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Abstract: In complex reliability applications, it is common for the failure of an individual or
an item to be attributed to multiple causes known as competing risks. This paper explores
the estimation of the Hjorth competing risks model based on an adaptive progressive Type
II censoring scheme via a binomial removal mechanism. For parameter and reliability
metric estimation, both frequentist and Bayesian methodologies are developed. Maximum
likelihood estimates for the Hjorth parameters are computed numerically due to their
intricate form, while the binomial removal parameter is derived explicitly. Confidence
intervals are constructed using asymptotic approximations. Within the Bayesian paradigm,
gamma priors are assigned to the Hjorth parameters and a beta prior for the binomial
parameter, facilitating posterior analysis. Markov Chain Monte Carlo techniques yield
Bayesian estimates and credible intervals for parameters and reliability measures. The
performance of the proposed methods is compared using Monte Carlo simulations. Finally,
to illustrate the practical applicability of the proposed methodology, two real-world com-
peting risk data sets are analyzed: one representing the breaking strength of jute fibers and
the other representing the failure modes of electrical appliances.

Keywords: reliability; Hjorth competing risks; censoring; binomial mechanism; Bayesian;
Markov chains; data modeling

MSC: 62F10; 62F15; 62N01; 62N02; 62N05

1. Introduction

In various research fields, especially in medicine and engineering, unit failures often
result from multiple competing causes. The data collected in such scenarios are known as
competing risk data. Analyzing this type of data is essential for understanding the influ-
ence of one failure cause while accounting for the presence of others. Traditional methods
typically focus only on failures attributed to a single cause, treating other failure types as
censored data. However, this approach overlooks critical information about the underlying
failure mechanisms, potentially leading to inaccurate reliability and survival estimates
which are the key goals of these analyses. In studies involving competing risks, data typi-
cally comprise two key elements: the time until failure for the units under observation and
a categorical indicator that identifies the specific cause of failure. Our methodology in this
work adopts the latent failure time framework introduced by Cox [1], which assumes that
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the different causes of failure are statistically independent. Within this field, researchers
have predominantly applied various probability models to describe observed lifetime data.
The primary focus of research has been parametric estimation methods, particularly em-
ploying maximum likelihood and Bayesian approaches. In contrast, reliability assessment
and survival analysis have received relatively less attention in comparison. Several studies
in this field include contributions by Kundu and Basu [2], Park [3], Wang [4], Park and
Wang [5], and Alok et al. [6], among others.

A principal challenge in the analysis of competing risk data lies in selecting an appro-
priate statistical probability distribution for modeling such data. The statistical literature
offers a wide array of models designed for various data types across multiple disciplines.
This study focuses on the Hjorth (Hj) distribution, a relatively underexplored model in the
context of competing risks, introduced by Hjorth [7]. The Hj distribution stands out for its
remarkable flexibility, as it can accommodate four distinct hazard rate patterns: constant,
increasing, decreasing, and bathtub-shaped. Despite being defined by only a single scale
parameter and one shape parameter, it provides greater modeling versatility compared to
other two-parameter distributions, such as the Weibull and gamma models. As noted by
Hjorth [7], the reliability function (RF) of the Hj distribution can be expressed as the product
of the RFs of the Rayleigh and Lomax distributions. This unique property allows the Hj
distribution to serve as a natural candidate for modeling competing risks scenarios. Despite
its demonstrated adaptability, there is limited research exploring the application of the
Hj distribution in reliability and survival analysis, particularly in estimating its unknown
parameters or related reliability metrics, like RF and hazard rate function (HRF). Notable
exceptions include the works of Yadav et al. [8] and Elshahhat and Nassar [9]. The de-
tailed description of the Hj distribution within the context of the competing risks model
is discussed in the following section, which includes the definition of several structural
functions, such as the probability density function (PDF), cumulative distribution function
(CDF), RF, and HRFE.

