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Abstract

The choice of the activation functions in neural networks (NN) are of paramount importance
in the training process and the performance of NNs. Therefore, the machine learning
community has directed its attention to the development of computationally efficient
activation functions. In this paper we introduce a new family of activation functions based
on the hypergeometric functions. These functions have trainable parameters, and therefore
after the training process, the NN will end up with different activation functions. To the
best of our knowledge, this work is the first attempt to consider hypergeometric functions
as activation functions in NNs. Special attention is given to the Bessel functions of the first
kind J,, which is a sub-family of the general family of hypergeometric functions. The new
(Bessel-type) activation functions are implemented on different benchmark data sets and
compared to the widely adopted ReLU activation function. The results demonstrate that
the Bessel activation functions outperform the ReLU activation functions in both accuracy
aspects and computational time.

Keywords: activation functions; neural networks; deep learning; hypergeometric functions;
Bessel functions

MSC: 68T07; 68T05; 26 A33; 33C20; 33C10

1. Introduction

The choice of the activation functions in neural networks is usually related to retraining
the NN for each activation function until an acceptable configuration is achieved [1]. The
sigmoid and the hyperbolic tangent functions were among the first activation functions
proposed. However, these functions saturate rapidly as the modulus of the input increases
and the gradient decreases rapidly, allowing better training mainly for shallow networks.
In [2] the authors showed that deep neural networks (DNNs) can be trained efficiently with
Rectified Linear Units (ReLUs), an activation function that is equal to the identity function
if the input is positive and is equal to zero when the input is negative. ReLUs become
one of the most used activation functions in NNs. ReLU-like activation functions with
different properties were subsequently proposed, such as Leaky ReLU (see [3]), Exponential
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Linear Units (ELUs) (see [4]), Scaled Exponential Linear Unit (SELU) (see [5]). A Leaky ReLU
is equal to an ReLU for positive inputs and it has a slop « > 0 for negative inputs, where
« is a hyperparameter. An ELU is equal to an ReLU for positive inputs, but it decreases
exponentially to a limit point « as the inputs go to infinity. An SELU corresponds to an
ELU multiplied by a constant A. More specific activation functions were proposed in [6-9].
Complex-valued neural networks (CVNNs) were proposed in [7], where the activation
functions operate on complex values based on the Mobius transformations. New activation
functions for Hopfield networks and Boltzmann machines were proposed in [9]. In [8], the
authors proposed an activation function (based on the classical sigmoid activation function)
in the context of an input vector neural network (IVNN). In [6], the authors described a
non-linear trapezoid activation function.

The above-mentioned activation functions do not have learnable parameters; therefore,
the training process is focused on the updating of the NN'’s weights and biases. An alterna-
tive approach is proposed in [10] where parametric activation functions are introduced. The
general form of the activation function is discovered by an evolutionary search, and gradi-
ent descends are applied to optimize its parameters. A parametric ReLU is implemented
in [11], which is a Leaky ReLU activation function where the slope of the negative part is
a learnable parameter. Since then, other learnable activations with different shapes have
been proposed (see [12,13]). Learnable activations can also be defined using multiple fixed
activations as a starting point. For example, in [14] a new learnable activation function was
created by learning an affine combination of tanh, an ReLU, and the identity function. More
recently, in [15], the authors proposed the so-called Swish activation function f(x) = x o(pBx),
where o (-) is the sigmoid activation and B is a parameter that can optionally be learnable.
Another approach via fractional derivatives was considered in [16], where the authors
considered fractional derivatives of standard activation functions (the order of derivatives
was considered as a training parameter) to adjust the activation function for optimal results.

Inspired by previous works, in this paper, we propose a general family of activation
functions with trainable parameters based on the hypergeometric functions. This family of
functions covers the behavior of the typical activation functions (e.g. sigmoid, ReLu) and,
after training, resemble similar properties. This approach allows for automatic activation
function design (avoiding trial and error mode) and building relevant activation functions
for various NN architectures. Working with hypergeometric functions is a challenging task
because the non-trivial structure of the series that define the function creates numerical
issues. For example, for certain ranges of the parameters, the computations become unstable
(see [17]). In order to overcome these numerical problems, we propose the Bessel-type
functions as NN activation functions. In our previous work ([18,19]), we introduced Bessel-
type functions as a special case of the general hypergeometric family and applied them
for bicomplex and quaternionic networks. In the present work, our attention is on a linear
combination with trainable parameters of the Bessel-type functions of the first kind x" ], (x),
withv = %, %, g, % and x € R*. The choice of positive half-integer values for the parameter
vin J, relies on the fact that, for these values, function x J,(x) reduces to a combination
of polynomials and simple trigonometric functions (sin and cos). This special structure
creates activation functions with characteristics close to ReLU-type activation functions and
sinusoidal-type activation functions.

