimator, obtained
by minimizing the sum of squares ∥Ax − b − e ∥ 2

2. Furthermore, E(s2) = σ2, where
s2 = 1

m−n∥b − Ax − Ae ∥2
2. Similar to other approximate techniques, the least squares

method contains some constrains and limitations, just like in the above-mentioned theorem,
such that the conditions (2) are necessary. In this research, we introduce a new fixed variable
in the minimization problem to somehow miniaturize the primitive quantity associated
with sampling errors. For this purpose, we begin with a basic identity which gives rise to
an important algebraic inequality, too. Let S denote an inner product space. Knowing that
the elements of S satisfy four properties of linearity, symmetry, homogeneity and positivity,
there is an identity in this space that is directly related to the definition of the projection of
two arbitrary elements of S, i.e.,

proj x2 x1 =
⟨x1, x2⟩
⟨x2, x2⟩

x2 , (3)

where ⟨x1, x2⟩ indicates the inner product of x1 and x2 and ⟨x2, x2⟩ = ∥x2∥ 2 ≥ 0 denotes
the norm square value of x2. In other words, suppose that x, y, z are three specific elements
of S, and p ∈ [0, 1] is a free parameter. Noting (3), the following identity holds true:

〈
x − (1 −

√
1 − p)proj zx , y − (1 −

√
1 − p)proj zy

〉
= ⟨x, y⟩ − p

⟨x, z⟩⟨y, z⟩
⟨z, z⟩ , (4)

and, naturally, for y = x, it leads to the Schwarz inequality

⟨x, x⟩ − p
⟨x, z⟩2

⟨z, z⟩ ≥ 0 , ∀p ∈ [0, 1]. (5)

This identity can also be considered in mathematical statistics. Essentially, as the
content of this research is about the least variance of an approximation based on a fixed
variable, if we equivalently use the expected value symbol E(.) instead of the inner product
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symbol ⟨.⟩, though there is no difference between them for use, we will get to a new
definition of covariance concept, as follows:

Definition 1. p-Covariances with respect to a fixed variable.
Let X, Y and Z be three random variables and p ∈ [0, 1]. With reference to (4), we correspond-

ingly define

covp(X, Y; Z) = E
((

X − (1 −
√

1 − p)
E(XZ)
E(Z2)

Z
)(

Y − (1 −
√

1 − p)
E(YZ)
E(Z2)

Z
))

(6)

= E(XY)− p
E(XZ)E(YZ)

E(Z2)
,

and call it “p-covariance of X and Y with respect to the fixed variable Z”.

Note, in (6), that
E(XZ)
E(Z2)

Z = proj ZX ,

and, therefore, e.g., for p = 1,

cov1(X, Y; Z) = E
(
(X − proj ZX)(Y − proj ZY)

)
.

If p = 1 and Z follows a constant distribution, say Z = c∗, where c∗ ̸= 0, then (6) will
reduce to an ordinary covariance as follows:

cov1 (X, Y; c∗) = E(XY)− E(X)E(Y) = cov (X, Y) .

Also, for p = 0, it follows that the fixed variable Z has no effect on Definition (6).
For Y = X in (6), an extended definition of the ordinary variance is concluded as

varp (X; Z) = covp(X, X; Z) = E(X2)− p
E2(XZ)
E(Z2)

≥ 0 , (7)

where E(Z2) is always to be positive.
Moreover, for any fixed variable Z and p ∈ [0, 1], we have

0 ≤ var1 (X; Z) ≤ varp (X; Z) ≤ var0 (X; Z) = E(X2), (8)

which is equivalent to

0 ≤
〈

x − ⟨x, z⟩
⟨z, z⟩ z , x − ⟨x, z⟩

⟨z, z⟩ z
〉

≤
〈

x − (1 −
√

1 − p)
⟨x, z⟩
⟨z, z⟩ z , x − (1 −

√
1 − p)

⟨x, z⟩
⟨z, z⟩ z

〉
≤ ⟨x, x⟩ ∀z ∈ S,

in an inner product space. Note that, after simplification, the second part of the latter
inequality is in the same form as (5). Although inequality (8) shows that the best option is
p = 1, we prefer to apply the parametric case p ∈ [0, 1] throughout this paper. The reasons
for making such a decision will be revealed in forthcoming sections (see the illustrative
Section 2.4 in this regard). The following properties hold true for Definitions (6) and (7):

(a1) covp(X, Y; Z) = covp(Y, X; Z).

(a2) covp (αX, βY; Z) = αβ covp(X, Y; Z) (α, β ∈ R).
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(a3) covp (X + α, Y + β; Z) =

covp (X, Y; Z) + α covp (1, Y; Z) + β covp (X, 1; Z) + αβ covp (1, 1; Z).

(a4) varp (X; Z) = 0 if p = 1 and Z = c∗X (c∗ ̸= 0).

(a5) covp (X, Y; c∗X) = covp (X, Y; c∗Y) = (1 − p)E(XY) (c∗ ̸= 0).

(a6) covp

(
n
∑

k=0
ckXk, Xm; Z

)
=

n
∑

k=0
ckcovp (Xk, Xm; Z) ({ck}n

k=0 ∈ R).

and
varp(αX + βY; Z) = α2 varp (X; Z) + β2varp (Y; Z) + 2αβ covp (X, Y; Z). (9)

Definition 2. p-Correlation coefficient with respect to a fixed variable.
Based on relations (6) and (7), we can define a generalization of the Pearson correlation

coefficient as

ρp (X, Y; Z) =
covp (X, Y; Z)√

varp (X; Z)varp(Y; Z)
, (10)

and call it “p-correlation coefficient of X and Y with respect to the fixed variable Z”.

It is straightforward to observe that ρp(X, Y; Z) ∈ [−1, 1], because, if the values

U = X − (1 −
√

1 − p)
E(XZ)
E(Z2)

Z and V = Y − (1 −
√

1 − p)
E(YZ)
E(Z2)

Z,

are replaced in the Cauchy–Schwarz inequality [14]

E2(UV) ≤ E(U2)E(V2), (11)

then cov2
p(X, Y; Z) ≤ varp (X; Z) varp(Y; Z). In this sense, note that

E(UZ) =
√

1 − p E(XZ) and E(VZ) =
√

1 − p E(YZ),

which are equal to zero only for the case p = 1.

Definition 3. p-Normal standard variable with respect to a fixed variable.
Noting the Definitions (10) and (6), since

ρp (X, Y; Z) = E

X − (1 −
√

1 − p)proj ZX√
varp (X; Z)

Y − (1 −
√

1 − p)proj ZY√
varp(Y; Z)

,

a p-Normal standard variable, say Np(X; Z) can be defined with respect to the fixed variable Z as

Np(X; Z) =
X − (1 −

√
1 − p)proj ZX√

varp (X; Z)
.

For instance, we have N1(X; Z = c∗) = X−E(X)√
var (X)

.

Definition 4. p-Uncorrelatedness with respect to a fixed variable.
If, in (10) ρp(X, Y; Z) = 0, which is equivalent to the condition

p E(XZ)E(YZ) = E(XY)E(Z2),
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then we say that X and Y are p-uncorrelated with respect to the fixed variable Z.

Such a definition can be expressed in an inner product space, too. We say that two
elements, x, y ∈ S, are p-uncorrelated with respect to the fixed element z ∈ S if(

x − (1 −
√

1 − p) projzx
)
⊥
(

y − (1 −
√

1 − p) projzy
)

, (12)

or, equivalently,
p ⟨x, z⟩⟨y, z⟩ = ⟨x, y⟩⟨z, z⟩.

As (12) shows, p = 0 gives rise to the well-known orthogonality property. In summary,
0-uncorrelatedness gives the orthogonality notion, p = 1 results in complete uncorrelated-
ness and p ∈ (0, 1) leads to incomplete uncorrelatedness. We will use the phrase “complete
uncorrelated” instead of 1-uncorrelated.

The aforesaid definition can similarly be expressed in a probability space. We say that
two events, A and B, are p-independent with respect to the event C if

p Pr( A |C) Pr(B |C) = Pr(A ∩ B) ,

which is equivalent to

p Pr(A ∩ C)Pr(B ∩ C) = Pr(A ∩ B)P2
r (C).

Hence, e.g., 1-independent means a complete independent with respect to the event C.

2. Least p-Variances Approximation Based on a Fixed Variable
Let {Xk}n

k=0 and Y be arbitrary random variables, and consider the following approxi-
mation in the sequel

Y ∼=
n

∑
k=0

ckXk , (13)

in which {ck}n
k=0 are unknown coefficients to be appropriately determined.

According to (7), the p-variance of the remaining term

R(c0, c1, . . . , cn) =
n

∑
k=0

ckXk − Y , (14)

is defined with respect to the fixed variable Z as follows:

varp (R(c0, . . . , cn); Z) = E

((
R(c0, . . . , cn)− (1 −

√
1 − p)

E(Z R(c0, . . . , cn))

E(Z2)
Z
)2
)

= E

( n

∑
k=0

ck

(
Xk − (1 −

√
1 − p)

E(ZXk)

E(Z2)
Z
)
− (Y − (1 −

√
1 − p)

E(ZY)
E(Z2)

Z)

)2
, (15)

where E(Z R(c0,...,cn))
E(Z2)

Z shows the projection of the error term (14) on the fixed variable Z

and E(ZXk)
E(Z2)

Z the projection of each elements on Z. For the special case p = 1, we have in
fact considered (15) as

var1 (R(c0, . . . , cn); Z) = E
((

R(c0, . . . , cn)− projzR(c0, . . . , cn)
)2
)

.
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We wish to find the unknown coefficients {ck}n
k=0 in (15), such that varp(R(c0, . . . , cn); Z)

is minimized. In this direction, it is important to point out that, according to inequality (8),
the following inequalities always hold for any arbitrary variable Z:

0 ≤ var1 (R(c0, . . . , cn); Z) ≤ varp (R(c0, . . . , cn); Z) ≤ var0 (R(c0, . . . , cn); Z) = E
(

R2(c0, . . . , cn)
)

. (16)

This means that inequalities (16) are valid for any free selection of {ck}n
k=0, especially when

they minimize the quantity (15). In other words, we have

min
c0,...,cn

var1(R(c0, . . . , cn); Z) ≤ min
c0,...,cn

varp(R(c0, . . . , cn); Z) ≤ min
c0,...,cn

E
(

R2(c0, . . . , cn)
)

,

which shows the superiority of the present theory with respect to the ordinary least squares
theory (see Sections 2.4 and 3 in this regard).

To minimize (15), for every j = 0, 1, . . . , n we have

∂varp (R(c0, . . . , cn); Z)
∂cj

= 0 ⇒ 2E

(
(Xj − (1 −

√
1 − p)

E(XjZ)
E(Z2)

Z)(
n

∑
k=0

ck

(
Xk − (1 −

√
1 − p)

E(XkZ)
E(Z2)

Z
)
− (Y − (1 −

√
1 − p)

E(YZ)
E(Z2)

Z)

))
= 0, (17)

leading to the linear system
varp (X0; Z)

covp (X1, X0; Z)
...

covp (Xn, X0; Z)

covp (X0, X1; Z)
varp (X1; Z)

...
covp (Xn, X1; Z)

· · ·
· · ·

...
· · ·

covp (X0, Xn; Z)
covp (X1, Xn; Z)

...
varp (Xn; Z)




c0

c1
...

cn

 (18)

=


covp (X0, Y; Z)
covp (X1, Y; Z)

...
covp (Xn, Y; Z)

.

Notice that only finding the analytical solution of the above system is sufficient to guarantee
that varp (R(c0, . . . , cn); Z) is minimized, because we automatically have{

∂2varp (R(c0, . . . , cn); Z)
∂cj

2

}n

j=0

≥ 0.

For instance, after solving (2.6) for n = 1, the approximation (13) takes the form

Y ∼=
varp (X1; Z)covp (X0, Y; Z)− covp (X0, X1; Z)covp (X1, Y; Z)

varp (X1; Z)varp (X0; Z)− cov2
p (X0, X1; Z)

X0

+
varp (X0; Z)covp (X1, Y; Z)− covp (X0, X1; Z)covp (X0, Y; Z)

varp (X1; Z)varp (X0; Z)− cov2
p (X0, X1; Z)

X1 .

In general, two continuous and discrete cases can be considered for the system (18), which
we call from now on a “p-covariances linear system with respect to the fixed variable Z”.
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2.1. Continuous Case of p-Covariances Linear System

If {Xk = Φk(x)}n
k=0, Y = f (x) and Z = z(x) are defined in a continuous space with

a probability density function as Pr(X = x) = w(x)∫ b
a w(x) dx

, for any arbitrary function w(x)

positive on the interval [a, b], then the components of the linear system (18) appear as

covp
(
Φi(x), Φj(x) ; z(x)

)
=

1∫ b
a w(x) dx

(∫ b

a
w(x)Φi(x)Φj(x) dx − p

∫ b
a w(x)Φi(x) z(x) dx

∫ b
a w(x)Φj(x) z(x) dx∫ b

a w(x) z2(x) dx

)
, (19)

where
∫ b

a w(x) z2(x) dx > 0.

2.2. Discrete Case of p-Covariances Linear System

If the above-mentioned variables are defined on a counter set, say A∗ = {xk}m
k=0 with

a discrete probability density function as Pr(X = x) = j(x)
∑

x∈A∗
j(x) , for any arbitrary function

j(x) positive on x ∈ A∗, then

covp
(
Φi(x), Φj(x) ; z(x)

)
=

1
∑

x∈A∗
j(x)

 ∑
x∈A∗

j(x)Φi(x)Φj(x)− p
∑

x∈A∗
j(x)Φi(x) z(x) ∑

x∈A∗
j(x)Φj(x) z(x)

∑
x∈A∗

j(x) z2(x)

, (20)

where ∑
x∈A∗

j(x) z2(x) > 0.

One of the important cases of the approximation (13) is when
{

Xk = Φk(x) = xk
}n

k=0
has a constant distribution function, which leads to the Hilbert problem [13,15] in a con-
tinuous space and to the polynomial type regression in a discrete space. In other words,

if
{

Xk = xk
}n

k=0
, Y = f (x), Z = z(x) and w(x) = 1 for x ∈ [0, 1] are substituted into

(18), then

covp (xi, xj; z(x)) =
1

i + j + 1
− p

∫ 1
0 xiz(x) dx

∫ 1
0 xjz(x) dx∫ 1

0 z2(x) dx
for i, j = 0, 1, . . . , n,

and

covp (xj, f (x); z(x)) =
∫ 1

0
xj f (x) dx − p

∫ 1
0 xjz(x) dx

∫ 1
0 f (x)z(x) dx∫ 1

0 z2(x) dx
for j = 0, 1, . . . , n.

For p = 0, we clearly encounter with the Hilbert problem.

Similarly, if in a discrete space
{

Xk = xk
}n

k=0
, A∗ = {xk}m

k=1, Y = f (x) where

f (xk) = yk, Z = z(x) and j(x) = 1, the entries of the system (18), respectively, take
the forms

covp (xi, xj; z(x)) =
1
m

m

∑
k=1

(xk)
i+j − p

m

m
∑

k=1
(xk)

iz(xk)
m
∑

k=1
(xk)

jz(xk)

m
∑

k=1
z2(xk)

for i, j = 0, 1, . . . , n,
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and

covp (xj, f (x); z(x)) =
1
m

m

∑
k=1

yk(xk)
j − p

m

m
∑

k=1
(xk)

jz(xk)
m
∑

k=1
yk z(xk)

m
∑

k=1
z2(xk)

for j = 0, 1, . . . , n.

As a particular sample, the system corresponding to the linear regression Y = c0X0 +

c1X1 = c0 + c1x with respect to the fixed variable Z = z(x) appears as

 m
m
∑

k=1
z2(xk)− p

( m
∑

k=1
z(xk)

)2,
m
∑

k=1
xk

m
∑

k=1
z2(xk)− p

m
∑

k=1
z(xk)

m
∑

k=1
xkz(xk)

m
∑

k=1
xk

m
∑

k=1
z2(xk)− p

m
∑

k=1
z(xk)

m
∑

k=1
xkz(xk) ,

m
∑

k=1
x2

k

m
∑

k=1
z2(xk)− p

( m
∑

k=1
xkz(xk)

)2



×
[

c0

c1

]
=


m
∑

k=1
yk

m
∑

k=1
z2(xk)− p

m
∑

k=1
z(xk)

m
∑

k=1
ykz(xk)

m
∑

k=1
xkyk

m
∑

k=1
z2(xk)− p

m
∑

k=1
xkz(xk)

m
∑

k=1
ykz(xk)

.

It is interesting to know that, if z(x) = c∗ ̸= 0 is substituted into the above partially
system for p ̸= 1, the output gives the well-known result

Y =

m
∑

k=1
x2

k

m
∑

k=1
yk −

m
∑

k=1
xk

m
∑

k=1
xkyk

m
m
∑

k=1
x2

k − (
m
∑

k=1
xk)

2 +

m
m
∑

k=1
xkyk −

m
∑

k=1
xk

m
∑

k=1
yk

m
m
∑

k=1
x2

k − (
m
∑

k=1
xk)

2 x ,

i.e., p ̸= 1 has been automatically deleted. In this sense, if the only case p = 1 is substituted
into the above mentioned system for z(x) = c∗ ̸= 0 as 0, 0

0 , m
m
∑

k=1
x2

k −
( m

∑
k=1

xk
)2

[ c0

c1

]
=

 0

m
m
∑

k=1
xkyk −

m
∑

k=1
xk

m
∑

k=1
yk

,

the output gives the result Y = c0 +
m

m
∑

k=1
xkyk−

m
∑

k=1
xk

m
∑

k=1
yk

m
m
∑

k=1
x2

k−(
m
∑

k=1
xk)

2 x, where c0 is a free parameter.

In the next section, we show why c0 became a free parameter when z(x) = c∗ ̸= 0 and
p = 1.

2.3. Some Reducible Cases of the p-Covariances Linear System
2.3.1. First Case

Suppose there exists a specific distribution for the fixed variable Z, such that

E(ZXk) = 0 for every k = 0, 1, . . . , n. (21)

Then, the p-covariances system (18) reduces to the well-known normal equations system
E (X2

0)

E(X1X0)
...

E(XnX0)

E(X0X1)

E (X2
1)

...
E(XnX1)

· · ·
· · ·

...
· · ·

E(X0Xn)

E(X1Xn)
...

E (X2
n)




c0

c1
...

cn

 =


E(X0Y)
E(X1Y)

...
E(XnY)

, (22)
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and

min
c0,...,cn

varp

(
R(c0, . . . , cn); Z

∣∣∣ {E(ZXk)}n
k=0 = 0

)
= min

c0,...,cn
E
(

R2(c0, . . . , cn)
)

. (23)

Also, it is obvious for p = 0 that

min
c0,...,cn

var0(R(c0, . . . , cn); Z) = min
c0,...,cn

E
(

R2(c0, . . . , cn)
)

.

2.3.2. Second Case

If Z follows a constant distribution (say Z = c∗ ̸= 0) and X0 = 1, the condition
(21) is no longer valid for k = 0 because c∗E(1) ̸= 0. Therefore, noting the fact that
covp (X, Y; c∗) = E(XY)− p E(X)E(Y), the linear system (18) reduces to


1 − p

(1 − p)E(X1)
...

(1 − p)E(Xn)

(1 − p)E(X1)

E (X2
1)− p E2(X1)

...
E(XnX1)− pE(Xn)E(X1)

· · ·
· · ·

...
· · ·

(1 − p)E(Xn)

E(X1Xn)− pE(X1)E(Xn)
...

E (X2
n)− pE2(Xn)

 (24)

×


c0

c1
...

cn

 =


(1 − p)E(Y)

E(X1Y)− pE(X1)E(Y)
...

E(XnY)− pE(Xn)E(Y)

,

Relation (24) shows that for p = 1, c0 is a free parameter. For X0 = 1, the approximation (13)

takes the simplified form Y ∼= c0 +
n
∑

k=1
ckXk, and replacing it in the normal system (22) yields


1

E(X1)
...

E(Xn)

E(X1)

E (X2
1)

...
E(XnX1)

· · ·
· · ·

...
· · ·

E(Xn)

E(X1Xn)
...

E (X2
n)




c0

c1
...

cn

 =


E(Y)

E(X1Y)
...

E(XnY)

. (25)

Now, the important point is that, after some elementary operations, the system (25) will
exactly be transformed into the linear system (24). This means that, for any arbitrary
p ∈ [0, 1], we have

min
c1,...,cn

varp

(
R(c0, . . . , cn); Z

∣∣∣ Z = c∗ and X0 = 1
)

= min
c1,...,cn

E

(
R2(c0, . . . , cn)

∣∣∣X0 = 1 and c0 = E(Y)−
n

∑
k=1

ckE(Xk)

)
. (26)

Such a result in (26) can similarly be proved for every Z = Xk where k = 1, 2, . . . , n, as the
following example proves.

2.4. An Illustrative Example and the Role of the Fixed Variable in It

The previous Sections 2.1–2.3 affirm that the fixed variable Z plays a basic role in
the theory of least p-variances. Here, we present an illustrative example to show the
importance of such a fixed function in constituting the initial approximation (13). Let
Y =

√
1 − x be defined on [0, 1] together with the probability density function w(x) = 1
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and the fixed function z(x) = xλ, where λ > −1/2 because
∫ 1

0 w(x) z2(x) dx = 1
2λ+1 . For

the basis functions
{

Xk = xk
}2

k=0
, the initial approximation (13) takes the form

√
1 − x ∼= c0(λ, p) + c1(λ, p) x + c2(λ, p) x2 = A2(x; λ, p), (27)

in which the unknown coefficients satisfy the following linear system according to (18):
1 − 2λ+1

(λ+1)2 p, 1
2 − 2λ+1

(λ+1)(λ+2) p, 1
3 − 2λ+1

(λ+1)(λ+3) p
1
2 − 2λ+1

(λ+1)(λ+2) p, 1
3 − 2λ+1

(λ+2)2 p, 1
4 − 2λ+1

(λ+2)(λ+3) p
1
3 − 2λ+1

(λ+1)(λ+3) p, 1
4 − 2λ+1

(λ+2)(λ+3) p, 1
5 − 2λ+1

(λ+3)2 p


 c0(λ, p)

c1(λ, p)
c2(λ, p)

 (28)

=

 2
3 − 2λ+1

λ+1 B(λ + 1, 3
2 ) p

4
15 − 2λ+1

λ+2 B(λ + 1, 3
2 ) p

16
105 − 2λ+1

λ+3 B(λ + 1, 3
2 ) p

,

where

B(a, b) =
∫ 1

0
xa−1(1 − x)b−1dx =

Γ(a)Γ(b)
Γ(a + b)

(a, b > 0).

After solving (28), A2(x; λ, p) will be determined, and since the remaining term of (27) is
defined as

R2(x; λ, p) = A2(x; λ, p)−
√

1 − x,

so
varp

(
R2(x; λ, p); xλ

)
= E

(
(R2(x; λ, p))2

)
− p (2λ + 1)E2

(
xλR2(x; λ, p)

)
.

However, there are two different cases for the parameter λ > −1/2, which should be
studied separately.

2.4.1. First Case

If λ = 0, 1, 2, then the fixed functions z(x) = 1, x, x2 coincide, respectively, with the
first, second, and third basis functions in (27), and the system (28) is simplified for λ = 0 as 1 − p, 1

2 − 1
2 p, 1

3 − 1
3 p

1
2 − 1

2 p, 1
3 − 1

4 p, 1
4 − 1

6 p
1
3 − 1

3 p, 1
4 − 1

6 p, 1
5 − 1

9 p


 c0(0, p)

c1(0, p)
c2(0, p)

 =

 2
3 − 2

3 p
4

15 − 1
3 p

16
105 − 2

9 p

,

and for λ = 1 as 1 − 3
4 p, 1

2 − 1
2 p, 1

3 − 3
8 p

1
2 − 1

2 p, 1
3 − 1

3 p, 1
4 − 1

4 p
1
3 − 3

8 p, 1
4 − 1

4 p, 1
5 − 3

16 p


 c0(1, p)

c1(1, p)
c2(1, p)

 =

 2
3 − 2

5 p
4

15 − 4
15 p

16
105 − 1

5 p

,

and finally for λ = 2 as 1 − 5
9 p, 1

2 − 5
12 p, 1

3 − 1
3 p

1
2 − 5

12 p, 1
3 − 5

16 p, 1
4 − 1

4 p
1
3 − 1

3 p, 1
4 − 1

4 p, 1
5 − 1

5 p


 c0(2, p)

c1(2, p)
c2(2, p)

 =

 2
3 − 16

63 p
4

15 − 4
21 p

16
105 − 16

105 p

.

According to the result (26), the solutions of all above systems must be the same and
independent of p so that, in the final form, we have

A2(x; 0, p) = A2(x; 1, p) = A2(x; 2, p) = A2(x; λ, 0) = −4
7

x2 − 8
35

x +
34
35

.
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Note for p = 1, after solving (28), we get

A2(x; 0, 1) = −4
7

x2 − 8
35

x + c0(0, 1),

in which c0(0, 1) = E
(√

1 − x
)
+ 4

7 E(x2) + 8
35 E(x) = 34

35 according to (26) again.
In this sense, E(R2(x; 0, 1)) = E

(
A2(x; 0, 1)−

√
1 − x

)
= 0, implies that

var1

(
R2(x; 0, 1); z(x) = 1

)
= E

(
(R2(x; 0, 1))2

)
=
∫ 1

0

(
−4

7
x2 − 8

35
x +

34
35

−
√

1 − x
)2

dx =
1

2450
∼= 0.000408.

2.4.2. Second Case

Any assumption other than λ = 0, 1, 2 causes the system (28) to have a unique solution.
For example, λ = 1/2 simplifies (28) in the form 1 − 8

9 p, 1
2 − 8

15 p, 1
3 − 8

21 p
1
2 − 1

2 p, 1
3 − 8

25 p, 1
4 − 8

35 p
1
3 − 1

3 p, 1
4 − 8

35 p, 1
5 − 8

49 p


 c0(

1
2 , p)

c1(
1
2 , p)

c2(
1
2 , p)

 =

 2
3 − 1

6 πp
4

15 − 1
10 πp

16
105 − 1

14 πp

. (29)

After solving the system (29), we obtain

A2(x;
1
2

, p) = −7
3
(75π + 64)p − 300

1224p − 1225
x2 + 20

(21π − 80)p + 14
1224p − 1225

x +
1
2
(105π + 2048)p − 2380

1224p − 1225
.

For the special case p = 1, i.e.,

A2(x;
1
2

, 1) = −(
1652

3
− 175 π) x2 + (1320 − 420 π) x + 166 − 105

2
π,

we have

E
(

x
1
2 R2(x;

1
2

, 1)
)
= −2

7
(

1652
3

− 175 π) +
2
5
(1320 − 420 π) +

2
3
(166 − 105

2
π)− π

8
,

and consequently

var1

(
R2(x;

1
2

, 1); x
1
2

)
= E

((
R2(x;

1
2

, 1)
)2
)
− 2E2

(
x

1
2 R2(x;

1
2

, 1)
)
∼= 0.000388.

As we observe

var1

(
R2(x;

1
2

, 1); x
1
2

)
< var1(R2(x; 0, 1); 1) = E

(
(R2(x; 0, 1))2

)
,

which clearly shows the role of the fixed function in the obtained approximations.

2.5. How to Choose a Suitable Option for the Fixed Variable: A Geometric Interpretation

Although inequality (28) holds for any arbitrary variable Z, our wish is to determine
some conditions to find a suitable option for the fixed variable Z, such that

var1 (X; Z) ≪ E(X2), (30)

and/or
E2(XZ)
E(Z2)

≫ 0 . (31)
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Various states can be considered for the above-mentioned goal. For example, replacing
Z = c∗ ̸= 0 in (31) yields E2(X) ≫ 0 which means that, if the magnitude of the mean
value E(X) ̸= 0 is very big, we expect that the presented theory based on the fixed variable
Z = c∗ ̸= 0 acts much better than the ordinary least squares theory. Another approach is to
directly minimize the value var1 (X; Z) in (30), such that X − E(XZ)

E(Z2)
Z → 0. The Figure 1

describes our aim in a vector space.

Figure 1. Least p-variances based on the fixed vector Z⃗ and the role of p from 0 to 1.

In this figure,
∥∥∥X⃗
∥∥∥ 2

2
=

m
∑

k=1
x2

k leads to the same as ordinary least squares for p = 0,∥∥∥X⃗ − A⃗
∥∥∥ 2

2
=
∥∥∥X⃗ − proj Z⃗X⃗

∥∥∥ 2

2
leads to the complete type of least variances based on Z⃗ and

p = 1, and finally,
∥∥∥X⃗ − p A⃗

∥∥∥ 2

2
leads to the least p-variances based on Z⃗ and p ∈ [0, 1].

3. p-Uncorrelatedness Condition on the p-Covariances Linear System and
Its Consequences

Since the coefficients matrix of the system (18) is symmetric and all its diagonal entries
are positive, the aforesaid system is solvable, and its unknown coefficients are computable.
However, as we observed in the previous example, analytically solving such linear systems
is difficult from a computational point of view. To resolve this problem, we can impose
the condition

covp (Xi, Xj; Z) = varp (Xj; Z) δi,j for every i, j = 0, 1, . . . , n with δi,j =

{
0 (i ̸= j),
1 (i = j),

(32)

on the elements of the system (18) to easily obtain the unknown coefficients in the form

ck =
covp (Xk, Y; Z)

varp (Xk; Z)
.

In this case,

Y ∼=
n

∑
k=0

covp(Xk, Y; Z)
varp (Xk; Z)

Xk , (33)

would be the best approximation in the sense of least p-variance of the error with respect
to the fixed variable Z.

Theorem 1. Any finite set of random variables satisfying the p-uncorrelatedness condition (32) is
linearly independent.
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Proof. Assume that
n
∑

k=0
akXk = 0, where {ak}n

k=0 are not all zero, and {Xk}n
k=0 are p-

uncorrelated variables satisfying (32). Then, applying covp (. , Xj; Z) on both sides of this
assumption yields

0 = covp

(
n

∑
k=0

akXk, Xj; Z

)
=

n

∑
k=0

akcovp (Xk, Xj; Z) = ajvarp (Xj; Z),

which implies that aj = 0 for j = 0, 1, . . . , n, i.e., a contradiction.

The question is now how to find linear combinations that are p-uncorrelated with
respect to the variable Z. There is a basic theorem in this direction similar to the Gram–
Schmidt orthogonalization theorem [16].