Another challenge researchers encounter when analyzing competing risk data is
deciding whether to collect data on the failure of all units in the sample or to terminate
the test before all units fail. In practice, gathering complete data on all tested units can
be time-consuming and costly, particularly for highly reliable products which are now
more common due to technological advancements. In such cases, researchers often opt
for censoring sampling methods, which help reduce both costs and experimental duration.
In the literature, various censoring schemes are available, each with its own unique features
and advantages. One widely used censoring plan is the progressive Type II censoring
(PTIIC) scheme, which allows researchers to remove some surviving units from the test
according to a pre-specified censoring plan. More detailed information regarding the PTIIC
can be found in Balakrishnan and Aggarwala [10], Balakrishnan and Hossain [11], Wu and
Gui [12], and Baklizi [13]. A more flexible and efficient censoring plan was introduced
by Ng et al. [14], designed to enhance the performance of statistical inference methods
while ensuring that the test concludes with a fixed number of failures. This approach is
known as the adaptive PTIIC (APTIIC) plan. Under the APTIIC framework, researchers can
adjust the experimental design by changing the removal of test units once a specific time
point is reached. This plan provides greater adaptability in handling real-world constraints.
The APTIIC scheme has garnered significant attention in the literature, with numerous
researchers exploring its applications; for instance, Haj Ahmad et al. [15], Panahi and
Asadi [16], Lv et al. [17], and Sharma and Kumar [18]. Later, Anakha and Chacko [19]
suggested a joint APTIIC plan.

The APTIIC plan typically assumes a fixed progressive censoring scheme throughout
the testing process. Nonetheless, in certain real-world contexts, the removal of units may
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occur randomly rather than adhering to a predetermined pattern. Yuen and Tse [20] em-
phasized that in some studies, researchers might determine it is inappropriate or unsafe
to continue monitoring specific units, even if those units have not yet failed. In such
instances, units are randomly removed following each failure. To model random removal
patterns, three approaches have been employed in the literature: discrete uniform removals,
binomial removals, and beta-binomial removals. In this study, we chose to model random
removal using the binomial distribution for several important reasons. First, it naturally
represents the process of a random number of removals occurring over a fixed number
of independent trials, which aligns with the assumption that each item has an equal and
independent chance of being removed. Second, the binomial distribution is simple and
interpretable, requiring only one parameter, the probability of removal, which is easy to
estimate and explain. In contrast, alternatives like the beta-binomial distribution introduce
additional parameters, increasing model complexity. Similarly, the discrete uniform dis-
tribution assumes equal probability across all possible removal counts, which does not
reflect realistic variability. For further details, see Singh et al. [21] and Elbatal et al. [22].
The random removal strategy is frequently considered more practical than fixed-pattern
censoring, particularly within the framework of competing risks models. This approach has
been employed in studies conducted by Chacko and Mohan [23] and Qin and Gui [24]. Re-
cently, Elshahhat and Nassar [25] expanded the APTIIC framework by integrating binomial
removals and investigated the estimation challenges associated with the Weibull lifetime
model. Additionally, Algasem et al. [26] analyzed the Burr-X competing risks model under
the APTIIC scheme with binomial removals, further illustrating the applicability of this
methodology in reliability analysis.

In this study, we utilize the APTIIC plan with a binomial removal pattern to analyze
the Hj distribution within the context of a competing risks model. To the best of our
knowledge, no prior research has explored the Hj distribution under the framework of
competing risks models, despite its potential applicability in modeling real-world scenarios.
Our work can be justified based on the following points:

1. The Hj distribution is highly significant in modeling diverse types of data due to its
flexible HRF and its broad applicability across various fields.

2. The APTIIC strategy with binomial removals is more suitable for data collection com-
pared to the traditional fixed removal approach, as it better accommodates random
patterns in real-world data.

3. The use of the competing risks model is crucial for analyzing data involving multiple
failure causes, which cannot be effectively addressed using conventional methods.