The numerical experiments demonstrate that Bessel-type activation functions outper-
form ReLU in several scenarios, achieving better accuracy for a shorter training time. This
work aims to lay the foundation for an automatic activation function design based on the
general hypergeometric functions.

This paper is structured as follows: In Section 2, we recall some facts about hypergeo-
metric functions required for the understanding of this work. In Section 3, we introduce a
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family of multi-parametric activation functions in the form of hypergeometric functions
and present their main properties. We show that several literature-proposed activation
functions belong to this family. We also discuss the Bessel function of the first kind and its
properties. In Section 4, we present numerical experiments with the Bessel function as an
activation function in different case studies and compare it to an ReLU. The conclusions are
drawn in Section 5.

2. Hypergeometric Functions

In this work, we make use of the generalized hypergeometric function ,F; and the
regularized generalized hypergeometric function pfq, which are defined as (see [20])

+o0 H’.gil(a]‘) Zl
Folay, ..., ap;by,..., by 2) = Fol(a;), ; (b))..;z) = ]—71*, (1)
pFa(m ps 01 52 =p ‘7(( ])1~P (bi)rg ) Eoﬂ?:ﬂbi)l .

where convergence is guaranteed if one of the following conditions is satisfied:

p-1 p

3 bi—za]) >0Azl =1, (2)

p<g V g=p—-1Az]<1l V qu—l/\Re(
i=1 j=1

where Re(z) denotes the real part of z. Moreover, in cases where convergence is guaranteed,
we have that

oFa ()1, (B0)1,550) = 1. 3)

Another special function that will play an important role in this work is the Bessel
function of the first kind J,, which is defined by the following series (see [21])
Foo (1) x\ 2k+v
Ju(x) = k;) T(k+v+1)k! (E) ' @
The Bessel function is related to the hypergeometric function ¢F; by the following
relation (see [21])

2

1 v
]v(x) = m(%) oF1 <} 1+v; —2)/ @)

when v is a non-negative integer. For more details about hypergeometric functions and
other special functions, we refer to [21].

3. Hypergeometric Functions as Multi-Parametric Activation Functions

In this section, we introduce a multi-parametric activation function in the context of
automatic activation function design. The proposed approach is inspired by the concepts of
parametric activation functions presented in [10], and the adaptative activation functions
introduced in [16], where hypergeometric functions are involved. We introduced hyper-
geometric activation functions in [18,19] for quaternionic and bicomplex neural network
cases. The theoretical results and the Universal Approximation Theorem are discussed in
these works.

The novelty of our approach relies on the consideration of a new family of activation
functions that includes most of the activation functions studied in the literature as specific
cases. The flexibility of this class of activation functions consists of the existence of trainable
parameters, allowing an improvement of the performance contrary to what happens with
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the well-known activation functions, which have fixed parameters and, therefore, a lower
degree of adaptability.

More precisely, this approach allows evolution algorithms to discover the general
form of the activation functions, while the gradient descent optimizes the parameters
of the functions during the training. Moreover, hypergeometric functions have good
behaviour regarding continuity, differentiability, and monotonicity, and they avoid, to a
great extent, the problem of a vanishing gradient. In this sense, let us consider the following
multi-parameter activation function defined via hypergeometric functions:

H(x) =c1+02x® +cax% ,F ((”J’)l;p? (bi)1.7 o xq), (6)

where c1,¢2,¢c4,c6 € R, c5 € Ny, ¢3,c7 € N, and the parameters in the hypergeometric
function satisfy (2). Due to the large number of parameters, (6) can be used to approximate
every continuous function on a compact set. Moreover, in the case where convergence is
guaranteed, it is possible to define sub-ranges of several parameters that appear in (6) such
that the elements of the proposed class have some desirable properties that are useful for
the role of the activation function. In fact,

* If we consider ¢5 € N, we have (jointly with the properties of the hypergeometric
functions) that (6) is continuously differentiable, which allows the application of
gradient-based optimization methods.