Theorem 2. Let {Vk}n
k=0 be a finite or infinite sequence of random variables, such that any finite

number of elements, {Vk}n
k=0, are linearly independent. One can find constants {ai,j}, such that

the elements
X0 = V0,
X1 = V1 + a12V0,
X2 = V2 + a22V1 + a23V0,

...
Xn = Vn + an2Vn−1 + · · ·+ an,n+1V0,

(34)

are mutually p-uncorrelated with respect to the fixed variable Z

Proof. Let us set, recursively,

X0 = V0,

X1 = V1 −
covp (X0,V1;Z)

varp (X0;Z) X0,
...

Xn = Vn −
n−1
∑

k=0

covp (Xk ,Vn ;Z)
varp (Xk ;Z) Xk.

(35)

Since relations (35) show that Xn is a linear combination of {Vk}n
k=0, it is just enough to show

that Xn is p-uncorrelated to {Xj}n−1
j=0 with respect to the variable Z. For j = 0, 1, . . . , n − 1

we have

covp (Xn, Xj; Z) = covp

(
Vn −

n−1

∑
k=0

covp (Xk, Vn; Z)
varp (Xk; Z)

Xk, Xj; Z

)

= covp(Vn, Xj; Z)−
n−1

∑
k=0

covp(Xk, Vn; Z)
varp(Xk; Z)

covp(Xk, Xj; Z)

= covp(Vn, Xj; Z)− covp(Xj, Vn; Z) = 0.

In fact, Theorem 2 is a generalization of the Gram–Schmidt orthogonalization process
when p = 0 or the condition E(ZVk) = 0 holds for every k = 0, 1, . . . , n.
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Theorem 3. The reverse proposition of the previous theorem is as follows: There are constants,
{bi,j}, such that

V0 = X0,
V1 = X1 + b12X0,
V2 = X2 + b22X1 + b23X0,

...
Vn = Xn + bn2Xn−1 + · · ·+ bn,n+1X0,

(36)

and
covp (Xn, Vk; Z) = 0 for k = 0, 1, . . . , n − 1,

provided that
covp (Xi, Xj; Z) = 0 for i ̸= j. (37)

Proof. By virtue of the fact that the system (34) is invertible, the general element of (36) in
the form

Vk = Xk + bk2Xk−1 + · · ·+ bk,k+1X0,

yields

covp (Xn, Vk; Z) = covp (Xn, Xk +
k+1

∑
j=2

bk,jXk+1−j; Z)

= covp (Xn, Xk; Z) +
k+1

∑
j=2

bk,jcovp (Xn, Xk+1−j; Z) = 0,

which is valid for every k = 0, 1, . . . , n − 1, according to the condition (37).

A General Representation for p-Uncorrelated Variables

Both previous theorems, Theorems 2 and 3, help us now obtain a general representation
for p-uncorrelated variables with respect to the variable Z. Assume that {Vk}n

k=0 is an
arbitrary, independent sequence of random variables, and {Xk}n

k=0 satisfy the condition

(32) as before. Noting the last row of (35) and this fact from (34) that Xn =
n
∑

k=0
an,n+1−k Vk

where an,1 = 1, for m ≤ n, we have

covp (Xn, Xm; Z) = covp

(
Xn, Vm −

m−1

∑
j=0

covp (Xj, Vm; Z)
varp (Xj; Z)

Xj; Z

)
(38)

= covp (Xn, Vm; Z)−
m−1

∑
j=0

covp (Xj, Vm; Z)
varp (Xj; Z)

covp
(
Xn, Xj; Z

)
= covp (Vm, Xn; Z)

= covp (Vm,
n

∑
k=0

an,n+1−k Vk; Z) =
n

∑
k=0

an,n+1−k covp (Vm, Vk; Z) = varp (Xn; Z) δm,n.
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For m = 0, 1, . . . , n, relation (38) leads eventually to the linear system
varp (V0; Z)

covp (V1, V0; Z)
...

covp (Vn, V0; Z)

covp (V0, V1; Z)
varp (V1; Z)

...
covp (Vn, V1; Z)

· · ·
· · ·

...
· · ·

covp (V0, Vn; Z)
covp (V1, Vn; Z)

...
varp (Vn; Z)




an,n+1

an,n
...

an,1

 (39)

=


0
0
...

varp (Xn; Z)

.

If the determinant

∆(p)
n ({Vk}n

k=0; Z) =

∣∣∣∣∣∣∣∣∣∣
varp (V0; Z)

covp (V1, V0; Z)
...

covp (Vn, V0; Z)

covp (V0, V1; Z)
varp (V1; Z)

...
covp (Vn, V1; Z)

· · ·
· · ·

...
· · ·

covp (V0, Vn; Z)
covp (V1, Vn; Z)

...
varp (Vn; Z)

∣∣∣∣∣∣∣∣∣∣
, (40)

is defined with ∆(p)
−1 (.) = 1, the first result of solving the system (39) is that the value

varp (Xn; Z) can be computed in terms of the determinant (40) as

varp (Xn; Z) =
∆(p)

n
(
{Vk}n

k=0; Z
)

∆(p)
n−1

(
{Vk}n−1

k=0 ; Z
) . (41)

On the other side, it follows from (41) as a first-order equation that

∆(p)
n ({Vk}n

k=0; Z) =
n

∏
k=0

varp (Xk; Z) ≥ 0 . (42)

The second result of solving (39) is to derive a general representation for Xn as

∆(p)
n−1

(
{Vk}n−1

k=0 ; Z
)

Xn

=

∣∣∣∣∣∣∣∣∣∣∣∣

varp (V0; Z)
covp (V1, V0; Z)

...
covp (Vn−1, V0; Z)

covp (V0, V1; Z)
varp (V1; Z)

...
covp (Vn−1, V1; Z)

· · ·
· · ·

...
· · ·

covp (V0, Vn; Z)
covp (V1, Vn; Z)

...
covp (Vn−1, Vn; Z)

V0 V1 · · · Vn

∣∣∣∣∣∣∣∣∣∣∣∣
, (43)

where we have exploited (41) to derive it.
Inequality (42) reveals that the determinant of the coefficients matrix of the system (18)

is always non-negative. Moreover, if p = 0 or E(ZXk) = 0, for every k = 0, 1, . . . , n
in (43), it gives the same as the Gram–Schmidt orthogonalization process. For instance, the
expanded forms of (43) for n = 0, 1, 2 are
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X0 = V0,

X1 = V1 −
covp (V0, V1; Z)

varp (V0; Z)
V0,

X2 = V2 −
varp (V0; Z)covp (V1, V2; Z)− covp (V0, V1; Z)covp (V0, V2; Z)

varp (V0; Z)varp (V1; Z)− cov2
p(V0, V1; Z)

V1

−
varp (V1; Z)covp (V0, V2; Z)− covp (V0, V1; Z)covp (V1, V2; Z)

varp (V0; Z)varp (V1; Z)− cov2
p(V0, V1; Z)

V0 ,

satisfying the conditions

covp (X0, X1; Z) = covp (X0, X2; Z) = covp (X1, X2; Z) = 0.

Notice that, although the general representation (43) is computationally slower than the
recursive algorithm described in Theorem 2, it is of theoretical interest, as we have used it
to find new sequences of p-uncorrelated functions (see examples of Sections 7–10).

4. p-Uncorrelated Expansions with Respect to a Fixed Variable
Let {Xk}n

k=0 be a sequence of p-uncorrelated variables with respect to the variable Z.
If n → ∞ in approximation (33), the series

∞

∑
k=0

covp (Xk, Y; Z)
varp (Xk; Z)

Xk,

is called a p-uncorrelated expansion with respect to Z for Y, and then we write

Y ∼
∞

∑
k=0

covp (Xk, Y; Z)
varp (Xk; Z)

Xk . (44)

In the case where n is finite, there is a separate theorem, as follows.

Theorem 4. Let {Vk}n
k=0 be linearly independent variables, and let {Xk}n

k=0 be their corresponding

p-uncorrelated elements generated via {Vk}n
k=0 in Theorem 2. If

n
∑

k=0
akVk = Wn, and then

Wn =
n

∑
k=0

covp (Xk, Wn; Z)
varp (Xk; Z)

Xk . (45)

Proof. First from Theorem 3 and relation (36), we have

Wn =
n

∑
k=0

akVk = a0(X0) + a1(X1 + b12X0) + · · ·+ an(Xn + bn2Xn−1 + · · ·+ bn,n+1X0) (46)

= c0X0 + c1X1 + · · ·+ cnXn.

Now, for k = 0, 1, . . . , n, apply covp(. , Xk; Z) on both sides of (46) to get

covp(Wn, Xk; Z) = covp (
n

∑
j=0

cjXj, Xk; Z) =
n

∑
j=0

cjcovp (Xj, Xk; Z) = ckvarp(Xk; Z),

which yields

ck =
covp (Wn, Xk; Z)

varp (Xk; Z)
,
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and (45) is, therefore, proven.

Remark 1. There is an important point in Theorem 4. Let us reconsider n + 1 mutually p-
uncorrelated elements {Xk}n

k=0, satisfying the condition

covp (Xi, Xj; Z) = varp (Xj; Z) δi,j. (47)

Since

covp (Xi, Xj; Z) = E
((

Xi − (1 −
√

1 − p)
E(XiZ)
E(Z2)

Z
)(

Xj − (1 −
√

1 − p)
E(XjZ)
E(Z2)

Z
))

,

by defining the variable

Tj,p(Z) = Xj − (1 −
√

1 − p)
E(XjZ)
E(Z2)

Z = Xj − (1 −
√

1 − p)proj ZXj, (48)

we observe in (47) that
E
(

Ti,p(Z)Tj,p(Z)
)
= E

(
T2

j,p(Z)
)

δi,j. (49)

Now notice that the orthogonal sequence
{

Tj,p(Z)
}n

j=0 in (48) is created only when we have already

created the uncorrelated sequence
{

Xj
}n

j=0 because of the term
E(XjZ)
E(Z2)

Z; otherwise, generating
such orthogonal sequences is impossible. This means that uncorrelatedness would always lead to
orthogonality, but its reverse is not possible when {E(ZXk)}n

k=0 ̸= 0. Also, note that the original
shape of these two sequences is quite different, so their corresponding approximations are different,
such that the approximation corresponding to the orthogonal base

{
Tj,p(Z)

}n
j=0 is optimized in

the sense of ordinary least squares, while the approximation corresponding to the uncorrelated
base

{
Xj
}n

j=0 is optimized in the sense of least p-variances. Referring to (48) and (49), let us now
consider the following orthogonal approximation sum for the same variable Wn, as stated in (45),

Sn =
n

∑
j=0

E
(
Wn Tj,p(Z)

)
E
(

T2
j,p(Z)

) Tj,p(Z) . (50)

Since, in (50),

E
(
Wn Tj,p(Z)

)
= E

(
Wn

(
Xj − (1 −

√
1 − p)

E(XjZ)
E(Z2)

Z
))

= covp (Xj, Wn; Z),

and

E
(

T2
j,p(Z)

)
= E

((
Xj − (1 −

√
1 − p)

E(XjZ)
E(Z2)

Z
)2)

= varp (Xj; Z),

the aforesaid sum is simplified as

Sn =
n

∑
j=0

covp (Xj, Wn; Z)
varp (Xj; Z)

(
Xj − (1 −

√
1 − p)

E(XjZ)
E(Z2)

Z
)

(51)

= Wn − (1 −
√

1 − p)
Z

E(Z2)

n

∑
j=0

covp (Xj, Wn; Z) E(XjZ)
varp (Xj; Z)

.

The main point is now here: if, in (51), p = 0 or
{

E(XjZ) = 0
}n

j=0 (see Section 2.3.1) and/or the
limit condition

∞

∑
j=0

covp (Xj, Wn; Z) E(XjZ)
varp (Xj; Z)

= 0, (52)
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is satisfied, then lim
n→∞

Sn = lim
n→∞

Wn = W∗, and subsequently

∞

∑
j=0

covp (Xj, W∗; Z)
varp (Xj; Z)

Xj =
∞

∑
j=0

E
(
W∗Tj,p(Z)

)
E
(

T2
j,p(Z)

) Tj,p(Z) . (53)

This means that the two aforesaid expansions in (53) coincide with each other only if the condition
(52) holds. However, in many cases, this condition will not occur independently, as Wn is distinct
for each choice, especially in continuous spaces; see Corollary 9 in this regard. We finally add that,
in a general case, we have

n

∑
j=0

Cj Tj,p(Z) =
n

∑
j=0

Cj

(
Xj − (1 −

√
1 − p)

E(XjZ)
E(Z2)

Z
)

=
n

∑
j=0

CjXj − (1 −
√

1 − p)
Z

E(Z2)
E

(
Z

n

∑
j=0

CjXj

)

=
n

∑
j=0

CjXj − (1 −
√

1 − p)proj Z

(
n

∑
j=0

CjXj

)
.

4.1. A Biorthogonality Property

Let {Xk}k=0 be a sequence of complete uncorrelated variables satisfying the condition

cov1 (Xk, Xj; Z) = var1 (Xj; Z) δk,j.

Since

E
(

Xk

(
Xj −

E(Xj Z)
E(Z2)

Z
))

= cov1 (Xk, Xj; Z),

so the relation

E
(

Xk

(
Xj −

E(Xj Z)
E(Z2)

Z
))

= var1 (Xj; Z) δk,j.

implies that the sequence {Xk}k=0 is biorthogonal with respect to the sequence{
Xj −

E(Xj Z)
E(Z2)

Z
}

j=0
. This means that every complete uncorrelated sequence can be

biorthogonal, but its reverse proposition is not true. See also Corollary 7. To study the topic
of biorthogonality, we refer the readers to [17,18].

Theorem 5. Let {Xk}k=0 be p-uncorrelated variables satisfying the condition (47), and let Y be
arbitrary. Then,

varp

(
Y −

n

∑
k=0

covp (Xk, Y; Z)
varp (Xk; Z)

Xk ; Z

)
≤ varp

(
Y −

n

∑
k=0

αkXk ; Z

)
, (54)

for any selection of constants {αk}n
k=0.

Proof. According to (9), we first have
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varp

(
Y −

n

∑
k=0

αkXk ; Z

)
= varp (Y ; Z) + varp

(
n

∑
k=0

αkXk ; Z

)
− 2 covp

(
n

∑
k=0

αkXk, Y ; Z

)
(55)

= varp (Y ; Z) +
n

∑
k=0

α2
k varp ( Xk; Z)− 2

n

∑
k=0

αkcovp (Xk, Y ; Z)

= varp (Y ; Z) +
n

∑
k=0

αk

√
varp ( Xk; Z)−

covp (Xk, Y; Z)√
varp ( Xk; Z)

2

−
n

∑
k=0

cov2
p (Xk, Y; Z)

varp (Xk; Z)
,

in which the following identity has been used:

varp

(
n

∑
k=0

akXk ; Z

)
=

n

∑
k=0

a2
k varp ( Xk; Z) ⇔ covp

(
Xi, Xj ; Z

)
= 0 for i ̸= j.

Since varp (Y ; Z)−
n
∑

k=0

cov2
p (Xk ,Y;Z)

varp (Xk ;Z) is independent of {αk}n
k=0 in the last equality of (55),

the minimum of varp

(
Y −

n
∑

k=0
αkXk ; Z

)
is, therefore, achieved only when

αk

√
varp ( Xk; Z)−

covp (Xk, Y; Z)√
varp ( Xk; Z)

= 0, (56)

which results in the left side of inequality (54).

With reference to (8), inequality (54) can be completed as follows

varp

(
Y −

n

∑
k=0

covp (Xk, Y; Z)
varp (Xk; Z)

Xk ; Z

)
≤ varp

(
Y −

n

∑
k=0

αkXk ; Z

)
≤ E

((
Y −

n

∑
k=0

αkXk

)2
)

, (57)

where {αk}n
k=0 are arbitrary.

Again, inequality (57) shows the superiority of p-uncorrelated approximations (33)
with respect to any approximation that is made using the least square method (in particular
orthogonal approximations). See Example 3 in this regard.

Corollary 1. Let {Vk}n
k=0 be an independent set of random variables. The problem of finding

that linear combination of V0, V1, . . . , Vn, which minimizes varp

(
Y −

n
∑

k=0
βkVk ; Z

)
, for any

selection of constants {βk}n
k=0 is solved using

n
∑

k=0

covp (Xk ,Y;Z)
varp (Xk ;Z) Xk where {Xk}n

k=0 are mutually p-

uncorrelated with respect to the variable Z. This corollary tells us that every least p-variance problem
with respect to a fixed variable is solved by an appropriate truncated p-uncorrelated expansion of
type (44).

Corollary 2. Substituting (56) into (55) gives

varp

(
Y −

n

∑
k=0

covp (Xk, Y; Z)
varp (Xk; Z)

Xk ; Z

)
= varp (Y; Z)−

n

∑
k=0

cov2
p(Xk, Y; Z)

varp (Xk; Z)

= varp (Y; Z)

(
1 −

n

∑
k=0

ρ2
p (Xk, Y; Z)

)
. (58)
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On the other hand, the positivity of a p-variance in (58) implies that

n

∑
k=0

ρ2
p (Xk, Y; Z) ≤ 1,

where {Xk}n
k=0 satisfy (47). Also, if {Xk}∞

k=0 is an infinite sequence of p-uncorrelated variables,
then the latter inequality changes to

∞

∑
k=0

ρ2
p (Xk, Y; Z) ≤ 1 or

∞

∑
k=0

cov2
p(Xk, Y; Z)

varp (Xk; Z)
≤ varp (Y; Z). (59)

Finally, convergence in the series (59) causes

lim
k→∞

ρ2
p (Xk, Y; Z) = 0 or lim

k→∞

cov2
p(Xk, Y; Z)

varp (Xk; Z)
= 0 .

Definition 5. Convergence in p-variance with respect to a fixed variable
Reconsider the approximation (13), and form the p-variance of its error just like in relation (15). If

lim
n→∞

varp (R(c0, . . . , cn); Z) = 0, (60)

we call the limit relation (60) “Convergence in p-variance with respect to the fixed variable Z”. In
this sense, by noting identity (58) if

0 = lim
n→∞

varp

(
Y −

n

∑
k=0

covp (Xk, Y; Z)
varp (Xk; Z)

Xk ; Z

)
= varp (Y; Z) lim

n→∞

(
1 −

n

∑
k=0

ρ2
p (Xk, Y; Z)

)
,

and then
∞

∑
k=0

ρ2
p (Xk, Y; Z) = 1 or

∞

∑
k=0

cov2
p (Xk, Y; Z)

varp (Xk; Z)
= varp (Y; Z) ,

provided that {Xk}k=0 are mutually p-uncorrelated.

Theorem 6. Let {Vk}n
k=0 be linearly independent variables, and let {Xk}n

k=0 be their corresponding
p-uncorrelated elements generated via {Vk}n

k=0 in Theorem 2. Then, for any selection of constants
{λk}n−1

k=0 , we have

varp (Xn ; Z) ≤ varp

(
Vn +

n−1

∑
k=0

λkVk ; Z

)
. (61)

Proof. First, suppose in (54) that n → n − 1, and then take Y = Vn. Noting the last equality
of (35) gives

varp

(
Vn −

n−1

∑
k=0

covp (Xk, Vn; Z)
varp (Xk; Z)

Xk ; Z

)
= varp (Xn ; Z) ≤ varp

(
Vn −

n−1

∑
k=0

αkXk ; Z

)
. (62)

On the other hand, according to relations (34), there exists an arbitrary sequence, say

{λk}n−1
k=0 , such that −

n−1
∑

k=0
αkXk =

n−1
∑

k=0
λkVk in (62) which completes the proof of (61).
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Corollary 3. Let {Xk}n
k=0 be a p-uncorrelated variables with respect to the fixed variable Z. Then,

for any variable Y and every j = 0, 1, . . . , n, we have

covp

(
Y −

n

∑
k=0

covp (Xk, Y; Z)
varp (Xk; Z)

Xk, Xj ; Z

)

= covp
(
Y, Xj ; Z

)
−

n

∑
k=0

covp (Xk, Y; Z)
varp (Xk; Z)

covp
(
Xk, Xj ; Z

)
= covp

(
Y, Xj ; Z

)
− covp

(
Xj, Y ; Z

)
= 0.

Here is a suitable position for studying the p-uncorrelatedness topic practically and
introducing new sequences of functions in continuous and discrete spaces.

5. p-Uncorrelated Functions with Respect to a Fixed Function
Let {Φk(x)}k=0 be a sequence of continuous functions defined on [a, b], and let w(x) be

positive on this interval. Also let z(x) be a continuous function, such that
∫ b

a w(x)z2(x)dx > 0.
Referring to (19), we say that {Φk(x)}∞

k=0 are (weighted) p-uncorrelated functions with
respect to the fixed function z(x) if they satisfy the condition

∫ b

a
w(x)Φm(x)Φn(x) dx − p

∫ b
a w(x)Φm(x) z(x) dx

∫ b
a w(x)Φn(x) z(x) dx∫ b

a w(x) z2(x) dx

=

∫ b

a
w(x)Φ2

n(x) dx − p
(
∫ b

a w(x)Φn(x) z(x) dx)
2∫ b

a w(x) z2(x) dx

 δm,n. (63)

Especially when w(x)z(x) = v(x), (63) becomes

∫ b

a
w(x)Φm(x)Φn(x) dx − λ2

p

∫ b

a
v(x)Φm(x) dx

∫ b

a
v(x)Φn(x) dx

=

(∫ b

a
w(x)Φ2

n(x) dx − λ2
p

( ∫ b

a
v(x)Φn(x) dx

)2
)

δm,n,

where λ2
p = p/

∫ b
a

v2(x)
w(x) dx (e.g., see relation (225)).

Noting (20), such a definition in (63) can similarly be considered for discrete functions as

∑
x∈A∗

j(x)Φm(x)Φn(x)− p
∑

x∈A∗
j(x)Φm(x) z(x) ∑

x∈A∗
j(x)Φn(x) z(x)

∑
x∈A∗

j(x) z2(x)

=

 ∑
x∈A∗

j(x)Φ2
n(x) − p

( ∑
x∈A∗

j(x)Φn(x) z(x))2

∑
x∈A∗

j(x) z2(x)

 δm,n .

Remark 2. Relation (63) clarifies that, after deriving p-uncorrelated functions, one will be able to
define a sequence of orthogonal functions in the form

Φn(x)− (1 −
√

1 − p)

∫ b
a w(x)Φn(x) z(x) dx∫ b

a w(x) z2(x) dx
z(x) = Gn(x; p) , (64)
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having the orthogonality property

∫ b

a
w(x) Gm(x; p)Gn(x; p) dx =

(∫ b

a
w(x) G2

n(x; p) dx
)

δm,n

=

(∫ b

a
w(x) dx

)(
varp(Φn(x); z(x))

)
δm,n,

whereas its reverse proposition is not feasible when
∫ b

a w(x)Φn(x) z(x) dx ̸= 0 or p ̸= 0 in (64).
Thus, p-uncorrelated functions cannot be directly derived from orthogonal sequences, as they are an
extension of orthogonal functions for p = 0, while, from p-uncorrelated functions, the aforesaid aim
is always possible.

There are essentially two classifications for deriving (weighted) p-uncorrelated func-
tions with respect to a fixed function.

5.1. Two Classifications for Deriving p-Uncorrelated Functions
5.1.1. First Classification

If the weight function in (63) is non-classical, i.e., not belonging to the Pearson distri-
butions family and its symmetric analogue [19,20], the procedure to derive p-uncorrelated
functions will lead to the same as generalized Gram–Schmidt process presented in
Theorem 2 or equivalently in the representation (43). In this sense, there are ten classi-
cal sequences of real polynomials [20] that are orthogonal with respect to the Pearson
distributions family

W

(
d, e

a, b, c

∣∣∣∣∣ x

)
= exp

(∫ dx + e
ax2 + bx + c

dx
)

(a, b, c, d, e ∈ R),

and its symmetric analogue [19]

W∗
(

r, s
p, q

∣∣∣∣∣ x

)
= exp

(∫ r x2 + s
x(px2 + q)

dx
)

(p, q, r, s ∈ R).

Five of them are infinitely orthogonal with respect to particular cases of the two above-
mentioned distributions and five other ones are finitely orthogonal which are limited
to some parametric constraints. For other applications of orthogonal polynomials, see,
e.g., [21–24]. Table 1 shows the main characteristics of these sequences, where

Sn

(
r, s
p, q

∣∣∣∣∣ x

)
=

[n/2]

∑
k=0

(
[n/2]

k

)
[n/2]−(k+1)

∏
i=0

(
2i + (−1)n+1 + 2 [n/2]

)
p + r(

2i + (−1)n+1 + 2
)

q + s
xn−2k = Sn(x),

is a four-parametric sequence of symmetric orthogonal polynomials [19] that satisfies the
second-order differential equation

x2(px2 + q) S′′
n(x) + x(rx2 + s) S′

n(x)−
(

n(r + (n − 1)p)x2 + (1 − (−1)n) s/2
)

Sn(x) = 0.
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Table 1. Characteristics of ten sequences of classical orthogonal polynomials.

Symbol Weight Function
Kind, Interval

&
Parameters Constraint

P(u,v)
n (x) W

(
−u − v, −u + v

−1, 0, 1

∣∣∣∣ x
)
= (1 − x)u(1 + x)v Infinite, [−1, 1]

u > −1 , v > −1

L(u)
n (x) W

(
−1, u

0, 1, 0

∣∣∣∣ x
)
= xu exp(−x) Infinite, [0, ∞)

u > −1

Hn(x) W
(

−2, 0
0, 0, 1

∣∣∣∣ x
)
= exp(−x2) Infinite, (−∞, ∞)

-

J(u,v)
n (x) W

(
−2u, v
1, 0, 1

∣∣∣∣ x
)
= (1 + x2)−u exp(v arctan x) Finite, (−∞, ∞)

max n < (u − 1)/2

M(u,v)
n (x) W

(
−u, v

1, 1, 0

∣∣∣∣ x
)
= xv(x + 1)−(u+v) Finite, [0, ∞)

max n < (u − 1)/2,
v > −1

N(u)
n (x) W

(
−u, 1

1, 0, 0

∣∣∣∣ x
)
= x−u exp(−1/x) Finite, [0, ∞)

max n < (u − 1)/2

Sn

(
−2u − 2v − 2, 2u

−1, 1

∣∣∣∣ x
)

W∗
(

−2u − 2v, 2u
−1, 1

∣∣∣∣ x
)
= x2u(1 − x2)v Infinite, [−1, 1]

u > −1/2 , v > −1

Sn

(
−2, 2u
0, 1

∣∣∣∣ x
)

W∗
(

−2, 2u
0, 1

∣∣∣∣ x
)
= x2u exp(−x2) Infinite, (−∞, ∞)

u > −1/2

Sn

(
−2u − 2v + 2, −2u

1, 1

∣∣∣∣ x
)

W∗
(

−2u − 2v, −2u
1, 1

∣∣∣∣ x
)
= x−2u(1 + x2)−v Finite, (−∞, ∞)

n < u + v − 1/2,
u < 1/2 , v > 0

Sn

(
−2u + 2, 2

1, 0

∣∣∣∣ x
)

W∗
(

−2u, 2
1, 0

∣∣∣∣ x
)
= x−2uexp(−1/x2) Finite, (−∞, ∞)

max n < u − 1/2

5.1.2. Second Classification

If the weight function belongs to the family of distributions presented in Table 1,
there is an analogue theorem below for p-uncorrelated functions similar to the well-known
Sturm–Liouville theorem for orthogonal functions [20].

Theorem 7. Let a(x), b(x), u(x) and v(x) be four given functions continuous on the interval
[a, b] and p ∈ [0, 1]. If

w(x) = u(x) exp
(∫ b(x)− a′(x)

a(x)
dx
)

,

is a positive function on [a, b] and the sequence {Φn(x)}∞
n=0 with the corresponding eigenvalues

{λn} satisfies an integro-differential equation of the form

a(x)Φ′′
n(x) + b(x)Φ′

n(x) + (λn u(x) + v(x))Φn(x)

= p(λn + Az) u(x) z(x)

∫ b
a w(x)Φn(x) z(x) dx∫ b

a w(x) z2(x) dx
, (65)

such that the function z(x) satisfies the equation

a(x) z′′(x) + b(x) z′(x) + v(x) z(x)
u(x) z(x)

= Az, (66)
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where Az is a constant value, and also

α1 Φn(a) + β1Φ′
n(a) = 0 ,

α2 Φn(b) + β2Φ′
n(b) = 0 ,

(67)

are two initial conditions where α1 , β1, α2 and β2 are given constants, then {Φn(x)}∞
n=0 are

(weighted) p-uncorrelated functions with respect to the fixed function z(x).

Proof. For the sake of simplicity, we assume in (65) that
∫ b

a w(x)Φn(x) z(x) dx∫ b
a w(x) z2(x) dx

= β∗
n. Then,

Equation (65) can be written in the self-adjoint form(
r(x)Φ′

n(x)
)′
+ (λn w(x) + q(x))Φn(x) = p(λn + Az) β∗

n w(x) z(x), (68)

and for the index m as(
r(x)Φ′

m(x)
)′
+ (λm w(x) + q(x))Φm(x) = p(λm + Az) β∗

m w(x) z(x), (69)

in which

r(x) = a(x) exp
(∫ b(x)− a′(x)

a(x)
dx
)

,

and

q(x) = v(x) exp
(∫ b(x)− a′(x)

a(x)
dx
)

.

On multiplying by Φm(x) and Φn(x) in, respectively, (68) and (69) and subtracting, we get

[
r(x)

(
Φm(x)Φ′

n(x)− Φn(x)Φ′
m(x)

)] b
a + (λn − λm)

∫ b

a
w(x)Φn(x)Φm(x) dx

= p(λn + Az)β∗
n

∫ b

a
w(x)Φm(x) z(x) dx − p(λm + Az)β∗

m

∫ b

a
w(x)Φn(x) z(x) dx

= p(λn − λm)

∫ b
a w(x)Φn(x) z(x) dx

∫ b
a w(x)Φm(x) z(x) dx∫ b

a w(x) z2(x) dx
,

which results in

(λn − λm)

(∫ b

a
w(x)Φn(x)Φm(x) dx − p

∫ b
a w(x)Φn(x) z(x) dx

∫ b
a w(x)Φm(x) z(x) dx∫ b

a w(x) z2(x) dx

)
= −

[
r(x)

(
Φm(x)Φ′

n(x)− Φn(x)Φ′
m(x)

)] b
a = 0 ⇔ n ̸= m.

