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Abstract: Accurately estimating a sequence of latent variables in state observation models
remains a challenging problem, particularly when maintaining coherence among consecu-
tive estimates. While forward filtering and smoothing methods provide coherent marginal
distributions, they often fail to maintain coherence in marginal MAP estimates. Existing
methods efficiently handle discrete-state or Gaussian models. However, general models
remain challenging. Recently, a recursive Bayesian decoder has been discussed, which
effectively infers coherent state estimates in a wide range of models, including Gaussian
and Gaussian mixture models. In this work, we analyze the theoretical properties and
implications of this method, drawing connections to classical inference frameworks. The
versatile applicability of mixture models and the prevailing advantage of the recursive
Bayesian decoding method are demonstrated using the double-slit experiment. Rather
than inferring the state of a quantum particle itself, we utilize interference patterns from
the slit experiments to decode the movement of a non-stationary particle detector. Our
findings indicate that, by appropriate modeling and inference, the fundamental uncertainty
associated with quantum objects can be leveraged to decrease the induced uncertainty of
states associated with classical objects. We thoroughly discuss the interpretability of the
simulation results from multiple perspectives.

Keywords: Bayesian inference; recursive estimation; decoding; state observation model;
dynamic systems; Gaussian mixtures; double-slit experiment; quantum-based inference

MSC: 62M20

1. Introduction
State observation models play a crucial role in statistical signal processing and infer-

ence, where latent variables need to be inferred from erroneous observations. In this context,
recursive Bayesian methods that exploit the sparse dependency structure of such dynamic
models are particularly valuable, as they make the inference task computationally efficient
and adaptable to real-time applications. Bayesian filtering, prediction, smoothing, and de-
coding are fundamental inference techniques employed across a diverse range of disciplines.
Their applications span from traditional fields like navigation and control systems [1–3]
to contemporary areas such as biomedical engineering [4], telecommunications [5], re-
mote sensing [6], environmental monitoring [7], quantum physics [8,9], and various other
fields [10].

A significant challenge arises when attempting to decode maximum a posteriori (MAP)
state sequences from filtered or smoothed state distributions: the coherence inherent in
consecutive marginal distributions does not necessarily extend to their MAP modes. Simply
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concatenating the marginal MAP modes will likely result in implausible sequences, which
can even violate model assumptions, particularly if they include state transitions with
zero probability. Speech recognition (typically achieved through machine learning models)
illustrates this: decoding individual audio samples produces gibberish, while coherent
output requires sequence-level decoding. Ideally, one would decode the joint MAP assign-
ment to obtain a coherent sequence of states; however, recursive methods for maximizing
the joint posterior distribution are only established for discrete-state models and Gaussian
models. The need for a more general approach to recursive MAP decoding becomes ap-
parent when addressing models beyond these special cases, like Gaussian mixture models,
for instance.

Recently, a recursive Bayesian decoding method has been proposed in [11], which
offers a promising solution. This method is not only capable of maintaining coherence in
state estimates but also exhibits applicability to a wide range of models, including Gaussian
and Gaussian mixture models. Its development marks a significant advancement in the
field, bridging the gap between efficient recursive processing and maintaining coherence
across MAP state estimates.

In this work, we undertake a comprehensive analysis of the theoretical properties of
this novel recursive Bayesian decoding method. We examine the decoder within differ-
ent model frameworks, specifically focusing on general, Gaussian, and Gaussian mixture
models. By establishing connections to classical inference methods, we provide a thorough
understanding of how this method integrates within the broader context of Bayesian in-
ference in state observation models. To illustrate the practical advantages of this method,
we discuss a quantum-based inference application. We focus on the double-slit experi-
ment [12–15] to showcase how the recursive Bayesian decoding method can be employed
to not infer the state of a quantum particle but rather to decode the movement of a non-
stationary detector sensing double-slit particle detections. There is growing interest in
quantum non-stationary systems across fields such as cosmology, quantum field theory,
and particle physics [16]. Inferring a quantum detector’s motion solely from detection
statistics, without external tracking, could open new directions in this area.

1.1. Related Work and State of the Art

A comprehensive overview of probabilistic models, including Bayesian inference in
dynamic models along with graphical representations, is given in [17]. Relevant related
work is summarized in Table 1.

Fundamental marginal inference methods for discrete-state Hidden Markov Models
(HMM), such as forward-filtering, forward/backward-smoothing, and other techniques
applied to such models, are well-documented in [18,19]. The Viterbi decoder, widely
used for discrete-state problems, efficiently computes the joint MAP assignment, ensur-
ing coherence among single-state estimates. The method is first introduced in [20] and
further discussed in [21]. However, discrete-state approaches become increasingly im-
practical in high-dimensional settings and large state spaces, as their complexity not only
scales quadratically with the number of states but also explodes when extended to higher
dimensions [22,23].

Inference in complex models is often performed by sampling particles, propagat-
ing them through functional dependencies between variables, and perturbing them with
the model uncertainties. Particle-based methods for filtering, smoothing, and decoding
(e.g., [24–30]) are conceptually appealing and flexible but come with high computational
costs. As with discrete-state approaches, particle-based approaches are also affected by the
curse of dimensionality [31]. In many applications, state spaces reach very high dimen-
sions [32,33], making the number of particles required for resolving marginal distributions
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prohibitively large. This paper focuses on the more efficient techniques using parametric
approaches via Gaussian and Gaussian mixture model assumptions.

In the special case of Gaussian models, marginal inference can be performed rela-
tively efficiently using Kalman filters [34–36] and Rauch–Tung–Striebel smoothers [37,38].
Alternative smoothing methods are discussed in [39,40]. Gaussian models, particularly
concerning marginal and MAP inference, are comprehensively covered in [41–44]. In par-
ticular, ref. [41] presents a formulation of Bayes’ rule specifically for Gaussian distributions,
introducing a Gaussian refactorization lemma (GRL) that is employed in the present paper
within the derivations of the Gaussian decoders.

When systems exhibit nonlinear, non-Gaussian, or multi-modal characteristics, infer-
ence methods associated with Gaussian models can perform poorly. In such cases, more
accurate approximations can be obtained using Gaussian mixtures. Recursive Bayesian
filtering and smoothing in Gaussian mixture models are discussed in [45–58], respectively.
The problem of decoding coherent state estimates has been recently addressed in [11,59,60].
All mixture methods face the challenge of exponential growth in the number of mixture
components within a marginal distribution, as each recursion step increases this number
multiplicatively. To manage this complexity, it is essential to employ reduction techniques
that simplify the mixture representation. One prominent strategy involves approximating
the mixtures with simpler representations to reduce computational demands. A reduction
step can be introduced to address this issue—for instance, one based on the Bhattacharyya
distance [61]—mitigating exponential growth. Additional techniques for Gaussian mixture
reduction are discussed in [54,62–64], offering alternative approaches to mixture reduction
and component management.

Table 1. Relevant related work on Bayesian inference in state observation models.