* In the case of convergence and assuming natural powers of x, we have that (6) is a
nonlinear function. This property is useful in the context of NNs because a two-layer
network can be understood as an universal function approximator (see the Universal
Approximation Theorem proved in [22,23]).

The multi-parametric activation function (6) groups several standard activation func-
tions proposed in the literature for deep NNs. In Table 1, we indicate the cases included
in (6).

Table 1. General activation function family # (x).

Activation Function
Inside the Class

General
Activation
Functions

H(x)

Activation Functions
Outside the Class

Bessel-Type Functions as Activation Functions

Here, we pay attention to a particular case of (6) that involves the Bessel function of
the first kind, J,,(x), with v a half-positive integer and x € R™. If we consider

m 27Y 1
c1=0=0,c4= EI"(— c5=2v,p=0,g=1(b1 =1+v), Céz—z, ¢y =2, (7)

1+v)’
in (6), we obtain

v

_2— 2v . ,_x_z _\/E v +
H(x) _r(1+v)x OFl( ;1+v; 4> = 2x ]v(x)/ v,x € RT, (8)
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which corresponds to a one-parameter activation function. The choice of the parameters
in (7) satisfy the convergence conditions (2), ensuring the series is well-defined. Bessel
functions verify the following relation (see [21]):

21 Jo(@)] = 2 o (2) )

that makes their differentiability easy to implement and suitable for backpropagation.
Expression (9) ensures stable gradient flow during training. From the properties of the
Bessel function of the first kind it follows that for half-integers values of v the activation
function (8) will be reduced to a combination of polynomials and elementary trigonometric
functions such as sin and cos. For example, for the first four positive half-integers, we have

v=1 = M) =2y =sin(), 10)
3 T o3 .

v=3 = H(x) = \/:xZ]g (x) =sin(x) — x cos(x), (11)

v=2 = Hx) = [ T30 =~ (- 3) sin(x) - 3x cos(x), 12

v = ; = H(x) = \/ij]g (x) = 3(5 - 2x2) sin(x) + x(x2 - 15) cos(x). (13)

The plots of (10)-(13) are presented in Figure 1.
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Figure 1. Plots of 7 (x) for concrete values of v.

4. Numerical Experiments and Results

In this section, we present numerical experiments where we consider the Bessel-type
functions (10)—(13) as activation functions. We perform the same numerical experiments
with the ReLU activation function in order to compare the results and show the effectiveness
of the Bessel-type functions.
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4.1. Case Study 1—MNIST Classification

In our first numerical experiment, we consider the MNIST dataset—images of hand-
written digits (from 0 to 9)—with 60,000 training examples and 10,000 test examples (see
sample in Figure 2). Each sample is a 28 x 28 pixel image, and the pixel values range
from 0 to 255 (for more information, see http://yann.lecun.com/exdb/mnist/, accessed on
November 2021).

Figure 2. Sample images from MNIST dataset

Two neural network architectures were built—a fully connected (FC) and a convolu-
tional neural network (CNN). The FC model consists of an input layer with 784 units and
two hidden layers (with 100 and 50 units, respectively), and the output layer has 10 outputs
(10 digit classes).

The CNN model is composed of two convolutional layers (with 25 and 50 convolu-
tional filters respectively), and each filter has a kernel size of 3 x 3. After the convolutional
layers, a fully connected hidden layer with 100 units is added, followed by the final output
layer with 10 units for the 10 classes of the MNIST dataset. We employ the Log-likelihood
loss (LLLoss), Adam optimizers, and training over 100 epochs. The learning rate is adaptive
and reduced when the loss metric stops improving. We followed the guidelines from [24]
for the initial learning rate values. Bessel-type functions or ReLU are used comparatively as
activation functions in all layers, except the last layer, where Softmax activation is applied.

4.1.1. FC Model with Bessel-Type Activation Functions

Here, the behaviour of the FC (fully connected) neural network is analysed when
Bessel functions from expressions (10)—(13) are used as activation functions. First, we apply
them separately and then a linear combination of (10)-(13) is considered as an activation
function. In all numerical simulations, the hyperparameters (the learning rate, weight
decay, etc.) are adjusted to each activation function. In Figure 3, for each activation function,
we show the evolution of the loss (continuous lines) and the accuracy (dot-dashed lines)
over the training epochs. The blue and orange colours indicate the evolution of the training
and the validation curves for the ReLU activation function, while the green and red lines
correspond to the Bessel-type activation functions.