These considerations highlight the novelty and practical relevance of our proposed ap-
proach. The primary objective of this paper is to explore the estimation of the Hj competing
risks model under the APTIIC scheme with binomial removals. To achieve this, we employ
two estimation approaches: maximum likelihood estimation and Bayesian estimation.
The analysis encompasses both the model parameters and two key reliability metrics,
namely the RF and HRE. First, we derive the maximum likelihood estimates (MLEs) and
construct approximate confidence intervals (ACls). Additionally, we compute Bayes esti-
mates (BEs) and Bayesian credible intervals (BCls). The Bayesian estimation is performed
using the squared error (SE) loss function, along with the Markov Chain Monte Carlo
(MCMC) technique for computational implementation. To evaluate the performance of
the proposed methods, we conduct a simulation study to compare the MLEs, BEs, AClIs,
and BClIs. Finally, we validate the proposed estimation techniques by applying them to
real-world data sets.

The remainder of this study is structured as follows: Section 2 presents the derivation
of the Hj competing risks model and discusses the APTIIC methodology in conjunction
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with binomial removals. Section 3 elaborates on the MLEs and ACIs for the parameters
of the Hj competing risks model, as well as the associated reliability metrics. In Section 4,
the BEs and their corresponding BCls are examined. Section 5 outlines the simulation study
conducted as part of this research. Section 6 analyzes two real data sets, while the paper
concludes with Section 7.

2. Model Description and Notation

This section presents the model and the structure of the available data. Suppose n
identical units are tested starting at time zero, with their lifetimes denoted by Xj, ..., X;.
Under the assumption that failures can occur due to two distinct causes, it is assumed for
i=1,...,nthat X; = min(Xj;, X;2), where X; represents the observed failure time of the ith
unit. Here, Xj; corresponds to the latent failure time of the ith unit due to the kth cause of
failure (k = 1,2). Additionally, it is assumed that X;; and X, are independently distributed,
with each following the Hj distribution. The PDF and CDF of the Hj distribution with scale
parameter yy and shape parameter Ay, k = 1,2, can be expressed, respectively, as

8 e M) = (1+20) DA 4 (14 x)]e ™95, x> 0, gy, Ay > 0, (1)

and
Gr(x; p, A) =1— (14 x)‘Ake_O'S”k"Z. ()
The RF and HRF of X; = min(X;;, Xj2) can be simply derived, respectively, as
2 2
S(tp) = [T+ £) Me 02, 3)

k=1

and

[t + A (14171, (4)

nglS

h(t; ) =

k

1

where ¢ = (1, i, A1, A2) | is the full parameter vector.

The APTIIC methodology under competing risks, incorporating binomial removals,
operates as follows: We let m (< n) denote the predetermined target number of failures
and let R = (Ry, Ry, ..., Ry) represent the pre-specified removal scheme established prior
to experimentation. A time threshold T € (0, o) is defined as the intended maximum test
duration, though the experiment may continue beyond T if necessary. At the occurrence of
the first failure time Xj.y;.,, Ry surviving units are randomly removed from the remaining
non-failed items. This procedure repeats iteratively: For the ith failure time Xj.;;.,,, R;
surviving units are eliminated randomly from the remaining units. In this case, we have
two termination scenarios:

1. Early Termination: If the mth failure occurs before T (i.e., Xyy::n < T), the experiment
concludes at Xy;.;:n, adhering to conventional PTIIC.

2.  Time-Exceeded Adaptation: If X,.;m.n > T, the removal scheme is modified: All
scheduled removals after the dth failure (where d denotes the number of failures
observed before T) are suspended by setting R; = O fori =d +1,...,m — 1. Post-
adjustment, no further removals occur until the mth failure time. At this stage, all
remaining surviving units (R* =n —m — Z?Zl R;) are removed.