It is important to mention that the integro-differential equation (65) can be transformed
into a fourth-order equation using (66). First of all, without a loss in generality, we can
assume in (65) that u(x) = 1 because it is just enough to divide both side of (65) by u(x). In
this case, substituting

z(x) =
1

p(λn + Az)β∗
n

(
a(x)Φ′′

n(x) + b(x)Φ′
n(x) + (λn + v(x))Φn(x)

)
into the equation

a(x) z′′(x) + b(x) z′(x) + (v(x)− Az)z(x) = 0,
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yields

a2(x)Φ(4)
n (x) + 2a(x)

(
a′(x) + b(x)

)
Φ(3)

n (x)+(
a(x)

(
a′′(x) + 2b′(x) + 2v(x) + λn − Az

)
+ b(x)

(
a′(x) + b(x)

))
Φ′′

n(x)

+
(
a(x)

(
b′′(x) + 2v′(x)

)
+ b(x)

(
b′(x) + 2v(x) + λn − Az

))
Φ′

n(x)

+
(

a(x)v′′(x) + b(x)v′(x) + v2(x) + (λn − Az)v(x)− Azλn

)
Φn(x) = 0,

having four independent basis solutions.

5.2. A Generalized Theorem with an Important Remark
5.2.1. An Extension of the Previous Theorem

This time, let us assume in the right side of (65) that the function u(x)z(x) = h(x)
satisfies a second-order differential equation of the form

p(x) h′′(x) + q(x) h′(x) + r(x) h(x) = 0,

instead of satisfying the Equation (66), where p(x), q(x) and r(x) are all known functions.
Then, Equation (65) will be transformed into the fourth-order equation

p(x)
(
a(x)Φ′′

n(x) + b(x)Φ′
n(x) + (λn u(x) + v(x))Φn(x)

)′′
+ q(x)

(
a(x)Φ′′

n(x) + b(x)Φ′
n(x) + (λn u(x) + v(x))Φn(x)

)′
+ r(x)

(
a(x)Φ′′

n(x) + b(x)Φ′
n(x) + (λn u(x) + v(x))Φn(x)

)
= 0,

which is equivalent to

p(x)a(x)Φ(4)
n (x) +

(
p(x)

(
2a′(x) + b(x)

)
+ q(x) a(x)

)
Φ(3)

n (x)

+
(

p(x)u(x)λn + p(x)
(
a′′(x) + 2b′(x) + v(x)

)
+ q(x)

(
a′(x) + b(x)

)
+ r(x)a(x)

)
Φ′′

n(x) (70)

+
((

2p(x)u′(x) + q(x)u(x)
)
λn + p(x)

(
b′′(x) + 2v′(x)

)
+ q(x)

(
b′(x) + v(x)

)
+ r(x)b(x)

)
Φ′

n(x)

+
((

p(x)u′′(x) + q(x)u′(x) + r(x)u(x)
)
λn + p(x)v′′(x) + q(x)v′(x) + r(x)v(x)

)
Φn(x) = 0.

Noting the above-mentioned comments, Equation (65) can now be generalized as

a(x)Φ′′
n(x) + b(x)Φ′

n(x) + (λn u(x) + v(x))Φn(x) = Rn(x),

whose self-adjoint form

(
r(x)Φ′

n(x)
)′
+ (λn w(x) + q(x))Φn(x) =

w(x)
u(x)

Rn(x),

yields

[
r(x)

(
Φm(x)Φ′

n(x)− Φn(x)Φ′
m(x)

)] b
a + (λn − λm)

∫ b

a
w(x)Φn(x)Φm(x) dx

=
∫ b

a

w(x)
u(x)

(Rn(x)Φm(x)− Rm(x)Φn(x)) dx . (71)
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Now, if in (71), we set

Rn(x) = p(λn + Az)

∫ b
a w(x) z(x)Φn(x) dx∫ b

a w(x) z2(x) dx
u(x) z(x),

we directly get to Theorem 7.

5.2.2. Remark

The previous section shows that Equation (65) is, in fact, a non-homogeneous second-
order differential equation whose general solution for p = 1 reads as

Φn(x) = c1y1,n(x) + c2y2,n(x) + λ∗z(x) (c1, c2, λ∗ ∈ R), (72)

where c1y1,n(x) + c2y2,n(x) is the solution of the homogeneous equation

a(x)Φ′′
n(x) + b(x)Φ′

n(x) + (λn p(x) + q(x))Φn(x) = 0,

with two independent solutions, y1,n(x) and y2,n(x), respectively.
Hence, substituting (72) into (65) for p = 1 simplifies the general solution as

Φn(x) = c1

(
y1,n(x)−

∫ b
a w(x) z(x) y1,n(x) dx∫ b
a w(x) z(x) y2,n(x) dx

y2,n(x)

)
+ λ∗ z(x), (73)

provided that
∫ b

a w(x) z(x) y2,n(x) dx ̸= 0 (∀n /∈ Z+). On the other hand, since, in (73),

∫ b

a
Φn(x)w(x) z(x) dx = λ∗

∫ b

a
w(x) z2(x) dx,

the uncorrelated condition (63) for p = 1 is simplified as

∫ b

a
w(x)Φn(x)Φm(x) dx − λ∗2

∫ b

a
w(x) z2(x) dx

=

(∫ b

a
w(x)Φ2

n(x) dx − λ∗2
∫ b

a
w(x) z2(x) dx

)
δm,n,

leading to the “simple type of p-uncorrelated variables” to be defined and studied in detail
in the next Section 6. In this sense, note that

1
c2

1

(∫ b

a
w(x)Φ2

n(x) dx − λ∗2
∫ b

a
w(x) z2(x) dx

)
=
∫ b

a
w(x) y2

1,n(x) dx

+
(
∫ b

a w(x) z(x) y1,n(x) dx)
2

(
∫ b

a w(x) z(x) y2,n(x) dx)
2

∫ b

a
w(x) y2

2,n(x) dx

− 2

∫ b
a w(x) z(x) y1,n(x) dx∫ b
a w(x) z(x) y2,n(x) dx

∫ b

a
w(x) y1,n(x)y2,n(x) dx,

i.e., the aforementioned 1-variance value is always independent of λ∗.

Example 1. Consider the following integro-differential equation

Φ′′
n(x) + n2 Φn(x) = (n2 + A) z(x)

∫ π
0 Φn(x) z(x) dx∫ π

0 z2(x) dx
, (74)
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in which z(x) satisfies the equation

z′′(x)
z(x)

= A. (75)

Noting (70), the equivalent form of (74), together with (75), is

Φ(4)
n (x) +

(
n2 − A

)
Φ′′

n(x)− An2Φn(x) = (D2 + n2)(D2 − A)Φn(x) = 0,

having the general solution

Φn(x) = c1 sin nx + c2 cos nx + λ∗z(x) where (D2 − A) z(x) = 0. (76)

According to (73), the solution (76) changes to

Φn(x) = c1

(
sin nx −

∫ π
0 z(x) sin nx dx∫ π
0 z(x) cos nx dx

cos nx

)
+ λ∗ z(x), (77)

satisfying the relation

∫ π

0
Φn(x)Φm(x) dx − λ∗2

∫ π

0
z2(x) dx = c2

1
π

2

(
1 +

(
∫ π

0 z(x) sin nx dx)2

(
∫ π

0 z(x) cos nx dx)2

)
δm,n .

In this regard, notice that the two sub-sequences

Φ2n(x) = c1

(
sin 2nx −

∫ π
0 z(x) sin 2nx dx∫ π
0 z(x) cos 2nx dx

cos 2nx

)
+ λ∗ z(x),

and

Φ2n+1(x) = c1

(
sin(2n + 1)x −

∫ π
0 z(x) sin(2n + 1)x dx∫ π
0 z(x) cos(2n + 1)x dx

cos(2n + 1)x

)
+ λ∗ z(x),

in (77) are automatically uncorrelated (without any constraint) with respect to every fixed
function, z(x), that satisfies (75).

In total, three cases can occur for the constant value A in (75).
(i) If A = α2 (α ̸= 0), the solution of equation (75) is as z(x) = a1 eαx + a2 e−αx, and
subsequently, (76) takes the form

Φn(x) = c1 sin nx + c2 cos nx + a1 eαx + a2 e−αx.

(ii) If A = −α2 (α ̸= 0), then z(x) = b1 cos(αx) + b2 sin(αx) and

Φn(x) = c1 sin nx + c2 cos nx + b1 cos(αx) + b2 sin(αx).

(iii) If A = 0, then z(x) = c3 x + c4 and

Φn(x) = c1 sin nx + c2 cos nx + c3 x + c4.

For instance, if z(x) = ex is chosen from the above mentioned options, the general
solution of the equation

Φ′′
n(x) + n2 Φn(x) =

2(n2 + 1)
e2π − 1

ex
∫ π

0
Φn(x) exdx ,
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is, according to (77), as

Φn(x) = c1

(
sin nx −

∫ π
0 ex sin nx dx∫ π
0 ex cos nx dx

cos nx

)
+ λ∗ex. (78)

On the other hand,∫ π

0
ex sin nx dx = − n

n2 + 1
((−1)neπ − 1) and

∫ π

0
ex cos nx dx =

1
n2 + 1

((−1)neπ − 1),

imply that (78) takes the final form

Φn(x) = c1(sin nx + n cos nx) + λ∗ex, (79)

where c1, λ∗ ∈ R. Note that, since in (79),

Φn(0) = Φ′
n(0) and Φn(π) = Φ′

n(π),

so [
Φm(x)Φ′

n(x)− Φn(x)Φ′
m(x)

]π
0 = 0 .

However, for other choices of z(x), we may have to determine the values c1 and λ∗ uniquely.
Also, for n = m, we obtain

πvar1(Φn(x); ex) =
∫ π

0
Φ2

n(x) dx − λ∗2 e2π − 1
2

= c2
1

π

2
(n2 + 1) (∀n ∈ N).

Finally, according to Remark 2, the sequence

Φn(x)− λ∗ ex = c1(sin nx + n cos nx) ,

must be orthogonal with respect to the constant weight function on [0, π], i.e.,

∫ π

0

(
sin(n + 1)x + (n + 1) cos(n + 1)x

)(
sin(m + 1)x + (m + 1) cos(m + 1)x

)
dx

=
π

2
(n2 + 2n + 2) δn,m,

in which

sin(n + 1)x + (n + 1) cos(n + 1)x =
√

n2 + 2n + 2 sin
(
(n + 1)x + arctan (n + 1)

)
,

having the explicit roots

xk =
kπ − arctan (n + 1)

n + 1
for k = 1, 2, . . . , n + 1.

The important Section 5.2.2 and its subsequent example imply that we study and
investigate a specific type of p-uncorrelated variables in the next section.

6. Simple p-Uncorrelated Variables and Their Relationship with
Orthogonal Sequences

Instead of applying previous statistical concepts, in this section, we focus on an inner
product space and study a special case that extends the orthogonality concept and leads to
defining a simple type of p-uncorrelated variables. As before, assuming that ⟨u, v⟩ indicates
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the inner product of two free elements and ⟨u, u⟩ = ∥u∥ 2 ≥ 0 denotes the norm square
value, suppose that {xk}n

k=0 and y are arbitrary variables, and consider the approximation

y ∼=
n

∑
k=0

ckxk , (80)

together with its remaining term

R(c0, . . . , cn) =
n

∑
k=0

ckxk − y , (81)

where {ck}n
k=0 are unknown coefficients to be appropriately determined.

It is well known that minimizing the value

∥R(c0, . . . , cn)∥ 2 =

〈
n

∑
k=0

ckxk − y,
n

∑
k=0

ckxk − y

〉
, (82)

will lead to the normal equations system [13,17],
⟨x0, x0⟩
⟨x1, x0⟩

...
⟨xn, x0⟩

⟨x0, x1⟩
⟨x1, x1⟩

...
⟨xn, x1⟩

· · ·
· · ·

...
· · ·

⟨x0, xn⟩
⟨x1, xn⟩

...
⟨xn, xn⟩




c0

c1
...

cn

 =


⟨x0, y⟩
⟨x1, y⟩

...
⟨xn, y⟩

. (83)

It is also known that applying the orthogonality condition

⟨xm, xn⟩ = ⟨xn, xn⟩ δm,n, (84)

on the components of the above linear system eventually gives the explicit solutions{
ck =

⟨xk, y⟩
⟨xk, xk⟩

}n

k=0
.

Hence, the orthogonal approximation

y ∼=
n

∑
k=0

⟨xk, y⟩
⟨xk, xk⟩

xk, (85)

is derived as the optimal case in the sense of ordinary least squares.
By repeating the steps (80) to (83), instead of considering the orthogonality condition

(84), we consider the generalized condition

⟨xm, xn⟩ =
{

λ (m ̸= n),

⟨xn, xn⟩ (m = n),
(86)

where the non-negative parameter λ is independent of the indices m, n.
As we mentioned in the preceding sections, the random variables {Xk}n

k=0 are said to
be p-uncorrelated with respect to the fixed variable Z if, for every m ̸= n:

covp(Xm, Xn; Z) = E(XmXn)− p
E(Xm Z)E(Xn Z)

E(Z2)
= 0 . (87)
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In addition to the condition (87), if we now add another condition as

E(XkZ) = r2E(Z2) > 0 for every k = 0, 1, . . . , n, (88)

where r is independent of k, then we say that {Xk}n
k=0 are simple p-uncorrelated variables.

In this case, both conditions (87) and (88) imply that

E(XmXn) =

pr4E(Z2) (m ̸= n),

E
(

X2
n

)
(m = n).

(89)

Furthermore, replacing the extra condition (88) in the condition (87) for p = r = 1 leads to
the orthogonality condition

E((Xm − Z)(Xn − Z)) = 0 .

Note in (89) that the parameter p has no effect on simple p-uncorrelated variables. Hence,
throughout this section, we assume that p = 1. The definition (88) can similarly be applied
in an inner product space. We say that xk is a simple uncorrelated variable if the condition
(86) holds, and also,

⟨xk, 1⟩ = r2⟨1, 1⟩ > 0 for every k = 0, 1, . . . , n.

In this case, if the sequence {yk = xk − r}n
k=0 is orthogonal, then, for every m ̸= n the

orthogonality condition

⟨xm − r, xn − r⟩ = ⟨xm, xn⟩ − r⟨xm, 1⟩ − r⟨1, xn⟩+ r2⟨1, 1⟩ = ⟨xm, xn⟩ − r2⟨1, 1⟩ = 0,

would be equivalent to (86) for λ = r2⟨1, 1⟩. Moreover, according to the Schwarz inequality,
⟨xm, xn⟩2 ≤ ⟨xm, xm⟩⟨xn, xn⟩, (86) implies that ⟨xm, xm⟩⟨xn, xn⟩ ≥ λ2 ⇔ m ̸= n.

Noting the above-mentioned definition, now suppose that {xk}n
k=0 are simple uncor-

related variables, and then substitute (86) into the normal system (83) to arrive at
⟨x0, x0⟩

λ
...
λ

λ

⟨x1, x1⟩
...
λ

· · ·
· · ·

...
· · ·

λ

λ
...

⟨xn, xn⟩




c0

c1
...

cn

 =


⟨x0, y⟩
⟨x1, y⟩

...
⟨xn, y⟩

. (90)

An interesting point is that the above system is explicitly solvable. In fact, there is even a
more general case that can be solved analytically according to the following theorem.

Theorem 8. Given the real numbers
{

ajj
}n

j=0,
{

λj
}n

j=0 and
{

bj
}n

j=0, the general solution of
the linear system 

a00

λ0
...

λ0

λ1

a11
...

λ1

· · ·
· · ·

...
· · ·

λn

λn
...

ann




c0

c1
...

cn

 =


b0

b1
...

bn

, (91)
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is (for every j = 0, 1, . . . , n) given by

cj =

bj

(
1 +

n
∑

k=0

λk
akk−λk

)
−

n
∑

k=0

λkbk
akk−λk(

ajj − λj
)(

1 +
n
∑

k=0

λk
akk−λk

) =
bj − Sn

(
{λk; akk, bk}n

k=0
)

ajj − λj
, (92)

where

Sn
(
{λk; akk, bk}n

k=0
)
=

n
∑

k=0
λkbk

n
∏
j=0
j ̸=k

(ajj − λj)

n
∏
j=0

(ajj − λj) +
n
∑

k=0
λk

n
∏
j=0
j ̸=k

(ajj − λj)
.

Proof. First, the system (91) can be rewritten as follows:

n

∑
k=0

λkck = b0 − (a00 − λ0) c0,

n

∑
k=0

λkck = b1 − (a11 − λ1) c1,

...
n

∑
k=0

λkck = bn − (ann − λn) cn.

(93)

Comparing the first two rows of (93) yields

c1 =
b1 − b0

a11 − λ1
+

a00 − λ0

a11 − λ1
c0.

As well, comparing the first row of (93) with other rows gives, generally,

ck =
bk − b0

akk − λk
+

a00 − λ0

akk − λk
c0. (94)

By replacing (94) in the first row of (93) as

n

∑
k=0

λk

(
bk − b0

akk − λk
+

a00 − λ0

akk − λk
c0

)
= b0 − (a00 − λ0) c0,

we finally obtain

c0 =

b0 −
n
∑

k=0
λk

bk−b0
akk−λk

a00 − λ0 +
n
∑

k=0
λk

a00−λ0
akk−λk

=
b0 − Sn

(
{λk; akk, bk}n

k=0
)

a00 − λ0
.

Following the above-mentioned approach for other unknown coefficients,
{

cj
}n

j=1 are
derived as

cj =

bj −
n
∑

k=0
k ̸=j

λk
bk−bj

akk−λk

ajj +
n
∑

k=0
k ̸=j

λk
ajj−λj
akk−λk

=

bj −
n
∑

k=0
λk

bk−bj
akk−λk

ajj − λj +
n
∑

k=0
λk

ajj−λj
akk−λk

=
bj − Sn

(
{λk; akk, bk}n

k=0
)

ajj − λj
.
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A particular case of the system (91) arises when λ0 = λ1 = · · · = λn = λ. In this case,
the general solution (92) is simplified as

cj =

bj

(
1 + λ

n
∑

k=0

1
akk−λ

)
− λ

n
∑

k=0

bk
akk−λ(

ajj − λ
)(

1 + λ
n
∑

k=0

1
akk−λ

) =
bj − Sn

(
λ; {akk, bk}n

k=0
)

ajj − λ
, (95)

where

Sn
(
λ; {akk, bk}n

k=0
)
=

λ
n
∑

k=0
bk

n
∏
j=0
j ̸=k

(ajj − λ)

n
∏
j=0

(ajj − λ) + λ
n
∑

k=0

n
∏
j=0
j ̸=k

(ajj − λ)
. (96)

From (95) and (96), one can conclude that∣∣∣∣∣∣∣∣∣∣
a00

λ
...
λ

λ

a11
...
λ

· · ·
· · ·

...
· · ·

λ

λ
...

ann

∣∣∣∣∣∣∣∣∣∣
=

n

∏
j=0

(ajj − λ)

(
1 + λ

n

∑
k=0

1
akk − λ

)
.

We can now apply the solution of type (95) for the linear system (90).

Corollary 4. If the condition (86) is satisfied for the elements of the approximation (80), then

y ∼=
n

∑
j=0

〈
xj, y

〉
− Sn(λ)〈

xj, xj
〉
− λ

xj, (97)

in which Sn(λ) = Sn
(
λ; {⟨xk, xk⟩, ⟨xk, y⟩}n

k=0
)
=

λ
n
∑

k=0

⟨xk ,y⟩
⟨xk ,xk⟩−λ

1+λ
n
∑

k=0

1
⟨xk ,xk⟩−λ

, is the best approximation in

the sense of ordinary least squares, such that∥∥∥∥∥ n

∑
j=0

〈
xj, y

〉
− Sn(λ)〈

xj, xj
〉
− λ

xj − y

∥∥∥∥∥
2

≤
∥∥∥∥∥ n

∑
j=0

αjxj − y

∥∥∥∥∥
2

(∀
{

αj
}n

j=0 ∈ R).

When it is noted that (97) is a generalization of the orthogonal approximation (85) for λ = 0,
substituting n = 0, 1, 2, respectively, gives

y ∼=
⟨x0, y⟩
⟨x0, x0⟩

x0,

y ∼=
⟨x0, y⟩⟨x1, x1⟩ − λ⟨x1, y⟩
⟨x0, x0⟩⟨x1, x1⟩ − λ2 x0 +

⟨x1, y⟩⟨x0, x0⟩ − λ⟨x0, y⟩
⟨x0, x0⟩⟨x1, x1⟩ − λ2 x1,

and

y ∼=
⟨x0, y⟩⟨x1, x1⟩⟨x2, x2⟩ − λ2⟨x0 − x1 − x2, y⟩ − λ(⟨x1, y⟩⟨x2, x2⟩+ ⟨x2, y⟩⟨x1, x1⟩)

⟨x0, x0⟩⟨x1, x1⟩⟨x2, x2⟩ − λ2(⟨x0, x0⟩+ ⟨x1, x1⟩+ ⟨x2, x2⟩ − 2λ)
x0

+
⟨x1, y⟩⟨x0, x0⟩⟨x2, x2⟩ − λ2⟨x1 − x0 − x2, y⟩ − λ(⟨x0, y⟩⟨x2, x2⟩+ ⟨x2, y⟩⟨x0, x0⟩)

⟨x0, x0⟩⟨x1, x1⟩⟨x2, x2⟩ − λ2(⟨x0, x0⟩+ ⟨x1, x1⟩+ ⟨x2, x2⟩ − 2λ)
x1

+
⟨x2, y⟩⟨x0, x0⟩⟨x1, x1⟩ − λ2⟨x2 − x1 − x0, y⟩ − λ(⟨x0, y⟩⟨x1, x1⟩+ ⟨x1, y⟩⟨x0, x0⟩)

⟨x0, x0⟩⟨x1, x1⟩⟨x2, x2⟩ − λ2(⟨x0, x0⟩+ ⟨x1, x1⟩+ ⟨x2, x2⟩ − 2λ)
x2.
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The question is now how to find the elements {xk}n
k=0, such that they satisfy the generalized

condition (86).

Theorem 9. Let {vk}k=0 be a finite or infinite sequence of variables defined in an inner product
space, such that any finite number of elements {vk}n

k=0 are linearly independent. One can find
constants {ai,j}, such that the elements

x0 = v0,

x1 = v1 + a12v0,

x2 = v2 + a22v1 + a23v0,

...

xn = vn + an2vn−1 + · · ·+ an,n+1v0,

(98)

satisfy the condition (86).

Proof. Referring to (96), we first assume, only for simplicity, that

S∗
n−1(λ) = λ − Sn−1

(
λ; {⟨xk, xk⟩, λ − ⟨xk, vn⟩}n−1

k=0

)
(99)

= λ

(
1 +

n−1

∑
k=0

⟨xk, vn⟩
⟨xk, xk⟩ − λ

)/(
1 +

n−1

∑
k=0

λ

⟨xk, xk⟩ − λ

)
,

with S∗
−1(λ) = λ. Then, set recursively,

x0 = v0,

x1 = v1 −
⟨x0, v1⟩ − S∗

0(λ)

⟨x0, x0⟩ − λ
x0,

...

xn = vn −
n−1

∑
k=0

⟨xk, vn⟩ − S∗
n−1(λ)

⟨xk, xk⟩ − λ
xk.

(100)

Since the final shape of xn is a linear combination of {vk}n
k=0 in (100), it is enough to show

that
〈

xn, xj
〉
= λ for every j = 0, 1, . . . , n − 1. For this purpose, applying

〈
. , xj

〉
on both

sides of the last equality of (100) gives

λ =
〈

xn, xj
〉
=

〈
vn −

n−1

∑
k=0

⟨xk, vn⟩ − S∗
n−1(λ)

⟨xk, xk⟩ − λ
xk, xj

〉

=
〈
vn, xj

〉
−

n−1

∑
k=0

⟨xk, vn⟩ − S∗
n−1(λ)

⟨xk, xk⟩ − λ

〈
xk, xj

〉
.

Therefore, we have to prove that

n−1

∑
k=0

⟨xk, vn⟩ − S∗
n−1(λ)

⟨xk, xk⟩ − λ

〈
xk, xj

〉
=
〈
vn, xj

〉
− λ. (101)
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We first simplify the left side of equality (101) as follows:

λ
n−1
∑

k=0
k ̸=j

⟨xk ,vn⟩−S∗
n−1(λ)

⟨xk ,xk⟩−λ
+

⟨xj ,vn⟩−S∗
n−1(λ)

⟨xj ,xj⟩−λ

〈
xj, xj

〉
= λ

n−1
∑

k=0

⟨xk ,vn⟩−S∗
n−1(λ)

⟨xk ,xk⟩−λ
− λ

⟨xj ,vn⟩−S∗
n−1(λ)

⟨xj ,xj⟩−λ
+

⟨xj ,vn⟩−S∗
n−1(λ)

⟨xj ,xj⟩−λ

〈
xj, xj

〉
= λ

n−1
∑

k=0

⟨xk ,vn⟩−S∗
n−1(λ)

⟨xk ,xk⟩−λ
+
〈

xj, vn
〉
− S∗

n−1(λ).

(102)

It is now sufficient to use (99) and replace

λ

(
1 +

n−1

∑
k=0

⟨xk, vn⟩
⟨xk, xk⟩ − λ

)
=

(
1 +

n−1

∑
k=0

λ

⟨xk, xk⟩ − λ

)
S∗

n−1(λ),

in the last equality of (102) to complete the proof of (101).

Here, one may ask how we could find relations (100). The answer is as follows:
Since {vk}n

k=0 are assumed to be linearly independent, there are constants {qk}n−1
k=0 ,

such that the general element in (98) can be rewritten as xn = vn +
n−1
∑

k=0
qkxk.

For j = 0, 1, . . . , n − 1, apply
〈
. , xj

〉
on both sides of the later assumption to get

〈
xn, xj

〉
=
〈
vn, xj

〉
+

n−1

∑
k=0

qk
〈

xk, xj
〉
,

which leads to the familiar linear system:
⟨x0, x0⟩

λ
...
λ

λ

⟨x1, x1⟩
...
λ

· · ·
· · ·

...
· · ·

λ

λ
...

⟨xn−1, xn−1⟩




q0

q1
...

qn−1

 =


λ − ⟨x0, vn⟩
λ − ⟨x1, vn⟩

...
λ − ⟨xn−1, vn⟩

,

having the explicit solutions

qk = −
⟨xk, vn⟩ − S∗

n−1(λ)

⟨xk, xk⟩ − λ
.

Note that the procedure will be simplified if the initial data are orthogonal. In other
words, let {vk}n

k=0 be mutually orthogonal, i.e., ⟨vn, vm⟩ = ⟨vn, vn⟩δn,m. Also, let {xk}n
k=0

satisfy the condition (86) as before. Noting the last row of (100) and this fact from (98) that

xn =
n
∑

k=0
an,n+1−k vk where an,1 = 1, for m ≤ n, we have

⟨xn, xm⟩ =
〈

xn, vm −
m−1

∑
j=0

〈
xj, vm

〉
− S∗

m−1(λ)〈
xj, xj

〉
− λ

xj

〉

= ⟨xn, vm⟩ − λ
m−1

∑
j=0

〈
xj, vm

〉
− S∗

m−1(λ)〈
xj, xj

〉
− λ

=

〈
vm,

n

∑
k=0

an,n+1−k vk

〉
+ λ − S∗

m−1(λ)

=
n

∑
k=0

an,n+1−k⟨vm, vk⟩+ λ − S∗
m−1(λ) =

{
λ (m ̸= n),

⟨xn, xn⟩ (m = n),

(103)
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where we have used the following equality from (99):

−λ
m−1

∑
j=0

〈
xj, vm

〉
− S∗

m−1(λ)〈
xj, xj

〉
− λ

= λ − S∗
m−1(λ).

For m = 0, 1, . . . , n, relation (103) leads eventually to the linear system


⟨v0, v0⟩
⟨v1, v0⟩

...
⟨vn, v0⟩

⟨v0, v1⟩
⟨v1, v1⟩

...
⟨vn, v1⟩

· · ·
· · ·

...
· · ·

⟨v0, vn⟩
⟨v1, vn⟩

...
⟨vn, vn⟩




an,n+1

an,n
...

an,1

 =



λ

S∗
0(λ)

...
S∗

n−2(λ)

⟨xn, xn⟩ − λ + S∗
n−1(λ)


. (104)

Now, applying the orthogonality condition ⟨vn, vm⟩ = ⟨vn, vn⟩δn,m on the components of
the coefficients matrix (104) gives

an,n+1−k =
S∗

k−1(λ)

⟨vk, vk⟩
and ⟨xn, xn⟩ = ⟨vn, vn⟩+ λ − S∗

n−1(λ).

Noting the identity

λ − S∗
m−1(λ) = −λ

(
n−1

∑
k=0

⟨xk, vn⟩ − λ

⟨xk, xk⟩ − λ

)/(
1 +

n−1

∑
k=0

λ

⟨xk, xk⟩ − λ

)
,

we respectively obtain

xn = vn +
n−1

∑
m=0

λ

⟨vm, vm⟩

1 +
m−1
∑

j=0

⟨xj ,vm⟩
⟨xj ,xj⟩−λ

1 +
m−1
∑

j=0

λ

⟨xj ,xj⟩−λ

vm, (105)

and

⟨xn, xn⟩ = ⟨vn, vn⟩ − λ

(
n−1

∑
k=0

⟨xk, vn⟩ − λ

⟨xk, xk⟩ − λ

)/(
1 +

n−1

∑
k=0

λ

⟨xk, xk⟩ − λ

)
.