Model Discrete-State Particle-Based Gaussian Gaussian Sum

filtering [18,19] [10,24,25,30,31,33] [10,34–36] [45–50,58,62,63]
smoothing [18,19] [10,27,29,30] [10,37–40] [32,50–54,56–58]
decoding [20,21,23] [23,26,28,29] [23,41–44] [11,59,60]

1.2. Contributions and Outline

This paper comprehensively summarizes theoretical insights on MAP predecessor
decoding, a recursive Bayesian inference method for state observation models recently
introduced in [11] as a technique to infer valid trajectory estimates from observations
distorted by multimodal noise. The method is further elaborated in [59,60], consolidating
its novelty and fundamentality. The present paper

• Provides new theoretical insights into the relationships between MAP predecessor
decoding and classical inference methods;

• Breaks down predecessor decoding for Gaussian and Gaussian mixture models;
• Presents systematically structured overviews of classical methods for these models;
• Compares the decoder with classical methods in an extensive numerical evaluation;
• Offers multiple interpretations of the results and a thorough general discussion.

The comparison is conducted within the framework of the double-slit experiment,
demonstrating that combining predecessor decoding with mixture models can leverage
the fundamental uncertainty of quantum particles to enhance the certainty of latent
states in classical systems, such as the movement of a non-stationary detector sensing
double-slit particles.

Recursive Bayesian inference is discussed for general state observation models
in Section 2, for Gaussian models in Section 3, and for Gaussian mixture models in Section 4.
Each of these sections includes dedicated subsections covering marginal inference (predic-
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tion, filtering, smoothing) and MAP inference (decoding). Section 5 applies the Bayesian
inference methodology to a problem related to quantum theory, highlighting the distinct
characteristics of each model and inference method, with a final comprehensive discussion
presented in Section 6.

1.3. Notation

In this work, the variables xt and ot represent real-valued multivariate dynamic
random variables with continuous-state state spaces, potentially of different dimensions d
and q. The states xt are hidden or latent, while ot are observables. Variables with the same
time index in the subscript correspond to the same discrete time slice. Superscript indices,
as in µ1:n

t = (µ1
t , µ2

t , . . . , µn
t ), indicate multiple instances in the state space. The probability

distribution of the random variable xt is denoted by p(xt). For the sake of conciseness and
readability, p(xt) may also refer to the probability density function (pdf) of xt. This notation
extends to conditional variables and distributions. The normal pdf with argument xt, mean
µt, and covariance matrix Σt is denoted Nxt(µt, Σt). A Gaussian mixture distribution with
K components is characterized by the parameter tuple ℵ := ⟨ω1:K, µ1:K, Σ1:K⟩, where ωk

represents the weight, µk the mean, and Σk the covariance matrix of the k-th component.

2. Recursive Marginal and MAP Inference in State Observation Models
This section outlines the probabilistic model and the associated notation, forming

the basis for the inference methods explored in subsequent sections. The model consists
of two stochastic components: the dynamic states xt and the observations ot. To simplify
notation, a time series of consecutive random variables, such as x0, x1, . . . , xT , is condensed
into x0:T , thereby confining the scope of this study to discrete-time models. As implied by
the terminology, the variables o1:T represent observable quantities, where each observation
ot causally depends on the corresponding state xt, which remains latent. States are allowed
to evolve over time, with each state xt depending on its predecessor xt−1 (Markov property).
The distribution of the initial state, denoted as p(x0), is presumed to be known. Both the
initial distribution and the conditional dependencies

p(x0) ≡ initial model or -distribution, (1)

p(xt | xt−1) ≡ transition models or -kernels, (2)

p(ot | xt) ≡ observation models or -likelihoods, (3)

are the fundamental parameters of the considered model and have to be specified for each
possible realization of the variables and for all t ≥ 1. This work considers probabilistic
models over hidden states x0:T and given observations o1:T , where the joint distribution
factorizes into the product of (1)–(3)

p(x0:T , o1:T) = p(x0)
T

∏
t=1

p(xt | xt−1) p(ot | xt). (4)

These models encompass a wide range of applications and interpretations. The literature
reveals various terminologies for models that satisfy (4), with the chosen nomenclature
often reflecting the specific context, methodological perspective, or assumptions related
to the variables and distributions involved. For instance, ref. [37,45,46] use Stochastic Dy-
namical System in the context of systems theory, Hidden Markov Model is used for discrete
variables [17,18], Kalman Filter Model and Hidden Gauss–Markov Model are used interchange-
ably in [41,42] presuming Gaussian assumptions for all model parameters, State Space Model
allow for control variables additional to states and observations [10,26,51], and Dynamic
Bayesian Network generalizes variables to networks of variables [17].
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For the scope of this work, the term State Observation Model from [17] aligns best, pre-
suming only the presence of state and observation variables. The graphical interpretation of
this probabilistic model is provided in Figure 1, with arrows indicating variable dependen-
cies, white nodes representing hidden variables, and gray nodes denoting variables
with given realizations (either by observation or estimation). Distributions are visualized
as density maps within the respective nodes. The graph will be further extended by to
depict likelihoods, which may be interpreted as incomplete state distributions because the
encoded observation data may not be sufficient to form a full rank probabilistic description
of the whole state space. Contrary to state distributions and likelihoods, state estimates
will be shown as dots within the respective nodes.

x0 x1 . . . xt−1 xt xt+1 . . . xT

o1 . . . ot−1 ot ot+1 . . . oT

Figure 1. Probabilistic graph of the state observation model.

2.1. Marginal Inference

Predicting, filtering, and smoothing all refer to inferring the marginal distribution of a
specific state variable xt given a partial observation sequence o1:s, i.e.,

p(xt | o1:s) ≡ a marginal (distribution), (5)

and differ only in whether observations are considered proactive (s < t), reactive (s = t),
or retroactive (s > t), respectively [57]. These tasks can be accomplished by marginalizing
the joint posterior p(x0:T | o1:s). Certainly, the marginals can be computed recursively,
and therefore more efficiently, by utilizing the factorization (4), which exploits the sparse
dependency structure of the state observation model. This paper considers only one-step
predictions (s = t− 1), which occur in an a priori sense within filtering or smoothing.
In Table 2, the marginals for s ∈ {t − 1, t, T} are decomposed into well-known expres-
sions mainly by applying Bayes’ theorem, the law of total probability, and by exploiting
independencies. Derivations can be found in [10,65].

Table 2. Marginal inference tasks (gray) along with substeps in state observation models.

Smoothing
Filtering Correction Two-Filter Smoothing

Prediction Update

p(xt | o1:t−1) = p(xt | o1:t) = p(xt | o1:T) = p(xt | o1:T) =∫
p(xt−1 | o1:t−1) p(xt | xt−1)dxt−1

p(xt | o1:t−1) p(ot | xt)

p(ot | o1:t−1)
p(xt | o1:t)

∫ p(xt+1 | xt)

p(xt+1 | o1:t)
p(xt+1 | o1:T)dxt+1

p(xt | o1:t) p(ot+1:T | xt)

p(ot+1:T | o1:t)

All terms appearing in Table 2 are either model parameters (1)–(3), constant factors,
or can be inferred recursively. However, smoothing can be performed by two fundamentally
different approaches: recursive forward-filtering/backward-correcting, also known as
fixed-lag smoothing, or non-recursive forward-filtering/backward-filtering, referred to as
two-filter smoothing. Here, ‘recursive’ and ‘non-recursive’ refer to whether the smoothing
marginals are inferred recursively. Therefore, the two-filter smoother is non-recursive,



Mathematics 2025, 13, 2012 6 of 24

although it decomposes into two recursive filters, one forward in time for p(xt | o1:t) and
the other backward in time for p(ot+1:T | xt). The backward filter recursion is given by

p(ot+1:T | xt) =
∫

p(xt+1 | xt) p(ot+1:T | xt+1)dxt+1, (6)

p(ot+1:T | xt+1) = p(ot+1 | xt+1) p(ot+2:T | xt+1). (7)

Both (6) and (7) represent likelihoods. Hence, the integrals over the state variable might
not always exist.