From Figure 3, we can conclude that the FC network with the Bessel-type activation
function given by (10) is not able to learn the features necessary to correctly classify
the MNIST dataset. Hence, expression (10) is not a suitable activation function for this
classification task. For v = % andv = % (see Figure 3), there is a significant improvement
compared to v = % ; however, the FC neural networks with these activations (see (11), (12))
are still below the ReLU’s performance. The advantage of the hypergeometric activation
function with v = % (see (13)) is demonstrated on Figure 3d, where it outperforms the ReLU
activation function.
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The results of the previous experiments suggested proposing a new activation func-
tion as a linear combination of the four Bessel-type functions (10)—(13) weighted with
Bi parameters

F) = 2[5 VAT 0+ B2 VR T30+ B Vi T3 () + BV (0], (1)

In Figure 4 we summarise the results for expression (14) with 8; = 1 and B; as trainable
parameters. In both cases, the learning with combined Bessel-type functions converges
faster. Further to this, if B; are optimized during the training stage (see Figure 4b), the
activation function F(x) adapts to the data, improving convergence speed and reducing
overfitting (there was no overfitting in the experiments). During the training process,
parameter 3; remained within stable ranges without explicit constrains, aided by adaptive
optimization and learning rate scheduling. The dips in F(x) accuracy and loss curves are
due to the drop in the learning rate when the learning rate scheduler ReduceLROnPlateau
is activated.
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Figure 3. Loss and accuracy evolution for the FC model with ReLU and (10)—(13) as activation

functions.
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Figure 4. Loss and accuracy evolution for the FC model with ReLU and (14) as activation functions.

4.1.2. CNN Model with Bessel-Type Activation Functions

In this subsection, the behaviour of the convolutional neural network (CNN), described
in Section 4.1, is analysed. As with the FC model, we first apply Bessel functions separately
(see expressions (10)—(13)) and then the linear combination (see (14)) as activation functions.
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In all numerical simulations, the hyperparameters (learning rate, weight decay, etc.) are
adjusted to each activation function.

In Figure 5, for each activation function, we show the evolution of the loss (continuous
lines) and the accuracy (dot-dashed lines) over the training epochs. The blue and orange
colours indicate the evolution of the training and the validation curves for the ReLU
activation function, while the green and red lines correspond to the Bessel-type activation
functions. As before, the Bessel activation functions converge clearly much faster and
maintain a very competitive performance in terms of training accuracy with ReLU. However,
they suffer from overfitting for this use case. For the case of expression (13), the CNN was

not able to converge.

Loss/Accuracy Loss/Accuracy
o = RelU-train acc ey i e, {10 =1+ RelUrtrain acc
4 ReLU-val acc 4 s ReLU-val acc
R == H)-trainacc || et N R T s e e = H(x)-train acc
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/
w3 2 %3 %
a i/ o8 7 7 o8
S o 3 7 z
pr} 1 © pur} 7 ©
) 07 1:— - i 07 ‘5
ERN 3 2 S
g |\ W2 g |\ W
— —~
1 1 3
s = RelU-train loss s = RelU-train loss
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Figure 5. Loss and accuracy evolution for the CNN model with ReLU and (10)—(13) as activation
functions.

Poor results were obtained for the linear combination of the Bessel-type activation
functions (see (14)) as shown in Figure 6. For the case of the equal importance of all Bessel
components with 8; = 1, CNN training did not converge. For the case of trainable §;, the
performance is acceptable (around 90 % validation accuracy), but it is slightly below that of

the ReLU activation.
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4 T =" ReLU-val acc 4 RelU-val acc
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Figure 6. Loss and accuracy evolution for the CNN model with ReLU and (14) as activation functions.

4.2. Case Study 2—STL10 Dataset and Deep CNN Architectures

In this section, we evaluate the performance of the trainable activation function F

from exp. (14) in deep neural networks, such as ResNet with 18 and 34 layers [25] and the
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ShuffleNetV2, [26]. ResNet18/34 is a deep CNN architecture known for its remarkable perfor-
mance in image classification tasks. It uses residuals blocks with skip connections to enable
the training of very deep networks while mitigating the vanishing gradient problem. With
18/34 layers, including convolutional, pooling, and fully connected layers, ResNet18/34
extracts both basic and complex features from input images. The skip connections allow
the network to learn residual mappings effectively, enabling the optimization of deeper
networks. ShufflenetV2 is a CNN architecture that is designed to be fast, memory-efficient,
and effective at extracting features from images. It is based on the idea of group convolu-
tion, where the input and output channels are divided into groups, and the convolution
operation is performed separately for each group. This reduces the number of parameters
and computations required for the convolution operation.

