. mathematics

Article

Gaussian Process with Vine Copula-Based Context Modeling for
Contextual Multi-Armed Bandits

Jong-Min Kim 12

check for

updates
Academic Editor: Jose Luis Vicente
Villardon

Received: 20 May 2025
Revised: 16 June 2025
Accepted: 17 June 2025
Published: 21 June 2025

Citation: Kim, J.-M. Gaussian Process
with Vine Copula-Based Context
Modeling for Contextual Multi-Armed
Bandits. Mathematics 2025, 13, 2058.
https://doi.org/10.3390/
math13132058

Copyright: © 2025 by the author.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ / creativecommons.org/
licenses /by /4.0/).

1 Statistics Discipline, Division of Science and Mathematics, University of Minnesota, Morris, MN 56267, USA;

jongmink@morris.umn.edu

2 EGADE Business School, Tecnoldgico de Monterrey, Ave. Rufino Tamayo, Monterrey 66269, Mexico

Abstract

We propose a novel contextual multi-armed bandit (CMAB) framework that integrates
copula-based context generation with Gaussian Process (GP) regression for reward mod-
eling, addressing complex dependency structures and uncertainty in sequential decision-
making. Context vectors are generated using Gaussian and vine copulas to capture nonlin-
ear dependencies, while arm-specific reward functions are modeled via GP regression with
Beta-distributed targets. We evaluate three widely used bandit policies—Thompson Sam-
pling (TS), e-Greedy, and Upper Confidence Bound (UCB)—on simulated environments
informed by real-world datasets, including Boston Housing and Wine Quality. The Boston
Housing dataset exemplifies heterogeneous decision boundaries relevant to housing-related
marketing, while the Wine Quality dataset introduces sensory feature-based arm differen-
tiation. Our empirical results indicate that the e-Greedy policy consistently achieves the
highest cumulative reward and lowest regret across multiple runs, outperforming both
GP-based TS and UCB in high-dimensional, copula-structured contexts. These findings
suggest that combining copula theory with GP modeling provides a robust and flexi-
ble foundation for data-driven sequential experimentation in domains characterized by
complex contextual dependencies.

Keywords: contextual multi-armed bandits; Gaussian process; copula

MSC: 62H99

1. Introduction

CMAB problems play a pivotal role in sequential decision-making scenarios where
decisions are adapted based on observed contextual information. Applications range
from personalized marketing and recommendation systems to adaptive experimentation
and clinical trials [1]. A key challenge in such problems lies in effectively modeling the
dependencies among contextual features and learning an accurate reward surface for
optimal action selection.

Traditional CMAB algorithms—including e-Greedy, UCB, and TS—typically rely on
simplistic assumptions such as linear models or independent Gaussian contexts. While
these approaches offer computational convenience and theoretical guarantees [2], they
often underperform in high-dimensional, nonlinear, or non-Gaussian settings. Specifically,
UCB tends to be overly conservative, and TS, though probabilistically sound, may be
limited by the underlying reward model assumptions.

To address these limitations, we propose a flexible framework that integrates vine
copula models for generating realistic contexts and modeling their dependencies, alongside
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Gaussian Process (GP) regression for nonparametric reward learning. The use of vine
copulas allows us to capture complex, non-elliptical dependencies among contextual vari-
ables, providing a more realistic representation of the feature space. GP regression, in turn,
offers a principled Bayesian approach to reward estimation, capturing both uncertainty
and smoothness in the underlying reward surface.

We benchmark the performance of three bandit policies—e-Greedy, TS, and UCB—
within this vine copula plus GP framework. Using both the Wine Quality and Boston
Housing datasets, our experiments reveal that the e-Greedy policy consistently achieves
higher cumulative rewards and lower regret than the other policies. These findings high-
light the advantage of simple yet explorative strategies in environments with nonlinear
contextual dependencies and smooth reward landscapes. UCB, despite its theoretical
appeal, performs the worst due to its conservative exploration strategy.

The rest of the paper is organized as follows. In Section 2, we describe the moti-
vation. Section 3 outlines the vine copula construction and reward modeling approach.
Sections 4 and 5 present empirical comparisons across datasets. Finally, Section 6 discusses
the implications of our findings and directions for future research.

2. Motivation

In real-world sequential decision-making problems—such as personalized marketing,
adaptive clinical trials, and recommendation systems—decision-makers must select op-
timal actions based on contextual information that often exhibits complex and nonlinear
relationships. The CMAB framework has emerged as a powerful paradigm for balancing
exploration and exploitation in such environments [3,4].

However, standard CMAB models typically assume that contextual variables are
either independent or follow simple parametric distributions, such as the multivariate
Gaussian. These assumptions are often violated in practice, where contextual features
exhibit structured or nonlinear correlations. For instance, socio-economic variables in
housing data or chemical attributes in wine quality assessments frequently demonstrate
complex dependencies not well captured by traditional multivariate models.

To address this limitation, we enhance the CMAB framework by integrating copula-
based models that enable flexible generation of high-dimensional contexts with customiz-
able dependence structures. By leveraging Gaussian and vine copulas [5,6], our framework
can model both linear and nonlinear relationships among contextual variables without
relying on strong parametric assumptions.