On the other hand, for every j = 0, 1, . . . , m − 1, since

〈
xj, vm

〉
=

〈
j

∑
k=0

pkvk, vm

〉
=

j

∑
k=0

pk⟨vk, vm⟩ = 0,

so

xn = vn +
n−1

∑
m=0

λ

⟨vm, vm⟩
(

1 +
m−1
∑

j=0

λ

⟨xj ,xj⟩−λ

) vm,

and
λ

1 +
n−1
∑

k=0

λ
⟨xk ,xk⟩−λ

= ⟨vn, vn⟩+ λ − ⟨xn, xn⟩,

which finally simplifies (105) as

xn = vn +
n−1

∑
m=0

⟨vm, vm⟩+ λ − ⟨xm, xm⟩
⟨vm, vm⟩

vm. (106)



Mathematics 2025, 13, 2255 36 of 89

There is a simple recurrence relation for the final result (106) if n → n + 1. We have

xn+1 − vn+1 = xn − vn +
⟨vn, vn⟩+ λ − ⟨xn, xn⟩

⟨vn, vn⟩
vn,

which can be rewritten as

xn+1 = xn + vn+1 +
λ − ⟨xn, xn⟩
⟨vn, vn⟩

vn. (107)

For instance, the expanded forms of (106) or, equivalently, (107) for n = 0, 1, 2, 3 are

x0 = v0,

x1 = v1 + λ
v0

⟨v0, v0⟩
,

x2 = v2 + λ

(
1 − λ

⟨v0, v0⟩

)
v1

⟨v1, v1⟩
+ λ

v0

⟨v0, v0⟩
,

(108)

and

x3 = v3 + λ

(
1 − λ

⟨v0, v0⟩
− λ(⟨v0, v0⟩ − λ)2

⟨v0, v0⟩2⟨v1, v1⟩

)
v2

⟨v2, v2⟩
+ λ

(
1 − λ

⟨v0, v0⟩

)
v1

⟨v1, v1⟩
+ λ

v0

⟨v0, v0⟩
,

satisfying the conditions

⟨x0, x1⟩ = ⟨x0, x2⟩ = ⟨x0, x3⟩ = ⟨x1, x2⟩ = ⟨x1, x3⟩ = ⟨x2, x3⟩ = λ.

Let us consider an illustrative example here. The shifted Legendre polynomials

Pn,+(x) =
n

∑
k=0

(−n)k(n + 1)k
(1)k

xk

k!
,

where (a)k = a(a + 1) . . . (a + k − 1), satisfy the orthogonal relation

∫ 1

0
Pn,+(x)Pm,+(x) dx =

1
2n + 1

δn,m.

Since P0,+(x) = 1, P1,+(x) = −2x + 1, P2,+(x) = 6x2 − 6x + 1, and P3,+(x) = −20x3 +

30x2 − 12x + 1, replacing them in (108) eventually yields

P0,+(x; λ) = 1,

P1,+(x; λ) = −2x + λ + 1,

P2,+(x; λ) = 6x2 + 6
(

λ2 − λ − 1
)

x − 3λ2 + 4λ + 1,

and
P3,+(x; λ) = −20x3 + 30

(
−3λ4 + 6λ3 − 4λ2 + λ + 1

)
x2

+6
(

15λ4 − 30λ3 + 21λ2 − 6λ − 2
)

x − 15λ4 + 30λ3 − 23λ2 + 9λ + 1,

satisfying the simple uncorrelatedness condition

∫ 1

0
Pn,+(x; λ)Pm,+(x; λ) dx = λ ⇔ m ̸= n and m, n = 0, 1, 2, 3.
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Remark 3. A very obvious case is when λ = ⟨v0, v0⟩ as (106) or (107) takes the simple form
xn = vn + v0 and, for m ̸= n, we therefore have

⟨xn, xm⟩ = ⟨vn + v0, vm + v0⟩ = ⟨vn, vm⟩+ ⟨vn, v0⟩+ ⟨v0, vm⟩+ ⟨v0, v0⟩ = ⟨v0, v0⟩.

In this sense, for the above-mentioned example, since λ = ⟨P0,+(x), P0,+(x)⟩ = 1, so Pn,+(x; 1) =
Pn,+(x) + 1. See also Section 9 in this regard.

6.1. A Biorthogonality Property

Reconsider the condition (86), and let xr be a fixed variable. Since

⟨xm, xn⟩ = λ for m ̸= n and ⟨xm, xr⟩ = λ for m ̸= r,

it follows that ⟨xm, xn − xr⟩ = 0 for m ̸= n , r. This means that the sequence {xm}m=0 is
biorthogonal with respect to the sequence {x∗n = xn − xr}n=0, particularly when r = 0.

6.2. A Basic Remark

Theorem 9 and analytically solving the linear system (91) in Theorem 8 show that we
can apply the aforesaid approach for any functional type of linear approximations. In other
words, consider the approximation

f (x) ∼=
n

∑
k=0

ckΦk(x) , (109)

in which {ck}n
k=0 are unknown coefficients and {Φk(x)}n

k=0 are known basis functions.
Applying the linear functionals {Lj}n

j=0 on both sides of (109) one by one will lead to the
following linear system:

L0(Φ0(x))
L1(Φ0(x))

...
Ln(Φ0(x))

L0(Φ1(x))
L1(Φ1(x))

...
Ln(Φ1(x))

· · ·
· · ·

...
· · ·

L0(Φn(x))
L1(Φn(x))

...
Ln(Φn(x))




c0

c1
...

cn

 =


L0( f (x))
L1( f (x))

...
Ln( f (x))

.

Now, if the uncorrelatedness condition

Lm(Φn(x)) =

{
λ ≥ 0 (m ̸= n),

Ln(Φn(x)) (m = n),

is employed on the components of the above linear system, we will reach the same solution
as in Theorem 8. The concepts presented in the preceding subsections help us now derive
some orthogonal sequences of continuous functions in the next section.

6.3. Simple Uncorrelated Functions of Classical Type

Noting Theorem 7, again, let a(x), b(x), u(x) and v(x) be four given functions contin-
uous on the interval [a, b], and let {λn} be a sequence of eigenvalues. A Sturm–Liouville
problem is a second-order linear differential equation of the form

a(x) y′′n(x) + b(x) y′n(x) + (λn u(x) + v(x)) yn(x) = L (yn) + λn w(x) yn = 0 , (110)

where
L (yn) =

d
dx
(
r(x) y′n(x)

)
+ q(x)yn(x) ,
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in which

r(x) = a(x) exp
(∫ b(x)− a′(x)

a(x)
dx
)

, q(x) = v(x) exp
(∫ b(x)− a′(x)

a(x)
dx
)

,

and w(x) = u(x) exp
(∫ b(x)−a′(x)

a(x) dx
)
> 0, ∀x ∈ (a, b).

Equation (110) should be considered on an open interval, say (a, b), with boundary
conditions α1yn(a) + β1y′n(a) = 0 and α2yn(b) + β2y′n(b) = 0, where α1 , α2 and β1 , β2 are
given constants and r(x) , r′(x) , q(x) and w(x) are to be assumed continuous for x ∈ [a, b].

Suppose that yn(x) and ym(x) are two eigenfunctions of Equation (110). According to
Sturm–Liouville theory [21], they are orthogonal with respect to the weight function w(x)
on (a, b) under the given conditions, such that

∫ b

a
w(x)yn(x)ym(x) dx =

(∫ b

a
w(x)y2

n(x) dx
)

δn,m. (111)

Now if, in (111), there exists a specific function, say z(x), such that

yn(x) = Φn(x)− z(x), (112)

then substituting (112) into (111) yields

∫ b

a
w(x)(Φn(x)− z(x))(Φm(x)− z(x)) dx (113)

=
∫ b

a
w(x)Φn(x)Φm(x) dx −

∫ b

a
w(x)z(x)Φn(x) dx −

∫ b

a
w(x)z(x)Φm(x) dx

+
∫ b

a
w(x)z2(x) dx =

(∫ b

a
w(x)(Φn(x)− z(x))2dx

)
δn,m.

On the other hand, the sequence of functions {Φn(x)}∞
n=0 is said to be simply uncorrelated

if, for the known specific function v(x) and for every n, we have

∫ b

a
v(x)Φn(x) dx = λ ≥ 0,

where the non-negative parameter λ is independent of n.
Based on this definition, if {Φn(x)}∞

n=0 in (112) is a sequence of real functions, such that

∫ b

a
w(x) z(x)Φn(x) dx =

∫ b

a
w(x)z2(x) dx ≥ 0, (114)

then (113) will be simplified as

∫ b

a
w(x)(Φn(x)− z(x))(Φm(x)− z(x)) dx =

∫ b

a
w(x)Φn(x)Φm(x) dx −

∫ b

a
w(x)z2(x) dx

=

(∫ b

a
w(x)Φ2

n(x) dx −
∫ b

a
w(x)z2(x) dx

)
δn,m. (115)

Moreover, replacing (112) in (110) gives the inhomogeneous differential equation

a(x)Φ′′
n(x) + b(x)Φ′

n(x) + (λn u(x) + v(x))Φn(x)

= a(x) z′′(x) + b(x) z′(x) + (λn u(x) + v(x)) z(x).
(116)



Mathematics 2025, 13, 2255 39 of 89

Let us impose an extra condition on Equation (116) for the function z(x) as follows:

a(x) z′′(x) + b(x) z′(x) + v(x) z(x) = A∗
z u(x) z(x), (117)

where A∗
z is a constant value independent of x. Using relations (114), (115) and

Equations (116) and (117), we can extract a remarkable result for inhomogeneous type
of Sturm–Liouville equations.

Theorem 10. Let a(x), b(x), u(x) and v(x) be four given functions continuous on [a, b]. If

w(x) = u(x) exp
(∫ b(x)− a′(x)

a(x)
dx
)

, (118)

is positive on (a, b) and the sequence {Φn(x)}∞
n=0 with the corresponding eigenvalues {λn} satisfies

an inhomogeneous differential equation of the form

a(x)Φ′′
n(x) + b(x)Φ′

n(x) + (λn u(x) + v(x))Φn(x) = (λn + A∗
z ) u(x) z(x), (119)

such that ∫ b

a
w(x) z(x)Φn(x) dx =

∫ b

a
w(x) z2(x) dx,

and
a(x) z′′(x) + b(x) z′(x) + v(x) z(x)

u(x) z(x)
= A∗

z ,

where A∗
z is constant, and also α1 Φn(a) + β1Φ′

n(a) = 0 and α2 Φn(b) + β2Φ′
n(b) = 0 are two

initial conditions where α1 , β1, α2 and β2 are given constants, then the sequence of functions in
the form

Gn(x) = y1,n(x)−
∫ b

a w(x) z(x) y1,n(x) dx∫ b
a w(x) z(x) y2,n(x) dx

y2,n(x), (120)

is orthogonal with respect to the weight function (118) on [a, b] provided that

∫ b

a
w(x) z(x) y2,n(x) dx ̸= 0 (∀n /∈ Z+).

Proof. First, write Equation (119) in the self-adjoint form(
r(x)Φ′

n(x)
)′
+ (λn w(x) + q(x))Φn(x) = (λn + A∗

z )w(x) z(x), (121)

and, for the index m, as(
r(x)Φ′

m(x)
)′
+ (λm w(x) + q(x))Φm(x) = (λm + A∗

z )w(x) z(x), (122)

in which r(x) = a(x) exp
(∫ b(x)−a′(x)

a(x) dx
)

, and q(x) = v(x) exp
(∫ b(x)−a′(x)

a(x) dx
)

.
On multiplying by Φm(x) and Φn(x) in, respectively, (121) and (122) and subtracting,
we get

[
r(x)

(
Φm(x)Φ

′
n(x)− Φn(x)Φ′

m(x)
)] b

a
+ (λn − λm)

∫ b

a
w(x)Φn(x)Φm(x) dx

= (λn + A∗
z )
∫ b

a
w(x) z(x)Φm(x) dx − (λm + A∗

z )
∫ b

a
w(x) z(x)Φn(x) dx

= (λn − λm)
∫ b

a
w(x) z2(x) dx,
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which results in

(λn − λm)

(∫ b

a
w(x)Φn(x)Φm(x) dx −

∫ b

a
w(x) z2(x) dx

)
= −

[
r(x)

(
Φm(x)Φ′

n(x)− Φn(x)Φ′
m(x)

)] b
a = 0 ⇔ n ̸= m.

But on the other hand, Equation (119) is inhomogeneous, and its general solution takes
the form

Φn(x) = c1y1,n(x) + c2y2,n(x) + z(x) (c1, c2 ∈ R), (123)

where c1y1,n(x) + c2y2,n(x) is the solution of the homogeneous equation

a(x)Φ′′
n(x) + b(x)Φ′

n(x) + (λn p(x) + q(x))Φn(x) = 0,

with two independent solutions, y1,n(x) and y2,n(x), respectively. So, substituting (123)
into (114) simplifies the solution as

Φn(x) = c1

(
y1,n(x)−

∫ b
a w(x) z(x) y1,n(x) dx∫ b
a w(x) z(x) y2,n(x) dx

y2,n(x)

)
+ z(x), (124)

provided that
∫ b

a w(x) z(x) y2,n(x) dx ̸= 0 for every n /∈ Z+. Finally, for c1 = 1, the sequence

Φn(x)− z(x) = y1,n(x)−
∫ b

a w(x) z(x) y1,n(x) dx∫ b
a w(x) z(x) y2,n(x) dx

y2,n(x),

would be orthogonal with respect to the weight function w(x) in (118) on [a, b] according
to the relation (115).

Remark 4. The given condition
∫ b

a w(x) z(x) y2,n(x) dx ̸= 0 in (124) reveals the importance of
the role of z(x) ̸= 0 in the above-mentioned theorem. Moreover, if it is a constant function, say
z(x) = 1, we will not be able anymore to use the theorem because {y1,n(x)} is orthogonal, and we
have (especially for orthogonal polynomial sequences) the case in which

∫ b
a w(x) y1,n(x) dx = 0.

In other words, for z(x) = 1, the sequence Gn(x) in (120) will be reduced to the single case
Gn(x) = y1,n(x).

Finally, when it is noted in (124) that
∫ b

a w(x) z(x)Φn(x) dx =
∫ b

a w(x) z2(x) dx, the norm
square value is explicitly computed as follows:

∫ b

a
w(x) G2

n(x) dx =
∫ b

a
w(x) y2

1,n(x) dx +

( ∫ b
a w(x) z(x) y1,n(x) dx∫ b
a w(x) z(x) y2,n(x) dx

)2 ∫ b

a
w(x) y2

2,n(x) dx

−2

∫ b
a w(x) z(x) y1,n(x) dx∫ b
a w(x) z(x) y2,n(x) dx

∫ b

a
w(x) y1,n(x)y2,n(x) dx.

6.3.1. New Classes of Orthogonal Functions

In order to introduce some new sequences of orthogonal functions using Theorem 10,
we first recall some comments available in the literature. A generalized hypergeometric
series of order (p, q) is defined as

pFq

(
a1, . . . , ap

b1, . . . , bq

∣∣∣∣∣ x

)
=

∞

∑
k=0

(a1)k . . . (ap)k
(b1)k . . . (bq)k

xk

k!
, (125)
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where (a)k = Γ(a+k)
Γ(a) = a(a + 1) . . . (a + k − 1) denotes the Pochhammer symbol, and

Γ(x) =
∫ ∞

0 tx−1e−tdt, (Re(x) > 0), is the well-known gamma function.
There are two special cases of the series (125) arising in many physics and engineering

problems [20,25]. The first case is the Gauss hypergeometric function whose integral
representation

2F1

(
a, b

c

∣∣∣∣∣ x

)
=

Γ(c)
Γ(a)Γ(c − a)

∫ 1

0
ta−1(1 − t)c−a−1(1 − xt)−bdt (c > a > 0), (126)

satisfies the differential equation

x(1 − x) y′′(x) + (c − (a + b + 1)x) y′(x)− ab y(x) = 0, (127)

with the general solution

y = c1 2F1

(
a, b

c

∣∣∣∣∣ x

)
+ c2 x1−c

2F1

(
a + 1 − c, b + 1 − c

2 − c

∣∣∣∣∣ x

)
. (128)

When the well-known beta integral is noted, substituting x = 1 into (126) gives

2F1

(
a, b

c

∣∣∣∣∣ 1

)
=

Γ(c)Γ(c − a − b)
Γ(c − a)Γ(c − b)

.

The second case is known in the literature as the confluent hypergeometric function
with the integral representation

1F1

(
a
c

∣∣∣∣∣ x

)
=

Γ(c)
Γ(a)Γ(c − a)

∫ 1

0
ta−1(1 − t)c−a−1extdt (c > a > 0 ),

satisfying the equation

x y′′(x) + (c − x) y′(x)− a y(x) = 0, (129)

whose general solution is given by

y = b11F1

(
a
c

∣∣∣∣∣ x

)
+ b2 x1−c

1F1

(
a + 1 − c

2 − c

∣∣∣∣∣ x

)
. (130)

In this sense, there are two sequences of classical orthogonal polynomials that can be
represented in terms of Gauss and confluent hypergeometric series. The first sequence is
the shifted monic Jacobi polynomials

P̄(α,β)
n,+ (x) =

(−1)n(β + 1)n
(n + α + β + 1)n

2F1

(
−n, n + α + β + 1

β + 1

∣∣∣∣∣ x

)
, (131)

that are orthogonal with respect to the weight function (1 − x)αxβ on [0, 1] as

∫ 1

0
(1 − x)αxβ P̄(α,β)

m,+ (x)P̄(α,β)
n,+ (x) dx = n! 22n Γ(n + α + β + 1)Γ(n + α + 1)Γ(n + β + 1)

Γ(2n + α + β + 1)Γ(2n + α + β + 2)
δn,m ,

and the second sequence is the monic (generalized) Laguerre polynomials
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L̄(α)
n (x) = (−1)n(α + 1)n 1F1

(
−n

α + 1

∣∣∣∣∣ x

)
, (132)

that are orthogonal with respect to the weight function xαe−x on [0, ∞) as∫ ∞

0
xαe−x L̄(α)

m (x) L̄(α)
n (x) dx = n!Γ(n + α + 1) δn,m .

We can now introduce some sequences of orthogonal functions by means of Theorem 10.

First Sequence

With reference to the Gauss hypergeometric Equation (127), consider the differen-
tial equation

x(1 − x)Φ′′
n(x) + (c − (d + 1)x)Φ′

n(x) + n(n + d)Φn(x)

= x(1 − x)z′′(x) + (c − (d + 1)x)z′(x) + n(n + d) z(x),
(133)

with the general solution

Φn(x) = c12F1

(
−n, n + d

c

∣∣∣∣∣ x

)
(134)

+ c2 x1−c
2F1

(
−n + 1 − c, n + d + 1 − c

2 − c

∣∣∣∣∣ x

)
+ z(x).

For a known parameter e, assume in (133) that

x(1 − x)z′′(x) + (c − (d + 1)x)z′(x) = −e(e + d) z(x), (135)

which has a general solution, according to (127) and (128), as

z(x) = z(x; A, B, c, d, e) (136)

= A 2F1

(
−e, e + d

c

∣∣∣∣∣ x

)
+ B x1−c

2F1

(
−e + 1 − c, e + d + 1 − c

2 − c

∣∣∣∣∣ x

)
,

in which A, B are two free parameters. It turns out from (133) to (136) that the general
solution of the equation

x(1 − x)Φ
′′
n(x) + (c − (d + 1)x)Φ

′
n(x) + n(n + d)Φn(x) = (n(n + d)− e(e + d))

×
(

A 2F1

(
−e, e + d

c

∣∣∣∣∣ x

)
+ B x1−c

2F1

(
−e + 1 − c, e + d + 1 − c

2 − c

∣∣∣∣∣ x

))
,

(137)

is as

Φn(x) = c12F1

(
−n, n + d

c

∣∣∣∣∣ x

)
+ c2 x1−c

2F1

(
−n + 1 − c, n + d + 1 − c

2 − c

∣∣∣∣∣ x

)

+A 2F1

(
−e, e + d

c

∣∣∣∣∣ x

)
+ B x1−c

2F1

(
−e + 1 − c, e + d + 1 − c

2 − c

∣∣∣∣∣ x

)
.

(138)
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Note that the sequence (138) is also the general solution of the fourth-order equation

x(1 − x)
(

x(1 − x)Φ
′′
n(x) + (c − (d + 1)x)Φ

′
n(x) + n(n + d)Φn(x)

)′′
+(c − (d + 1)x)

(
x(1 − x)Φ

′′
n(x) + (c − (d + 1)x)Φ

′
n(x) + n(n + d)Φn(x)

)′
+e(e + d)

(
x(1 − x)Φ

′′
n(x) + (c − (d + 1)x)Φ

′
n(x) + n(n + d)Φn(x)

)
= 0.

Considering that there are five parameters for z(x; A, B, c, d, e) in (136) and the
well-known identity 2F1(a, c; c; x) = (1 − x)−a, various cases can be considered for
Equation (137) and its solution in (138). Here, we introduce four orthogonal subsequences
of (138).

(i) First subsequence. For two given parameters p, q ∈ R, if

(A, B, c, d, e) = (0, 1, 1 + p, 1 + p + q,−p − q),

are replaced in (137) as

x(1 − x)Φ′′
n(x)− ((p + q + 2)x − p − 1)Φ′

n(x) + n(n + p + q + 1)Φn(x)

= (n + 1)(n + p + q) x−p(1 − x)−q, (139)

its general solution, according to (138), reads as

Φn(x) = c12F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
(140)

+ c2 x−p
2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
+ x−p(1 − x)−q.

As the weight function corresponding to the self adjoint form of Equation (139) is
w(x; p, q) = xp(1 − x)q and z(x) = x−p(1 − x)−q, applying the condition (114) on the
solution (140) gives

c1

∫ 1

0
2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
dx + c2

∫ 1

0
x−p

2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
dx = 0. (141)

Since in (141),

∫ 1

0
2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
dx =

n

∑
k=0

(−n)k(n + p + q + 1)k
(p + 1)k k!

1
1 + k

= 3F2

(
−n, n + p + q + 1, 1

p + 1, 2

∣∣∣∣∣ 1

)
=

p
(n + 1)(n + p + q)

(
1 + (−1)n (q)n+1

(p)n+1

)
,

(142)

and

∫ 1

0
x−p

2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
dx =

n

∑
k=0

(−n − p)k(n + 1 + q)k
(1 − p)k k!

1
1 − p + k

=
1

1 − p 2F1

(
−n − p, n + 1 + q

2 − p

∣∣∣∣∣ 1

)
=

(−1)n(p + q)n
(n + 1)!

B(1 − p, 1 − q),
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the first orthogonal subsequence appears as

G(1)
n (x; p, q) = 2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)

−
n!
(
(−1)n(p)n+1 + (q)n+1

)
B(1 − p, 1 − q) (p + q)n+1(p + 1)n

x−p
2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
,

(143)

which is orthogonal with respect to the weight function w(x; p, q) = xp(1 − x)q on [0, 1] if
and only if p, q ∈ (−1, 0), because Φn(x) must be convergent at the points x = 0, 1 in (140).
To derive (142), we have used the identity

3F2

(
a1, a2, 1

b1, 2

∣∣∣∣∣ 1

)
=

b1 − 1
(a1 − 1)(a2 − 1)

(
2F1

(
a1 − 1, a2 − 1

b1 − 1

∣∣∣∣∣ 1

)
− 1

)
.

Also, notice that the first term of (143) is the same as shifted Jacobi polynomials P(q,p)
n,+ (x)

defined in (131).

(ii) Second subsequence. If (A, B, c, d, e) = (0, 1, 1 + p, 1 + p + q,−p) are replaced in
(137) as

x(1 − x)Φ′′
n(x)− ((p + q + 2)x − p − 1)Φ′

n(x) + n(n + p + q + 1)Φn(x)

= (n + 1)(n + q + 1) x−p, (144)

its general solution, according to (138), is as

Φn(x) = c12F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
+ c2 x−p

2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
+ x−p. (145)

As z(x) = x−p in (144), applying the condition (114) on the solution (145) gives

c1

∫ 1

0
(1 − x)q

2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
dx

+ c2

∫ 1

0
x−p(1 − x)q

2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
dx = 0. (146)

Since in (146),

∫ 1

0
(1 − x)q

2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
dx =

n

∑
k=0

(−n)k(n + p + q + 1)k
(p + 1)k k!

(1)k
(q + 1)(q + 2)k

=
1

q + 1 3F2

(
−n, n + p + q + 1, 1

p + 1, q + 2

∣∣∣∣∣ 1

)
=

p
(p + n)(q + 1 + n)

,

(147)

and

∫ 1

0
x−p(1 − x)q

2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
dx

=
n

∑
k=0

(−n − p)k(n + 1 + q)k
(1 − p)k k!

B(k + 1 − p, q + 1)

= B(1 − p, q + 1)2F1

(
−n − p, n + 1 + q

2 − p + q

∣∣∣∣∣ 1

)
=

(−1)n(p)n
(q + 1)(q + 2)n

,
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the second subsequence is finally derived as

G(2)
n (x; p, q) = 2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
(148)

− (−1)n (q + 1)n
(p + 1)n

x−p
2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
,

which is orthogonal with respect to the weight function w(x; p, q) = xp(1 − x)q on [0, 1] for
p ∈ (−1, 0) and q > −1. To derive (147), we have used the Pfaff–Saalschutz summation
theorem [26]

3F2

(
−n, a, b

d, e

∣∣∣∣∣ 1

)
=

(d − a)n(d − b)n
(d)n(d − a − b)n

⇔ −n + a + b + 1 = d + e.

(iii) Third subsequence. If (A, B, c, d, e) = (1, 0, 1 + p, 1 + p + q,−q) are replaced as

x(1 − x)Φ′′
n(x)− ((p + q + 2)x − p − 1)Φ′

n(x) + n(n + p + q + 1)Φn(x)

= (n + q)(n + p + 1) (1 − x)−q, (149)

its general solution reads as

Φn(x) = c12F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
(150)

+ c2 x−p
2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
+ (1 − x)−q.

As z(x) = (1 − x)−q in (149), applying the condition (114) on the solution (150) yields

c1

∫ 1

0
xp

2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
dx

+ c2

∫ 1

0
2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
dx = 0. (151)

Since in (151),

∫ 1

0
xp

2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
dx =

n

∑
k=0

(−n)k(n + p + q + 1)k
(p + 1)k k!

1
p + 1 + k

=
1

p + 1 2F1

(
−n, n + p + q + 1

p + 2

∣∣∣∣∣ 1

)
=

(−1)n(q)n
(p + 1)n+1

,

and ∫ 1

0
2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
dx =

n

∑
k=0

(−n − p)k(n + 1 + q)k
(1 − p)k k!

(1)k
(2)k

= 3F2

(
−n − p, n + q + 1, 1

1 − p, 2

∣∣∣∣∣ 1

)

=
−p

(n + p + 1)(n + q)

(
1 +

(−1)nqB(−p,−q)(p + q + 1)n
n!

)
,
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the third subsequence appears as

G(3)
n (x; p, q) = 2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)

+
(−1)nn! (q)n+1x−p

(p)n+1
(
n! + (−1)nB(−p,−q)(p + q + 1)n

) 2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
,

(152)

which is orthogonal with respect to the weight xp(1 − x)q on [0, 1] for −1 < p, q < 0.
From (143), (148) and (152), we can conclude that, in fact,

G(k)
n (x; p, q) = 2F1

(
−n, n + p + q + 1

p + 1

∣∣∣∣∣ x

)
+ λ

(k)
n (p, q) x−p

2F1

(
−n − p, n + 1 + q

1 − p

∣∣∣∣∣ x

)
,

where

λ
(1)
n (p, q) = −

n!
(
(−1)n(p)n+1 + (q)n+1

)
B(1 − p, 1 − q) (p + q)n+1(p + 1)n

,

λ
(2)
n (p, q) = − (−1)n (q + 1)n

(p + 1)n
,

and

λ
(3)
n (p, q) =

(−1)nn! (q)n+1

(p)n+1
(
n! + (−1)nB(−p,−q)(p + q + 1)n

) .

However, as we pointed out, there are also other orthogonal sequences that are different
from the above-mentioned general form. We consider one case here.

(iv) Fourth subsequence. If (A, B, c, d, e) = (A, B, 1 + p, 1 + 2p,−p), where A, B are two
free parameters, are replaced in (137) as

x(1 − x)Φ
′′
n(x) + (p + 1 − (2p + 2)x)Φ

′
n(x) + n(n + 2p + 1)Φn(x) (153)

= (n + p)(n + p + 1)
(

A(1 − x)−p + Bx−p
)

,

its general solution is

Φn(x) = c12F1

(
−n, n + 2p + 1

p + 1

∣∣∣∣∣ x

)
(154)

+ c2 x−p
2F1

(
−n − p, n + 1 + p

1 − p

∣∣∣∣∣ x

)
+ A(1 − x)−p + Bx−p.

As z(x) = A(1 − x)−p + Bx−p in (153), applying (114) to the solution (154) gives

c1

∫ 1

0

(
Axp + B(1 − x)p)

2F1

(
−n, n + 2p + 1

p + 1

∣∣∣∣∣ x

)
dx

+c2

∫ 1

0

(
A + Bx−p(1 − x)p)

2F1

(
−n − p, n + p + 1

1 − p

∣∣∣∣∣ x

)
dx = 0.

(155)

Since, in (155),

∫ 1

0

(
Axp + B(1 − x)p)

2F1

(
−n, n + 2p + 1

p + 1

∣∣∣∣∣ x

)
dx =

(
(−1)n A + B

) p
(n + p)(n + p + 1)

,
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and

∫ 1

0

(
A + Bx−p(1 − x)p)

2F1

(
−n − p, n + p + 1

1 − p

∣∣∣∣∣ x

)
dx

=
p

(n + p)(n + p + 1)

(
−A

(
1 +

(−1)n pB(−p,−q)(2p + 1)n
n!

)
+ (−1)nB

)
,

the fourth subsequence appears as

G(4)
n (x; p) = 2F1

(
−n, n + 2p + 1

p + 1

∣∣∣∣∣ x

)

+

(
(−1)n A + B

)
x−p(

(−1)n + p
n! B(−p,−p)(2p + 1)n

)
A − B 2F1

(
−n − p, n + p + 1

1 − p

∣∣∣∣∣ x

)
,

(156)

which is orthogonal with respect to the weight function w(x; p) = xp(1 − x)p on [0, 1] for
−1 < p < 0.