Since the MNIST dataset is rather small for the illustration of deep neural networks,
we use the STL10 dataset. STL10 is composed of RGB images with 96 x 96 pixels divided
into 10 classes (airplane, bird, car, cat, deer, dog, horse, monkey, ship, and truck), and
sample images are shown in Figure 7. The dataset is evenly distributed between the classes,
with 500 samples per class, making it a balanced dataset, and 800 test images per class
(for more information about STL10, we refer to http://cs.stanford.edu/~acoates/stl10,
accessed on November 2021).

Airplane

Figure 7. Sample images from STL10 dataset.

In Table 2, we present the micro- and macro-averages for the accuracy of each (ran-
domly initialized) architecture on the STL10 dataset. The micro-average is the average
accuracy, computed independently, for each class in the STL10 dataset. The macro-average
is computed by aggregating the accuracy for each class and averaging overall contributions.
The last column displays the number of epochs the model needed to reach the maximum
micro-average accuracy.

The results in Table 2 show that ResNet18 with F(x) significantly improves both
micro-average and macro-average accuracies, achieving 0.88 in both metrics compared to
0.57 and 0.62 with ReLU. This improvement comes with a reduction in training epochs
from 98 to 76, indicating that F(x) not only enhances accuracy but also accelerates the
training process. In contrast, ResNet34 exhibits a slight decline in performance when
using F(x) instead of the ReLU. However, the training epochs decrease from 98 to 79,
suggesting that F(x) can still expedite training even though the final accuracy is slightly
reduced. The ShuffleNetV2 architecture shows the most substantial improvement with
F(x). This indicates that models with constrained parameter space benefit from the
added expressiveness and adaptability of the Bessel-type activation functions. The micro-
average and macro-average accuracy values leap to 0.83 from 0.51 and 0.54, respectively,
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when using the ReLU. Additionally, the number of training epochs decreases from 20 to
6, demonstrating a remarkable gain in both training efficiency and overall performance.
In summary, the proposed activation function 7 (x) generally enhances the performance
and training efficiency of CNN architectures, particularly in ResNet18 and ShuffleNetV2
models. While ResNet34 shows a slight reduction in accuracy, the overall benefits of F(x),
such as fewer training epochs and improved performance metrics, are evident.

Table 2. Micro- and macro-average (K-fold) accuracy for the classification of STL10 dataset (fully
trained models).

CNN Architecture # Layers/# Parameters Micro-Avg Macro-Avg # Epochs
ResNet18 with ReLU 18 /11 x 10° 0.57 0.62 98
ResNet18 with F(x) (see (14)) 18 /11 x 10° 0.88 0.88 76
ResNet34 with ReLU 34 /21 x 10° 0.87 0.88 98
ResNet34 with F(x) (see (14)) 34 /21x10° 0.83 0.85 79
ShuffleNetV2 with ReLU 164 /1.2 x 10° 0.51 0.54 20
ShuffleNetV2 with F(x) (see (14)) 164 /1.2 x 10° 0.83 0.83 6

In Table 3, we show the STLI10 class accuracies on validation data after 100 epochs of
training and randomly initialized models. Note that ResNet34 consistently outperforms
other architectures across most classes, particularly in categories airplane, car, and ship. The
models struggle with classes such as deer and dog, where accuracy is comparatively lower.
These classes may be more challenging to classify accurately due to their visual similarity.

Table 3. STL10 class accuracy on validation data.

Resnet18 Resnet34 ShuffleNetV2

Class ReLU F ReLU F RelLU F
Airplane 0.78 0.94 0.91 0.95 0.39 0.93
Bird 0.54 0.81 0.85 0.73 0.56 0.76
Car 0.48 0.94 0.92 0.94 0.44 0.90
Cat 0.51 0.80 0.83 0.73 0.54 0.73
Deer 0.48 0.88 0.89 0.84 0.64 0.83
Dog 0.59 0.82 0.82 0.80 0.54 0.78
Horse 0.71 0.89 0.91 0.83 0.59 0.79
Monkey 0.68 0.88 0.88 0.86 0.61 0.84
Ship 0.79 0.92 0.89 0.92 0.65 0.90
Truck 0.63 0.88 0.87 0.87 0.44 0.82

In Table 4, we present the micro- and macro-averaged accuracy when the models have
been pre-trained (transfer learning). The results show that ResNet34 with F (x) outperforms
the other models. Overall, all models benefit from the pre-training process.