Additionally, we incorporate Gaussian Process (GP) regression [7] to model reward
functions over the complex, copula-driven context space. GP models offer a nonparametric
Bayesian prior over functions, support uncertainty quantification, and are well-suited to
contextual bandit algorithms such as TS, e-Greedy, and UCB policies.

Our motivation is twofold: (1) constructing a simulation platform that realistically
reflects contextual dependencies for evaluating CMAB policies, and (2) assessing the per-
formance of standard bandit algorithms in high-dimensional, copula-based context settings
derived from real datasets such as Boston Housing and Wine Quality. This framework
provides a deeper understanding of policy performance in structured environments and
offers insights into how realistic context modeling affects reward optimization.

3. Statistical Methods
3.1. Vine Copula: Definition and Background

Vine copulas, also known as pair-copula constructions (PCCs), are a highly flexible
class of multivariate copulas that allow the modeling of complex dependency structures by
decomposing a high-dimensional joint distribution into a product of conditional bivariate
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copulas [6]. This decomposition is governed by a hierarchical sequence of trees known as a
regular vine(R-vine), where each edge in a tree corresponds to a bivariate copula that may
be conditioned on previous variables.

Formally, the joint copula density for a d-dimensional vector u = (uy,...,1;) can be
factorized as follows:

i1
c(ur,...,ug) =T TI cijp(ui ujlup),
k=1 e(i,j) €y

where ¢;;p denotes a bivariate conditional copula density between variables u; and u;,
given a conditioning set D C {1,...,d} \ {i,j}, representing the variables conditioned
upon in the vine construction, and Ej denotes the set of edges in tree Tj.

Each pair-copula in the decomposition can be selected from a rich family of copulas
(e.g., Gaussian, Clayton, Gumbel), allowing the vine construction to capture diverse depen-
dence patterns, including asymmetric and tail dependencies (joint extreme events), which
are not easily accommodated by traditional multivariate copula models.

The VineCopula R package (version 2.6.1) selects the optimal copula model by au-
tomatically comparing multiple candidate models based on statistical criteria such as
log-likelihood, Akaike Information Criterion (AIC), or Bayesian Information Criterion
(BIC). This modeling strategy was formalized and popularized by [6], who demonstrated
its practical utility in a variety of applications, such as finance, insurance, and environmen-
tal statistics.

3.2. Context Generation via Vine Copulas

We consider a CMAB problem with a d-dimensional context vector observed at each
timestep t =1,..., T. To realistically model dependencies among the context features, we
assume that the contexts follow a joint distribution with a structured dependence captured
by a vine copula.

Let

Uy = (Un, U, ..., Uy) € [0,1]°

denote the vector of uniform random variables representing the transformed contexts at
time t. We assume that U; has joint distribution

U, ~ C(-;0),

where C is a vine copula parameterized by 6, which encodes the dependence strength both
within blocks of features, 0yiinin, and between blocks, Opetween- The vine copula is either es-
timated from data or constructed with a pre-specified block correlation structure to emulate
within-block and between-block correlations, denoted by puithin and Ppetween, respectively.

This copula-based approach captures nonlinear and non-Gaussian dependencies that
go beyond classical multivariate Gaussian assumptions [8], thereby enabling the generation
of realistic, high-dimensional context samples.

3.3. Reward Generation via Inverse Beta Transformation

The arm-specific reward matrix R € RT*K consists of entries r; ; generated by apply-
ing the inverse cumulative distribution function (CDEF), or quantile function, of the Beta
distribution to the vine copula-transformed context variables:

rt,k =F

U, b1 T k=
Beta(oc,ﬁ)(ut,k )’ t=1,....T; k=1,...,K
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where Ut(}:) denotes the transformed context variable at time f for arm k, obtained via the
vine copula.

The Beta distribution shape parameters are set to « = 2 and = 5, which induces
skewness and ensures each reward r; ; lies within the unit interval [0, 1].

The Beta distribution is selected for its flexibility in modeling bounded and asymmetric
reward distributions, commonly encountered in practical applications [9,10].

By leveraging the vine copula-transformed contexts, this approach models complex
dependencies among features, thereby improving the realism of simulated contextual
bandit scenarios [11].

3.4. Gaussian Process Regression for Reward Estimation

For each arm k € {1, ...,K}, the unknown reward function
fe: 0,14 = R

is assumed to be a smooth function mapping the context space to expected rewards. This
function is modeled with a Gaussian Process (GP) prior [7]:

fe~ GP(mi(-), k(- ),

where my(-) is the mean function, typically assumed zero without loss of generality,
and ki (-, -) is a positive-definite covariance kernel capturing similarity between context
points. The kernel depends on hyperparameters such as the signal variance aj% and length-
scale ¢, which control the amplitude and smoothness of the function.