2.2. MAP Inference (Decoding)

State estimates can be decoded from the posterior marginals by maximization

→→→xt := arg max
xt

p(xt | o1:t) for t ∈ 0:T, (8)

↔↔↔xt := arg max
xt

p(xt | o1:T) for t ∈ 0:T. (9)

While subsequent marginal distributions are coherent by transition kernel p(xt | xt−1),
the obtained sequences →→→x0:T and ↔↔↔x0:T are not coherent, and might even be invalid, e.g., if
the transition probability p(→→→xt | →→→xt−1) is zero for any t. Marginal coherence does not imply
MAP coherence.

One way to obtain coherent state estimates is by decoding the joint MAP assignment,
i.e., maximizing the joint posterior over all possible sequences

x̂0:T := arg max
x0:T

p(x0:T | o1:T). (10)

Efficiently decoding x̂0:T is limited to special cases, such as HMM (Viterbi algorithm [18,20,21])
and Gaussian models (sequence of marginal means becomes the joint mode, Lemma 2).
No analytical solutions are known for more general state observation models, such as mix-
ture models.

An efficient approach to decoding coherent state sequences was recently proposed
in [11]. Instead of aiming for the joint sequence (10), this approach focuses on maximiz-
ing marginal distributions similar to (9), but additionally, conditions the marginals on
previously decoded MAP state estimates in a recursive manner

⇀⇀⇀xt−1 := arg max
xt−1

p(xt−1 |⇀⇀⇀xt, o1:T) for t = T → 1. (11)

This method, referred to as predecessor decoding, has a complexity similar to that of posterior
decoding (8) and (9), but it yields coherent estimates, a characteristic similar to sequence
decoding (10). Due to its abstract definition, predecessor decoding is fundamentally ap-
plicable to general state observation models. It is important to note that the backward
recursion is specified up to initialization; ⇀⇀⇀xT is not defined in (11). This introduces a degree
of freedom, as (11) formally specifies a set of predecessor sequences, each sequence con-
sisting of coherent state estimates. Any state or point of interest can be freely chosen as the
initial state for the backward recursion, with different initializations producing different
predecessor sequences.

As further elaborated in [60], with regard to the joint posterior p(x0:T | o1:T), a marginal
MAP becomes

↔↔↔xt = arg max
xt

∫
p(x0:t−1, xt, xt+1:T | o1:T)dx−t, (12)
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a MAP predecessor maximizes

⇀⇀⇀xt = arg max
xt

p(xt,⇀⇀⇀xt+1 | o1:T) (13)

= arg max
xt

p(xt,⇀⇀⇀xt+1:T | o1:T) (14)

= arg max
xt

∫
p(x0:t−1, xt,⇀⇀⇀xt+1:T | o1:T)dx0:t−1, (15)

and the joint MAP sequence fulfills

x̂t = arg max
xt

p(x̂0:t−1, xt, x̂t+1,T | o1:T). (16)

In (12) past and future states are marginalized, in (15) past states are marginalized and
future states are maximized, and in (16) past and future states are maximized.

Due to the properties of arg max, MAP predecessors ⇀⇀⇀xt−1 could have also been defined
via any of the equivalent formulations in (13) and (14). Due to conditional independence of
xt−1 and ot:T given xt, the predecessor expression can be further simplified. In the following
sections, we omit the superfluous ot:T and apply Bayes’ rule, leading to

⇀⇀⇀xt−1 = arg max
xt−1

p(xt−1,⇀⇀⇀xt | o1:t−1) (17)

= arg max
xt−1

p(⇀⇀⇀xt | xt−1) p(xt−1 | o1:t−1). (18)

3. Recursive Inference in Gaussian Models
In this section we consider linear Gaussian state observation models

p(x0) = Nx0(
→→→µ0,
→→→
Σ0), (19)

p(xt | xt−1) = Nxt(Ft xt−1, Qt), (20)

p(ot | xt) = Not(Ht xt, Rt). (21)

Assumptions (20) and (21) can equivalently be formulated in state-space representation
xt = Ft xt−1 + vt and ot = Ht xt + wt, with vt ∼ N (0, Qt) and wt ∼ N (0, Rt). Parameters
are grouped per time frame in the tuple

θt := ⟨Ft, Qt, Ht, Rt⟩, (22)

where Ft is a d× d (transition-) matrix, Qt is a d× d (process noise covariance-) matrix, Ht

is a q× d (observation-) matrix and Rt is a q× q (observation noise covariance-) matrix.
In the following, the fundamental inference tasks from Section 2, are discussed for a

Gaussian model (19)–(21), given initial →→→µ0,
→→→
Σ0, a θt for all t ≥ 1, and observations o1:T .

3.1. Gaussian Marginals

Under linear Gaussian model assumptions (19)–(21), the marginals remain Gaussian

p(xt | o1:t−1) = Nxt(
7→7→7→µt,
7→7→7→
Σt), (23)

p(xt | o1:t) = Nxt(
→→→µt,
→→→
Σt), (24)

p(xt | o1:T) = Nxt(
↔↔↔µt,
↔↔↔
Σt). (25)
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Moreover, under (19)–(21), any joint distribution is also Gaussian, e.g.,

p(xT−1, xT , xT+1 | o1:T) = NxT−1:T+1(m, Z), (26)

where the joint mean m ∈ R3d consists of ↔↔↔µT−1,→→→µT , 7→7→7→µT+1 ∈ Rd and the block diagonal ele-
ments of the joint covariance matrix Z ∈ R3d×3d are

↔↔↔
ΣT−1,

→→→
ΣT ,

7→7→7→
ΣT+1 ∈ Rd×d. The recursive

formulations for the parameters in (23)–(25) are provided in Table 3 and can also be found
in [10,17,34,37,65]. Two-filter smoothing in Gaussian models has also been investigated [39].

Table 3. Recursive marginal inference in Gaussian models.

Smoothing
Filtering Correction

Prediction Update

graph

xt−1 xt

ot−1

xt−1 xt

ot−1 ot

xt−1 xt xt+1

ot−1 ot ot+1

mean

covariance

7→7→7→µt := Ft
→→→µt−1

7→7→7→
Σt := Ft

→→→
Σt−1 F⊤t + Qt

→→→µt := 7→7→7→µt + Kt(ot − Ht
7→7→7→µt)

→→→
Σt :=

7→7→7→
Σt − Kt Ht

7→7→7→
Σt

↔↔↔µt := →→→µt + Gt(
↔↔↔µt+1 − 7→7→7→µt+1)

↔↔↔
Σt :=

→→→
Σt + Gt(

↔↔↔
Σt+1 −

7→7→7→
Σt+1)G⊤t

gain Kt :=
7→7→7→
Σt H⊤t (Ht

7→7→7→
Σt H⊤t + Rt)

−1

Gt :=
→→→
Σt F⊤t+1

7→7→7→
Σ−1

t+1

3.2. Gaussian Decoding

In contrast to Section 3.1, which deals with inferring marginal state distribu-
tions (23)–(25), this section resolves predecessor decoding under Gaussian model assump-
tions, and discusses its relation to the other inference methods.