Table 4. Micro- and macro-average (K-fold) accuracy for the classification of the STL10 dataset
(pre-trained models).

CNN Architecture # Layers/# Parameters Micro-Avg Macro-Avg # Epochs
ResNet18 with ReLU 18/11 x 10° 0.88 0.87 100
ResNet18 with F(x) (see (14)) 18/11 x 10° 0.88 0.88 90
ResNet34 with ReLU 34/21 x 10° 0.88 0.88 100
ResNet34 with F (x) (see (14)) 34/21 x 10° 0.91 091 98
ShuffleNet v2 with ReLU 164/1.2 x 10° 0.52 0.57 100
ShuffleNet v2 with F(x) (see (14)) 164/1.2 x 10° 0.86 0.86 84

Tables 2 and 4 show a slight performance drop in ResNet34, which can be due to the
increased model complexity, which, when combined with the flexibility of F(x), can lead
to local overfitting or unstable optimization dynamics.
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Finally, in Table 5, we show the STL10 class accuracies on validation data after
100 epochs of training for pre-trained models. Note that the class performances for the
pre-trained models exhibit similar trends as for the randomly initialized models. ResNet34
consistently outperforms the other models across most classes, indicating the robustness of
this architecture. Classes like bird and cat still exhibit lower accuracy.

Table 5. STL10 class accuracy on validation data for pre-trained models.

Resnet18 Resnet34 ShuffleNetV2

Class ReLU F ReLU F ReLU F
Airplane 0.94 0.60 0.94 0.96 0.72 0.89
Bird 0.80 0.41 0.85 0.89 0.52 0.85
Car 0.94 0.85 0.95 0.96 0.60 0.93
Cat 0.79 0.47 0.85 0.86 0.42 0.82
Deer 0.86 0.37 0.90 0.91 0.68 0.89
Dog 0.80 0.45 0.85 0.87 0.46 0.82
Horse 0.88 0.69 0.92 0.93 0.55 0.86
Monkey 0.88 0.49 0.91 0.92 0.59 0.91
Ship 0.95 0.64 0.94 0.96 0.50 0.94
Truck 0.88 0.71 0.90 0.93 0.69 0.89

4.3. Case Study 3—High Energy Physics Jet Image Dataset

Jet images are a common High Energy Physics (HEP) dataset. Jets are the observable
result of quarks and gluons scattering at high energy. A collimated stream of protons
and other hadrons forms in the direction of the initiating quark or gluon. Clusters of
such particles are called jets. A jet image is a two-dimensional representation of the
radiation pattern within a jet: the distribution of the locations and energies of the jet’s
constituent particles.

Jet images are constructed and pre-processed using the same procedure as in [27]. The
jet images are formed by translating the # and ¢ of all constituents of a given jet so that
its highest transverse momentum (pT) subject is centred at the origin. A rectangular grid
of § x ¢ € [-1.25,1.25] x [—1.25,1.25] with 0.1 x 0.1 pixels centred at the origin forms the
basis of the jet image. The intensity of each pixel is the pT corresponding to the energy and

pseudorapidity (1) of the constituent calorimeter cell, pT = wsffj;ie“) . The radiation pattern
is symmetric around the origin of the jet image and so the images are rotated. The subject
with the second highest pT (or, in its absence, the direction of the first principle component)
is placed at an angle of T with respect to the 7 — ¢ axes. Finally, a parity transformation in
the vertical axis is applied if the left side of the image has more energy than the right side.

Jet images vary significantly depending on the process that produces them. One
high-profile classification task is the separation of jets originating from high-energy W
bosons (signal) from generic quark and gluon jets (background). A typical jet image from
the jet image dataset is shown in Figure 8. The full dataset consists of 300,000 jet images.
Half of them correspond to jet images for a W boson event, which we set as signal images,
and the other half are images for the generic quark and gluon jets, set as background. The
images are 25 x 25 pixels normalized within the range of [0, 1].