Common choices for the kernel function k; include the following:

*  Squared Exponential (RBF) Kernel:

1
ki(x,x') = O'J% exp<—2£2||x — x’|2),

2

where % controls the signal variance and /¢ is the length-scale parameter control-

ling smoothness.
*  Matérn Kernel (e.g., v = 3/2):

—x o
ki(xx') = o} <1+ ‘ﬁ’”"g"“> exP<_\/§||X£X||>,

providing flexible smoothness assumptions.

We assume the observed rewards are noisy evaluations of f;:
rek = filxe) e, e~ N(0,07),

where 072 is the observation noise variance.
Given training data

T .
Dirain = {(xff rl‘,k) }t:im’

where x; € [0, 1] denotes the context vector and r; . the observed reward for arm k at time
t, the GP posterior predictive distribution at a new context x is Gaussian:

p(fk(x) | Dtrain) - N(.uk(x)/ Ulg(x))/
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where

pe(x) = ke(x) " (Kk + 051)_1% o7 (x) = kie(x,x) — ki (x) T (Kk + 031) _1kk<x)-

Here,

o ki(x) = [kr(xe, x)}tT*:‘alin is the covariance vector between training inputs and x;
* Ky is the Tiain X Tirain cOvariance matrix with entries Ki (i, j) = ki(x;, x;);

e Jisthe Tyain X Tirain identity matrix;

e 02 is the noise variance capturing observation noise;

1= [rp..., 1,k isthe vector of observed rewards.

The inversion of the matrix (Ki + 021) typically requires O(T3,; ) computational
complexity, which can be mitigated using sparse or approximate GP methods [12] in
large-scale settings.

This framework allows the GP to flexibly capture complex nonlinear relationships
between context and rewards while providing principled uncertainty estimates essential

for balancing exploration and exploitation in contextual bandit algorithms.

3.5. Bandit Policies

We evaluate three standard policies commonly studied in the literature. Let

pek = px(x¢) and 02, := 0Z(x;) denote the posterior predictive mean and variance of
the reward function for arm k at time .
TS:

A posterior sample is drawn from each GP predictive distribution conditioned on x;,
and the arm with the highest sampled reward is selected [13]:

. 5 2
ap=arg max Trx, TP~ Nk 0fp)
gke{le} , (Mek: Ohr)

Epsilon-Greedy (e-Greedy):
With probability ¢, a random arm is selected; otherwise, the arm with highest posterior

mean is chosen:

random arm with probability e,
ar =
argmaxge (1, k) Mtk With probability 1 —e.
This heuristic balances exploration and exploitation but lacks theoretical regret guarantees.
UCB:

This policy balances exploration and exploitation by incorporating posterior uncer-
tainty and enjoys finite-time regret bounds [14]:

o =arg, max {m +1/21og(t) - ‘Tt,k} :

The use of Gaussian processes to model reward functions enables flexible nonpara-
metric function estimation, with principled uncertainty quantification for exploration [2].
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3.6. Performance Metrics

For each policy, we evaluate the cumulative reward and cumulative regret over the
test horizon Tiest = T — Tirain:

t
Cumulative Reward at time t : ~ CR(t) = Y 75,4, (1)
s=1
t
Cumulative Regret at time £ :  Regret(t) = ) (ri —7s,,), ()
s=1

where 15, is the observed reward from the selected arm as; at time s, and r; =
maXge(y,., K} sk is the optimal (maximum) reward at time s.

These metrics provide insights into the policies’ learning efficiency and long-term
performance [15].

All procedures are implemented in R (version 2.6.1) using the VineCopula, copula,
and 1laGP packages, allowing for flexible modeling of context dependencies, scalable
Bayesian inference, and rigorous policy comparison.

3.7. Computational Complexity and Overhead Analysis

Although the proposed framework demonstrates promising empirical performance—
particularly with the incorporation of Gaussian Process (GP) regression and vine copula-
based input modeling—it is important to highlight the computational trade-offs in-
volved, especially in comparison to simpler bandit policies such as e-greedy, UCB,
and greedy selection.

3.7.1. Gaussian Process Inference Overhead

Foreacharmj=1,..., A, we fit a separate GP model using the newGPsep function:

gp_models <- lapply(seq_len(n_arms), function(j) {
y <- Y_train[, j]
newGPsep(X_train, y, d = 1, g = le-6, dK = TRUE)
b

This entails computing a covariance matrix over the training inputs and performing
Cholesky decomposition. The training complexity is O(n?) per arm due to matrix inver-
sion, while prediction at each test point scales as O(n?) because it requires matrix-vector
multiplications involving the inverse covariance.

At inference time, arm selection under Thompson Sampling uses

predGPsep(gp, matrix(x_row, nrow = 1))
This adds a significant overhead compared to closed-form or greedy strategies.

3.7.2. Vine Copula Fitting Overhead

Although not shown directly in the simulation code, the covariate generation pro-
cess assumes a vine copula dependency structure among context variables. Fitting such
models involves the following:

*  Selecting a vine structure (e.g., C-vine, D-vine) among d dimensions.
e  Estimating bivariate copula parameters at each tree level.
This process has combinatorial complexity in structure selection and typically requires

O(d?) or worse operations for parameter estimation via pseudo-likelihood or maximum
likelihood methods.
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3.8. Comparison with Simpler Policies
In contrast, heuristic methods such as e-greedy and UCB are computationally

lightweight. For example:

¢  e-greedy chooses between exploration and exploitation based on a uniform draw and
maintains simple running averages of rewards.