Theorem 1 (Gaussian Predecessor Recursion). Consider a state observation model with linear
Gaussian assumptions (19)–(21). The MAP predecessor of a given ⇀⇀⇀xt can be obtained via

⇀⇀⇀xt−1 = →→→µt−1 +
→→→
Σt−1 F⊤t

7→7→7→
Σ−1

t (⇀⇀⇀xt − 7→7→7→µt), (27)

where →→→µt−1,
→→→
Σt−1 and 7→7→7→µt,

7→7→7→
Σt are the filtered and predicted mean and covariance matrix, respectively.

Proof. Given ⇀⇀⇀xt, the predecessor distribution to be maximized by definition (11) to obtain
⇀⇀⇀xt−1 is p(xt−1 |⇀⇀⇀xt, o1:T) = p(xt−1 |⇀⇀⇀xt, o1:t−1). Bayes’ theorem gives

p(xt−1 | o1:t−1) p(⇀⇀⇀xt | xt−1) = p(⇀⇀⇀xt | o1:t−1) p(xt−1 |⇀⇀⇀xt, o1:t−1). (28)

The left side consists of the transition probability and the filtered marginal at time t− 1,
which are both Gaussian. In the next step we apply the Gaussian refactorization lemma
(GRL [41,42,53]) to this product of two Gaussians and obtain the Gaussian representations
of the two terms from the right side in (28).

Nxt−1(
→→→µt−1,

→→→
Σt−1)N⇀⇀⇀xt

(Ft xt−1, Qt) = N⇀⇀⇀xt
(ζ, Φ)Nxt−1(ξ, Γ), (29)
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where

ζ := Ft
→→→µt−1, (30)

Φ := Ft
→→→
Σt−1 F⊤t + Qt, (31)

ξ := →→→µt−1 + G(⇀⇀⇀xt − ζ), (32)

Γ :=
→→→
Σt−1 −G Ft

→→→
Σt−1, (33)

and with G :=
→→→
Σt−1 F⊤t Φ−1. The proof is concluded with

⇀⇀⇀xt−1 = arg maxxt−1
p(xt−1 |⇀⇀⇀xt, o1:t−1) (34)

= arg maxxt−1
Nxt−1(ξ, Γ) = ξ, (35)

where ζ (30) and Φ (31) are the predicted mean 7→7→7→µt and covariance matrix
7→7→7→
Σt, respectively,

as given in Table 3 or in [10,17,34,37,65].

Lemma 1. Under Gaussian model assumptions (19)–(21), the set of MAP predecessor sequences
comprises the joint MAP assignment.

Proof. Decoding the MAP predecessors of a mode (or mean) effectively generates the joint
MAP sequence, as detailed in Lemma 2.

Lemma 2. Under Gaussian model assumptions (19)–(21) and observations o1:T , the following
methods yield identical results:

(i) Inferring the marginal means ↔↔↔µt;
(ii) Inferring the marginal MAP assignments ↔↔↔xt;
(iii) Inferring the MAP predecessors of ⇀⇀⇀xT := ↔↔↔xT ;
(iv) Inferring the joint MAP sequence x̂0:T .

↔↔↔µ0:T = ↔↔↔x0:T = ⇀⇀⇀x0:T = x̂0:T . (36)

Proof. (i) ≡ (ii): Under assumptions (19)–(21), the marginal posteriors of each xt given o1:T

are Gaussian p(xt | o1:T) = Nxt(
↔↔↔µt,
↔↔↔
Σt). Since mode and mean are identical for normal dis-

tributions, it follows that the marginal MAP estimates are ↔↔↔xt = arg maxxt
Nxt(

↔↔↔µt,
↔↔↔
Σt) =

↔↔↔µt.
(i) ≡ (iii): It holds that ↔↔↔xT = ↔↔↔µT . Note that the recursion formula for the smoothed

means, see Table 3, is identical to the decoding recursion (27); the output can only differ
because of different initializations. By initializing the predecessor decoder in the mean
⇀⇀⇀xT := ↔↔↔xT = ↔↔↔µT , both recursions yield identical sequences.

(i) ≡ (iv): The joint posterior corresponding to a model in which all factors are Gaus-
sian is a Gaussian p(x0:T | o1:T) = Nx0:T (m, Z), where m is the joint mean and Z is the joint
covariance matrix. Therefore, the joint MAP estimate is x̂0:T = m. By marginalization on
the joint Gaussian posterior, one sees that the joint mean is composed of the marginal
means m = ↔↔↔µ0:T , which concludes the proof.

Note that the equivalence of the decoding methods only holds for Gaussian models;
in particular, the predecessor decoder maximizes the joint distribution (4) only in the special
case where, at t = T, it is initialized in ⇀⇀⇀xT := ↔↔↔xT(=

↔↔↔µT = →→→µT). Starting the decoding process
in a different state will result in a different sequence, as demonstrated in [11].

An interesting aspect compared to the discrete case, where the Viterbi algorithm re-
quires keeping track of back pointers to best prior states in a separate index structure during
the forward pass, is that the predecessor decoder only requires the filtered marginals, which
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are computed during a standard forward filter pass. Appropriately, Algorithm 1 effectively
consists of a Kalman Filter on lines 3–7, which is extended to a dynamic decoder by adding
a backward predecessor decoding pass on lines 11–15. By initializing ⇀⇀⇀xt := →→→µt per default
on lines 8–10, the algorithm will decode the joint MAP sequence if not instructed otherwise.

Algorithm 1 Filtering and Predecessor Decoding in Gaussian Models.

1: function GAUSSDECODE(→→→µ0:t−1,
→→→
Σ0:t−1, ot [,⇀⇀⇀xt] | θ1:t)

2: Ft, Qt, Ht, Rt ← θt
▷ predicting

3: 7→7→7→µt ← Ft
→→→µt−1

4:
7→7→7→
Σt ← Ft

→→→
Σt−1 F⊤t + Qt

▷ updating
5: Kt ←

7→7→7→
Σt H⊤t (Ht

7→7→7→
Σt H⊤t + Rt)

−1

6: →→→µt ← 7→7→7→µt + Kt (ot − Ht
7→7→7→µt)

7:
→→→
Σt ←

7→7→7→
Σt − Kt Ht

7→7→7→
Σt

▷ decoding
8: if no ⇀⇀⇀xt then
9: ⇀⇀⇀xt ← →→→µt

10: end if
11: for s = t− 1 to 0 do
12: Fs+1, Qs+1 ← θs+1
13: Gs ←

→→→
Σs F⊤s+1 (Fs+1

→→→
Σs F⊤s+1 + Qs+1)

−1

14: ⇀⇀⇀xs ← →→→µs + Gs
(⇀⇀⇀xs+1 − Fs+1

→→→µs
)

15: end for
16: return →→→µt,

→→→
Σt,⇀⇀⇀x0:t

17: end function

4. Recursive Inference in Gaussian Mixture Models
In this section we assume that the factors in (4) are convex mixtures of linear Gaussians

p(x0) = ∑
→→→
N0
λ=1

→→→ωλ
0 Nx0(

→→→µλ
0 ,
→→→
Σλ

0 ), (37)

p(xt | xt−1) = ∑Nx
t

i=1 αi
tNxt(F i

t xt−1 + ai
t, Qi

t), (38)

p(ot | xt) = ∑No
t

j=1 β
j
tNot(H j

t xt + bj
t, Rj

t). (39)

The process parameters are stored in the tuple

Θt :=
〈

α
1:Nx

t
t , F1:Nx

t
t , a1:Nx

t
t , Q1:Nx

t
t , β

1:No
t

t , H1:No
t

t , b1:No
t

t , R1:No
t

t

〉
. (40)

Note that we do not assume stationarity, as our contributions address the general, non-
stationary setting. However, in many applications, some components of Θt (or the entire
tuple) are often assumed to be stationary or are adapted only gradually over time.