For this case study, we designed a CNN with 3 convolutional layers, with 4, 8 and
16 convolution filters, respectively, and kernel size of 3 x 3, followed by a hidden fully
connected layer with 100 neurons. The output layer has two neurons with the Softmax
activation function to account for the class probability of a signal or a background image.
The neurons in the other layers are set to be either the ReLU or trainable activation function
F from exp. (14).
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Figure 8. HEP jet dataset single event (left) and the average (right) for radiation pattern arising from
the W boson (signal) and ordinary quark-gluon (background) decay events.

In Figure 9, the evolution of the loss function and the accuracy per epoch for the CNN
model are depicted. As seen in the figure, the CNN with ReLU activation functions achieves
an accuracy of 45% and the CNN with the Bessel-type activation function F(x) given in
(14) demonstrates significant improvement in this classification task, reaching an accuracy
of 80%.

These results confirm that F(x) can effectively capture both smooth and rapidly
varying features in complex scientific data.
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Figure 9. Loss and accuracy evolution for the CNN model with the ReLU or (14) as activation
functions (HEP jet data).

4.4. Case Study 4—Gravity Spy Glitch Dataset

The Gravity Spy crowd-sourcing project mobilizes citizen scientists to hand-label
spectrograms obtained from LIGO time-series data after being shown only a few examples,
which indicates that generic pattern recognizers developed in humans for real-world object
recognition are also useful when distinguishing spectrograms of glitches.

The Gravity Spy dataset, from the first observing run of LIGO, contains labeled
spectrogram samples from 22 classes of glitches shown in Figures 10-12. These images
were hand-labeled by citizen scientists participating in the Gravity Spy project, and the
accuracy of the labeling was greatly enhanced by cross-validation techniques within the
Gravity Spy infrastructure, also involving experts from the LIGO Detector Characterization
team (see [28]).

The dataset has a total of 8583 glitch samples from 22 classes. The dataset is split into
6008 train, 1288 validation, and 1287 test samples. As the distributions of the samples in
the various classes are highly skewed, we force all classes to be populated in all training,
validation, and test sets proportional to their distribution in the whole dataset. The initial
size of the images is 140 x 170 pixels, but they are resized to 112 x 112 pixels. Additionally,
for the training set, we imposed the following set of transformations: a random horizontal
flip with 50% chance, a random vertical flip with 50% chance and a random rotation of
45 degrees. Each channel corresponds to one of the spectrograms available in the dataset,
i.e., spectrograms of 0.5, 1.0 and 2.0 seconds, as shown in Figures 10-12.
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Figure 10. Sample images from the Gravity Spy glitch dataset, each spectrogram is generated with
0.5 (left), 1.0 (center) and 2.0 (right)-second durations. (a) 1080Lines/1400Ripples (1st line from left);
Chirp/Extremely Loud (2nd line from left). (b) Air Compressor/Blip (1st line from left); Helix/Koi
Fish (2nd line from left).
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Figure 11. Sample images from the Gravity Spy glitch dataset; each spectrogram is generated with 0.5
(left)-, 1.0 (center)- and 2.0 (right)-second duration. (a) Light Modulation/Low Frequency Burst (1st
line from left); None of the Above/Paired Doves (2nd line from left). (b) Low Frequency Lines/No
Glitch (1st line from left); Power Line/Repeating Blips (2nd line from left).
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Figure 12. Sample images from the Gravity Spy glitch dataset; each spectrogram is generated with
0.5 (left), 1.0 (center) and 2.0 (right)-second durations. (a) Scattered Light/Scratchy (1st line from
left); Wandering Line (2nd line). (b) Tomte/Violin Mode (from left).

For this case study, we decided to fully train the same models as in Section 4.2,
ResNet18, ResNet34and ShuffleNetV2. In Table 6, we summarize the micro- and macro-
averaged accuracy for each architecture. In Table 7, we show the mean average accuracy
per class on the LIGO glitch validation dataset after 100 epochs of training for randomly
initialized models.

The advantage of applying F(x) (exp. (14)) as an activation function in deep architec-
tures for this multi-classification task is clearly demonstrated in Tables 6 and 7. For most of
the classes of the Gravity Spy glitch dataset, 7 (x) is a more plausible activation function.
Furthermore, the model training is complete for a fewer number of epochs.