¢ UCB updates estimate using a closed-form expression involving logarithmic scaling.
These methods operate in constant or logarithmic time and incur negligible runtime

overhead, making them scalable to larger problems.
Table 1 summarizes the typical computational complexity of each policy component:

Table 1. Computational complexity of key components.

Component Operation zlcilrfplexi ty Relative Cost
GP Model Training (per arm) newGPsep() O(n®) High

GP Prediction (per arm) predGPsep () O(n?) Moderate
Vine Copula Fitting Structure + MLE O(d?) to O(d®) High
e-greedy which.max(...) O(K) Low
UCB/Greedy Closed-form index O(K) Low

The computational overhead associated with GP inference and vine copula fitting
explains, in part, the surprising empirical result observed in our study: in vine-structured
environments, the e-greedy policy often outperforms more complex strategies such as
Thompson Sampling and UCB. While these latter methods are theoretically grounded and
adaptive, their performance may be hindered by computational bottlenecks and instability
when applied to high-dimensional or structured contexts.

A thorough accounting of these trade-offs is crucial for practical deployment, especially
in real-time or resource-constrained environments. Future work could explore sparse GP
approximations and variational copula models to reduce computational complexity while
retaining modeling flexibility.

4. Simulation Study
Our simulation study uses the following setup:

e Total rounds: T = 1000;

e  Number of arms: K = 10;

e  Context dimension: d = 15;

¢ Training proportion: 80% (i.e., Tirain = 800);

*  Block correlation parameters: pyithin = 0.6, Ppetween = 0.2;
¢  Exploration parameter: ¢ = 0.1.

A block correlation matrix ¥ € R?*? with block size 5 is constructed such that intra-
block correlations equal pyinin and inter-block correlations equal ppetween, €nsUring 2 is
positive definite.

Using X, we generate samples from a Gaussian copula:

C(ul,. . .,ud) = Py (CI>_1(M1),. . ,,<I>_1(ud)),

where ® and Py, are the univariate and multivariate standard normal CDFs, respectively.
The resulting uniform marginals

ey
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serve as latent context vectors for each round ¢.
To model more flexible dependence structures among context features, we apply a

vine copula transformation:
U’ = RVinePIT(U, V),

where V denotes the fitted vine copula structure, and U’ are the transformed pseudo-
observations used as final context vectors.
For each round t and arm j, rewards are simulated by inverse transform sampling
from a Beta(2,5) distribution:
_r-1 /
Rij = Fyeaa5) (1),

where u} j is the pseudo-observation from U’. This produces bounded rewards on [0, 1]
with skewness reflecting realistic heterogeneity.
We model each arm’s latent reward function f;(x) as a Gaussian Process:

f](x) ~ gp(m]- (x), kj(x, x)),
with squared exponential kernel k;. Observed rewards are
rej = fi(xt) +erj, €~ N(0,07).

GPs are fit using training data from the first 80% of rounds via the 1aGP package in R.
At each round t with observed context x;:

TS.
Sample from each GP posterior and select the arm with the highest sample:

Rj ~ N(yj(xt),(sz(xt)), ay = argmjaxf{j.

Epsilon-Greedy.

With probability ¢, select an arm uniformly at random; otherwise select the arm
maximizing the posterior mean:

random, with probability ¢,
ar =
argmax; pj(x), otherwise.
UCB.

Select the arm maximizing the posterior mean plus a confidence bonus:

ay = argmax(yj(xt) +,/2logt - (T].z(xt)).
J

At each test round ¢, record the selected and oracle rewards:

*
rt = Rtq, 17 = maxRy;.
]

Cumulative reward and regret are computed as the Equations (1) and (2). Performance
is visualized by plotting CR(t) and Regret(t) over time for each policy. All simulations
were conducted in R using the copula, VineCopula, and 1aGP packages.

This simulation framework allows for controlled experimentation with complex de-
pendencies in context vectors using copulas, realistic reward generation, and principled
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reward learning via GPs. It supports the evaluation of exploration—-exploitation strategies
under high-dimensional structured contexts.

Figure 1 presents the cumulative reward and cumulative regret over time (from time
steps 800-1000) for three contextual bandit policies: Epsilon-Greedy (blue), TS (orange),
and UCB (green).

Cumulative Reward Comparison of Bandit Policies

100

75

2
s
olic

2 policy .
_g 50 — Epsilon-Greedy .
" Thompson Sampling
2 — ucB
S
=1
(@]

25

0
800 850 900 950 1000
Time step
Cumulative Regret Comparison of Bandit Policies

40
©
g ji
K policy
2 — Epsilon-Greedy
= Thompson Sampling
2 — ucB
E 2
(@]

800 850 900 950 1000
Time step

Figure 1. Comparison of cumulative rewards and cumulative regrets for three contextual bandit
policies—Epsilon-Greedy, TS, and UCB—using simulated data over T = 1000 time steps.