Second Sequence

Noting the confluent hypergeometric Equation (129), this time, we consider the differ-
ential equation

x Φ′′
n(x) + (c − x)Φ′

n(x) + n Φn(x) = x z′′(x) + (c − x)z′(x) + n z(x), (157)

with the general solution

Φn(x) = b11F1

(
−n
c

∣∣∣∣∣ x

)
+ b2 x1−c

1F1

(
−n + 1 − c

2 − c

∣∣∣∣∣ x

)
+ z(x). (158)

For a known parameter e, assume in (157) that

x z′′(x) + (c − x)z′(x) = −e z(x), (159)

having a general solution, according to (129) and (130), as

z(x) = z(x; A∗, B∗, c, e) = A∗
1F1

(
−e
c

∣∣∣∣∣ x

)
+ B∗ x1−c

1F1

(
−e + 1 − c

2 − c

∣∣∣∣∣ x

)
, (160)

in which A∗, B∗ are free parameters. Consequently, from (157) to (160), we can conclude
that the general solution of the equation

x Φ′′
n(x) + (c − x)Φ′

n(x) + n Φn(x)

= (n − e)

(
A∗

1F1

(
−e
c

∣∣∣∣∣ x

)
+ B∗ x1−c

1F1

(
−e + 1 − c

2 − c

∣∣∣∣∣ x

))
, (161)

is

Φn(x) = b11F1

(
−n
c

∣∣∣∣∣ x

)
+ b2 x1−c

1F1

(
−n + 1 − c

2 − c

∣∣∣∣∣ x

)

+ A∗
1F1

(
−e
c

∣∣∣∣∣ x

)
+ B∗ x1−c

1F1

(
−e + 1 − c

2 − c

∣∣∣∣∣ x

)
. (162)
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Note that (162) is also the general solution of the fourth-order equation

x
(

x Φ
′′
n(x) + (c − x)Φ

′
n(x) + n Φn(x)

)′′
+ (c − x)

(
x Φ

′′
n(x) + (c − x)Φ

′
n(x) + n Φn(x)

)′
+ e

(
x Φ

′′
n(x) + (c − x)Φ

′
n(x) + n Φn(x)

)
= 0.

Similar to the preceding First Sequence Section, there are various subcases for the sequence
(162). Here, we consider one case. For the given parameters p ∈ R, if

(A∗, B∗, c, e) = (0, 1, 1 + p,−p),

are replaced in (161) as

x Φ′′
n(x) + (p + 1 − x)Φ′

n(x) + n Φn(x) = (n + p) x−p, (163)

then its general solution reads as

Φn(x; p) = b11F1

(
−n

p + 1

∣∣∣∣∣ x

)
+ b2 x−p

1F1

(
−n − p

1 − p

∣∣∣∣∣ x

)
+ x−p. (164)

As the weight function corresponding to the self adjoint form of Equation (163) is
w(x; p) = xpe−x defined on [0, ∞) and z(x) = x−p, applying the condition (114) on the
solution (164) gives

b1

∫ ∞

0
e−x

1F1

(
−n

p + 1

∣∣∣∣∣ x

)
dx + b2

∫ ∞

0
x−pe−x

1F1

(
−n − p

1 − p

∣∣∣∣∣ x

)
dx = 0. (165)

But since in (165),

∫ ∞

0
x−pe−x

1F1

(
−n − p

1 − p

∣∣∣∣∣ x

)
dx = Γ(1 − p)

n

∑
k=0

(−n − p)k
k!

= 0,

and

∫ ∞

0
e−x

1F1

(
−n

p + 1

∣∣∣∣∣ x

)
dx =

n

∑
k=0

(−n)k(1)k
(p + 1)k k!

= 2F1

(
−n, 1
p + 1

∣∣∣∣∣ 1

)
=

p
p + n

̸= 0

for p ̸= 0 ,

choosing b1 = 0 in (164) eventually yields

Gn(x; p) = x−p
1F1

(
−n − p

1 − p

∣∣∣∣∣ x

)
,

which is orthogonal with respect to the weight xpe−x on [0, ∞) if and only if p ∈ (−1, 1).
Let us prove this latter result via its differential equation, too. If equation (163) is written in
the self-adjoint form(

xp+1e−x Φ′
n(x)

)′
+ n xpe−x Φn(x) = (n + p)e−x,

and for the index m as(
xp+1e−x Φ′

m(x)
)′

+ m xpe−x Φm(x) = (m + p)e−x,
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we get[
xp+1e−x (Φm(x)Φ′

n(x)− Φn(x)Φ′
m(x)

)]∞

0
+ (n − m)

∫ ∞

0
xpe−x Φn(x)Φm(x) dx

= (n + p)
∫ ∞

0
e−x Φm(x) dx − (m + p)

∫ ∞

0
e−x Φn(x) dx = (n − m) Γ(1 − p),

which results in

(n − m)

(∫ ∞

0
xpe−x Φn(x)Φm(x) dx − Γ(1 − p)

)
= −

[
xp+1e−x (Φm(x)Φ′

n(x)− Φn(x)Φ′
m(x)

)]∞

0
= 0 ⇔ n ̸= m, −1 < p < 1.

Finally, since

∫ ∞

0
xpe−xGn(x; p) Gm(x; p) dx =

∫ ∞

0
x−pe−x

1F1

(
−n − p

1 − p

∣∣∣∣∣ x

)
1F1

(
−m − p

1 − p

∣∣∣∣∣ x

)
dx,

the simplified sequence G∗
n(x; p) = 1F1

(
−n + p

1 + p

∣∣∣∣∣ x

)
is orthogonal with respect to the

weight function xpe−x on [0, ∞) if −1 < p < 1.

7. p-Uncorrelated Polynomials Sequence (p-UPS)
As the most important part of p-uncorrelated functions is the class of p-uncorrelated

polynomials, we prefer to study them in a separate section and consider their monic form
( i.e., with leading coefficient equal to 1generality) in a continuous space. With reference
to Theorem 2 (or representation (43)) and using the initial monomial data {Vk = xk}n

k=0, a
monic type of p-UPS with respect to z(x), say P̄n(x, p; z(x)), can be generated, so that

covp (P̄n(x, p; z(x)), P̄m(x, p; z(x)); z(x)) = 0 ⇔ n ̸= m. (166)

In a weighted continuous space, the condition (166) is equivalent to

∫ b

a
w(x) P̄n(x, p; z(x)) P̄m(x, p; z(x)) dx

− p

∫ b
a w(x)z(x) P̄n(x, p; z(x)) dx

∫ b
a w(x)z(x) P̄m(x, p; z(x)) dx∫ b

a w(x) z2(x) dx

=

∫ b

a
w(x) P̄ 2

n (x, p; z(x)) dx − p

(∫ b
a w(x)z(x) P̄n(x, p; z(x)) dx

)2

∫ b
a w(x) z2(x) dx

 δn,m, (167)

where w(x) > 0 and z(x) are two continuous functions, such that
∫ b

a w(x)z2(x) dx > 0.

The existence of relation (167) is when the integrals
∫ b

a w(x) xnz(x) dx all exist and are
bounded for every n = 0, 1, . . . . In this section, we deal with such spaces of type (167) as
the role of z(x) would be undeniable. Let us recall that a hypergeometric polynomial as a
particular case of the generalized hypergeometric series

pFq

(
a1, . . . , ap

b1, . . . , bq

∣∣∣∣∣ x

)
=

∞

∑
k=0

(a1)k . . . (ap)k
(b1)k . . . (bq)k

xk

k!
,

where b1, . . . , bq ̸= 0,−1,−2, . . . and (a)k = a(a + 1) . . . (a + k − 1), appears when one
of the values {ak}

p
k=1 is a negative integer. Also, we recall that the aforesaid series is
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convergent for all x if p < q + 1, convergent for x ∈ (−1, 1) if p = q + 1, and it is divergent
for all x ̸= 0 if p > q + 1, while, if one of {ak}

p
k=1 is a negative integer, it will reduce to a

hypergeometric polynomial that is convergent for all real x.

Theorem 11. Let {P̄n(x, p; z(x))} be a monic p-UPS with respect to the fixed function z(x), and
let Q̄m(x) be an arbitrary monic polynomial of degree m ≤ n. Then,

covp

(
Q̄m(x), P̄n(x, p; z(x)); z(x)

)
= varp

(
P̄n(x, p; z(x)); z(x)

)
δm,n.

Proof. Since P̄n(x, p; z(x)) is a p-UPS, its elements are linearly independent according to
Theorem 1. Hence, {P̄k(x, p; z(x))}m

k=0 is a basis for all polynomials of degree at most m
and, for any arbitrary monic polynomial of degree m, say Q̄m(x), there exist constants {bk},
such that

Q̄m(x) =
m

∑
k=0

bk P̄k(x, p; z(x)) with bm = 1.

By the linearity of p-covariances with respect to z(x) and using (166), we get

covp (Q̄m(x), P̄n(x, p; z(x)); z(x)) =
m

∑
k=0

bkcovp (P̄k(x, p; z(x)), P̄n(x, p; z(x)); z(x)) (168)

=

{
0 if m < n,

varp(P̄n(x, p; z(x)); z(x)) if m = n.

For the monomial basis
{

Vk = xk
}n

k=0
, the elements of the main determinant (40), i.e.,

∆(p)
n

(
{xk}n

k=0; z(x)
)
=

∣∣∣∣∣∣∣∣∣∣
varp (1; z(x))

covp (x, 1; z(x))
...

covp (xn, 1; z(x))

covp (1, x; z(x))
varp (x; z(x))

...
covp (xn, x; z(x))

· · ·
· · ·

...
· · ·

covp (1, xn; z(x))
covp (x, xn; z(x))

...
varp (xn; z(x))

∣∣∣∣∣∣∣∣∣∣
, (169)

can be expressed in terms of a special case of moments that are related to z(x) directly. In
other words, if we define

µn(z(x)) =
(∫ b

a
w(x) dx

)
E(xnz(x)) =

∫ b

a
w(x) xnz(x) dx , (170)

then the entries of (169) can be represented in terms of definition (170) as follows

covp

(
xi, xj; z(x)

)
=

µi+j(1)
µ0(1)

− p
µi(z(x))µj(z(x))
µ0(1) µ0(z2(x))

.

Theorem 12. A necessary condition for the existence of a monic p-UPS with respect to the function
z(x) is that ∆(p)

n

(
{xk}n

k=0; z(x)
)
̸= 0.

Proof. Suppose P̄n(x, p; z(x)) =
n
∑

k=0
c(n)k (p) xk is a monic p-UPS with c(n)n (p) = 1. Refer-

ring to (168), for m ≤ n and Q̄m(x) = xm, we observe that the relations

covp (xm, P̄n(x, p; z(x)) ; z(x)) =
n

∑
k=0

c(n)k (p) covp

(
xm, xk; z(x)

)
= varp(P̄n(x, p; z(x)); z(x))δm,n,
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will at last lead to the following solvable linear system:


varp (1; z(x))

covp (x, 1; z(x))
...

covp (xn, 1; z(x))

covp (1, x; z(x))
varp (x; z(x))

...
covp (xn, x; z(x))

· · ·
· · ·

...
· · ·

covp (1, xn; z(x))
covp (x, xn; z(x))

...
varp (xn; z(x))




c(n)0 (p)
c(n)1 (p)

...

c(n)n (p)



=


0
0
...

varp(P̄n(x, p; z(x)); z(x))

,

which obviously implies that ∆(p)
n

(
{xk}n

k=0; z(x)
)
̸= 0.

One of the consequences of solving the above system is that

varp(P̄n(x, p; z(x)); z(x)) =
∆(p)

n

(
{xk}n

k=0; z(x)
)

∆(p)
n−1
(
{xk}n

k=0; z(x)
) (n ≥ 1), (171)

which is valid for n = 0 if we set ∆(p)
−1 (.) = 1.

Another consequence is a general representation for the non-monic case of uncorre-
lated polynomials as

Pn(x, p; z(x)) =

∣∣∣∣∣∣∣∣∣∣∣∣

varp (1; z(x)) covp (1, x; z(x)) . . . covp (1, xn; z(x))
covp (x, 1; z(x)) varp (x; z(x)) . . . covp (x, xn; z(x))

...
...

...
...

covp (xn−1, 1; z(x)) covp (xn−1, x; z(x)) . . . covp (xn−1, xn; z(x))
1 x . . . xn

∣∣∣∣∣∣∣∣∣∣∣∣
(172)

Remark 5. For p = 1 and z(x) = xλ, since

cov1(xi, xj; xλ) = 0 ⇔ λ = i or λ = j,

the rows of determinant (172) show that z(x) should conditionally be chosen as a member of the
monomial basis {xk}k=0. For example, if λ = 5, the finite polynomial set {Pn(x, 1; x5)}5

n=0 is
finitely 1-uncorrelated with respect to z(x) = x5. The determinant (172) also shows that for the
monic type of the polynomials we always have P̄n(x, 1; xn) = xn, e.g., P̄5(x, 1; x5) = x5.

Theorem 13. Let {Pn(x, p; z(x))} be a (weighted) p-UPS with respect to the function z(x). For

any arbitrary polynomial Qn(x) =
n
∑

k=0
qkxk of degree n, we have

covp (Qn(x), Pn(x, p; z(x)); z(x)) = qncovp (xn, Pn(x, p; z(x)); z(x))

= qn c(n)n (p)
∆(p)

n

(
{xk}n

k=0; z(x)
)

∆(p)
n−1
(
{xk}n

k=0; z(x)
) ,

where c(n)n (p) denotes the leading coefficient of Pn(x, p; z(x)).
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Proof. Suppose Qn(x) = qnxn + Q∗
n−1(x), in which Q∗

n−1(x) is a polynomial of degree at
most n − 1. In this case,

covp (Qn(x), Pn(x, p; z(x)); z(x)) = qncovp (xn, Pn(x, p; z(x)); z(x))

+ covp
(
Q∗

n−1(x), Pn(x, p; z(x)); z(x)
)
= qncovp (xn, Pn(x, p; z(x)); z(x)),

and the proof is completed by noting (171) and Theorem 12.

7.1. A Generic Recurrence Relation for p-UPS

Let Q̄m(x) be an arbitrary monic polynomial of degree m, and let {P̄n(x, p; z(x))} be
a monic p-UPS with respect to the function z(x). According to Theorem 11 and relation
(168), we have

Q̄m(x) =
m

∑
k=0

covp (Q̄m(x), P̄k(x, p; z(x)); z(x))
varp(P̄k(x, p; z(x)); z(x))

P̄k(x, p; z(x)) . (173)

Now, replacing m = n + 1 and Q̄n+1(x) = x P̄n(x, p; z(x)) in (173) as

x P̄n(x, p; z(x)) =
n+1

∑
k=0

covp (x P̄n(x, p; z(x)), P̄k(x, p; z(x)); z(x))
varp(P̄k(x, p; z(x)); z(x))

P̄k(x, p; z(x)) , (174)

gives a n + 2 term recurrence relation for the sequence {P̄n(x, p; z(x))}.
In general, since

covp ( f (x)h(x), g(x); z(x)) = covp ( f (x), h(x)g(x); z(x))

+ p
E( f (x)z(x))E(h(x)g(x)z(x))− E(g(x)z(x))E( f (x)h(x)z(x))

E(z2(x))
,

the coefficients of (174) can be changed in the form

covp (x P̄n(x, p; z(x)), P̄k(x, p; z(x)); z(x)) = covp (P̄n(x, p; z(x)), x P̄k(x, p; z(x)); z(x))

+ p
E(x P̄k(x, p; z(x))z(x))E(P̄n(x, p; z(x))z(x))− E(x P̄n(x, p; z(x))z(x))E(P̄k(x, p; z(x))z(x))

E(z2(x))
.

Note in the above formula that

covp (P̄n(x, p; z(x)), x P̄k(x, p; z(x)); z(x)) = 0 ⇔ k + 1 < n.

Accordingly, if p = 0 or E(z(x)P̄k(x, p; z(x))) = 0 in (174), it will reduce to the same as
celebrated three term recurrence relation of monic orthogonal polynomials [25]. See also
relations (201) and (202) in this regard.

7.2. A Complete Uncorrelated Sequence of Hypergeometric Polynomials of 4F3 Type

In this section, we introduce a complete uncorrelated hypergeometric polynomial that
reveals the importance of the role of a non-constant fixed function. Let w(x) = 1 be defined
on [0, 1] and z(x) = xr for r > −1/2 as

∫ 1
0 w(x)z2(x)dx = 1

2r+1 . Then, the components of
determinant (172) are explicitly computed as

covp

(
xi, xj; xr

)
=

(r + i + 1)(r + j + 1)− p(2r + 1)(i + j + 1)
(r + i + 1)(r + j + 1)(i + j + 1)

for i = 0, 1, . . . , n − 1 and j = 0, 1, . . . , n. (175)
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A few samples of the monic type of the corresponding p-uncorrelated polynomials are

P̄0(x, p; xr) = 1,

P̄1(x, p; xr) = x − r + 1
2(r + 2)

(r + 1)(r + 2)− 2p(2r + 1)

(r + 1)2 − p(2r + 1)
,

P̄2(x, p; xr) = x2 − r + 2
r + 3

(r + 1)2(r + 2)(r + 3)− p(2r + 1)(5r2 + 5r + 6)

(r + 1)2(r + 2)2 − 4p(2r + 1)(r2 + r + 1)
x

+
r + 1

6(r + 3)
(r + 1)(r + 2)2(r + 3)− 6p(2r + 1)(r2 + r + 2)

(r + 1)2(r + 2)2 − 4p(2r + 1)(r2 + r + 1)
,

satisfying the uncorrelatedness condition

∫ 1

0
P̄n(x, p; xr)P̄m(x, p; xr) dx = p(2r + 1)

∫ 1

0
xr P̄n(x, p; xr)dx

∫ 1

0
xr P̄m(x, p; xr)dx ⇔ n ̸= m.

For p = 0, the above samples are in fact the monic type of the well-known shifted Legendre

polynomials Pn(x, 0; xr) = Pn,+(x) = 2F1

(
−n, n + 1

1

∣∣∣∣∣ x

)
, having the orthogonal prop-

erty [25]
∫ 1

0 Pn,+(x)Pm,+(x) dx = 1
2n+1 δn,m , while, for the optimized case p = 1, relation

(175) is first simplified as

cov1

(
xi, xj; xr

)
=

(r − i)(r − j)
(r + i + 1)(r + j + 1)(i + j + 1)

for i = 0, 1, . . . , n − 1 and j = 0, 1, . . . , n. (176)

If (176) is directly substituted into (172), with the aid of advanced mathematical software,
see, e.g., [26,27], we can eventually find the explicit form of the polynomials as

Pn(x, 1; xr) = 4F3

(
−n, n + 1, −r, r + 2

1, −r + 1, r + 1

∣∣∣∣∣ x

)
, (177)

satisfying the complete uncorrelatedness condition

∫ 1

0
Pn(x, 1; xr)Pm(x, 1; xr) dx − (2r + 1)

∫ 1

0
xrPn(x, 1; xr)dx

∫ 1

0
xrPm(x, 1; xr)dx

=

(∫ 1

0
P2

n(x, 1; xr) dx − (2r + 1)
(∫ 1

0
xrPn(x, 1; xr)dx

)2
)

δm,n, (178)

where ∫ 1

0
xrPn(x, 1; xr)dx =

n

∑
k=0

(−n)k(n + 1)k(−r)k(r + 2)k
(1)k(−r + 1)k(r + 1)kk! (r + 1 + k)

(179)

=
1

r + 1 3F2

(
−n, n + 1, −r

1, −r + 1

∣∣∣∣∣ 1

)
=

1
r + 1

(1 + r)n
(1 − r)n

,

and

∫ 1

0
Pn(x, 1; xr)Pm(x, 1; xr) dx

=
n

∑
k=0

(−n)k(n + 1)k(−r)k(r + 2)k
(2)k(−r + 1)k(r + 1)kk! 5F4

(
−m, m + 1, −r, r + 2, k + 1

1, −r + 1, r + 1, k + 2

∣∣∣∣∣ 1

)
,
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which simplifies the left side of (178) as

∫ 1

0
Pn(x, 1; xr)Pm(x, 1; xr) dx − (2r + 1)

∫ 1

0
xrPn(x, 1; xr)dx

∫ 1

0
xrPm(x, 1; xr)dx (180)

=
n

∑
k=0

(−n)k(n + 1)k(−r)k(r + 2)k
(2)k(−r + 1)k(r + 1)kk! 5F4

(
−m, m + 1, −r, r + 2, k + 1

1, −r + 1, r + 1, k + 2

∣∣∣∣∣ 1

)

− 2r + 1

(r + 1)2
(1 + r)n(1 + r)m
(1 − r)n(1 − r)m

.

Of course, the result of (179) has been derived using the following technique. Since

H(n) = 3F2

(
−n, n + 1, −r

1, −r + 1

∣∣∣∣∣ 1

)
,

satisfies the first order recurrence equation

H(n + 1) =
n + 1 + r
n + 1 − r

H(n),

so

3F2

(
−n, n + 1, −r

1, −r + 1

∣∣∣∣∣ 1

)
=

(1 + r)n
(1 − r)n

.

This technique can similarly be used to obtain 5F4(.) in (180). First, we can find out that
the sequence

S(m) = 5F4

(
−m, m + 1, −r, r + 2, k + 1

1, −r + 1, r + 1, k + 2

∣∣∣∣∣ 1

)
,

satisfies the second-order recurrence equation

(m + 1)(m + 2 − r)(m + 3 + k) S(m + 2)

− (2m+ 3)((m + 1)(m + 2) + r(k + 1)) S(m+ 1)+ (m+ 2)(m+ 1+ r)(m− k) S(m) = 0,

having two independent solutions

S1(m) =
(m + r)(r)m
(m − r)(−r)m

and S2(m) =
(−k)m

(k + m + 1)(k + m)(k)m
.

It is clear that
S(m) = A S1(m) + B S2(m). (181)

To compute the unknown coefficients A and B, it is sufficient to replace m = 0, 1, respec-
tively, in (181) to finally get

5F4

(
−m, m + 1, −r, r + 2, k + 1

1, −r + 1, r + 1, k + 2

∣∣∣∣∣ 1

)

= − k + 1
(k + r + 1)(r + 1)

(
(2r + 1)(m + r)(r)m

(m − r)(−r)m
+

rk(k − r)(−k)m
(k + m + 1)(k + m)(k)m

)
. (182)

Thus, in order to compute

var1(Pn(x, 1; xr); xr) =
∫ 1

0
P2

n(x, 1; xr) dx − (2r + 1)
(∫ 1

0
xrPn(x, 1; xr)dx

)2

,
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we first suppose in (180) that m = n and then refer to (182) to arrive at

S∗ =
n

∑
k=0

(−n)k(n + 1)k(−r)k(r + 2)k
(2)k(−r + 1)k(r + 1)kk! 5F4

(
−n, n + 1, −r, r + 2, k + 1

1, −r + 1, r + 1, k + 2

∣∣∣∣∣ 1

)

= − (2r + 1)(n + r)(r)n
(r + 1)(n − r)(−r)n

n

∑
k=0

(−n)k(n + 1)k(−r)k(r + 2)k
(2)k(−r + 1)k(r + 1)kk!

k + 1
k + r + 1

− r
r + 1

n

∑
k=0

(−n)k(n + 1)k(−r)k(r + 2)k
(2)k(−r + 1)k(r + 1)kk!

k + 1
k + r + 1

k(k − r)(−k)n
(k + n + 1)(k + n)(k)n

. (183)

Since, in general,
(a)k

(a + 1)k
=

a
a + k

,

relation (183) is simplified as

S∗ = − (2r + 1)(n + r)(r)n

(r + 1)2(n − r)(−r)n

(1 + r)n
(1 − r)n

+
r2

(r + 1)2(n + 1)!

n

∑
k=0

(−k)n(n + 1)k(−n)k
(1)k(n + 2)k

(184)

= − (2r + 1)(n + r)(r)n

(r + 1)2(n − r)(−r)n

(1 + r)n
(1 − r)n

+
r2

(r + 1)2(n + 1)!

n! (n + 1)n
(n + 2)n

.

Noting that (−k)n = 0 for any k < n in (184), the following final result will be derived.

Corollary 5. If r > −1/2 and r /∈ Z+, then

∫ 1

0
P2

n(x, 1; xr) dx − (2r + 1)
(∫ 1

0
xrPn(x, 1; xr)dx

)2

=
r2

(r + 1)2
1

2n + 1
.

Moreover, (180) is simplified as

∫ 1

0
Pn(x, 1; xr)Pm(x, 1; xr) dx − (2r + 1)

∫ 1

0
xrPn(x, 1; xr)dx

∫ 1

0
xrPm(x, 1; xr)dx

=
r2

(r + 1)2(m + 1)!

n

∑
k=0

(n + 1)k(−n)k
(m + 2)k

(−k)m
k!

= 0 ⇔ m ̸= n,

which means
n

∑
k=m

(n + 1)k(−n)k
(m + 2)k

(−k)m
k!

=
(n + 1)!
2n + 1

δn,m.

Remark 6. It is interesting to know that

lim
r→∞

Pn(x, 1; xr) = lim
r→∞ 4F3

(
−n, n + 1, −r, r + 2

1, −r + 1, r + 1

∣∣∣∣∣ x

)
= 2F1

(
−n, n + 1

1

∣∣∣∣∣ x

)
= Pn,+(x),

and from Corollary 5, we subsequently conclude that

lim
r→∞

r2

(r + 1)2
1

2n + 1
= lim

r→∞

(∫ 1

0
P2

n(x, 1; xr) dx − (2r + 1)
(∫ 1

0
xrPn(x, 1; xr)dx

)2
)

=
∫ 1

0
lim
r→∞

P2
n(x, 1; xr) dx − lim

r→∞
(2r + 1)

(
1

r + 1
(1 + r)n
(1 − r)n

)2

=
∫ 1

0
P2

n,+(x) dx =
1

2n + 1
.
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Remark 7. Instead of z(x) = xr, if we take z(x) = (1 − x)r defined on [0, 1], (178) changes to

∫ 1

0
Pn
(
1 − x, 1; (1 − x)r)Pm

(
1 − x, 1; (1 − x)r) dx

− (2r + 1)
∫ 1

0
(1 − x)rPn

(
1 − x, 1; (1 − x)r)dx

∫ 1

0
(1 − x)rPm

(
1 − x, 1; (1 − x)r)dx

=
r2

(r + 1)2
1

2n + 1
δm,n.

Using Corollary 5, we can now establish an optimized approximation (or expansion
as n → ∞) of polynomial type for any expandable function, say f (x), as follows:

f (x) ∼=
(r + 1)2

r2

n

∑
k=0

(2k + 1)cov1( f (x), Pk(x, 1; xr); xr)Pk(x, 1; xr),

whose error 1-variance is minimized with respect to the fixed function z(x) = xr on [0, 1].
Furthermore, if f (x) is of a polynomial type, the approximate operator in the above

relation will change to an equality according to the finite type Theorem 4 and its important
consequences in Remark 1. For example, since P0(x, 1; xr) = 1, P1(x, 1; xr) = −2 r(r+2)

r2−1 x + 1

and P2(x, 1; xr) = 6 r(r+3)
(r−2)(r+1) x2 − 6 r(r+2)

r2−1 x + 1 , every arbitrary polynomial of degree 2,

say ax2 + bx + c, can be expanded in terms of the above samples as follows:

ax2 + bx + c =
(r + 1)2

r2 cov1

(
ax2 + bx + c, P0(x, 1; xr); xr

)
+ 3

(r + 1)2

r2 cov1

(
ax2 + bx + c, P1(x, 1; xr); xr

)(
−2

r(r + 2)
r2 − 1

x + 1
)

+ 5
(r + 1)2

r2 cov1

(
ax2 + bx + c, P2(x, 1; xr); xr

)(
6

r(r + 3)
(r − 2)(r + 1)

x2 − 6
r(r + 2)
r2 − 1

x + 1
)

,

where

cov1

(
ax2 + bx + c, P0(x, 1; xr); xr

)
=

1
3

r(r − 2)
(r + 1)(r + 3)

a +
1
2

r(r − 1)
(r + 1)(r + 2)

b +
r2

(r + 1)2 c,

cov1

(
ax2 + bx + c, P1(x, 1; xr); xr

)
= −1

6
r(r − 2)

(r + 1)(r + 3)
a − 1

6
r(r − 1)

(r + 1)(r + 2)
b,

and

cov1

(
ax2 + bx + c, P2(x, 1; xr); xr

)
=

1
30

r(r − 2)
(r + 1)(r + 3)

a.

According to Remark 2, since the uncorrelated polynomials (177) are now explicitly
known, a new sequence of orthogonal functions can be constructed as follows:

Gn(x, 1; r) = 4F3

(
−n, n + 1, −r, r + 2

1, −r + 1, r + 1

∣∣∣∣∣ x

)
− 2r + 1

r + 1
(1 + r)n
(1 − r)n

xr,

satisfying the orthogonality relation

∫ 1

0
Gn(x, 1; r)Gm(x, 1; r) dx =

r2

(r + 1)2
1

2n + 1
δn,m.
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The above orthogonality is valid for every n if and only if r > −1/2 and r /∈ Z+. However,
if r = m ∈ N, the polynomial set {Gn(x, 1; m)}m−1

n=0 will be finitely orthogonal on [0, 1]
according to Remark 5. For instance, for m = 3 the elements of the finite set

{Gn(x, 1; 3)}2
n=0 = {−7

4
x3 + 1,

7
2

x3 − 15
4

x + 1, −35
2

x3 + 27x2 − 45
4

x + 1},

are mutually orthogonal with respect to the constant weight function w(x) = 1 on [0, 1]
having the norm square value 9

16{
1

2n+1}2
n=0.

8. On the Ordinary Case of p-Covariances
When Z = c∗ ̸= 0 and p = 1, we have cov1 (X, Y; c∗) = cov (X, Y). Replacing these

assumptions in (43) as

Xn =

∣∣∣∣∣∣∣∣∣∣∣∣

var (V0) cov (V0, V1) . . . cov (V0, Vn)

cov (V1, V0) var (V1) . . . cov (V1, Vn)
...

...
...

...
cov (Vn−1, V0) cov (Vn−1, V1) . . . cov (Vn−1, Vn)

V0 V1 . . . Vn

∣∣∣∣∣∣∣∣∣∣∣∣
, (185)

generates an ordinary uncorrelated element. Note that the leading coefficient in (43) has no
effect on being uncorrelated, and we have therefore ignored it in the above determinant.

There are, in total, two cases for the initial value V0 in (185), i.e., when V0 is a constant
value (preferably V0 = 1) or it is not constant. As we have shown in Section 2.3.2, the first
case leads to the approved result (26), whereas the non-constant case contains some novel
results. The next subsection describes one of them.