4.1. Marginal Inference

In case all model factors are linear Gaussian mixtures, the predicting, filtering, and
smoothing marginals also take the form of Gaussian sums:

p(xt | o1:t−1) = ∑
7→7→7→
Nt
ι=1
7→7→7→ωι

tNxt(
7→7→7→µι

t,
7→7→7→
Σι

t), (41)

p(xt | o1:t) = ∑
→→→
Nt
λ=1

→→→ωλ
t Nxt(

→→→µλ
t ,
→→→
Σλ

t ), (42)

p(xt | o1:T) = ∑
↔↔↔
Nt
k=1
↔↔↔ωk

t Nxt(
↔↔↔µk

t ,
↔↔↔
Σk

t ). (43)
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The recursive formulations for predicted (41) and filtered (42) weights, means, and
covariance matrices can be found in Table 4 and also in [11,45,46,54,62]. The undefined
factor in the filtering weights is a normalizing constant, η := 1

p(ot | o1:t−1)
, which ensures

that ∑→→→ω
ι,j
t = 1 and need not be specified explicitly. The recursive solution to the mix-

ture smoothing problem is elusive, as discussed in [56]. The problem is due to the pres-
ence of division by non-Gaussian densities as stated in [51], where it is proposed to per-
form non-recursive forward-filtering/backward-filtering for Gaussian-Sum smoothing.
The two-filter approach has since been used extensively, for instance, in [52–54]. It is based
on the decomposition

p(xt | o1:T) ∝ p(xt | o1:t) p(ot+1:T | xt),

where the terms from the right side can be solved by separate filters, one running forward
and the other backward in time, as illustrated in Table 4. In general, the backward filter
cannot be represented in moment form, that is, in terms of the mean and covariance matrix.
Instead, it is typically formulated in information form, which is why it is commonly referred
to as the backward information filter. However, in certain special cases, a moment-form
representation may still be possible.

Table 4. Marginal inference in Gaussian mixture models.

Filtering Two-Filter Smoothing
Prediction Update

graph

xt−1 xt

ot−1

xt−1 xt

ot−1 ot

xt−1 xt

xt

xt xt+1

ot−1 ot

ot+1

forward
filter

backward
filter

weights

means

covariances

indexing

re-indexing

7→7→7→ωλ,i
t := →→→ωλ

t−1 αi
t

7→7→7→µλ,i
t := Fi

t
→→→µλ

t−1 + ai
t

7→7→7→
Σλ,i

t := Fi
t
→→→
Σλ

t−1(Fi
t )
⊤ + Qi

t

(λ, i) ∈ 1:
→→→
Nt−1 × 1:Nx

t

ι ∈ 1:
7→7→7→
Nt :=

→→→
Nt−1Nx

t

→→→ω
ι,j
t := 7→7→7→ωι

t β
j
tNot (s

ι,j
t , Sι,j

t ) η

→→→µ
ι,j
t := 7→7→7→µι

t + Kι,j
t (ot − sι,j

t )
→→→
Σ

ι,j
t :=

7→7→7→
Σι

t − Kι,j
t H j

t
7→7→7→
Σι

t

(ι, j) ∈ 1:
7→7→7→
Nt × 1:No

t

λ ∈ 1:
→→→
Nt :=

7→7→7→
Nt No

t

forecasts

forecast cov.

gains

sι,j
t := H j

t
7→7→7→µι

t + bj
t

Sι,j
t := H j

t
7→7→7→
Σι

t(H j
t )
⊤ + Rj

t

Kι,j
t :=

7→7→7→
Σι

t(H j
t )
⊤(Sι,j

t )−1

The absence of a smoothing mixture recursion in the systematic approach of Table 4
(following Tables 2 and 3) has been the main motivation for [56,57], where a closed-form
solution to this problem is discussed. However, both papers are of a theoretical nature
and require practical considerations such as mixture reduction before being applicable to
real-world problems. The basic idea is to insert the mixture distribution before applying
Bayes’ theorem, which then results in dividing by component densities rather than dividing
by mixture density.

4.2. Mixture Decoding

Unlike in Gaussian models, the four inference methods used to decode sequence
estimates are no longer equivalent for mixture models, as demonstrated in Figure 2,
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which serves as a counterexample to Gaussian Lemmas 1 and 2 in the context of more
general models.

Remark 1. For general models, such as Gaussian mixture models (37)–(39), the equivalence
(Lemma 2) among the decoders does not hold

↔↔↔µ0:T ̸= ↔↔↔x0:T ̸= ⇀⇀⇀x0:T ̸= x̂0:T , (44)

as visualized in the example shown in Figure 2.

Figure 2. Exemplary Gaussian mixture representing the joint and marginal distributions of
two consecutive states xt−1 and xt, highlighting the different state estimations of decoding marginal
means ↔↔↔µt−1,↔↔↔µt, marginal MAPs ↔↔↔xt−1,↔↔↔xt, the joint MAP x̂t−1:t, and the MAP predecessor ⇀⇀⇀xt−1 of ↔↔↔xt.

For the sake of completeness, we include the following theorem, which, in essence,
was presented in [11].

Theorem 2 (Gaussian Mixture Predecessor Recursion). Consider a state observation model
under the assumptions of linear Gaussian mixture model (37)–(39). The MAP predecessor of a
given ⇀⇀⇀xt is

⇀⇀⇀xt−1 = arg max
xt−1

→→→
Nt−1

∑
λ=1

Nx
t

∑
i=1

⇀⇀⇀ωλ,i
t−1Nxt−1(

⇀⇀⇀µλ,i
t−1,

⇀⇀⇀
Σλ,i

t−1), (45)

where

⇀⇀⇀ωλ,i
t−1 := 7→7→7→ωλ,i

t N⇀⇀⇀xt
( 7→7→7→µλ,i

t ,
7→7→7→
Σλ,i

t ), (46)
⇀⇀⇀µλ,i

t−1 := →→→µλ
t−1 + Gλ,i(⇀⇀⇀xt − 7→7→7→µλ,i

t ), (47)
⇀⇀⇀
Σλ,i

t−1 :=
→→→
Σλ

t−1 −Gλ,i F i
t
→→→
Σλ

t−1, (48)

and with Gλ,i :=
→→→
Σλ

t−1 (F i
t )
⊤ (
7→7→7→
Σλ,i

t )−1.