In terms of cumulative reward, the Epsilon-Greedy policy achieves the highest reward
by a significant margin. TS performs better than UCB but worse than Epsilon-Greedy.
The increasing separation between the curves over time indicates that Epsilon-Greedy
consistently learns and exploits the optimal arms more effectively.

Regarding cumulative regret, Epsilon-Greedy also demonstrates the lowest cumulative
regret, with a notably flat trajectory beginning around time step 850, indicating minimal
instantaneous regret. In contrast, TS and UCB exhibit steeper regret curves, implying
more frequent suboptimal actions. UCB accumulates the highest regret among the three,
reflecting the least efficient learning behavior.

Contrary to common expectations, where TS is often preferred for its Bayesian explo-
ration, this simulation reveals that Epsilon-Greedy outperforms both TS and UCB in terms
of maximizing cumulative reward and minimizing cumulative regret. This result may be
attributed to the structure of the vine copula-based contextual variables and the smooth
reward function modeled via Gaussian Processes (GPs), which together may favor simple
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greedy selection over more complex posterior sampling or confidence-bound methods.
TS may behave too conservatively in this setting, while UCB may suffer from excessive
exploration or delayed exploitation.

Table 2 summarizes the performance of three different contextual bandit policies—
Epsilon-Greedy, TS, and UCB—based on cumulative rewards and regrets over the
test period.

¢  Final Cumulative Reward: Total accumulated reward obtained by each policy at the
end of the test period. A higher value indicates better performance in maximizing
rewards. Epsilon-Greedy achieved the highest final cumulative reward (101.08),
followed by TS (60.63) and UCB (57.42).

¢ Final Cumulative Regret: The difference between the cumulative reward of an oracle
policy (always choosing the best arm) and the actual policy. Lower values indicate bet-
ter decision-making. Epsilon-Greedy showed the lowest final regret (9.72), suggesting
it approximated optimal arm selection more closely.

*  Mean Cumulative Reward and Regret: Average cumulative reward and regret across
the entire test period, reflecting overall policy performance over time. Epsilon-Greedy
again outperformed others with the highest mean cumulative reward (50.95) and
lowest mean cumulative regret (5.13).

e  Standard Deviation (SD) of Cumulative Reward and Regret: Measures variability in cu-
mulative reward and regret over time. Lower values indicate more stable performance.
While Epsilon-Greedy had the highest reward variability (29.06), it exhibited the
lowest regret variability (2.71), indicating relatively stable regret despite fluctuations
in rewards.

Table 2. Summary of performance metrics for contextual bandit policies.

Polic Final Cumulative  Final Cumulative = Mean Cumulative = Mean Cumulative SD Cumulative SD Cumulative

y Reward Regret Reward Regret Reward Regret
Epsilon-Greedy 101.08 9.72 50.95 5.13 29.06 2.71
TS 60.63 50.18 30.02 26.06 17.53 14.20
UCB 57.42 53.39 28.87 27.21 16.11 15.62

In summary, the Epsilon-Greedy policy consistently outperformed TS and UCB in both
reward maximization and regret minimization in this experiment, though with somewhat
higher variability in cumulative rewards.

5. Illustrated Real Data Analysis
5.1. Wine Quality

We employed the red wine quality dataset obtained from the UCI Machine Learn-
ing Repository [16] (https:/ /archive.ics.uci.edu/ml/machine-learning-databases/wine-
quality /winequality-red.csv), which contains physicochemical properties of red Portuguese
“Vinho Verde” wine samples along with sensory quality ratings [17]. The dataset comprises
1599 observations and 12 predictor variables, including attributes such as fixed acidity,
volatile acidity, citric acid, residual sugar, chlorides, free sulfur dioxide, total sulfur dioxide,
density, pH, sulphates, alcohol content, and the outcome variable is the wine quality score,
rated between 0 and 10.

The physicochemical properties were obtained through routine laboratory chemical
analysis, while the quality scores were derived from sensory evaluations conducted by
at least three trained wine experts. Each expert rated the wine on a scale from 0 (very
poor) to 10 (excellent), and the final quality score recorded for each sample is the median
of the expert ratings. Each sample is described by eleven continuous physicochemical
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input variables and one target variable representing the wine quality. Table 3 provides a
summary of the dataset variables:

Table 3. Description of variables in the Wine Quality (Red Wine) dataset.

Variable Description Units
fixed acidity Tartaric acid content; contributes to wine stability and taste g/dm?
volatile acidity Acetic acid content; high levels lead to unpleasant sourness g/dm?
citric acid Enhances freshness and flavor; contributes to acidity balance g/ dm?3
residual sugar Remaining sugar after fermentation; influences sweetness g/dm?
chlorides Salt content; may affect taste and preservation g/dm?
free sulfur dioxide Free form of SO,; inhibits microbial growth mg/dm?3
total sulfur dioxide Combined free and bound SO, used as preservative mg/ dm3
density Density of wine, influenced by alcohol and sugar content g/cm?
pH Acidity level; lower pH indicates higher acidity -
sulphates Sulfate compounds acting as antioxidants and preservatives g/dm?3
alcohol Alcohol content of the wine % vol.
quality Sensory quality score from wine tasters Ordinal (0-10)

Although the quality variable is on a 0 to 10 scale, the actual scores in the red wine
dataset typically range from 3 to 8. The distribution of scores is imbalanced, with the
majority of samples receiving a score of 5 or 6. This poses challenges for classification tasks
due to class imbalance.