Another Uncorrelated Sequence of Hypergeometric Polynomials of 4F3 Type

Let w(x) = 1 be defined on [0, 1], and consider the initial data {Vk = xr+k}n
k=0 for

r ̸= 0 because V0 ̸= 1. In this case, the components corresponding to (185) are computed as

cov(xr+i, xr+j) =
(r + i)(r + j)

(r + i + 1)(r + j + 1)(2r + i + j + 1)

for i = 0, 1, . . . , n − 1 and j = 0, 1, . . . , n. (186)

Since var(xr+j) = (r+j)2

(r+j+1)2(2r+1+2j)
> 0, for j = 0, we must also add the condition

2r + 1 > 0. If (186) is directly substituted into (185), with the aid of advanced mathematical
software, we can again find the explicit form of the functions, say Xn = fr+n(x; r), as

fr+n(x; r) = xrQn(x; r) = xr
4F3

(
−n, n + 2r + 1, r, r + 2

2r + 1, r + 1, r + 1

∣∣∣∣∣ x

)
, (187)

satisfying the ordinary uncorrelatedness condition

∫ 1

0
fr+n(x; r) fr+m(x; r) dx −

∫ 1

0
fr+n(x; r)dx

∫ 1

0
fr+m(x; r)dx

=

(∫ 1

0
f 2
r+n(x; r) dx −

(∫ 1

0
fr+n(x; r)dx

)2
)

δm,n,
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which is equivalent to

∫ 1

0
x2rQn(x; r)Qm(x; r) dx −

∫ 1

0
xrQn(x; r) dx

∫ 1

0
xrQm(x; r) dx

=

(∫ 1

0
x2rQ2

n(x; r) dx −
(∫ 1

0
xrQn(x; r) dx

)2
)

δm,n. (188)

Remark 8. If, in general, Pr(X = x) = u(x)/
∫ b

a u(x) dx, one can find a relationship between
ordinary covariances and 1-covariances as follows:

(∫ b

a
w(x) dx

)
cov(z(x) f (x), z(x)g(x)) | u(x)=w(x)

=

(∫ b

a
w(x) z2(x) dx

)
cov1

(
f (x), g(x);

1
z(x)

) ∣∣∣∣
u(x)=w(x) z2(x)

. (189)

Hence, (188) shows that, if z(x) = xr and w(x) = 1 are replaced in (189), then

cov(xrQn(x; r), xrQm(x; r)) |u(x)=1 =
1

2r + 1
cov1

(
Qn(x; r), Qm(x; r); x−r) ∣∣

u(x)=x2r .

In the sequel, in (188),

∫ 1

0
xrQn(x; r) dx =

n

∑
k=0

(−n)k(n + 2r + 1)k(r)k(r + 2)k
(2r + 1)k(r + 1)k(r + 1)kk! (r + 1 + k)

(190)

=
1

r + 1 3F2

(
−n, n + 2r + 1, r

2r + 1, r + 1

∣∣∣∣∣ 1

)
=

1
r + 1

n!
(2r + 1)n

,

and

∫ 1

0
x2rQn(x; r)Qm(x; r) dx

=
1

2r + 1

n

∑
k=0

(−n)k(n + 2r + 1)k(r)k(r + 2)k
(2r + 2)k(r + 1)k(r + 1)kk! 5F4

(
−m, m + 2r + 1, r, r + 2, 2r + 1 + k

2r + 1, r + 1, r + 1, 2r + 2 + k

∣∣∣∣∣ 1

)
,

yielding

∫ 1

0
x2rQn(x; r)Qm(x; r) dx −

∫ 1

0
xrQn(x; r) dx

∫ 1

0
xrQm(x; r) dx

=
1

2r + 1

n

∑
k=0

(−n)k(n + 2r + 1)k(r)k(r + 2)k
(2r + 2)k(r + 1)k(r + 1)kk! 5F4

(
−m, m + 2r + 1, r, r + 2, 2r + 1 + k

2r + 1, r + 1, r + 1, 2r + 2 + k

∣∣∣∣∣ 1

)

− 1

(r + 1)2
n! m!

(2r + 1)n(2r + 1)m
. (191)

To derive (190), we have used a similar computational technique as follows. Since

A(n) = 3F2

(
−n, n + 2r + 1, r

2r + 1, r + 1

∣∣∣∣∣ 1

)
,

satisfies the first-order equation

A(n + 1) =
n + 1

n + 1 + 2r
A(n),
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so

3F2

(
−n, n + 2r + 1, r

2r + 1, r + 1

∣∣∣∣∣ 1

)
=

n!
(2r + 1)n

.

Also, to compute the hypergeometric term in (191), since

B(m) = 5F4

(
−m, m + 2r + 1, r, r + 2, 2r + 1 + k

2r + 1, r + 1, r + 1, 2r + 2 + k

∣∣∣∣∣ 1

)
,

satisfies the recurrence relation

− (m + 2r + 1)(m + 2r + 2)(m + 2r + 3 + k) B(m + 2)

+ (m + 2)(2m + 2r + 3)(m + 2r + 1) B(m + 1) + (m + 1)(m + 2)(k − m) B(m) = 0,

having two independent solutions

B1(m) =
m!

(2r + 1)m
and B2(m) =

m! (−k)m
(2r + 1)m(2r + k + 2)m

,

so
B(m) = c1 B1(m) + c2 B2(m),

which finally results in

5F4

(
−m, m + 2r + 1, r, r + 2, 2r + 1 + k

2r + 1, r + 1, r + 1, 2r + 2 + k

∣∣∣∣∣ 1

)

=
1

(r + 1)(r + 1 + k)
m!

(2r + 1)m

(
2r + 1 + k + r(r + k)

(−k)m
(2r + 2 + k)m

)
. (192)

In order to compute

var( fr+n(x, r)) =
∫ 1

0
x2rQ2

n(x; r) dx −
(∫ 1

0
xrQn(x; r) dx

)2

,

it is enough to take m = n in (191) and then use (192) to arrive at

B∗ =
n

∑
k=0

(−n)k(n + 2r + 1)k(r)k(r + 2)k
(2r + 2)k(r + 1)k(r + 1)kk! 5F4

(
−n, n + 2r + 1, r, r + 2, 2r + 1 + k

2r + 1, r + 1, r + 1, 2r + 2 + k

∣∣∣∣∣ 1

)

=
n!

(2r + 1)n

2r + 1

(r + 1)2

n

∑
k=0

(−n)k(n + 2r + 1)k(r)k
(2)k(−r + 1)k(r + 1)kk!

+
n!

(2r + 1)n

r2

(r + 1)2(2r + 2)n

n

∑
k=0

(−n)k(n + 2r + 1)k(−k)n
(n + 2r + 2)kk!

,

which is finally simplified as

B∗ =
2r + 1

(r + 1)2
(n!)2

(2r + 1)n(2r + 1)n
+

r2

(r + 1)2
(n!)2(n + 2r + 1)n

(2r + 1)n(2r + 2)n(n + 2r + 2)n
.

Corollary 6. If r > −1/2 and r ̸= 0, then

∫ 1

0
x2rQ2

n(x; r) dx −
(∫ 1

0
xrQn(x; r) dx

)2

=
1

2n + 2r + 1

(
r n!

(r + 1)(2r + 1)n

)2
.
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Moreover, (191) is simplified as

∫ 1

0
x2rQn(x; r)Qm(x; r) dx −

∫ 1

0
xrQn(x; r) dx

∫ 1

0
xrQm(x; r) dx

=
r2m!

(r + 1)2(2r + 1)(2r + 1)m(2r + 2)m

n

∑
k=0

(n + 2r + 1)k(−n)k
(m + 2r + 2)k

(−k)m
k!

= 0 ⇔ m ̸= n.

Therefore,
n

∑
k=m

(n + 2r + 1)k(−n)k
(m + 2r + 2)k

(−k)m
k!

= n!
n + 2r + 1

2n + 2r + 1
δn,m, (193)

which is a generalization of the second result of Corollary 5 for r = 0.

In Section 10, we will prove that both polynomials obtained in Sections 7 and 8 are
particular cases of a two-parametric sequence of uncorrelated polynomials.

9. A Class of Uncorrelated Polynomials Based on a Predetermined
Orthogonal Polynomial

In this section, we introduce a class of uncorrelated polynomials which is constructed
through a predetermined sequence of orthogonal polynomials, and then we study its
general properties in detail. In order to clarify the subject, we also present two hypergeo-
metric examples based on Jacobi and Laguerre polynomials. First of all, we should raise
two important points. Let {Φn(x)}n=0 (with Φ0(x) = 1 valid especially for polynomial
sequences) be a sequence of real functions orthogonal with respect to w(x) on [a, b], i.e.,

E(Φm(x)Φn(x)) |w(x) = E
(

Φ2
n(x)

) ∣∣∣
w(x)

δm,n, (194)

where (.) |w(x) means Pr(X = x) = w(x)∫ b
a w(x) dx

, as before.

The first point is that, if the mentioned sequence has the special form

Φn(x) = θ(x) gn(x) + βn (with Φ0(x) = 1),

in which θ(x) is a function independent of n, and {βn} is an arbitrary numeric sequence,
then noting (194) and (189) in Remark 8, we have

cov(Φm(x), Φn(x)) |w(x) (195)

= E(Φm(x)Φn(x)) |w(x) − E(Φm(x)Φ0(x)) |w(x) E(Φn(x)Φ0(x)) |w(x)

= E
(

Φ2
n(x)

) ∣∣∣
w(x)

δm,n = cov
(

θ(x) gm(x) + βm, θ(x) gn(x) + βn

) ∣∣∣
w(x)

= cov
(

θ(x) gm(x), θ(x) gn(x)
) ∣∣∣

w(x)

=

∫ b
a w(x) θ2(x) dx∫ b

a w(x) dx
cov1

(
gm(x), gn(x);

1
θ(x)

) ∣∣∣∣
w(x) θ2(x)

,

leading to the following biorthogonality relation according to the Section 4.1,

E
(

gm(x)
(

gn(x)− E(gn(x)/θ(x))
E(1/θ2(x))

1
θ(x)

)) ∣∣∣∣
w(x) θ2(x)

=

∫ b
a w(x) dx∫ b

a w(x) θ2(x) dx
E
(

Φ2
n(x)

) ∣∣∣
w(x)

δm,n.
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Also, if it satisfies a second-order equation as

a(x)Φ′′
n(x) + b(x)Φ′

n(x) + λnu(x)Φn(x) = 0,

then {gn(x)}n=0 will satisfy the equation

(a(x)θ(x)) g′′n(x) +
(
2a(x)θ′(x) + b(x)θ(x)

)
g′n(x)

+
(
a(x)θ′′(x) + b(x)θ′(x) + λnu(x)θ(x)

)
gn(x) = −λnβnu(x). (196)

In this sense, the second point is that the relation∫ b
a w(x) θ(x) gn(x) dx∫ b

a w(x) dx
=

∫ b
a w(x) (Φn(x)− βn) dx∫ b

a w(x) dx
= −βn,

will change Equation (196) to

(a(x)θ(x)) g′′n(x) +
(
2a(x)θ′(x) + b(x)θ(x)

)
g′n(x)

+
(
a(x)θ′′(x) + b(x)θ′(x) + λnu(x)θ(x)

)
gn(x) = λnu(x)

∫ b
a w(x) θ(x) gn(x) dx∫ b

a w(x) dx
,

which is a particular case of Equation (65) in Theorem 7.
Now, noting the two above-mentioned points, for a real parameter λ let{

Pn(x; λ) =
n

∑
k=0

a(n)k (x − λ)k

}
n=0

,

be a sequence of polynomials orthogonal with respect to w(x) on [a, b], such that

E(Pm(x; λ)Pn(x; λ)) |w(x) = E
(

P2
n(x; λ)

) ∣∣∣
w(x)

δm,n. (197)

It can be verified that the sequence

Qn(x; λ) =
Pn+1(x; λ)− Pn+1(λ; λ)

x − λ
=

n

∑
k=0

a(n+1)
k+1 (x − λ)k, (198)

is also a polynomial of degree n. With reference to (195) and (197), the following relations
hold for the polynomial sequence (198),∫ b

a w(x) (x − λ)2 dx∫ b
a w(x) dx

cov1

(
Qm(x; λ), Qn(x; λ);

1
x − λ

) ∣∣∣∣
w(x) (x−λ)2

(199)

= cov((x − λ)Qm(x; λ), (x − λ)Qn(x; λ)) |w(x)

= cov(Pm+1(x; λ)− Pm+1(λ; λ), Pn+1(x; λ)− Pn+1(λ; λ)) |w(x)

= cov(Pm+1(x; λ), Pn+1(x; λ)) |w(x) = E
(

P2
n+1(x; λ)

) ∣∣∣
w(x)

δm,n.

Corollary 7. From (199), the relation

cov1

(
Qm(x; λ), Qn(x; λ);

1
x − λ

) ∣∣∣∣
w(x) (x−λ)2

=

∫ b
a w(x) P2

n+1(x; λ) dx∫ b
a w(x) (x − λ)2 dx

δm,n,
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shows that the polynomial set {Qn(x; λ)}n=0 is a complete uncorrelated sequence with respect

to the fixed function z(x) = 1
x−λ and the probability function Pr(X = x) = w(x) (x−λ)2∫ b

a w(x) (x−λ)2dx
,

respectively. Also, relation (199) shows that the two defined sequences{
Pn(x; λ) =

n
∑

k=0
a(n)k (x − λ)k

}
n=0

and
{

Qn(x; λ) =
n
∑

k=0
a(n+1)

k+1 (x − λ)k
}

n=0

are biorthogonal with respect to the weight function (x − λ)w(x) on [a, b], as we have

cov1

(
Qm(x; λ), Qn(x; λ);

1
x − λ

) ∣∣∣∣
w(x) (x−λ)2

= E

Qm(x; λ)

Qn(x; λ)− E(Qn(x; λ)/(x − λ))

E
(

1/(x − λ)2
) 1

x − λ

 ∣∣∣∣∣∣
w(x) (x−λ)2

,

where

Qn(x; λ)− E(Qn(x; λ)/(x − λ))

E
(

1/(x − λ)2
) 1

x − λ
=

Pn+1(x; λ)

x − λ
.

There is a direct proof for this result in an inner product space, too. If we suppose

⟨Pm(x; λ), Pn(x; λ)⟩w(x) = ⟨Pn(x; λ), Pn(x; λ)⟩w(x)δm,n,

then, for every m ∈ N, we have

⟨Qn(x; λ), Pm(x; λ)⟩(x−λ)w(x) =

〈
Pn+1(x; λ)− Pn+1(λ; λ)

x − λ
, Pm(x; λ)

〉
(x−λ)w(x)

(200)

= ⟨Pn+1(x; λ), Pm(x; λ)⟩w(x) − Pn+1(λ; λ)⟨1, Pm(x; λ)⟩w(x)

= ⟨Pn+1(x; λ), Pn+1(x; λ)⟩w(x)δn+1,m.

Using (200), one can create a biorthogonal approximation (or expansion as n → ∞) for any
appropriate function, say f (x), in terms of the uncorrelated polynomials {Qk(x; λ)}k=0
as follows:

f (x) ∼=
n

∑
k=0

ckQk(x; λ) =
n

∑
k=0

⟨ f (x), Pk+1(x; λ)⟩(x−λ)w(x)

⟨Pk+1(x; λ), Pk+1(x; λ)⟩w(x)

Pk+1(x; λ)− Pk+1(λ; λ)

x − λ
,

whose error is clearly minimized with respect to the fixed function z(x) = 1
x−λ in the sense

of least 1-variances. In the sequel, since {Pn(x; λ)}n=0 was assumed to be orthogonal, its
monic type must satisfy a three term recurrence relation [25] of the form

P̄n+1(x; λ) = (x − Bn)P̄n(x; λ)− Cn P̄n−1(x; λ) with P̄0(x; λ) = 1 and P̄1(x; λ) = x − B1. (201)

After doing some computations are performed in hand, substituting (198) into (201) gives

Q̄n+1(x; λ) = (x − Bn+1)Q̄n(x; λ)− Cn+1Q̄n−1(x; λ) + P̄n+1(λ; λ) with Q̄0(x; λ) = 1. (202)

This type of recurrence relation in (202) helps us obtain an analogue of the well-known
Christoffel–Darboux identity [25] as follows. We have, respectively, in (202),

(xQ̄n(x; λ) + P̄n+1(λ; λ))Q̄n(t; λ) = Q̄n+1(x; λ)Q̄n(t; λ)

+ Bn+1Q̄n(x; λ)Q̄n(t; λ) + Cn+1Q̄n−1(x; λ)Q̄n(t; λ),
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and

(t Q̄n(t; λ) + P̄n+1(λ; λ))Q̄n(x; λ) = Q̄n+1(t; λ)Q̄n(x; λ)

+ Bn+1Q̄n(t; λ)Q̄n(x; λ) + Cn+1Q̄n−1(t; λ)Q̄n(x; λ).

Therefore, by defining the kernel

Gn(x, t) =
1

n+1
∏
j=1

Cj

Q̄n+1(x; λ)Q̄n(t; λ)− Q̄n+1(t; λ)Q̄n(x; λ)

x − t
,

we eventually obtain

m

∑
n=0

1
n+1
∏
j=1

Cj

(
Q̄n(x; λ)Q̄n(t; λ)− P̄n+1(λ; λ)

Q̄n(x; λ)− Q̄n(t; λ)

x − t

)

=
m

∑
n=0

Gn(x, t)− Gn−1(x, t) =
1

m+1
∏
j=1

Cj

Q̄m+1(x; λ)Q̄m(t; λ)− Q̄m+1(t; λ)Q̄m(x; λ)

x − t
. (203)

We now introduce two uncorrelated polynomials of the hypergeometric type that
are constructed based on Jacobi and Laguerre polynomials, and then we apply all the
above-mentioned results on them.

9.1. An Uncorrelated Sequence of Hypergeometric Polynomials of 3F2 Type

The monic type of Jacobi polynomials [20]

P̄(α,β)
n (x) =

2n(α + 1)n
(n + α + β + 1)n

2F1

(
−n, n + α + β + 1

α + 1

∣∣∣∣∣ 1 − x
2

)
, (204)

satisfy the equation

(1 − x2)
d2

dx2 P̄(α,β)
n (x)− ((α + β + 2)x + α − β)

d
dx

P̄(α,β)
n (x) + n(n + α + β + 1)P̄(α,β)

n (x) = 0 , (205)

and are orthogonal with respect to the weight function (1 − x)α(1 + x)β on [−1, 1] as

∫ 1

−1
(1 − x)α(1 + x)β P̄(α,β)

m (x)P̄(α,β)
n (x) dx

= n! 22n+α+β+1 Γ(n + α + β + 1)Γ(n + α + 1)Γ(n + β + 1)
Γ(2n + α + β + 1)Γ(2n + α + β + 2)

δn,m . (206)

Since P̄(α,β)
n (−x) = (−1)n P̄(β,α)

n (x), another representation of these polynomials is as

P̄(α,β)
n (x) =

(−1)n2n(β + 1)n
(n + α + β + 1)n

2F1

(
−n, n + α + β + 1

β + 1

∣∣∣∣∣ 1 + x
2

)
. (207)
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They also satisfy a three term recurrence relation in the form

P̄(α,β)
n+1 (x) =

(
x − β2 − α2

(2n + α + β)(2n + α + β + 2)

)
P̄(α,β)

n (x)

− 4
n(n + α)(n + β)(n + α + β)

(2n + α + β + 1)(2n + α + β)2(2n + α + β − 1)
P̄(α,β)

n−1 (x) . (208)

Representations (204) and (207) show that there are two specific values for λ in (198), i.e.,
λ = 1 and λ = −1. Noting that P̄(α,β)

n (1) =
2n(α+1)n

(n+α+β+1)n
, the first kind of uncorrelated

polynomials is defined as

Q̄(α,β)
n (x; 1) =

P̄(α,β)
n+1 (1)− P̄(α,β)

n+1 (x)
1 − x

=
(n + 1) 2n(α + 2)n
(n + α + β + 3)n

3F2

(
−n, n + α + β + 3, 1

α + 2, 2

∣∣∣∣∣ 1 − x
2

)
. (209)

Also, for λ = −1 the second kind is defined by

Q̄(α,β)
n (x;−1) =

P̄(α,β)
n+1 (x)− P̄(α,β)

n+1 (−1)
x + 1

=
(−1)n+1P̄(β,α)

n+1 (−x)− (−1)n+1P̄(β,α)
n+1 (1)

1 − (−x)

= (−1)nQ̄(β,α)
n (−x; 1) =

(n + 1)(−2)n(β + 2)n
(n + α + β + 3)n

3F2

(
−n, n + α + β + 3, 1

β + 2, 2

∣∣∣∣∣ 1 + x
2

)
.

(210)

Relation (210) reveals that we, in fact, deal with only one value, i.e., λ = 1.
If in (209), P̄(α,β)

n+1 (x) = (x − 1) Q̄(α,β)
n (x; 1) + P̄(α,β)

n+1 (1) is substituted into the differential
Equation (205), we obtain

(1 − x)2(1 + x)
d2

dx2 Q̄(α,β)
n (x; 1)− (1 − x)((α + β + 4)x + α − β + 2)

d
dx

Q̄(α,β)
n (x; 1)

+ (n(n + α + β + 3)(1 − x) + 2α + 2) Q̄(α,β)
n (x; 1)

= (n + 1)(n + α + β + 2)P̄(α,β)
n+1 (1) =

(n + 1)(n + α + β + 2)2n(α + 1)n
(n + α + β + 1)n

. (211)

On the other hand,

∫ 1

−1
(1 − x)α+1(1 + x)βQ̄(α,β)

n (x; 1) dx =
∫ 1

−1
(1 − x)α(1 + x)β

(
P̄(α,β)

n+1 (1)− P̄(α,β)
n+1 (x)

)
dx

= P̄(α,β)
n+1 (1)

∫ 1

−1
(1 − x)α(1 + x)βdx = P̄(α,β)

n+1 (1) 2α+β+1 Γ(α + 1)Γ(β + 1)
Γ(α + β + 2)

,

changes Equation (211) to

(1 − x)2(1 + x)
d2

dx2 Q̄(α,β)
n (x; 1)− (1 − x)((α + β + 4)x + α − β + 2)

d
dx

Q̄(α,β)
n (x; 1)

+ (γ∗
n(1 − x) + 2α + 2) Q̄(α,β)

n (x; 1)

=
Γ(α + β + 2)(γ∗

n + α + β + 2)
2α+β+1Γ(α + 1)Γ(β + 1)

∫ 1

−1
(1 − x)α+1(1 + x)βQ̄(α,β)

n (x; 1) dx , (212)

in which γ∗
n = n(n + α + β + 3).
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Theorem 14. For any α, β > −1, we have

cov1

(
Q̄(α,β)

m (x; 1), Q̄(α,β)
n (x; 1);

1
1 − x

) ∣∣∣∣
(1−x)α+2(1+x)β

= n! 22n−2 Γ(α + β + 4)Γ(n + α + β + 1)Γ(n + α + 1)Γ(n + β + 1)
Γ(α + 3)Γ(β + 1)Γ(2n + α + β + 1)Γ(2n + α + β + 2)

δm,n.

Proof. We would like to prove this theorem via differential Equation (212) so that, if it is
written in the self-adjoint form

d
dx

(
(1 − x)α+3(1 + x)β+1 d

dx
Q̄(α,β)

n (x; 1)
)

+
(

γ∗
n(1 − x)α+2(1 + x)β + (2α + 2)(1 − x)α+1(1 + x)β

)
Q̄(α,β)

n (x; 1)

=
Γ(α + β + 2)(γ∗

n + α + β + 2)
2α+β+1Γ(α + 1)Γ(β + 1)

(∫ 1

−1
(1 − x)α+1(1 + x)βQ̄(α,β)

n (x; 1) dx
)
(1 − x)α+1(1 + x)β,

then

[
(1 − x)α+3(1 + x)β+1

(
Q̄(α,β)

m (x; 1)
d

dx
Q̄(α,β)

n (x; 1)− Q̄(α,β)
n (x; 1)

d
dx

Q̄(α,β)
m (x; 1)

)] 1

−1

+ (γ∗
n − γ∗

m)
∫ 1

−1
(1 − x)α+2(1 + x)β Q̄(α,β)

n (x; 1) Q̄(α,β)
m (x; 1) dx

=
Γ(α + β + 2)

2α+β+1Γ(α + 1)Γ(β + 1)
(γ∗

n − γ∗
m)

×
(∫ 1

−1
(1 − x)α+1(1 + x)βQ̄(α,β)

n (x; 1) dx
)(∫ 1

−1
(1 − x)α+1(1 + x)βQ̄(α,β)

m (x; 1) dx
)

,

leading to the result

∫ 1

−1
(1 − x)α+2(1 + x)β Q̄(α,β)

n (x; 1) Q̄(α,β)
m (x; 1) dx

=

(∫ 1
−1 (1 − x)α+1(1 + x)βQ̄(α,β)

n (x; 1) dx
)(∫ 1

−1 (1 − x)α+1(1 + x)βQ̄(α,β)
m (x; 1) dx

)
∫ 1
−1 (1 − x)α(1 + x)β dx

= P̄(α,β)
n+1 (1) P̄(α,β)

m+1 (1)
∫ 1

−1
(1 − x)α(1 + x)βdx

= 2n+m+α+β+1 Γ(α + 1)Γ(β + 1)
Γ(α + β + 2)

(α + 1)n(α + 1)m
(n + α + β + 1)n(m + α + β + 1)m

⇔ n ̸= m, (213)

which proves the first part. To obtain the variance value, i.e., for n = m in (213), it is enough
to refer to Corollary 7 and then apply relation (206).

Note that, in (208), Cj =
1
4

j(j+α)(j+β)(j+α+β)

(j+ α+β+1
2 )(j+ α+β

2 )
2
(j+ α+β−1

2 )
, we have

m+1

∏
j=1

Cj =
1

4m+1

(1)m+1(α + 1)m+1(β + 1)m+1(α + β + 1)m+1

( α+β+3
2 )m+1(

α+β+2
2 )2

m+1(
α+β+1

2 )m+1

.

Hence, the identity (203) can be applied straightforwardly.

Some Particular Trigonometric Cases

There are four trigonometric cases of Jacobi polynomials that are known in the litera-
ture as the Chebyshev polynomials of the first, second, third, and fourth kinds. The main
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advantage of these trigonometric polynomials is that their roots are explicitly known [25];
see also [28]. Their monic forms are represented, respectively, as follows:

T̄n(x) = P̄(− 1
2 ,− 1

2 )
n (x) =

1
2n−1 cos(n arccos x) =

n

∏
k=1

(x − cos
(2k − 1)π

2n
), (214)

Ūn(x) = P̄( 1
2 , 1

2 )
n (x) =

1

2n
√

1 − x2
sin((n + 1) arccos x) =

n

∏
k=1

(x − cos
kπ

n + 1
),

V̄n(x) = P̄(− 1
2 , 1

2 )
n (x) =

1
2n

√
2

1 + x
cos((n +

1
2
) arccos x) =

n

∏
k=1

(x − cos
(2k − 1)π

2n + 1
),

W̄n(x) = P̄( 1
2 ,− 1

2 )
n (x) =

1
2n

√
2

1 − x
sin((n +

1
2
) arccos x) =

n

∏
k=1

(x − cos
2kπ

2n + 1
).

When it is noted that

Tn(x) = 2n−1T̄n(x), Un(x) = 2nŪn(x), Vn(x) = 2nV̄n(x) and Wn(x) = 2nW̄n(x),

they also satisfy the following orthogonality relations:

∫ 1

−1
Tn(x)Tm(x)

1√
1 − x2

dx =

{
π
2 δn,m,
π if n = m = 0,

(215)

∫ 1

−1
Un(x)Um(x)

√
1 − x2 dx =

π

2
δn,m,∫ 1

−1
Vn(x)Vm(x)

√
1 + x
1 − x

dx = π δn,m,∫ 1

−1
Wn(x)Wm(x)

√
1 − x
1 + x

dx = π δn,m.

Now, we can employ relations (214) and define four trigonometric uncorrelated sequences,
according to the main definition (209), as follows:

T̄n(x; 1) = Q̄(− 1
2 ,− 1

2 )
n (x; 1) =

1 − T̄n+1(x)
1 − x

=
(n + 1) 2n(3/2)n

(n + 2)n
3F2

(
−n, n + 2, 1

3/2, 2

∣∣∣∣∣ 1 − x
2

)
=

n

∏
k=1

(x − cos
2kπ

n + 1
), (216)

Ūn(x; 1) = Q̄( 1
2 , 1

2 )
n (x; 1) =

n + 2 − Ūn+1(x)
1 − x

=
(n + 1) 2n(5/2)n

(n + 4)n
3F2

(
−n, n + 4, 1

5/2, 2

∣∣∣∣∣ 1 − x
2

)
,

V̄n(x; 1) = Q̄(− 1
2 , 1

2 )
n (x; 1) =

1 − V̄n+1(x)
1 − x

=
(n + 1) 2n(3/2)n

(n + 3)n
3F2

(
−n, n + 3, 1

3/2, 2

∣∣∣∣∣ 1 − x
2

)
=

n

∏
k=1

(x − cos
2kπ

n
), (217)
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W̄n(x; 1) = Q̄( 1
2 ,− 1

2 )
n (x; 1) =

2n + 3 − W̄n+1(x)
1 − x

=
(n + 1) 2n(5/2)n

(n + 3)n
3F2

(
−n, n + 3, 1

5/2, 2

∣∣∣∣∣ 1 − x
2

)
.

As we observe, only relations (216) and (217) are decomposable having multiple roots. In
this direction, it is worth mentioning that there is a generic decomposable sequence,

Tn(x; λ) =
Tn+1(x)− Tn+1(λ)

x − λ
= 2n

n

∏
k=1

x −
(

λ cos
2kπ

n + 1
−
√

1 − λ2 sin
2kπ

n + 1

)
,

satisfying the non-homogeneous differential equation

(x − λ)(1 − x2)
d2

dx2 Tn(x; λ) +
(
−3x2 + λx + 2

) d
dx

Tn(x; λ)

+
(
(n + 1)2(x − λ)− x

)
Tn(x; λ) = −(n + 1)2 cos((n + 1) arccos λ),

and the recurrence relation

Tn+1(x; λ) = 2xTn(x; λ)− Tn−1(x; λ) + 2 cos(n arccos λ).