The resulting APTIIC sample under competing risks consists of the following:

(1) Failure times X1.:n, X2, - - - » Xme:men, (2) Corresponding removal counts R = (Ry,

Ry,...,Ry,0,...,0,R*), and (3) Competing risk indicator d;,i = 1,...,m for each ob-

served failure.
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Lr(R =

We let x; = Xj.,., for simplicity, x = (x1,..., %4, X441, ..., Xn) is an observed APTIIC
with competing risks sample obtained from the Hj population, and I(é; = k) refers to an
indicator function such that

1, 6=k
I(6; =k) = T .
(6 =) { 0 else
Then, after ignoring the constant term, we can write the joint likelihood function of
the observed data as follows:

LigxR=1) = [0 Galx)]} D {ga(x)[1 — Gy (xp)]} 62
i=1

*

d
x T = Gi@)][1 = G2(x) ]} {[1 = Ga(xm)][1 = Ga(x) ]}, (5)
i=1

with my = Y"1 I(6; = k), for k = 1,2, represents the count of observed failures attributed
to cause k, with the total number of failures given by m = mj + my. We choose the
APTIIC scheme over conventional censoring methods for several compelling reasons. First,
the APTIIC dynamically adjusts the censoring process based on observed data, allowing the
experiment to conclude near a predetermined threshold time. This is especially valuable
for high-reliability products where failures are rare, as it prevents unnecessarily long
test durations. Second, if failures occur more slowly than expected, the APTIIC halts
the removal of remaining units after the threshold time and continues until the required
number of failures is observed. Unlike the progressive Type I hybrid censoring scheme
proposed by Kundu and Joarder [27], which may result in insufficient sample sizes when
failures are infrequent, APTIIC guarantees the collection of the pre-specified number of
failures. This ensures more reliable statistical inference by minimizing the risk of invalid or
inefficient estimates due to inadequate data.

According to the methodology of Elshahhat and Nassar [25], the removal process R;
at the ith failure stage is modeled using a binomial distribution with parameter 6. In this
framework, each surviving unit at the time of the ith failure has an identical probability
6 of being removed from the experiment. The probability mass function (PMF) for the
random removal R; is defined by two parameters: (1) n; =n —m — 2;';% ri: The number of
surviving units available just before the ith failure, adjusted for prior removals. (2) 6: The
constant removal probability for each surviving unit. In this case, we can write the PMF of
R; as

k
n;

P(Rl = 1’1'|Ri,1 =Ti-1,-- .,Rl = 7’1) = ( )91’,(1 - 6)7177117):;(:1 rk, (6)

i

where 0 <r; <n7 fori =1,2,...,d. Accordingly, one can easily write the joint probability
of Ri=r;,i=1,2,...,d,as

I';Q) = P(Rl = Tl)P(Rz = 1’2|R1 = 1’1) XX P(Rd = rd|Rd71 = rdflr-“/Rl = 1’1). (7)

It follows from (6) and (7) that

d * )
LZ(R .. 9) _ |;[T <I’li )] 02‘;’:1 ri(] B G)d(nfm)fzf-i:l(dfﬂrl)r,v. (8)

i=1 \Ti

This binomial model ensures that the removal process accounts for the decreasing
number of surviving units as the experiment progresses. From (5) and (8), it is evident
that the binomial parameter is independent of the Hj competing risks model. Therefore,
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as demonstrated in the following section, we separately derive the classical and Bayesian
estimations for these two types of parameters.

3. Maximum Likelihood Estimation

We have an observed APTIIC sample x from a population subject to competing risks
under the Hj model with removal counts (Ry, ..., R;) generated via a binomial process.
Then, the likelihood function for the unknown parameters 3 can be constructed as follows
using the PDF defined in (1), the CDF in (2), and the likelihood formulation in (5), excluding
constant terms:

2 my
Li(g;x|R=1) = eXP{ Y Y loglAk + puexi(1+x;)] — (A + A2)Wy — (g + ﬂz)Wz}, )
k=1i=1
where
m d
Wy = Z log(1+ x;) + Z rilog(1+ x;) + r*log(1 + xp)
i=1 i=1
and

m d
W, =05 (2 X+ Y ik + r*xi).

i=1 i=1

The log likelihood function of (9) takes the following form:

2 my

Lg;xR=1) = )Y Y log[Ar+mexi(14x;)] — (A1 + A2) Wy — (1 + pi2) Wa. (10)
k=1i=1

Taking the first-order partial derivatives of the objective function defined in (10) with
respect to the parameters results in a system of normal equations, these equations must be
solved simultaneously. They are given by

ol (P;x|R =) ua xi(1+x;)
Rt <25 YA — W, =0, 11
ou1 2 )\1+y1x1(1+x1) 2 (1)
ol (;x|R =1) - xi(1+ x;)
iz 2 Mo+pxi(l+x) 0 (12
h(pxR=r) _ 1
oAy 1; A+ prxi(1+ x;) ! (13)
and
L (P; xR =r) e 1
9z l; Ag + paxi(1+ x;) ! (14

From the preceding expressions, it is evident that the normal equations for the Hj
competing risks model parameters do not yield a closed-form solution. Consequently,
the MLEs of the parameters cannot be derived analytically. To address this issue, numerical
approximation techniques, such as the Newton-Raphson method, may be employed. In this
study, the Newton—-Raphson method was utilized to compute the required MLEs. On the
other hand, the MLE of the binomial parameter 8 can be readily derived by maximizing the
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likelihood function in (8). The log-likelihood function corresponding to (8), excluding the
constant term, can be written as

d
L(R =1;0) =log(6 Zrl—i—logl— Z —i+1)r;|, (15)

i=1 i=1

where v; = d — i+ 1. By maximizing (15) with respect to 6, one can easily obtain the MLE
of § as
Zz 17i

d(n—m) =T (v = )i

Once the MLEs of the parameters are acquired by simultaneously solving the afore-
mentioned normal equations, the MLEs of the RF and the HRF can be computed utilizing
the invariance property of the MLEs. We let /i) and }\k, k = 1,2, represent the MLEs of the
parameters py and Ay, respectively. It is evident that the RF and HRF of the Hj compet-
ing risks model are independent of the binomial parameter. Consequently, the MLEs of

é:

these functions are exclusively determined by the MLEs of the parameters y; and Ay for
k =1,2. Consequently, the MLEs of the RF and the HRF for a mission time ¢ > 0, are given,
respectively, by

(1 + t)—}\ke—0.5ﬁkt2

2
=1

=

and

2
Z ka—)\k 1+¢)” }

An essential aspect of statistical inference is the construction of interval estimates for
both model parameters, binomial parameter, and reliability indices. To this end, the Fisher
information matrix is derived, enabling the construction of 100(1 — a)% confidence inter-
vals. However, due to the analytical complexity often associated with obtaining the Fisher
information matrix, the observed Fisher information matrix is commonly used in practice
as an estimate of the variance—covariance structure. For the Hj competing risks model, this
is achieved by inverting the observed Fisher information matrix as

[ 2h(yxR=r) 0 _ #h(yxIR=1) 0 17!
ay% a]/lla)tl
. 8211(1[;;52|R:r) 0 . 8211§¢;§|)\R:r)
“1py o 1204,
() = ’ 9211 (x{R=r) 0
_ Ph(¢xR=r)
N2
_ Ph(g:x|R=r)
2 A
L N2 p=9
011 0 513 0
_ 0 0 024 (16)
o3 0 |
L 044
where ¢ = (fi1, fia, A1, A2) " is the MLE of ¢ and
L ¢ (4P ?h B [xk(l+x)P
ou? S+ xi(1+x)]2 oud = A+ poxi(1 4 x;) ]2

P w1 ey m
AT = M+ x4+ )27 073 S A2+ paxi(1+x) ]2
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9%, a xi (14 x;) 0%l <2 xi (14 x;)

= , and = .
Op10M S M+ mxi(1+x))? Op20M2 = M+ paxi(1+x))

Under the asymptotic theory of maximum likelihood estimation, the estimator ¢
follows a multivariate normal distribution with mean ¢ and estimated variance—covariance
matrix Z~ () as presented in (16). Formally, ¢ 4 N (¢, T7()),asn — oo. Thus,
the 100(1 — &)% ACIs for the parameters p and Ay, (k = 1,2) are derived as