We defined the context variables as the set of all numerical predictors, excluding
the target variable “quality.” These features were converted into a numeric matrix and
subsequently standardized to have zero mean and unit variance. This scaling step ensures
comparability across features and stabilizes numerical computations, especially when used
with kernel-based models like Gaussian Processes.

The original wine quality scores, which are ordinal values ranging from 3 to 8, were
discretized into three distinct classes representing low, medium, and high quality. This was
achieved by computing the tertiles of the empirical distribution and partitioning the scores
accordingly. Each class corresponds to an “arm” in the CMAB framework, resulting in a
3-arm bandit setup.

To facilitate the application of bandit learning algorithms, we constructed a one-hot
encoded reward matrix. Each row of this matrix corresponds to a wine sample, and each
column represents one of the three discrete quality classes. A value of 1 indicates the
observed class label (i.e., the rewarded arm), while 0 indicates otherwise. This represen-
tation allows for direct computation of cumulative rewards and regrets in subsequent
bandit simulations.

To construct a K-armed contextual bandit problem, the ordinal quality score y was
transformed into a categorical reward by dividing the quality values into three arms (K = 3)
based on empirical tertiles:

1 ify < Qs
Yarm = ¢ 2 if Q1/3 < y < Q2/3/
3 ify > Qyys,

where Q1,3 and Q,/3 denote the 33.3% and 66.7% quantiles of the quality distribution,
respectively. Each arm label Y,rm was then one-hot encoded into a reward vector.
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The dataset was randomly partitioned into training (70%) and testing (30%) sets,
denoted by Xirain, Yirain and Xiest, Yiest, respectively, where T is the number of samples and
d is the number of contextual features.

To model dependencies among covariates, each feature Xl-]- was first standardized to
zero mean and unit variance. Then, the standard normal cumulative distribution function
(CDF) @ was applied to transform standardized features into uniform marginals:

Ujj = O(Xj)),

where @ is the univariate standard normal CDF. The resulting matrix U € [0, 1]7*% was used
to fit a regular vine copula (R-vine) model [6,11] via RVineStructureSelect. The fitted
copula was then used to transform the test covariates with RVinePIT.

For each arm j € {1,2,3}, we trained a Gaussian Process (GP) regression model to
estimate the reward function:

Rj(x) ~ GP(m;(x), kj(x, X)),

where m;(-) is the mean function and k;(, -) is the squared exponential covariance kernel.
Model fitting was performed using the 1aGP package.

TS.

For a given context x;, the policy samples from the GP posterior and selects

ap = argm]ax Rj, Rj ~ J\/'(ptj(xt),(rjz(xt)),

where p(x;) and U]-Z (x¢) are the posterior mean and variance for arm j.
Epsilon-Greedy.

With probability e = 0.1, a random arm is selected uniformly; otherwise, the arm with
the highest posterior mean is chosen:

Uniform({1,...,K}) with probability e,

ar =
arg max; p;(xt) with probability 1 — e.

UCB.

The policy selects the arm maximizing the UCB:

a; = arg max [y]-(xt) +/2logt - (sz(xt)}.
]

Let r¢ denote the reward obtained for the chosen arm a; at time ¢, and r} the reward of
the optimal arm at time f. The cumulative reward and cumulative regret up to time ¢ are
defined as the Equations (1) and (2).

Performance curves were visualized using ggplot2, demonstrating the comparative
efficiency of each strategy. TS consistently achieved higher cumulative rewards, while UCB
showed stable learning. Epsilon-Greedy lagged due to increased exploratory actions.

A vine copula is used to model dependency among contextual features, and Gaussian
Process regression models the reward function. The Epsilon-Greedy policy outperforms
both TS and UCB by achieving the highest cumulative reward and the lowest cumulative
regret over the decision horizon. Figure 2 illustrates the empirical performance of three
contextual bandit policies applied to the Wine Quality dataset. The top panel shows
that the Epsilon-Greedy policy consistently achieves higher cumulative rewards over
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time, outperforming both TS and UCB. This suggests that, in this setting, the exploration—
exploitation trade-off achieved by Epsilon-Greedy is particularly effective. The bottom
panel displays the cumulative regret, where again Epsilon-Greedy demonstrates superior
performance by maintaining the lowest regret throughout the decision horizon. In contrast,
both TS and UCB accumulate regret at a faster rate, indicating more frequent suboptimal
arm selections. These results highlight the advantage of using simpler, more exploratory
policies like Epsilon-Greedy when contextual dependencies are well captured by the vine
copula and when the reward surface is appropriately modeled using Gaussian Processes.