Proof. The following derivation begins by noting that ⇀⇀⇀xt−1 maximizes the distribution
given in (17) and (18). It then proceeds by inserting the Gaussian mixture expressions
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for the transition model and the filtered marginal, combining the two sums, and finally
applying the refactorization lemma to the components:

p(xt−1,⇀⇀⇀xt | o1:t−1) = p(xt−1 | o1:t−1) p(⇀⇀⇀xt | xt−1)

=

→→→
Nt−1

∑
λ=1

→→→ωλ
t−1Nxt−1(

→→→µλ
t−1,

→→→
Σλ

t−1)
Nx

t

∑
i=1

αi
tN⇀⇀⇀xt

(F i
t xt−1+ ai

t, Qi
t)

= ∑λ ∑i
→→→ωλ

t−1 αi
tNxt−1(

→→→µλ
t−1,

→→→
Σλ

t−1)N⇀⇀⇀xt− ai
t
(F i

t xt−1, Qi
t)

= ∑λ ∑i
→→→ωλ

t−1 αi
tNxt−1(ξ

λ,i, Γλ,i)N⇀⇀⇀xt− ai
t
(ζλ,i, Φλ,i) (49)

= ∑λ ∑i
→→→ωλ

t−1 αi
tN⇀⇀⇀xt

(ζλ,i+ ai
t, Φλ,i)Nxt−1(ξ

λ,i, Γλ,i),

where the GRL from [41,42] was applied component-wise in (49), yielding

ζλ,i := F i
t
→→→µλ

t−1,

Φλ,i := F i
t
→→→
Σλ

t−1 (F i
t )
⊤ + Qi

t,

ξλ,i := →→→µλ
t−1 + Gλ,i(⇀⇀⇀xt − (ζλ,i + ai

t)),

Γλ,i :=
→→→
Σλ

t−1 −Gλ,i F i
t
→→→
Σλ

t−1,

with Gλ,i :=
→→→
Σλ

t−1 (F i
t )
⊤ (Φλ,i)−1. The proof is concluded with

⇀⇀⇀xt−1 = arg maxxt−1
p(xt−1,⇀⇀⇀xt | o1:t−1)

= arg maxxt−1 ∑λ ∑i
→→→ωλ

t−1 αi
tN⇀⇀⇀xt

(ζλ,i+ ai
t, Φλ,i)︸ ︷︷ ︸

⇒(46)

Nxt−1( ξλ,i︸︷︷︸
⇒(47)

, Γλ,i︸︷︷︸
⇒(48)

),

where Table 4 or [11,45,46,54,62] give →→→ωλ
t−1 αi

t =
7→7→7→ωλ,i

t , ζλ,i + ai
t =

7→7→7→µλ,i
t , and Φλ,i =

7→7→7→
Σλ,i

t .

The appropriate predecessor decoding algorithm (Algorithm 2) consists of mixture
filtering on line 2, which is followed by the dynamic mixture predecessor recursion per-
formed on lines 3–9, starting either in a specified point of interest or in the marginal MAP
(per default). Similar to mixture predicting and updating (Table 4) the double-sums in (45)
are reformulated into equivalent single-sum representations (line 7) by re-indexing the

components over ι ≡ (λ, i), which then goes from 1 to
⇀⇀⇀
Nt−1 :=

→→→
Nt−1 Nx

t . Finally, a mixture
reduction is performed on line 10.

From a purely theoretical perspective, the reduction step on line 10 is optional. How-
ever, in practical Bayesian inference applications involving mixture distributions, reduction
is both necessary and standard, as the number of components would otherwise increase
exponentially. As discussed in [45,46], the weights associated with numerous components
become negligible, allowing for their exclusion without introducing significant error. Ad-
ditionally, components tend to converge to similar values, facilitating their combination.
Extensive research has been conducted based on this prune and merge paradigm to reduce
the number of components while maintaining a high level of approximation. One widely
used reduction technique involves computing pairwise similarities based on the Kullback-
Leibler divergence [54,62]. Alternative reduction methods can be found in [63,64]. In any
case, the reduced Gaussian mixture should consist of fewer components, i.e., Mt <

→→→
Nt,

where Mt may be treated as a design parameter.
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Algorithm 2 Filtering and Predecessor Decoding in Gaussian Mixture Models.

1: function MIXDECODE(
→→→
ℵ0:t−1, ot [,⇀⇀⇀xt] |Θ1:t)

▷ mixture filtering

2: →→→ω1:
→→→
Nt

t ,→→→µ1:
→→→
Nt

t ,
→→→
Σ1:

→→→
Nt

t
Table 4←−−− ⟨

→→→
ℵt−1, ot, Θt⟩

▷ mixture decoding
3: if no ⇀⇀⇀xt then

4: ⇀⇀⇀xt ← arg max
xt

→→→
Nt
∑

λ=1

→→→ωλ
t Nxt(

→→→µλ
t ,
→→→
Σλ

t )

5: end if
6: for s = t− 1 to 0 do

7: ⇀⇀⇀ω1:
⇀⇀⇀
Ns

s ,⇀⇀⇀µ1:
⇀⇀⇀
Ns

s ,
⇀⇀⇀
Σ1:

⇀⇀⇀
Ns

s
(46)−(48)←−−−−− ⟨

→→→
ℵs,⇀⇀⇀xs+1, Θs+1⟩

8: ⇀⇀⇀xs ← arg max
xs

⇀⇀⇀
Ns
∑
ι=1

⇀⇀⇀ωι
sNxs(

⇀⇀⇀µι
s,
⇀⇀⇀
Σι

s)

9: end for
▷ mixture reduction

10: approximate
→→→
Nt
∑

λ=1

→→→ωλ
t Nxt(

→→→µλ
t ,
→→→
Σλ

t ) by
Mt
∑

λ=1

⇝⇝ωλ
t Nxt(

⇝⇝µλ
t ,
⇝⇝
Σλ

t ) where Mt <
→→→
Nt

11:
→→→
ℵt ← ⟨⇝⇝ω1:Mt

t ,⇝⇝µ1:Mt
t ,

⇝⇝
Σ1:Mt

t ⟩

12: return
→→→
ℵt,⇀⇀⇀x0:t

13: end function

The problem of maximizing multivariate Gaussian mixtures, also known as mode
finding, has received comparatively limited attention in the literature. This task can be
addressed using iterative numerical methods [66–68], or alternatively, by selecting the most
probable component mean as a greedy approximation [69,70]. Consequently, in contrast
to the Gaussian case, Bayesian inference involving mixture distributions can only be
performed approximately. In addition to the reduction of Gaussian mixtures on line 10,
their maximization, on lines 4 and 8 in Algorithm 2, may also result in the introduction of
approximation errors.

Algorithms 1 (GAUSSDECODE()) and 2 (MIXDECODE()) are designed for real-time
applications that aim to dynamically decode coherent state trajectories ⇀⇀⇀x0:t with each new
observation ot. As t→ ∞, it may be necessary to consider early stopping of the decoding
recursions. A potential criterion for stopping could involve detecting when the current
predecessor sequence closely approaches a previously decoded sequence. A thorough
convergence analysis could be the focus of future work. For offline applications, where
a finite observation sequence o1:T is given from the outset, the best practice is to run the
forward filtering pass and the backward decoding pass separately.

5. Quantum-Based Inference
This section provides a comparative analysis of the discussed decoders. By utiliz-

ing the distinct detection patterns observed in the single- and double-slit experiments
(Figure 3), we aim to infer the lateral movement of a non-stationary detector. The double-
slit experiment, first conducted by Thomas Young in 1801, is one of the most famous
experiments in the history of physics, providing critical insights into the nature of light
and matter. The original experiment involved a light source shining through two closely
spaced slits, producing an interference pattern on a stationary detector placed behind the
slits. This pattern, with alternating bright and dark bands, indicated a wave-like nature
of light. The experiment has been extended to particles, such as electrons, revealing that
the wave-particle duality extends beyond just light and challenges classical notions of
physics [12–14].
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|ΨI(x)|2

particle gun

x

stationary
detector

(a) Detection pattern with a single-slit configuration.

|ΨII(x)|2

particle gun

x

stationary
detector

(b) Detection pattern with a double-slit configuration.