For instance,

Tn(x; 0) =
Tn+1(x)− Tn+1(0)

x
= 2n

n

∏
k=1

(x + sin
2kπ

n + 1
),

is an uncorrelated polynomial with respect to the fixed function z(x) = x−1 so that accord-
ing to Corollary 7 and relation (215), we have

∫ 1

−1

T2
n+1(x)

√
1 − x2

dx =
∫ 1

−1

x2
√

1 − x2
dx =

π

2
,

and as a result,

cov1

(
Tm(x; 0), Tn(x; 0);

1
x

) ∣∣∣∣ x2√
1−x2

=
∫ 1

−1

x2
√

1 − x2
Tm(x; 0)Tn(x; 0) dx

− 1
π

∫ 1

−1

x√
1 − x2

Tm(x; 0) dx
∫ 1

−1

x√
1 − x2

Tn(x; 0) dx = δm,n.

9.2. An Uncorrelated Sequence of Hypergeometric Polynomials of 2F2 Type

At this turn, we consider the monic type of the (generalized) Laguerre polynomials [20,25]

L̄(α)
n (x) = (−1)n(α + 1)n1F1

(
−n

α + 1

∣∣∣∣∣ x

)
,

satisfying the equation

x
d2

dx2 L̄(α)
n (x) + (α + 1 − x)

d
dx

L̄(α)
n (x) + n L̄(α)

n (x) = 0 .

They also satisfy the recurrence relation

L̄(α)
n+1(x) = (x − 2n − α − 1) L̄(α)

n (x)− n(n + α)L̄(α)
n−1(x) .
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Noting that L̄(α)
n (0) = (−1)n(α + 1)n, the uncorrelated polynomials based on Laguerre

polynomials is defined as

Q̄(α)
n (x; 0) =

L̄(α)
n+1(x)− L̄(α)

n+1(0)
x

= (−1)n(n + 1)(α + 2)n 2F2

(
−n, 1

α + 2, 2

∣∣∣∣∣ x

)
. (218)

Similar to the previous example, for α > −1, we can prove that

cov1

(
Q̄(α)

m (x; 0), Q̄(α)
n (x; 0);

1
x

) ∣∣∣∣
xα+2e−x

=
n! Γ(n + α + 1)

Γ(α + 3)
δm,n.

10. A Unified Approach for the Polynomials Obtained in Sections 7–9
According to the distributions given in Table 1, only beta and gamma weight functions

can be considered for the non-symmetric infinite cases of uncorrelated polynomials, as the
normal distribution is somehow connected to a special case of gamma distribution. In this
direction, the general properties of two polynomials, (177) and (187), reveal that the most
general case of complete uncorrelated polynomials relevant to the beta weight function
is when w(x) = xa(1 − x)b and w(x) z(x) = xc(1 − x)d, i.e., z(x) = xc−a(1 − x)d−b where
a, b, c, d ∈ R and x ∈ [0, 1]. Hence, if the corresponding uncorrelated polynomial is
indicated as Pn(x; a, b, c, d), we have

∫ 1

0
xa(1 − x)bPn(x; a, b, c, d) Pm(x; a, b, c, d) dx (219)

− Γ(2c + 2d − a − b + 2)
Γ(2c − a + 1)Γ(2d − b + 1)

∫ 1

0
xc(1 − x)dPn(x; a, b, c, d) dx

∫ 1

0
xc(1 − x)dPm(x; a, b, c, d) dx

=

(∫ 1

0
xa(1 − x)bP2

n(x; a, b, c, d) dx − Γ(2c + 2d − a − b + 2)
Γ(2c − a + 1)Γ(2d − b + 1)

(∫ 1

0
xc(1 − x)dPn(x; a, b, c, d) dx

)2
)

δm,n,

provided that 2c − a + 1 > 0, 2d − b + 1 > 0 and b, d > −1.
The components of the determinant (172) corresponding to this generic polynomial

are computed as follows

cov1

(
xi, xj; xc−a(1 − x)d−b

) ∣∣∣
w(x)=xa(1−x)b = Γ(b + 1)

Γ(a + i + j + 1)
Γ(a + b + i + j + 2)

− Γ(2c + 2d − a − b + 2)Γ2(d + 1)
Γ(2c − a + 1)Γ(2d − b + 1)

Γ(c + i + 1)Γ(c + j + 1)
Γ(c + d + i + 2)Γ(c + d + j + 2)

, (220)

in which 2c − a + 1 > 0, 2d − b + 1 > 0 and b, d > −1.
According to the preceding information, the polynomials (177) can be represented as

4F3

(
−n, n + 1, −r, r + 2

1, −r + 1, r + 1

∣∣∣∣∣ x

)
= Pn(x; 0, 0, r, 0), (221)

and the polynomials (187) as

4F3

(
−n, n + 2r + 1, r, r + 2

2r + 1, r + 1, r + 1

∣∣∣∣∣ x

)
= Pn(x; 2r, 0, r, 0), (222)
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and noting (213), since

∫ 1

0
xα+2(1 − x)β

3F2

(
−n, n + α + β + 3, 1

α + 2, 2

∣∣∣∣∣ x

)
3F2

(
−m, m + α + β + 3, 1

α + 2, 2

∣∣∣∣∣ x

)
dx

=
1∫ 1

0 xα(1 − x)βdx

(∫ 1

0
xα+1(1 − x)β

3F2

(
−n, n + α + β + 3, 1

α + 2, 2

∣∣∣∣∣ x

)
dx

)

×
(∫ 1

0
xα+1(1 − x)β

3F2

(
−m, m + α + β + 3, 1

α + 2, 2

∣∣∣∣∣ x

)
dx

)
⇔ n ̸= m,

the shifted polynomials (210) on [0, 1] are represented as

3F2

(
−n, n + α + β + 3, 1

α + 2, 2

∣∣∣∣∣ x

)
= Pn(x; α + 2, β, α + 1, β).

Similarly, the most general case of complete uncorrelated polynomials relevant to
the gamma weight function is when w(x) = xae−bx and w(x) z(x) = xce−d x, i.e.,
z(x) = xc−ae−(d−b) x where a, b, c, d ∈ R and x ∈ R+. Therefore, if the corresponding
uncorrelated polynomial is indicated as Qn(x; a, b, c, d), then

∫ ∞

0
xae−bx Qn(x; a, b, c, d)Qm(x; a, b, c, d) dx

− (2d − b)2c−a+1

Γ(2c − a + 1)

∫ ∞

0
xce−d x Qn(x; a, b, c, d) dx

∫ ∞

0
xce−d x Qm(x; a, b, c, d) dx

=

(∫ ∞

0
xae−bx Q2

n(x; a, b, c, d) dx − (2d − b)2c−a+1

Γ(2c − a + 1)

(∫ ∞

0
xce−d x Qn(x; a, b, c, d) dx

)2
)

δm,n,

provided that 2c − a + 1 > 0, 2d − b > 0 and b, d > 0.
The components of the determinant (172) corresponding to this second generic poly-

nomial are computed as

cov1

(
xi, xj; xc−ae−(d−b)x

) ∣∣∣
w(x)=xae−bx

=
Γ(a + i + j + 1)

ba+i+j+1 − (2d − b)2c−a+1

Γ(2c − a + 1)
Γ(c + i + 1)Γ(c + j + 1)

d2c+i+j+2 ,

in which 2c − a + 1 > 0, 2d − b > 0 and b, d > 0.
As a sample, the polynomials (218) can be represented as

2F2

(
−n, 1

α + 2, 2

∣∣∣∣∣ x

)
= Qn(x; α + 2, 1, α + 1, 1) .

A Basic Example of Uncorrelated Hypergeometric Polynomials of 4F3 Type

In this section, we are going to obtain the explicit form of Pn(x; a, 0, c, 0) using an
interesting technique. Since b = d = 0, w(x) = xa and z(x) = xc−a defined on [0, 1]. In the
first step, we simplify (220) for b = d = 0 as follows:

cov1

(
xi, xj; xc−a

) ∣∣∣
w(x)=xa

=
(c − a − i)(c − a − j)

(i + c + 1)(j + c + 1)(i + j + a + 1)
,

where 2c − a + 1 > 0, a ̸= c and a, c > −1.
Referring to the results (221) and (222) and the fact that Pn(x; a, 0, c, 0) is a generaliza-

tion of both of them, we can imagine that it is of the 4F3 type without a loss in generality.
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Since, in a 4F3-type polynomial of the form

4F3

(
−n, a2, a3, a4

b1, b2, b3

∣∣∣∣∣ x

)
=

n

∑
k=0

uk xk where uk =
(−n)k(a2)k(a3)k(a4)k
(b1)k(b2)k(b3)kk!

,

we have
un−1

un
= −n (n + b1 − 1)(n + b2 − 1)(n + b3 − 1)

(n + a2 − 1)(n + a3 − 1)(n + a4 − 1)
, (223)

which is to be equal to the minus of the coefficient of xn−1 in the determinant of the monic
polynomial P̄n(x; a, 0, c, 0) in (172), if, for simplicity, we set

ai,j =
(c − a − i)(c − a − j)

(i + c + 1)(j + c + 1)(i + j + a + 1)
for i = 0, 1, . . . , n − 1 and j = 0, 1, . . . , n,

to achieve our goal, we should, therefore, compute the two following determinants (accord-
ing to the main determinant (172)),

Mn =

∣∣∣∣∣∣∣∣∣∣
a0,0 a0,1 · · · a0,n−2 a0,n−1

a1,0 a1,1 · · · a1,n−2 a1,n−1
...

...
...

...
...

an−1,0 an−1,1 · · · an−1,n−2 an−1,n−1

∣∣∣∣∣∣∣∣∣∣
,

and

Nn =

∣∣∣∣∣∣∣∣∣∣
a0,0 a0,1 · · · a0,n−2 a0,n

a1,0 a1,1 · · · a1,n−2 a1,n
...

...
...

...
...

an−1,0 an−1,1 · · · an−1,n−2 an−1,n

∣∣∣∣∣∣∣∣∣∣
,

and then obtain the quotient −Nn/Mn (with the aid of advanced mathematical software) as

− Nn

Mn
= − n (n + a)(n + a − c)(n + c)

(2n + a)(n + a − c − 1)(n + c + 1)
,

and compare it with (223) to finally obtain the explicit form of the polynomials as

Pn(x; a, 0, c, 0) = 4F3

(
−n, n + a + 1, a − c, c + 2

a + 1, a − c + 1, c + 1

∣∣∣∣∣ x

)
, (224)

satisfying the uncorrelatedness condition (219) with b = d = 0, i.e.,

∫ 1

0
xa Pn(x; a, 0, c, 0) Pm(x; a, 0, c, 0) dx

− (2c − a + 1)
∫ 1

0
xc Pn(x; a, 0, c, 0) dx

∫ 1

0
xc Pm(x; a, 0, c, 0) dx

=

(∫ 1

0
xa P2

n(x; a, 0, c, 0) dx − (2c − a + 1)
(∫ 1

0
xc Pn(x; a, 0, c, 0) dx

)2
)

δm,n

⇔ 2c − a + 1 > 0, a ̸= c and a, c > −1 . (225)

For the limit case 2c − a + 1 = 0 in (225), the polynomials (224) would reduce to the
well-known special case of shifted Jacobi polynomials defined on [0, 1], i.e.,

Pn(x; a, 0,
a − 1

2
, 0) = P(0,a)

n,+ (x) = 2F1

(
−n, n + a + 1

a + 1

∣∣∣∣∣ x

)
(a > −1).
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Also, we have

lim
c→∞

Pn(x; a, 0, c, 0) = lim
c→∞ 4F3

(
−n, n + a + 1, a − c, c + 2

a + 1, a − c + 1, c + 1

∣∣∣∣∣ x

)

= 2F1

(
−n, n + a + 1

a + 1

∣∣∣∣∣ x

)
= P(0,a)

n,+ (x),

and

lim
a→∞

Pn(x; a, 0, c, 0) = 2F1

(
−n, c + 2

c + 1

∣∣∣∣∣ x

)
(c > −1).

As we mentioned, the polynomials (224) are a generalization of (177) or (221) for
(a, c) = (0, r) and a generalization of (187) or (222) for (a, c) = (2r, r). In order to eval-
uate the existing integrals in (225), we first have

∫ 1

0
xc Pn(x; a, 0, c, 0) dx =

n

∑
k=0

(−n)k(n + a + 1)k(a − c)k(c + 2)k
(a + 1)k(a − c + 1)k(c + 1)kk! (c + 1 + k)

=
1

c + 1 3F2

(
−n, n + a + 1, a − c

a + 1, a − c + 1

∣∣∣∣∣ 1

)
=

1
c + 1

n! (c + 1)n
(a + 1)n (a + 1 − c)n

, (226)

and

∫ 1

0
xa Pn(x; a, 0, c, 0) Pm(x; a, 0, c, 0) dx =

1
a + 1

n

∑
k=0

(−n)k(n + a + 1)k(a − c)k(c + 2)k
(a + 2)k(a − c + 1)k(c + 1)kk!

× 5F4

(
−m, m + a + 1, a − c, c + 2, a + 1 + k

a + 1, a − c + 1, c + 1, a + 2 + k

∣∣∣∣∣ 1

)
, (227)

which simplifies the left side of (225) as

∫ 1

0
xa Pn(x; a, 0, c, 0) Pm(x; a, 0, c, 0) dx (228)

− (2c − a + 1)
∫ 1

0
xc Pn(x; a, 0, c, 0) dx

∫ 1

0
xc Pm(x; a, 0, c, 0) dx

=
1

a + 1

n

∑
k=0

(−n)k(n + a + 1)k(a − c)k(c + 2)k
(a + 2)k(a − c + 1)k(c + 1)kk!

× 5F4

(
−m, m + a + 1, a − c, c + 2, a + 1 + k

a + 1, a − c + 1, c + 1, a + 2 + k

∣∣∣∣∣ 1

)

− 2c − a + 1

(c + 1)2
n! (c + 1)n

(a + 1)n (a + 1 − c)n

m! (c + 1)m
(a + 1)m (a + 1 − c)m

.

To evaluate (226), we have again used the recurrence relations technique. Since

N(n) = 3F2

(
−n, n + a + 1, a − c

a + 1, a − c + 1

∣∣∣∣∣ 1

)
,

satisfies the first-order relation

N(n + 1) =
(n + 1)(n + c + 1)

(n + a + 1)(n + a − c + 1)
N(n),
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so

3F2

(
−n, n + a + 1, a − c

a + 1, a − c + 1

∣∣∣∣∣ 1

)
=

n! (c + 1)n
(a + 1)n (a + 1 − c)n

.

However, note that all results obtained in (226), (190) and (179) could also be derived using
the Pfaff-Saalschutz summation theorem employed to derive (147). Similarly, to evaluate

5F4(.) in (227), we can apply a recurrence technique as follows. Since

M(m) = 5F4

(
−m, m + a + 1, a − c, c + 2, a + 1 + k

a + 1, a − c + 1, c + 1, a + 2 + k

∣∣∣∣∣ 1

)
,

satisfies the second-order equation

(2m + a + 2)(m + a + 2)(m + a + 1)(m + a + 2 − c)(m + a + 3 + k) M(m + 2)

− (2m + a + 3)(m + a + 1)(m + 2)(2m(m + a + 3) + (2c − a)k + (a + 2)(c + 2)) M(m + 1)

+ (2m + a + 4)(m + 2)(m + 1)(m + 1 + c)(m − k) M(m) = 0,

having two independent solutions

M1(m) =
m! (c + 1)m

(a + 1)m(a + 1 − c)m
, and M2(m) =

m! (−k)m
(a + 1)m(a + 2 + k)m

,

so,

5F4

(
−m, m + a + 1, a − c, c + 2, a + 1 + k

a + 1, a − c + 1, c + 1, a + 2 + k

∣∣∣∣∣ 1

)
=

m!
(c + 1)(c + 1 + k)(a + 1)m

×
(
(2c − a + 1)(a + 1 + k)

(c + 1)m
(a + 1 − c)m

+ (a − c)(a − c + k)
(−k)m

(a + 2 + k)m

)
. (229)

Hence, in order to compute

var1
(
Pn(x; a, 0, c, 0); xc−a)

=
∫ 1

0
xa P2

n(x; a, 0, c, 0) dx − (2c − a + 1)
(∫ 1

0
xc Pn(x; a, 0, c, 0) dx

)2

,

we first suppose in (228) that m = n, and then we refer to (229) to arrive at

(a + 1)M∗ =
n

∑
k=0

(−n)k(n + a + 1)k(a − c)k(c + 2)k
(a + 2)k(a − c + 1)k(c + 1)kk!

× 5F4

(
−n, n + a + 1, a − c, c + 2, a + 1 + k

a + 1, a − c + 1, c + 1, a + 2 + k

∣∣∣∣∣ 1

)

=
(a + 1)(2c − a + 1)

(c + 1)2
(n!)2(c + 1)2

n
(a + 1)2

n(a − c + 1)2
n

+
(a + 1)(a − c)2

(c + 1)2
n!

(n + a + 1)(a + 1)2
n

n

∑
k=0

(−n)k(n + a + 1)k(−k)n
(n + a + 2)kk!

.

Again, when it is noted that (−k)n = 0 for every k < n, the following final result will
be derived.
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Corollary 8. If 2c − a + 1 > 0, a ̸= c and a, c > −1, then

∫ 1

0
xa P2

n(x; a, 0, c, 0) dx − (2c − a + 1)
(∫ 1

0
xc Pn(x; a, 0, c, 0) dx

)2

=
1

2n + a + 1

(
(a − c) n!

(c + 1) (a + 1)n

)2

.

Moreover, (228) is simplified as

∫ 1

0
xa Pn(x; a, 0, c, 0) Pm(x; a, 0, c, 0) dx

− (2c − a + 1)
∫ 1

0
xc Pn(x; a, 0, c, 0) dx

∫ 1

0
xc Pm(x; a, 0, c, 0) dx

=
(a − c)2

(c + 1)2
m!

(m + a + 1)(a + 1)2
m

n

∑
k=0

(n + a + 1)k(−n)k
(m + a + 2)k

(−k)m
k!

= 0 ⇔ m ̸= n,

leading to the same as relation (193) for 2r = α > −1.

Corollary 9. Using the latter corollary, we can now construct an optimized polynomial approxima-
tion (or expansion as n → ∞) for f (x), whose error 1-variance is minimized as follows:

f (x) ∼=
n

∑
k=0

Ak
Bk

4F3

(
−k, k + a + 1, a − c, c + 2

a + 1, a − c + 1, c + 1

∣∣∣∣∣ x

)
, (230)

in which

Ak =
∫ 1

0
xa f (x) 4F3

(
−k, k + a + 1, a − c, c + 2

a + 1, a − c + 1, c + 1

∣∣∣∣∣ x

)
dx (231)

− (2c − a + 1)
∫ 1

0
xc f (x) dx

∫ 1

0
xc

4F3

(
−k, k + a + 1, a − c, c + 2

a + 1, a − c + 1, c + 1

∣∣∣∣∣ x

)
dx

=
k

∑
j=0

(−k)j(k + a + 1)j(a − c)j(c + 2)j

(a + 1)j(a − c + 1)j(c + 1)j j!

∫ 1

0
xa+j f (x) dx − 2c − a + 1

(c + 1)2
k! (c + 1)k

(a + 1)k (a + 1 − c)k

∫ 1

0
xc f (x) dx,

and

Bk =
1

2k + a + 1

(
(a − c) k!

(c + 1) (a + 1)k

)2

. (232)

We clearly observe in the polynomial-type approximation (230) that its basis do not
satisfy an orthogonal condition but a complete uncorrelatedness condition. However, if we
define the non-polynomial sequence

Gn(x; a, c)

= 4F3

(
−n, n + a + 1, a − c, c + 2

a + 1, a − c + 1, c + 1

∣∣∣∣∣ x

)
− 2c − a + 1

c + 1
n! (c + 1)n

(a + 1)n (a + 1 − c)n
xc−a, (233)

satisfying the orthogonality condition

∫ 1

0
xa Gn(x; a, c)Gm(x; a, c) dx =

1
2n + a + 1

(
(a − c) n!

(c + 1) (a + 1)n

)2

δm,n

⇔ 2c − a + 1 > 0, a ̸= c and a, c > −1, (234)
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we then obtain a non-polynomial type approximation (or expansion) as follows:

f (x) ∼=
n

∑
k=0

A∗
k

B∗
k

Gk(x; a, c) , (235)

in which A∗
k = Ak and B∗

k = Bk according to the important Remark 1 and relation (53),
i.e., as the same forms as (231) and (232). Once again, the orthogonal sequence (233)
is generated only when the uncorrelated polynomial sequence (224) has been already
generated. Also, the non-polynomial approximation (235) is optimized in the sense of
ordinary least squares, while the polynomial-type approximation (230) is optimized in the
sense of least 1-variances.

11. p-Uncorrelated Vectors with Respect to a Fixed Vector
The concept of p-uncorrelatedness can similarly be employed in vector spaces.

Let A⃗m = (a1, a2, . . . , am) and B⃗m = (b1, b2, . . . , bm) be two arbitrary vectors, and let
I⃗m = (1, 1, . . . , 1) denote a unit vector. Also, let Z⃗m = (z1, z2, . . . , zm) be a fixed and
predetermined vector. When the definition of the inner product of two vectors is recalled

as A⃗m.B⃗m =
m
∑

k=1
akbk, it is not difficult to verify that

(
A⃗m − (1 −

√
1 − p)

A⃗m.Z⃗m

Z⃗m.Z⃗m
Z⃗m

)
.

(
B⃗m − (1 −

√
1 − p)

B⃗m.Z⃗m

Z⃗m.Z⃗m
Z⃗m

)
(236)

= A⃗m.B⃗m − p
(A⃗m.Z⃗m)(B⃗m.Z⃗m)

Z⃗m.Z⃗m
.

For instance, if Z⃗m = I⃗m, then(
A⃗m − (1 −

√
1 − p)

A⃗m .⃗Im

m
I⃗m

)
.

(
B⃗m − (1 −

√
1 − p)

B⃗m .⃗Im

m
I⃗m

)
= A⃗m.B⃗m − p

m
(A⃗m .⃗Im)(B⃗m .⃗Im),

where I⃗m .⃗Im = m and p ∈ [0, 1]. Relation (236) shows that the two vectors A⃗m and B⃗m are p-
uncorrelated with respect to the fixed vector Z⃗m if p (A⃗m.Z⃗m)(B⃗m.Z⃗m) = (A⃗m.B⃗m)(Z⃗m.Z⃗m) .
Also, the notions of p-covariance and p-variance can be defined for these two vectors (with
respect to Z⃗m) as follows:

covp(A⃗m, B⃗m; Z⃗m) =
1
m

(
A⃗m.B⃗m − p

(A⃗m.Z⃗m)(B⃗m.Z⃗m)

Z⃗m.Z⃗m

)
, (237)

and

varp(A⃗m; Z⃗m) =
1
m

(
A⃗m.A⃗m − p

(A⃗m.Z⃗m)
2

Z⃗m.Z⃗m

)
≥ 0. (238)

Referring to the basic representation (43) and definitions (237) and (238), we can establish a
set of p-uncorrelated vectors in terms of the parameter p ∈ [0, 1] if and only if m = n + 1
and the finite set of initial vectors are linearly independent.

Example 2. For m = 3, given three initial orthogonal vectors

V⃗0,3(1, 0, 0), V⃗1,3(0, 1, 0), V⃗2,3(0, 0, 1),
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together with the fixed vector Z⃗3(1, 2, 3). Substituting them into (43) eventually yields

X⃗0,3(p) = (1, 0, 0), X⃗1,3(p) = (
2p

14 − p
, 1, 0), X⃗2,3(p) = (

3p
14 − 5p

,
6p

14 − 5p
, 1), (239)

which satisfy the conditions

covp

(
X⃗0,3(p), X⃗1,3(p); Z⃗3

)
= covp

(
X⃗0,3(p), X⃗2,3(p); Z⃗3

)
= covp

(
X⃗1,3(p), X⃗2,3(p); Z⃗3

)
= 0.

According to Theorem 4, every arbitrary vector of dimension 3 can be expanded in terms
of the above vectors so that we have

A⃗ = (a, b, c) =
covp (X⃗0,3(p), A⃗; Z⃗3)

varp (X⃗0,3(p); Z⃗3)
(1, 0, 0) +

covp (X⃗1,3(p), A⃗; Z⃗3)

varp (X⃗1,3(p); Z⃗3)
(

2p
14 − p

, 1, 0)

+
covp (X⃗2,3(p), A⃗; Z⃗3)

varp (X⃗2,3(p); Z⃗3)
(

3p
14 − 5p

,
6p

14 − 5p
, 1), (240)

in which

covp (X⃗0,3(p), A⃗; Z⃗3)

varp (X⃗0,3(p); Z⃗3)
= a − 2p

14 − p
b − 3p

14 − p
c, (241)

covp (X⃗1,3(p), A⃗; Z⃗3)

varp (X⃗1,3(p); Z⃗3)
= b − 6p

14 − 5p
c, and

covp (X⃗2,3(p), A⃗; Z⃗3)

varp (X⃗2,3(p); Z⃗3)
= c.

For p = 0, the finite expansion (240) would reduce to an ordinary orthogonal expansion,
while there is an important point for the case p = 1. We observe that replacing p = 1 in the
last item of (239) gives

X⃗2,3(1) =
1
3
(1, 2, 3) =

1
3

Z⃗3.

Hence, in (240) (and subsequently (241)),

cov1 (X⃗2,3(1), A⃗; Z⃗3) = cov1 (X⃗2,3(1), A⃗; 3X⃗2,3(1)) = 0,

and
var1 (X⃗2,3(1); Z⃗3) = var1 (

1
3

Z⃗3; Z⃗3) = 0,

which shows that the finite expansion (240) is not valid for the sole case p = 1, although
it is valid for any other p ∈ [0, 1). This is one of the reasons why we have considered this
theory for every arbitrary parameter p ∈ [0, 1]. For a better analysis, see Figure 1 again. In
general, we conjecture that

X⃗n,m(1) =
det (V⃗0,m, V⃗1,m, . . . , V⃗n−1,m, V⃗n,m)

det (V⃗0,m, V⃗1,m, . . . , V⃗n−1,m, Z⃗m)
Z⃗m (m = n + 1), (242)

as for the above-mentioned example

det (V⃗0,3, V⃗1,3, V⃗2,3) =

∣∣∣∣∣∣∣
1 0 0
0 1 0
0 0 1

∣∣∣∣∣∣∣ = 1 and det (V⃗0,3, V⃗1,3, Z⃗3) =

∣∣∣∣∣∣∣
1 0 1
0 1 2
0 0 3

∣∣∣∣∣∣∣ = 3.
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We symbolically examined such a conjecture (242) for the particular cases n = 2, 3, and
the results were true. Now that the explicit forms of the p-uncorrelated vectors (239) are
available, we can make three parametric orthogonal vectors based on them as follows:

V⃗0,3(p) = X⃗0,3(p)− (1 −
√

1 − p)
X⃗0,3(p).Z⃗3

Z⃗3.Z⃗3
Z⃗3 (243)

=
1

14
(13 +

√
1 − p,−2 + 2

√
1 − p,−3 + 3

√
1 − p),

V⃗1,3(p) =
1

14 − p
(2p − 2 + 2

√
1 − p,−p + 10 + 4

√
1 − p,−6 + 6

√
1 − p),

V⃗2,3(p) =
1

14 − 5p
(3p − 3 + 3

√
1 − p, 6p − 6 + 6

√
1 − p,−5p + 5 + 9

√
1 − p).

Note in the above vectors that

V⃗0,3(0) = V⃗0,3, V⃗1,3(0) = V⃗1,3 and V⃗2,3(0) = V⃗2,3,

while for p = 1 we have

V⃗0,3(1) =
1

14
(13,−2,−3), V⃗1,3(1) =

3
13

(0, 3,−2) and V⃗2,3(1) = (0, 0, 0),

which confirms that it is not valid for choosing in the orthogonal vectors (243).

12. An Upper Bound for 1-Covariances
As the optimized case is p = 1, in this part, we are going to obtain an upper bound for

cov1 (X, Y; Z). Let mX , mY, MX and MY be real numbers, such that

mX Z ≤ X ≤ MX Z and mY Z ≤ Y ≤ MY Z. (244)

It can be verified that the following identity holds true:

var1(X; Z) =
1

E(Z2)

(
MXE(Z2)− E(XZ)

)(
E(XZ)− mXE(Z2)

)
− E

(
(MXZ − X)(X − mXZ)

)
. (245)

Noting the conditions (244) and this fact that

E
(
(MX Z − X)(X − mX Z)

)
≥ 0 ,

equality (245) leads to the inequality

var1(X; Z) ≤ 1
E(Z2)

(
MXE(Z2)− E(XZ)

)(
E(XZ)− mXE(Z2)

)
≤ 1

4E(Z2)

(
MXE(Z2)− mXE(Z2)

)2
=

E(Z2)

4
(MX − mX)

2. (246)

On the other hand, following (246) in the well-known inequality

cov2
1(X, Y; Z) ≤ var1 (X; Z) var1(Y; Z),
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gives

cov2
1(X, Y; Z) ≤ 1

E2(Z2)

(
MXE(Z2)− E(XZ)

)(
E(XZ)− mXE(Z2)

)
(247)

×
(

MYE(Z2)− E(YZ)
)(

E(YZ)− mYE(Z2)
)

≤ E2(Z2)

16
(MX − mX)

2(MY − mY)
2.

One of the direct consequences of (247) is that

| cov1(X, Y; Z) | ≤ E(Z2)

4
(MX − mX)(MY − mY), (248)

where the constant 1/4 in (248) is the best possible number in the sense that it cannot be
replaced with a smaller quantity. As a particular case, if, in (248), we take

Pr(X = x) =
w(x)∫ β

α w(x) dx
, X = f (x), Y = g(x) and Z = z(x) = 1,

it will reduce to the weighted Grüss inequality [29,30]∣∣∣∣∣∣
∫ β

α w(x) f (x)g(x) dx∫ β
α w(x) dx

−

(∫ β
α w(x) f (x) dx

) (∫ β
α w(x)g(x) dx

)
(
∫ β

α w(x) dx)
2

∣∣∣∣∣∣ ≤ 1
4
(M f − m f )(Mg − mg),

in which
m f ≤ f (x) ≤ M f and mg ≤ g(x) ≤ Mg for all x ∈ [α, β].

13. An Improvement to the Approximate Solutions of
Over-Determined Systems

For n > m, consider the linear system of equations

m

∑
j=1

ai,j xj = bi (i = 1, 2, . . . , n), (249)

whose matrix representation is as An×mXm×1 = Bn×1 where

A =


a11

a21
...

an1

a12

a22
...

an1

· · ·
· · ·

...
· · ·

a1m

a2m
...

anm

, X =


x1

x2
...

xm

 and B =


b1

b2
...

bn

.