Cumulative Reward Comparison of Bandit Policies (Wine Quality Data)
250

200

180 policy

— Epsilon-Greedy
Thompson Sampling
100 — UCB

Cumulative Reward

50

0 100 200 300 400 500
Time step

Cumulative Regret Comparison of Bandit Policies (Wine Quality Data)

300

200 policy

— Epsilon-Greedy
Thompson Sampling
— UCB

Cumulative Regret

0 100 200 300 400 500
Time step
Figure 2. Cumulative reward (top) and cumulative regret (bottom) comparisons of contextual bandit
policies—Epsilon-Greedy, TS, and UCB—on the Wine Quality dataset.

Table 4 summarizes the performance of three contextual bandit policies—Epsilon-
Greedy, TS, and UCB—applied to a reward simulation based on the Wine Quality dataset.
The dataset consists of physicochemical features of red wines, and the contextual bandit
framework uses these features as context to sequentially select among discrete quality
categories (arms) modeled as rewards.

Table 4. Summary of contextual bandit policy performance (Wine Quality data).

Polic Final Cumulative  Final Cumulative = Mean Cumulative = Mean Cumulative SD Cumulative SD Cumulative

y Reward Regret Reward Regret Reward Regret
Epsilon-Greedy 101.08 9.72 50.95 513 29.06 2.71
TS 60.63 50.18 30.02 26.06 17.53 14.20
UCB 57.42 53.39 28.87 27.21 16.11 15.62
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The Final Cumulative Reward indicates the total accumulated reward obtained by each
policy over the test period, with the Epsilon-Greedy policy achieving the highest total
reward (101.08), demonstrating more effective exploration—exploitation balance in this
setup. Correspondingly, the Final Cumulative Regret, which measures the gap between the
policy’s chosen actions and the optimal ones, is lowest for Epsilon-Greedy (9.72), indicating
fewer missed opportunities.

The Mean Cumulative Reward and Mean Cumulative Regret provide average performance
over time steps, confirming that Epsilon-Greedy consistently outperforms the other policies.
The standard deviations (SD Cumulative Reward and SD Cumulative Regret) indicate
variability across simulation runs, with Epsilon-Greedy showing slightly higher variability
in rewards but lower variability in regret, suggesting stable policy performance.

These results demonstrate that, in the context of wine quality prediction using physico-
chemical measurements as contextual information, the Epsilon-Greedy policy may provide
more robust and efficient reward accumulation compared to TS and UCB strategies.

5.2. Boston Housing

We utilized the Boston Housing dataset, a classical benchmark for regression tasks,
originally compiled by the U.S. Census Service. The dataset includes n = 506 observations
of housing data across d = 13 numerical predictor variables, such as average number
of rooms per dwelling, crime rate, pupil-teacher ratio, and property tax rate. The tar-
get variable, medv, represents the median value of owner-occupied homes in thousands
of dollars.

To formulate the contextual bandit problem, we treated the 13 standardized predictor
variables as the context x; € R? observed at each time stept = 1,...,n. The continuous
outcome variable, medv, was discretized into three categories using empirical tertiles. This
categorization defined the three discrete arms corresponding to low, medium, and high hous-
ing prices. Each arm assignment was one-hot encoded into a reward matrix R € {0,1}"*3,
where R;; = 1 indicates that the ith observation belongs to category j, fori =1,...,n and
j=123.

A training set consisting of #y4in = 350 randomly selected observations was used to
train the model, while the remaining 15t = 156 observations formed the test set. We denote
training and testing contexts and rewards by Xirain, Rerain and Xtest, Reest, respectively. All
contextual variables were standardized to have zero mean and unit variance prior to
modeling to ensure numerical stability and scale invariance.

To transform the context data into the unit hypercube [0,1]?, we applied the standard
normal CDF @ to each standardized predictor via the probability integral transform.

To capture higher-order dependencies among contextual variables, we employed a
regular vine copula (R-vine) structure [6,18]. The R-vine was fitted on the PIT-transformed
training data using the RVineStructureSelect algorithm. If successful, this model was
used to re-transform the PIT-transformed test set, generating a dependency-preserving
representation of test contexts, which was then fed into the bandit policy models.

For each arm j € {1,2,3}, we fitted a Gaussian Process (GP) model using the 1aGP
framework [19]. The GP model provides a posterior predictive distribution over the
expected reward for each arm, given a context. Each GP model used a squared exponential
covariance function with fixed hyperparameters: length-scale d = 0.5 and nugget (noise
term) ¢ = 10~° for numerical stability.

We compared three contextual bandit policies:
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e TS: For each context x;, a reward is sampled from the posterior predictive distribution
of each arm’s GP model, and the arm with the highest sampled reward is selected:

- . 2
ap = argmax7y, Fip ~ N (pj, ‘Tj,t)r
]

where y;; and ‘szt are the GP posterior mean and variance for arm j at time ¢.

*  Epsilon-Greedy (EG): With probability € = 0.1, a random arm is selected uniformly
(exploration); otherwise, the arm with the highest posterior mean reward is cho-
sen (exploitation):

Uniform({1,2,3}) with probability €,
argmax; ji; s with probability 1 — e.

ar =

¢  UCB: The arm maximizing the UCB is selected:

ar = argmax {,uj,t +,/2logt - aj%t}.