Figure 3. Slit experiments and interference patterns with stationary detectors.

In this paper, we do not engage in the philosophical discussion regarding the under-
lying reasons for the occurrence of interference patterns; rather, we only presume their
presence for the simulation experiment discussed in this section. The manifestation of
interference patterns has been repeatedly shown through numerous experiments using
various slit configurations and different quantum particles, including atoms and some
molecules. The analytical form of the detection patterns has also been studied, for instance,
in [15,71]. These forms emerge from applying the Born rule to the wavefunction Ψ [12].
For the slit experiments specifically, |Ψ(x)|2 consists of sinc- and cos-terms accounting for
diffraction and interference effects, respectively, and is parameterized by wavenumber k
or wavelength λ(= 2π/k), slit width a, slit separation d, and slit-to-detector distance ℓ.
Noteworthy, the detection pattern of the double-slit has a single-slit envelope. We will
consider experiments with setup

k := 5.11× 1011 m−1, a := 50 nm, d := 250 nm, ℓ := 1 m. (50)

The wavenumber k in (50) corresponds to electrons with a kinetic energy of 10 keV, which
have a de Broglie wavelength of approximately 0.0123 nm.

Contrary to the classical experiment, we simulate a detector non-stationary in x-
direction, with the aim of inferring its lateral movement from sequential quantum particle
detections. The state variable is x = (x, v)⊤ ∈ R2, where x is the lateral position and v the
velocity. In the following we formulate appropriate state observation models and evaluate
the different inference and decoding methods on simulated data.

5.1. Observation Models

Since the analytic forms of the detection patterns are well known, we use a model-
based approach to approximate |ΨI(x)|2 and |ΨII(x)|2 by appropriate Gaussian and Gaus-
sian mixture pdf’s, respectively. The single-slit pattern is approximated by a Gaussian

o ∼ |ΨI(x)|2 ∝ sinc2
( axk

2ℓ

)
→ pI(o | x) ≈ No(H x, RI), (51)

with stationary parameters

H :=
(

1 0
)

, RI :=
(

σ2
I

)
, σI :=

√
6ℓ2

a2k2 . (52)
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The detection pattern for the double-slit is approximated by a Gaussian mixture

o ∼ |ΨII(x)|2 ∝ sinc2
( axk

2ℓ

)
cos2

(dxk
2ℓ

)
→ pII(o | x) ≈

no

∑
j=−no

βjNo(H x + bj, RII), (53)

with a total number of No := 2 no + 1 components, and

bj :=
2jπℓ

dk
, RII :=

(
(0.6 σII)2

)
, σII :=

√
6ℓ2

(a2 + 3d2)k2 , βj := η sinc2
( abjk

2ℓ

)
, (54)

where η normalizes the weights such that ∑ βj = 1. Again, all parameters are stationary.
The terms for the standard deviations σI and σII were determined by Taylor expansion and
curvature matching. The mixture components were additionally narrowed such that the
minima approach zero; this was achieved by specifying a coefficient < 1 of σII inside the
covariance matrix RII in (54).

For a fair comparison with the uni-modal Gaussian approximation, the component
number for the multi-modal mixture was set to no := ⌈ d

a ⌉ (= 5), ignoring diffraction effects,
occurring at much lower magnitude and further beyond the range shown in Figure 3, yet
indicated in Figure 4. Increasing no would generate components at distant diffraction
maxima, leading to more accurate approximations.

-400 -200 0 200 400

x (μm)

p

(a) Single-slit pattern and Gaussian approximation.

-400 -200 0 200 400

x (μm)

p

(b) Double-slit pattern and Gaussian mixture approximation.

Figure 4. Gaussian mixture approximations (dashed) of interference patterns (solid).

Note that the inference methods are not limited to the presented approximations; in
particular, they are not restricted to model-based approximations. When actual detection
data is available, data-driven approximations can be employed. However, the model-based
approximations in (52) and (54) offer the advantage of scaling appropriately with the
parameters of the experimental setup (50).

In the slit experiments, the likelihoods pI(o | x) and pII(o | x) may be interpreted as
reconstruction-attempts of possible quantum waveforms |ΨI(x)|2 and |ΨII(x)|2, before they
collapsed into the particle observation o.

5.2. Transition Model and Initialization

We consider inferring the sequence of positions xt ∈ R and velocities vt ∈ R of an
object (detector) xt = (xt, vt)⊤ ∈ R2 from a sequence of noisy position observations ot ∈ R.
For the transition model, we specify that the motion of the object retains a constant velocity
over the interval ∆t between two time steps but can experience a random acceleration with
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standard deviation σacc. Hence, we set p(xt | xt−1) = Nxt(F xt−1, Q), i.e., a linear Gaussian
with stationary parameters

F :=

(
1 ∆t
0 1

)
, Q :=

(
1
3 ∆t3 1

2 ∆t2

1
2 ∆t2 1

3 ∆t

)
σ2

acc, (55)

specifying ∆t := 1 s and σacc := 3 µm/s2. The initial state was p(x0) = Nx0(
→→→µ0,
→→→
Σ0) with

→→→µ0 :=

(
0
0

)
,
→→→
Σ0 :=

(
1 0
0 1

)
σ2

I . (56)

5.3. Evaluation and Implementation

Having specified the observation models, the transition model, and the initial state
distribution, we can sample a trajectory that constitutes the hidden ground truth, along
with corresponding observations. A sample trajectory x∗0:100, together with the associated
double-slit detection samples o1:100, is shown in Figure 5, featuring an absolute distance
traveled of 317.05 µm.
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Figure 5. Double-slit experiment with a non-stationary detector. The simulated hidden ground truth
of the 1D-movement is shown as a dotted line with double-slit detections as gray circles.

All data and parameters required to perform Bayesian inference evaluations have
now been specified. The evaluation results, illustrated in Figure 6, are based primarily
on straightforward implementations of the recursive marginal inference methods from
Tables 3 and 4, and of the recursive MAP inferences methods GAUSSDECODE() and MIXDE-
CODE() from Algorithms 1 and 2, respectively. For the implementation of an accurate
two-filter smoother, the results of which are shown in Figure 6d, we refer to [54].

To prevent exponential growth in the number of mixture components, a reduction
technique was applied to each filtered and smoothed distribution. This was achieved by
pruning components with weights below a certain threshold (i.e., →→→ωλ

t < 0.01 and↔↔↔ωk
t < 0.01),

followed by merging similar components based on the Bhattacharyya distance [61]. Each
mixture was limited to at most Mt := No (= 11) components. Mixture maximization was
implemented by selecting the component mean with the highest probability. Note that this
technique may perform poorly if the components are clustered rather than sparse. In such
cases, we recommend initializing gradient-based optimization or hill-climbing techniques at
each component mean.

While the specific mixture reduction or maximization technique is not critical, it is
important for the comparison to apply the same techniques consistently across all Bayesian
inference methods. Compared to Gaussian filtering, -smoothing, -decoding, and -mixture
decoding, which had negligible computation time, the evaluation of mixture filtering and
smoothing required a few seconds per run, primarily due to the computation of pairwise
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component distances in the mixture reduction step. All computations were performed on a
business-grade notebook.
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(a) Filtering results with a Gaussian observation model.
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(b) Filtering results with a Gaussian mixture observation model.
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(c) Smoothing results with a Gaussian observation model.
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(d) Smoothing results with a Gaussian mixture observation model.
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(e) Decoding results with a Gaussian observation model.
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(f) Decoding results with a Gaussian mixture observation model.