From the analysis of Table 7, we can see that in classes such No Glitch or Low Frequency
Lines, where the spectrograms show low variation or near-constant features, the oscillatory
nature of the Bessel-type activation functions may lead to suboptimal feature extraction.
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Table 6. Micro- and macro-accuracy for the classification task on the Gravity Spy glitch dataset.

CNN Architecture # Layers/# Parameters Micro-Avg Macro-Avg # Epochs
ResNet18 18/11 x 10° 57% 62% 98
ResNet18 with F(x) 18/11 x 10° 88% 88% 76
ResNet34 34/21 x 10° 87% 88% 98
ResNet34 with F(x) 34/21 x 10° 83% 85% 79
ShuffleNet v2 164/1.2 x 10° 51% 54% 20
ShuffleNet v2 with F (x) 164/1.2 x 10° 83% 83% 6

Table 7. Gravity Spy glitch class accuracy on validation data for randomly initialized models.

Resnet18 Resnet34 ShuffleNetV2

Glitch ReLU F ReLU F ReLU F
1080Lines 0.03 0.91 0.96 0.78 0.92 0.85
1400Ripples 0.02 0.30 0.88 0.81 0.36 0.22
Air Compressor 0.01 0.15 0.32 0.01 0.42 0.47
Blip 0.94 0.98 0.99 0.94 0.99 0.96
Chirp 0.02 0.09 0.14 0.24 0.27 0.19
Extremely Loud 0.90 0.94 0.91 0.97 0.95 0.94

Helix 0.53 0.95 0.98 0.95 0.97

Koi Fish 0.46 0.87 0.70 0.85 0.98 0.96
Light Modulation 0.66 0.69 0.38 0.38 0.49 0.77

Low Frequency Burst 0.50 0.60 0.59 0.16 0.20 0.87
Low Frequency Lines 0.70 0.37 0.12 0.20 0.17 0.37

No Glitch 0.32 0.06 0.57 0.11 0.28 0.14
None of the Above 0.04 0.17 0.16 0.08 0.23 0.19
Paired Doves 0.01 0.32 0.13 0.10 0.33 0.29
Power Line 0.56 0.42 0.19 0.17 0.11 0.92
Repeating Blips 0.87 0.83 0.94 0.69 0.87 0.69
Scattered Light 0.27 0.93 0.74 0.90 0.87 0.94
Scratchy 0.50 0.90 0.95 0.89 0.98 0.86
Tomte 0.03 0.65 0.85 0.55 0.46 0.42
Violin Mode 0.25 0.87 0.91 0.80 0.82 0.88
Wandering Line 0.08 0.21 0.30 0.46 0.03 0.06

5. Conclusions

Using the properties of the hypergeometric functions, we come to the idea that the
Bessel functions of the first kind represent a general family of a group of standard activation
functions. Based on this hypothesis in this paper, we propose Bessel-type functions as a new
activation function. This multi-parametric approach allows for easy interchange between
activation functions by adjusting a few parameters, optimizing the network architecture
without manual selection, and enabling better classification performance.

To the best of our knowledge, this work is one of the first attempts to consider hyperge-
ometric functions as activation functions. Bessel-type functions combine the characteristics
of an ReLU and sinusoidal functions and demonstrate competitive accuracy and training
efficiency. The use of these new activation functions were validated across multiple datasets
and architectures, including scientific and real-world data. The results clearly demonstrate
that the general Bessel function F (x) with variable weights outperforms the widely used
ReLU activation functions particularly in tasks where flexible adaptation to input dynamics
is beneficial and when applied in deep NN architectures. Moreover, although no explicit
benchmarking was performed, training times with 7 (x) were comparable to the ReLU in
our implementations.

Future work will extend the use of the general activation function from expression
(14) to image segmentation, GANs, and NLP problems, alongside testing with larger
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models such as vision transformers. Moreover, we aim to explore task-specific parameter
tuning using automated search strategies, taking advantage of the multi-parametric nature
of F(x).

6. Technical Remarks

The initial part of the experimental tests were done in a Intel® Core™ i7-8750H CPU
with 16 GB of memory and an NVIDIA GTX 1080 with 2560 cuda cores and 8 GB of GDDR5
memory. Due to the associated computational costs, the second part of the numerical
simulations was carried out on the Google Cloud platform under the credits received by
the authors from Google through FCT and under the project Hypergeometric Functions and
Machine Learning in the Diagnosis Process. The CNN pre-trained models where downloaded
from torchvision models library.
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