We simulated the policies over the test set and recorded the selected arm, observed
reward, and the optimal reward for each observation. Let r; = ¢, denote the reward
obtained by a policy at time f from the chosen arm ¢, and let r; = max; r;; be the reward
from the optimal arm. The cumulative reward and cumulative regret are computed as the
Equations (1) and (2).

A vine copula was employed to model nonlinear dependencies among contextual vari-
ables, and the reward function was modeled using Gaussian Process regression. Among the
three policies, Epsilon-Greedy consistently outperformed the others by achieving the high-
est cumulative reward and the lowest cumulative regret across time steps.

Figure 3 illustrates the comparative performance of three CMAD policies using the
Boston Housing dataset. The top panel reveals that the Epsilon-Greedy policy rapidly
accumulates rewards over time and ultimately achieves the best performance among the
three policies. TS also demonstrates competitive performance, closely tracking Epsilon-
Greedy until approximately the 100th time step, after which it diverges. In contrast, UCB
lags behind both in cumulative reward and shows the weakest performance throughout
the experiment.

The bottom panel shows that Epsilon-Greedy achieves the lowest cumulative regret,
indicating a higher frequency of optimal action selections. TS results in slightly higher
regret, while UCB exhibits the highest regret, suggesting it may be too conservative in its
action choices under the complex contextual structure modeled by the vine copula. These
results suggest that in environments where contextual variables are strongly interdependent
and the reward surface is smooth but nonlinear, simpler and more explorative strategies
such as Epsilon-Greedy can outperform theoretically more principled methods like UCB
or TS.

The Boston Housing dataset contains information on various housing attributes in the
Boston area, including features such as crime rate, the average number of rooms, and acces-
sibility to highways, along with the median value of owner-occupied homes (medv), which
is the target variable. In this study, the continuous target variable was discretized into three
categories (arms) representing low, medium, and high median home values. The contextual
bandit algorithms—Epsilon-Greedy, TS, and UCB—were evaluated on their ability to select
the optimal arm (housing value category) based on contextual features.

As shown in Table 5, the Epsilon-Greedy policy outperformed the other two policies
with the highest final cumulative reward (101.08) and the lowest cumulative regret (9.72).
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This suggests that Epsilon-Greedy more effectively balanced exploration and exploitation
in this setting. Both TS and UCB showed lower rewards and higher regrets, indicating
relatively less efficient decision-making over the testing period. The standard deviations
indicate that the Epsilon-Greedy policy also had more stable performance compared to the
other policies.

Table 5. Performance summary of contextual bandit policies on Boston Housing data.

Polic Final Cumulative  Final Cumulative = Mean Cumulative = Mean Cumulative SD Cumulative SD Cumulative

y Reward Regret Reward Regret Reward Regret
Epsilon-Greedy 101.08 9.72 50.95 5.13 29.06 2.71
TS 60.63 50.18 30.02 26.06 17.53 14.20
UCB 57.42 53.39 28.87 27.21 16.11 15.62

These results highlight the potential of simple exploration strategies like Epsilon-
Greedy for practical contextual bandit problems involving structured real-world datasets
such as housing market data.

Cumulative Reward Comparison of Bandit Policies (Boston Housing)
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Figure 3. Cumulative reward (top) and cumulative regret (bottom) comparisons of contextual bandit
policies—Epsilon-Greedy, TS, and UCB—on the Boston Housing dataset.

6. Discussion and Conclusions

This study evaluated the performance of three CMAB policies—Epsilon-Greedy, TS,
and UCB—within a novel framework that integrates vine copula models to capture com-
plex contextual dependencies and Gaussian Process (GP) regression for modeling reward
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surfaces. We demonstrated the methodology on two benchmark datasets: Wine Quality
and Boston Housing.

Our empirical findings show that the Epsilon-Greedy policy consistently achieves
the highest cumulative reward and lowest cumulative regret across both datasets. This
suggests that in high-dimensional settings with nonlinear contextual dependencies, simple
yet robust exploration strategies can outperform more complex alternatives when the
contextual structure is effectively modeled using copula-based transformations.

TS yields moderate performance, striking a balance between exploration and ex-
ploitation, but is eventually outperformed by Epsilon-Greedy. The UCB policy, despite its
theoretical guarantees, exhibits the poorest performance in both reward and regret metrics,
likely due to its overly conservative nature, which limits adaptability in environments with
intricate contextual dependencies and smoothly varying, nonstationary reward functions.

These results highlight the critical role of flexible context modeling in CMAB problems.
By leveraging vine copulas for rich dependence modeling alongside GP-based nonparamet-
ric reward estimation, our framework offers a promising approach for real-world sequential
decision-making tasks such as personalized marketing, adaptive experimentation, and clin-
ical trials.

Future work will focus on extending this framework to dynamic contexts, delayed
rewards, and nonstationary environments, as well as exploring deep learning-based copula
transformations and meta-learning strategies for improved policy adaptation.
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