Figure 6. Inference results under Gaussian model or one-slit assumptions (a,c,e) and under Gaussian
mixture model or double-slit assumptions (b,d,f). The ground truth trajectory is dotted, gray circles
indicate the observations, and distributions are plotted in gray scale for each t. Trajectory estimates
(solid black lines) are obtained by posterior decoding, i.e., maximizing the marginal distributions in
(a–d), respectively by predecessor decoding in (e,f).

6. Discussion
The evaluation results shown in Figure 6 illustrate the different characteristics of the

individual inference methods. Filtering (Figure 6a,b) is more prone to errors in the observa-
tion data, as marginals only depend on previous observations. Smoothing (Figure 6c,d) is
based on previous and future observations, the smoothed distributions are more compact,
and estimation outliers are largely eliminated. Predecessor decoding (Figure 6e,f) utilizes
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previous observations and future state estimates, resulting in more plausible sequences that
better reflect the assumed transition behavior. In the context of the quantum-based tracking
example, this improvement is reflected in the distance error, defined as the difference
between the estimated distance traveled and the true distance traveled, which amounts to

• +1468.66 µm for Gaussian filtered (Figure 6a);
• −105.21 µm for Gaussian smoothed (Figure 6c) and decoded (Figure 6e);
• +837.53 µm for Mixture filtered (Figure 6b);
• +1070.44 µm for Mixture smoothed (Figure 6d);
• Only +0.62 µm for the Mixture decoded trajectory (Figure 6f).

Under non-Gaussian conditions, only the predecessor decoder was able to generate
coherent state estimates and plausible sequences. This is more significantly demonstrated
in the distance error distribution charts shown in Figure 7b.

While Figure 6 illustrates one evaluation round, the error statistics in Figures 7 and 8
are based on 10,000 evaluation rounds, where in each round, the ground truth trajectory
and associated double-slit observations were sampled randomly according to the specified
model. The filtering methods have relatively poor error statistics, in particular with regard
to the distance error. Gaussian smoothing and Gaussian decoding perform identically as
both were initialized identically in each round. Mixture filtering, smoothing, and decoding
have comparable good position accuracies. However, with mixture filtering and smoothing,
the distance error accumulates significantly over time, whereas the decoder strictly acts
according to the transition model and produces coherent state estimates, resulting in low
distance errors. The relatively reasonable performance of the (single) Gaussian decoder
and smoother can be attributed to the fact that, in the considered experiment, the mixture
(double-slit) components are enveloped by a Gaussian-like (single-slit) function.
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Figure 7. Error statistics for all inference methods based on 10,000 evaluation rounds.
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Figure 8. RMSE diagram comparing all inference methods based on 10,000 evaluation rounds.
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Note that both Gaussian and mixture-based inference methods were evaluated on
double-slit observation data. We deliberately omitted separate sampling of single-slit
observation data to enable direct comparability. However, the comparison presented in
Figures 6–8 can be interpreted not only as a contrast between Gaussian and mixture-based
inference but also as a comparison between classical and quantum-based inference and,
finally, between single- vs. double-slit-based inference:

Gaussian vs. Mixture Model is the destined and mathematically motivated interpretation,
highlighting the behavior induced by the models across the discussed inference meth-
ods. The Gaussian model constitutes an oversimplification; in particular, Gaussian
distributions are underfitting the double-slit pattern. In contrast, the more com-
plex Gaussian mixture model reduces the model error (bias) by better capturing the
interference sub-patterns.

Classical vs. Quantum Particles is an applicable interpretation for the considered exper-
iment setup. For classical or real particles, the expected detection pattern in a
double-slit experiment would form a bimodal mixture. However, because the dis-
tance between the two slits is small relative to the detector distance, the resulting
modes would significantly overlap, effectively resembling a single Gaussian. Thus,
the single Gaussian model approximates the classical outcome, supporting this inter-
pretation. But beware of the counterintuitive nature of the subject: If we try to gather
additional information about the particle, e.g., by sensing through which slit it went,
then this would slightly improve the accuracy with real particles but increase the
uncertainty with quantum particles, as the observation at the slit instantly collapses
the waveform such that we cannot exploit interference patterns at the detector.

Single vs. Double-Slit interpretation of the comparison for quantum particles remains
reasonable, as the double-slit pattern is enveloped by a single-slit profile and as the
specified mixture approximation preserves symmetry. Whether and how the addition
of more slits, leading to more complex interference patterns, improves the inference
results remains an open question.

The results indicate that mixture-based inference methods can efficiently exploit the
fundamental uncertainty of the state of quantum particles to increase the certainty of
states of a real object, e.g., the movement of a non-stationary detector sensing double-
slit observations. This study was conducted entirely through simulation, and the results
strongly support the effectiveness of the mixture-based predecessor decoder in particular.
While these findings are promising, they remain theoretical in nature. As such, experimental
validation is an essential next step to assess the practical applicability and robustness of
these methods in real-world physical systems. Unfortunately, the authors are no experts
in this field and would encourage quantum physicists and experimental researchers to
investigate these results further through empirical studies and laboratory experiments. If
the quantum interpretations are deemed inapplicable for any reason, the results should be
considered solely in the fallback Gaussian vs. Mixture Model interpretation.

In essence, the double-slit experiment, with its multimodal interference patterns,
served as an exemplary demonstration for showcasing the potential of the recursive
Bayesian decoder. Further applications of this method, particularly in signal processing,
are under consideration and will be explored in future work.

General Discussion and Conclusions

Decoding MAP predecessors has a comparable complexity to decoding marginal
MAP assignments since both methods maximize marginal state distributions. However,
by conditioning each marginal on the previously decoded estimate during the backward
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recursion, predecessor decoding achieves coherent estimates, a characteristic akin to the
joint MAP. It has been reasoned that predecessor decoding, being relatively new, has not
yet been thoroughly discussed in the literature. One reason is that recursive smoothing in
Gaussian models already yields the joint (and thus coherent) MAP assignment, spoiling
the contributions of another such decoder. Another important reason is that, until recently,
no analytic solution existed for recursive smoothing in mixture models (see [56]). In the
context of mixture models, neither the recursive nor the non-recursive two-filter smoother
produces the joint MAP, unlike in the case of Gaussian models. However, the process of
recursively decoding the MAP predecessors constitutes the MAP inference analog to the
marginal inference task of recursive smoothing. This analogy becomes apparent in Figure 9
in a side-by-side comparison of the graphical interpretations of both methods. Finally,
we note that backward decoding seamlessly integrates with forward filtering, making it
inherently applicable wherever a Bayesian filter is utilized.

x0 . . . xt xt+1 . . . xT

. . . ot ot+1 . . . oT

xT. . .xt+1xt

forward filtering

backward correcting

(a) Recursive Bayesian Smoothing.

x0 . . . xt xt+1 . . . xT

. . . ot ot+1 . . . oT

→→→xT. . .⇀⇀⇀xt+1
⇀⇀⇀xt

forward filtering

backward decoding

(b) Recursive Bayesian Decoding.

Figure 9. Analogous inference graphs of recursive smoothing and recursive predecessor decoding.
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