As we mentioned in the introduction, the linear system (249) is called an over-determined
system since the number of equations is more than the number of unknowns.

Such systems usually have no exact solution, and the goal is instead to find an ap-
proximate solution for the unknowns {xj}m

j=1 that fit equations in the sense of solving
the problem

min
{xj}

Em,n(x1, . . . , xm) = min
{xj}

n

∑
i=1

( m

∑
j=1

ai,j xj − bi

)2
. (250)

It has been proven [13] that the minimization problem (250) has a unique vector solution,
provided that the m columns of the matrix A are linearly independent, which is given by
solving the normal equations AT A X̃ = ATb, where AT indicates the matrix transpose of A,
and X̃ is the approximate solution of the least squares type expressed by X̃ = (AT A)−1 ATb.
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Instead of considering the problem (250), we would like now to consider the mini-
mization problem

min
{xj}

Vm,n( x1, . . . , xm|{zi}n
i=1) = min

{xj}

n

∑
i=1

( m

∑
j=1

ai,j xj − bi

)2
− p

n
∑

i=1
z2

i

(
n

∑
i=1

zi (
m

∑
j=1

ai,j xj − bi)

)2

, (251)

based on the fixed vector ZT
1×n = [z1, z2, . . . , zn], where the quantity (251) is clearly smaller

than the quantity (250) for any arbitrary selection of {zi}n
i=1. In this direction,

∂Vm,n( x1, . . . , xm|{zi}n
i=1)

∂xk

= 2
n

∑
i=1

ai,k(
m

∑
j=1

ai,j xj − bi)−
2p

n
∑

i=1
z2

i

(
n

∑
i=1

ai,kzi

)(
n

∑
i=1

zi (
m

∑
j=1

ai,j xj − bi)

)
= 0,

leads to the linear system

m

∑
j=1

 n

∑
i=1

ai,kai,j − p

n
∑

i=1
ai,kzi

n
∑

i=1
ai,j zi

n
∑

i=1
z2

i

 xj =
n

∑
i=1

ai,kbi − p

n
∑

i=1
ai,kzi

n
∑

i=1
bi zi

n
∑

i=1
z2

i

(k = 1, 2, . . . , m), (252)

which can also be represented as the matrix form(
AT A − p

ZTZ
ATZ ZT A

)
X̃p,Z = AT B − p

ZTZ
ATZ ZT B,

with the solution

X̃p,Z =
(

AT A − p
ZTZ

ATZ ZT A
)−1(

AT B − p
ZTZ

ATZ ZT B
)

. (253)

A simple case of the approximate solution (253) is when ZT
1×n = In = [1, 1, . . . , 1] and p = 1,

i.e., an ordinary least variance problem such that (253) becomes

X̃1,In =

(
AT A − 1

n
AT IT

n In A
)−1(

AT B − 1
n

AT IT
n In B

)
.

Example 3. Suppose m = 2, ZT
1×n = In = [1, 1, . . . , 1] and p = 1. Then, the corresponding

over-determined system takes the simple form

ai,1 x1 + ai,2 x2 = bi (i = 1, 2, . . . , n > 2),

and the problem (251) reduces to

min
{x1,x2}

V2,n( x1, x2|In) = min
{x1,x2}

n

∑
i=1

(ai,1 x1 + ai,2 x2 − bi)
2 − 1

n

(
n

∑
i=1

(ai,1 x1 + ai,2 x2 − bi)

)2

. (254)
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Hence, the explicit solutions of the system (252), i.e.,

(
n
∑

i=1
(ai,1)

2 − 1
n

( n
∑

i=1
ai,1

)2
)

x1 +

(
n
∑

i=1
ai,1ai,2 −

1
n

n
∑

i=1
ai,1

n
∑

i=1
ai,2

)
x2

=
n
∑

i=1
ai,1bi −

1
n

n
∑

i=1
ai,1

n
∑

i=1
bi,(

n
∑

i=1
ai,2ai,1 −

1
n

n
∑

i=1
ai,2

n
∑

i=1
ai,1

)
x1 +

(
n
∑

i=1
(ai,2)

2 − 1
n

( n
∑

i=1
ai,2

)2
)

x2

=
n
∑

i=1
ai,2bi −

1
n

n
∑

i=1
ai,2

n
∑

i=1
bi,

are, respectively,

x1 =

(
n
∑

i=1
ai,1bi − 1

n

n
∑

i=1
ai,1

n
∑

i=1
bi

)(
n
∑

i=1
(ai,2)

2 − 1
n

( n
∑

i=1
ai,2

)2
)

−
(

n
∑

i=1
ai,2bi − 1

n

n
∑

i=1
ai,2

n
∑

i=1
bi

)(
n
∑

i=1
ai,1ai,2 − 1

n

n
∑

i=1
ai,1

n
∑

i=1
ai,2

)
(

n
∑

i=1
(ai,1)

2 − 1
n

( n
∑

i=1
ai,1

)2
)(

n
∑

i=1
(ai,2)

2 − 1
n

( n
∑

i=1
ai,2

)2
)

−
(

n
∑

i=1
ai,1ai,2 − 1

n

n
∑

i=1
ai,1

n
∑

i=1
ai,2

)2

,

and

x2 =

(
n
∑

i=1
ai,2bi − 1

n

n
∑

i=1
ai,2

n
∑

i=1
bi

)(
n
∑

i=1
(ai,1)

2 − 1
n

( n
∑

i=1
ai,1

)2
)

−
(

n
∑

i=1
ai,1bi − 1

n

n
∑

i=1
ai,1

n
∑

i=1
bi

)(
n
∑

i=1
ai,1ai,2 − 1

n

n
∑

i=1
ai,1

n
∑

i=1
ai,2

)
(

n
∑

i=1
(ai,1)

2 − 1
n

( n
∑

i=1
ai,1

)2
)(

n
∑

i=1
(ai,2)

2 − 1
n

( n
∑

i=1
ai,2

)2
)

−
(

n
∑

i=1
ai,1ai,2 − 1

n

n
∑

i=1
ai,1

n
∑

i=1
ai,2

)2

,

while the approximate solutions corresponding to the well-known problem (250) are

x̃1 =

(
n
∑

i=1
ai,1bi)

n
∑

i=1
(ai,2)

2 − (
n
∑

i=1
ai,2bi)

n
∑

i=1
ai,1ai,2

n
∑

i=1
(ai,1)

2 n
∑

i=1
(ai,2)

2 −
( n

∑
i=1

ai,1ai,2

)2 ,

and

x̃2 =

(
n
∑

i=1
ai,2bi)

n
∑

i=1
(ai,1)

2 − (
n
∑

i=1
ai,1bi)

n
∑

i=1
ai,1ai,2

n
∑

i=1
(ai,1)

2 n
∑

i=1
(ai,2)

2 −
( n

∑
i=1

ai,1ai,2

)2 .

Let us compare these two series of solutions for a particular numerical case. If, for instance,

A4×2 =


−1
2
1
−1

1
−1
−2
2

, X2×1 =

[
x1

x2

]
and B4×1 =


1
2
3
4

,

then the solutions of the ordinary least squares problem are (x̃1, x̃2) = ( 9
7 , 1), while the

solutions corresponding to the minimization problem (254) are
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(x1(p = 1; I4), x2(p = 1; I4)) = (
8
74

,
13
74

).

By substituting such values into the remaining term

V2,4( x1, x2|I4) =
4

∑
i=1

(ai,1 x1 + ai,2 x2 − bi)
2 − 1

4

(
4

∑
i=1

(ai,1 x1 + ai,2 x2 − bi)

)2

,

we observe that

V2,4

(
9
7

, 1
∣∣∣∣I4

)
=

53983
7252

∼= 7.4438,

whereas

V2,4

(
8
74

,
13
74

∣∣∣∣I4

)
=

35378
7252

∼= 4.8783.

On the other hand, for the well-known remaining term

E2,4(x1, x2) =
4

∑
i=1

(ai,1 x1 + ai,2 x2 − bi)
2,

we observe that

E2,4

(
9
7

, 1
)
=

185
7

∼= 26.4285,

whereas

E2,4

(
8

74
,

13
74

)
=

80335
2738

∼= 29.3407.

In conclusion,

V2,4

(
8
74

,
13
74

∣∣∣∣I4

)
< V2,4

(
9
7

, 1
∣∣∣∣I4

)
< E2,4

(
9
7

, 1
)

,

which confirms inequality (16).

14. An Improvement of the Bessel Inequality and Parseval Identity
In general, two cases can be considered for this purpose.

14.1. First Type of Improvement

Let {Φk(x)}∞
k=0 be a sequence of continuous functions which are p-uncorrelated with

respect to the fixed function z(x) and the probability density function w(x)/
∫ b

a w(x) dx on
[a, b] as before. Then, according to (44),

f (x) ∼
∞

∑
k=0

covp (Φk(x), f (x); z(x))
varp(Φk(x); z(x))

Φk(x) , (255)

denotes a p-uncorrelated expansion for f (x) in which

covp (Φk(x), f (x); z(x))
varp(Φk(x); z(x))

=∫ b
a w(x) z2(x) dx

∫ b
a w(x)Φk(x) f (x) dx − p

∫ b
a w(x)Φk(x) z(x) dx

∫ b
a w(x) f (x) z(x) dx∫ b

a w(x) z2(x) dx
∫ b

a w(x)Φ2
k(x) dx − p

(∫ b
a w(x)Φk(x) z(x) dx

)2 .
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Referring to Corollary 2 and relation (59), the following inequality holds true for the
expansion (255):

0 ≤
∞

∑
k=0

cov2
p (Φk(x), f (x); z(x))

varp(Φk(x); z(x))
≤ varp( f (x); z(x)). (256)

Also, according to the definition of convergence in p-variance, inequality (256) will be
transformed to an equality if

lim
n→∞

varp

(
f (x)−

n

∑
k=0

covp (Φk(x), f (x); z(x))
varp(Φk(x); z(x))

Φk(x)

)
= 0, (257)

which results in
∞

∑
k=0

cov2
p (Φk(x), f (x); z(x))

varp(Φk(x); z(x))
= varp( f (x); z(x)). (258)

If (257) or, equivalently, (258) is satisfied, the p-uncorrelated sequence {Φk(x)}∞
k=0 is said

to be “complete” with respect to the fixed function z(x), and the symbol “∼” in (255)
will change to the equality. Noting the above comments, now let f , g be two expandable
functions of type (255), and let {Φk(x)}∞

k=0 be a “complete” p-uncorrelated sequence. Since

f (x) =
∞

∑
k=0

covp (Φk(x), f (x); z(x))
varp(Φk(x); z(x))

Φk(x) ,

and

g(x) =
∞

∑
k=0

covp (Φk(x), g(x); z(x))
varp(Φk(x); z(x))

Φk(x) ,

thanks to the general identity

covp

(
n

∑
k=0

akΦk(x),
m

∑
j=0

bjΦj(x); z(x)

)
=

n

∑
k=0

m

∑
j=0

akbj covp
(
Φk(x), Φj(x); z(x)

)
,

and the fact that covp
(
Φk(x), Φj(x); z(x)

)
= varp(Φk(x); z(x)) δk,j, we obtain

covp ( f (x), g(x); z(x)) =

covp

((
∞

∑
k=0

covp (Φk(x), f (x); z(x))
varp(Φk(x); z(x))

Φk(x)

)
,

(
∞

∑
k=0

covp (Φk(x), g(x); z(x))
varp(Φk(x); z(x))

Φk(x)

)
; z(x)

)

=
∞

∑
k=0

covp (Φk(x), f (x); z(x)) covp (Φk(x), g(x); z(x))
varp(Φk(x); z(x))

. (259)

which is an extension of the identity (258) for f (x) = g(x). Also, for p = 0, this important
identity leads to the generalized Parseval identity [16]

E( f (x)g(x)) =
∞

∑
k=0

E( f (x)Φk(x)) E(g(x)Φk(x))
E
(
Φ2

k(x)
) . (260)
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The finite type of (259) occurs when f , g and {Φk(x)}∞
k=0 are all polynomial functions. For

example, let Φk(x) = Pk(x; a, 0, c, 0) denote the same as polynomials (224) satisfying

∫ 1

0
xa Pn(x; a, 0, c, 0) Pm(x; a, 0, c, 0) dx

− (2c − a + 1)
∫ 1

0
xc Pn(x; a, 0, c, 0) dx

∫ 1

0
xc Pm(x; a, 0, c, 0) dx

=
1

2n + a + 1

(
(a − c) n!

(c + 1) (a + 1)n

)2

δm,n ⇔ 2c − a + 1 > 0, a ̸= c and a, c > −1 .

Also let Qm(x) =
m
∑

k=0
qkxk and Rm(x) =

m
∑

k=0
rkxk, be two arbitrary polynomials of the same

degree. Since

Qm(x) =
m

∑
k=0

(2k + a + 1)
(
(c + 1) (a + 1)k

(a − c) k!

)2

× cov1
(
Pk(x; a, 0, c, 0), Qm(x); xc−a)Pk(x; a, 0, c, 0) ,

and

Rm(x) =
m

∑
k=0

(2k + a + 1)
(
(c + 1) (a + 1)k

(a − c) k!

)2

× cov1
(
Pk(x; a, 0, c, 0), Rm(x); xc−a)Pk(x; a, 0, c, 0) ,

according to (259), we have

cov1
(
Qm(x), Rm(x); xc−a) = m

∑
k=0

(2k + a + 1)
(
(c + 1) (a + 1)k

(a − c) k!

)2

× cov1
(
Pk(x; a, 0, c, 0), Qm(x); xc−a)cov1

(
Pk(x; a, 0, c, 0), Rm(x); xc−a).

14.2. Second Type of Improvement

As inequality (57) is valid for any arbitrary selection of the coefficients {αk}n
k=0, i.e.,

0 ≤ varp

(
Y −

n

∑
k=0

αkXk ; Z

)
≤ E

((
Y −

n

∑
k=0

αkXk

)2
)

, (261)

such kind of inequalities can be applied for orthogonal expansions. Suppose that
{Φk(x)}∞

k=0 is a sequence of continuous functions orthogonal with respect to the weight
function w(x) on [a, b]. If f (x) is a piecewise continuous function, then

f (x) ∼
∞

∑
k=0

αkΦk(x) with αk =
⟨ f , Φk⟩w
⟨Φk, Φk⟩w

,

is known as its corresponding orthogonal expansion in which ⟨ f , g⟩w =
∫ b

a w(x) f (x)g(x) dx.
The positive quantity

Sn =
∫ b

a
w(x)

(
n

∑
k=0

αkΦk(x)− f (x)

)2

dx , (262)
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will eventually lead to the Bessel inequality [15]

0 ≤ Sn = ⟨ f , f ⟩w −
n

∑
k=0

⟨ f , Φk⟩2
w

⟨Φk, Φk⟩w
.

Now, noting (261) and (262), instead of Sn, we define the following positive quantity:

Vn(p; z(x)) = Sn − R2
n(p; z(x))

=
∫ b

a
w(x)

(
n

∑
k=0

αkΦk(x)− f (x)

)2

dx − p∫ b
a w(x) z2(x)dx

(∫ b

a
w(x) z(x)

(
n

∑
k=0

αkΦk(x)− f (x)

)
dx

)2

.

It is clear that
0 ≤ Vn(p; z(x)) ≤ Sn . (263)

Therefore,

0 ≤ Vn(p; z(x)) = ⟨ f , f ⟩w −
n

∑
k=0

⟨ f , Φk⟩2
w

⟨Φk, Φk⟩w

− p
⟨z, z⟩w

( n

∑
k=0

⟨ f , Φk⟩w⟨z, Φk⟩w
⟨Φk, Φk⟩w

)2

+ ⟨ f , z⟩2
w − 2⟨ f , z⟩w

n

∑
k=0

⟨ f , Φk⟩w⟨z, Φk⟩w
⟨Φk, Φk⟩w

 ,

can be rewritten as

⟨z, z⟩w⟨ f , f ⟩w − p⟨ f , z⟩2
w ≥ ⟨z, z⟩w

n

∑
k=0

⟨ f , Φk⟩2
w

⟨Φk, Φk⟩w
+ p

(
n

∑
k=0

⟨ f , Φk⟩w⟨z, Φk⟩w
⟨Φk, Φk⟩w

)2

− 2p⟨ f , z⟩w

n

∑
k=0

⟨ f , Φk⟩w⟨z, Φk⟩w
⟨Φk, Φk⟩w

. (264)

Inequality (264) is an improvement of the well-known Bessel inequality for every p ∈ [0, 1]
with respect to the fixed function z(x). For example, if Φk(x) = sin(k + 1)x for x ∈ [0, π]

and w(x) = z(x) = 1 are replaced in (264), the Bessel inequality of the Fourier sine
expansion will be improved as follows

∫ π

0
f 2(x) dx − p

π

(∫ π

0
f (x) dx

)2
≥ 2

π

n

∑
k=0

(∫ π

0
f (x) sin(k + 1)x dx

)2

+
4p
π3

(
n

∑
k=0

1 + (−1)k

k + 1

∫ π

0
f (x) sin(k + 1)x dx

)2

− 4p
π2

(∫ π

0
f (x) dx

) n

∑
k=0

1 + (−1)k

k + 1

∫ π

0
f (x) sin(k + 1)x dx .

Obviously (264) will remain an inequality if the sequence {Φk(x)}k=0 does not form a
complete orthogonal system. On the other side, if they are a complete orthogonal set,
inequality (264) becomes an equality when n → ∞. In other words, suppose {Φk(x)}k=0 is
a complete orthogonal set. Since

lim
n→∞

Sn = lim
n→∞

∫ b

a
w(x)

(
n

∑
k=0

αkΦk(x)− f (x)

)2

dx = 0,
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we directly conclude from (263) that

0 ≤ lim
n→∞

Vn(p; z(x)) ≤ lim
n→∞

Sn = 0,

and, therefore,

lim
n→∞

Sn − R2
n(p; z(x)) = lim

n→∞

(∫ b

a
w(x) z(x)

(
n

∑
k=0

αkΦk(x)− f (x)

)
dx

)2

= 0,

eventually yields
∞

∑
k=0

⟨ f , Φk⟩w⟨z, Φk⟩w
⟨Φk, Φk⟩w

= ⟨ f , z⟩w,

which is known in the literature as the inner product form of the generalized Parseval
identity (260). In the next section, we will refer to the above-mentioned results in order to
extend the presented theory in terms of a set of fixed mutually orthogonal variables.

15. Least p-Variances with Respect to Fixed Orthogonal Variables
Since parts of this section are somewhat similar to the previous ones, we just state

basic concepts. Suppose x, y and {zk}m
k=1 are elements of an inner product space S, such

that {zk}m
k=1 are mutually orthogonal as〈

zi , zj
〉
=
〈
zj , zj

〉
δi,j. (265)

Due to the orthogonality property (265), the following identity holds true〈
x − (1 −

√
1 − p)

m

∑
k=1

⟨x, zk⟩
⟨zk, zk⟩

zk , y − (1 −
√

1 − p)
m

∑
k=1

⟨y, zk⟩
⟨zk, zk⟩

zk

〉
(266)

= ⟨x, y⟩ − p
m

∑
k=1

⟨x, zk⟩⟨y, zk⟩
⟨zk, zk⟩

,

and, for y = x, it gives

⟨x, x⟩ − p
m

∑
k=1

⟨x, zk⟩2

⟨zk, zk⟩
≥ 0 ∀p ∈ [0, 1]. (267)

The identity (266) and inequality (267) can again be employed in mathematical statistics
concepts.

Definition 6. Let X, Y and {Zk}m
k=1 be arbitrary random variables, such that {Zk}m

k=1 are mutu-
ally orthogonal, i.e.,

E(Zi Zj) = E(Z2
j ) δi,j, i, j = 1, 2, . . . , m. (268)

Corresponding to (266), we define

covp(X, Y; {Zk}m
k=1) (269)

= E

((
X − (1 −

√
1 − p)

m

∑
k=1

E(XZk)

E(Z2
k )

Zk

)(
Y − (1 −

√
1 − p)

m

∑
k=1

E(YZk)

E(Z2
k )

Zk

))

= E(XY)− p
m

∑
k=1

E(XZk)E(YZk)

E(Z2
k )

,

and call it the “p-covariance of X and Y with respect to the fixed orthogonal variables {Zk}m
k=1”.
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For Y = X, (269) changes to

varp(X; {Zk}m
k=1) = E

(X − (1 −
√

1 − p)
m

∑
k=1

E(XZk)

E(Z2
k )

Zk

)2
 (270)

= E(X2)− p
m

∑
k=1

E2(XZk)

E(Z2
k )

≥ 0 ,

where {E(Z2
k )}

m
k=1 are all positive. Note in (269) that

m

∑
k=1

E(XZk)

E(Z2
k )

Zk =
m

∑
k=1

proj Zk X,

and, therefore, e.g., for p = 1,

cov1(X, Y; {Zk}m
k=1) = E

(
(X −

m

∑
k=1

proj Zk X) (Y −
m

∑
k=1

proj Zk Y)

)
.

Moreover, for orthogonal variables {Zk}m
k=1 and p ∈ [0, 1], we have

0 ≤ var1(X; {Zk}m
k=1) ≤ varp(X; {Zk}m

k=1) ≤ var0(X; {Zk}m
k=1) = E(X2). (271)

A remarkable point in (271) is that, if m, n are two natural numbers, such that n > m, then

0 ≤ varp(X; {Zk}n
k=1) ≤ varp(X; {Zk}m

k=1),

which can be proved directly via (270). For instance, if n = 2 and m = 1, then

0 ≤ var1(X; Z1, Z2) ≤ varp(X; Z1, Z2) ≤ varp(X; Z1) ≤ var0(X; Z1) = E(X2),

in which E(Z1 Z2) = 0.
The following properties hold true for definitions (269) and (270), provided that the

orthogonal condition (268) is satisfied:

(b1) covp(X, Y; {Zk}m
k=1) = covp(Y, X; {Zk}m

k=1).

(b2) covp (αX, βY; {Zk}m
k=1) = αβ covp(X, Y; {Zk}m

k=1) (α, β ∈ R).

(b3)
covp (X + α, Y + β; {Zk}m

k=1) = covp (X, Y; {Zk}m
k=1) + α covp (1, Y; {Zk}m

k=1)

+β covp (X, 1; {Zk}m
k=1) + αβ covp (1, 1; {Zk}m

k=1).

(b4) covp

(
n

∑
k=0

ckXk, Xj; {Zk}m
k=1

)
=

n

∑
k=0

ckcovp (Xk, Xj; {Zk}m
k=1) ({ck}n

k=0 ∈ R).

(b5)
varp(αX + βY; {Zk}m

k=1) = α2 varp (X; {Zk}m
k=1) + β2varp (Y; {Zk}m

k=1)

+2αβ covp (X, Y; {Zk}m
k=1).

Definition 7. Based on definitions (269) and (270) and the orthogonality condition (268), we define

ρp (X, Y; {Zk}m
k=1) =

covp (X, Y; {Zk}m
k=1)√

varp (X; {Zk}m
k=1)varp(Y; {Zk}m

k=1)
, (272)

and call it “p-correlation coefficient of X and Y with respect to the fixed orthogonal variables
{Zk}m

k=1”. Clearly,
ρp (X, Y; {Zk}m

k=1) ∈ [−1, 1],
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because, if

U = X − (1 −
√

1 − p)
m

∑
k=1

E(XZk)

E(Z2
k )

Zk and V = Y − (1 −
√

1 − p)
m

∑
k=1

E(YZk)

E(Z2
k )

Zk,

are replaced in the Cauchy–Schwarz inequality (11), then

cov2
p(X, Y; {Zk}m

k=1) ≤ varp (X; {Zk}m
k=1) varp(Y; {Zk}m

k=1).

Definition 8. If ρp (X, Y; {Zk}m
k=1) = 0 in (272), we say that X and Y are p-uncorrelated with

respect to {Zk}m
k=1, and we have

E(XY) = p
m

∑
k=1

E(XZk)E(YZk)

E(Z2
k )

.

15.1. Least p-Variances Approximation Based on Fixed Orthogonal Variables

Again, consider the approximation (13), Y ∼=
n
∑

k=0
ckXk , and define the p-variance of the

remaining term R(c0, c1, . . . , cn) =
n
∑

k=0
ckXk − Y , with respect to the orthogonal variables

{Zk}m
k=1 as follows:

varp (R(c0, . . . , cn); {Zk}m
k=1)

= E

(R(c0, . . . , cn)− (1 −
√

1 − p)
m

∑
k=1

E(ZkR(c0, . . . , cn))

E(Z2
k )

Zk

)2
. (273)

To minimize (273), the relations

∂varp
(

R(c0, . . . , cn); {Zk}m
k=1

)
∂cj

= 0 for j = 0, 1, . . . , n,

eventually lead to the following linear system:


varp (X0; {Zk}m

k=1)

covp (X1, X0; {Zk}m
k=1)

...
covp (Xn, X0; {Zk}m

k=1)

covp (X0, X1; {Zk}m
k=1)

varp (X1; {Zk}m
k=1)

...
covp (Xn, X1; {Zk}m

k=1)

· · ·
· · ·

...
· · ·

covp (X0, Xn; {Zk}m
k=1)

covp (X1, Xn; {Zk}m
k=1)

...
varp (Xn; {Zk}m

k=1)

 (274)

×


c0

c1
...

cn

 =


covp (X0, Y; {Zk}m

k=1)

covp (X1, Y; {Zk}m
k=1)

...
covp (Xn, Y; {Zk}m

k=1)

.

Two continuous and discrete spaces can be considered for the system (274).

15.1.1. First Case

If {Xk = Φk(x)}n
k=0, Y = f (x) and the orthogonal set {Zk = zk(x)}m

k=1 are defined
in a continuous space with a probability density function as Pr(X = x) = w(x)∫ b

a w(x) dx
, the

elements of the system (274) appear as
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covp
(
Φi(x), Φj(x) ; {zk(x)}m

k=1
)
=

1∫ b
a w(x) dx

( ∫ b

a
w(x)Φi(x)Φj(x) dx − p

m

∑
k=1

∫ b
a w(x)Φi(x) zk(x) dx

∫ b
a w(x)Φj(x) zk(x) dx∫ b

a w(x) z2
k(x) dx

)
,

if only if ∫ b

a
w(x) zi(x) zj(x) dx =

(∫ b

a
w(x) z2

j (x) dx
)

δi,j.

15.1.2. Second Case

If the above-mentioned variables are defined on a counter set, say A∗ = {xk}m
k=0, with

a discrete probability density function as Pr(X = x) = j(x)
∑

x∈A∗
j(x) , then

covp
(
Φi(x), Φj(x) ; {zk(x)}m

k=1
)
=

1
∑

x∈A∗
j(x)

(
∑

x∈A∗
j(x)Φi(x)Φj(x)− p

m

∑
k=1

∑
x∈A∗

j(x)Φi(x) zk(x) ∑
x∈A∗

j(x)Φj(x) zk(x)

∑
x∈A∗

j(x) z2
k(x)

)
,

only if

∑
x∈A∗

j(x)zi(x) zj(x) =

(
∑

x∈A∗
j(x)z2

i (x)

)
δi,j.

Let us consider a particular example. Suppose that m = 2, x ∈ [0, π] and Pr(X = x) = 1
π .

In this case, it is well known that, if we take z1(x) = sin x and z2(x) = cos x, then

E(z1(x)z2(x)) =
1
π

∫ π

0
sin x cos x dx = 0,

and, therefore,

covp
(
Φi(x), Φj(x) ; sin x, cos x

)
=

1
π

∫ π

0
Φi(x)Φj(x) dx

− 2p
π2

(∫ π

0
Φi(x) sin x dx

∫ π

0
Φj(x) sin x dx +

∫ π

0
Φi(x) cos x dx

∫ π

0
Φj(x) cos x dx

)
.

The weighted version of the above example can be considered in various cases. For example,
if w(x) = ex, z1(x) = e−x sin x and z2(x) = cos x all defined on [0, π], then

E(z1(x)z2(x)) =
1

eπ − 1

∫ π

0
sin x cos x dx = 0,

and consequently the corresponding space is defined as

(eπ − 1) covp
(
Φi(x), Φj(x) ; sin x, cos x

)
=
∫ π

0
exΦi(x)Φj(x) dx

− p

(∫ π
0 Φi(x) sin x dx

∫ π
0 Φj(x) sin x dx∫ π

0 e−xsin2x dx
+

∫ π
0 Φi(x) ex cos x dx

∫ π
0 Φj(x) ex cos x dx∫ π

0 excos2x dx

)
,

where ∫ π

0
e−xsin2x dx =

2
5
(1 − e−π) and

∫ π

0
excos2x dx =

3
5
(eπ − 1).
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In the sequel, applying the uncorrelatedness condition

covp (Xi, Xj; {Zk}m
k=1) = varp (Xj; {Zk}m

k=1) δi,j for every i, j = 0, 1, . . . , n, (275)

on the elements of the linear system (274), we can obtain the unknown coefficients as

ck =
covp (Xk, Y; {Zk}m

k=1)

varp (Xk; {Zk}m
k=1)

.

In this case,

Y ∼=
n

∑
k=0

covp(Xk, Y; {Zk}m
k=1)

varp (Xk; {Zk}m
k=1)

Xk ,

is the best approximation in the sense of least p-variance of the error with respect to the
fixed orthogonal variables {Zk}m

k=1.
Finally, we point out that p-uncorrelated vectors with respect to fixed orthogonal

vectors can be constructed as follows. Let A⃗m = (a1, a2, . . . , am) and B⃗m = (b1, b2, . . . , bm) be

two arbitrary vectors, and let
{

Z⃗k,m = (zk,1, zk,2, . . . , zk,m)
}l

k=1
be a set of fixed orthogonal

vectors. Then,(
A⃗m − (1 −

√
1 − p)

l

∑
k=1

A⃗m.Z⃗k,m

Z⃗k,m.Z⃗k,m
Z⃗k,m

)
.

(
B⃗m − (1 −

√
1 − p)

l

∑
k=1

B⃗m.Z⃗k,m

Z⃗k,m.Z⃗k,m
Z⃗k,m

)

= A⃗m.B⃗m − p
l

∑
k=1

(A⃗m.Z⃗k,m)(B⃗m.Z⃗k,m)

Z⃗k,m.Z⃗k,m
,

if only if Z⃗k,m. Z⃗j,m =
(

Z⃗j,m. Z⃗j,m

)
δk,j.
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