Pk & Za/2V/ Ok, and A £ 24124/ 0pp, p =k +2,k=1,2,

where z, /, is the upper /2 quantile of the standard normal distributionand ¢;;,j = 1,...,4

denotes the diagonal elements of Z~! () presented in (16). Regarding the binomial param-
eter, we first need to estimate the variance of the MLE of 6 as follows:

5 _ [ @hR=16) -

[ d92 G:é/

where
PLR=50) Yiir dn—m -l (d—i+1D)n

dao? 62 (1-0)?
Then, the 100(1 — a)% ACI for 6 follows

é:tzoc/Z\/%'

To construct the 100(1 — «)% ACIs for the RF and HRE, it is necessary to estimate the
variances of their respective MLEs. These variances are commonly approximated via the
delta method. Prior to applying this method, the gradient vectors of the RF and HRF must
first be derived using their expressions defined in (3) and (4) as

>

s=-5(t) {O.Stz, log(1 +t),0.5t%,1og(1 + t)} T,
and
By=[t(+n7t0+07] !
Then, the approximated variances can be obtained as
s ~ AJT'(P)Ag and &y ~ Ay T ()A,,
Accodingly, the 100(1 — a)% AClIs for the RF and HRF are

g(t) +2,/21/0s and ]:l(t) 240V 0p-

4. Bayesian Estimation

This section derives Bayes estimators for the parameters and reliability characteristics
of the Hj competing risks model under APTIIC data as well as the binomial parameter.
In Bayesian point estimation, selecting an appropriate loss function is a key consideration.
In this study, the symmetric squared error loss function is utilized, but other loss func-
tions can also be seamlessly integrated. In Bayesian inference, selecting appropriate prior
distributions is critical. For the Hj distribution, conjugate priors are not available. There-
fore, independent gamma priors are assigned to the Hj parameters p and Ay (k = 1,2).
The gamma distribution is widely used as a prior in Bayesian analysis because of its
mathematical convenience and flexibility in modeling positive continuous parameters.
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Its shape and scale parameters allow it to represent a wide range of beliefs, from highly
skewed to nearly symmetric distributions, while still ensuring analytical tractability in
posterior computations. The gamma distribution also offers computational advantages
which facilitate efficient sampling in MCMC algorithms. Its robustness and versatility
make it particularly suitable for applications in reliability and survival analysis, reinforcing
its status as a practical and reliable prior choice in Bayesian frameworks. We assume that
ux ~ Gamma(ay, by) and Ay ~ Gamma(cg,dy), (k = 1,2). Then, the joint gamma prior
distribution for the parameters y; and Ay is defined as

2
1 () o HP‘Zk_l/\ik_lfb"”rd")‘k,#k, A >0, (17)
k=1

where ai, by > 0 and ¢y, d; > 0 are hyper-parameters. Gamma priors offer flexibility,
encompassing diverse shapes that can approximate other distributions. Noninformative
priors emerge as a special case when hyper-parameters ay, by, ¢k, i approach zero.

In relation to the binomial parameter 6, examining the likelihood in (8) reveals that the
natural conjugate prior distribution for 6 is the beta distribution. We assume that 1,€5 > 0
represent the hyper-parameters of the beta prior distribution. Then, the prior distribution
of the parameter 6 can be expressed in the following form:

m(0) x 611 (1-0)271, 0<0<1. (18)

To derive the Bayes estimators for the Hj competing risks model and its associated
reliability metrics, we first determine the posterior distribution of . This is achieved by
combining the observed data, represented by the likelihood function in (9), with the joint
prior distribution given in (17). The posterior distribution is then obtained by applying
Bayes’ rule as follows:

2 2 my
Hi(¢p|x,R=1) = A <H szl)\;cfl> exp { Y ) log[A + pexi(1+ x;)]
=1 f=1i=1
2 2
— Y Alde+wy) — Z.“k(bk"‘wz)}/ (19)
k=1 k=1

where A; refers to the normalized constant. On the other hand, by combining (8) and
(18) and applying Bayes’ rule, the posterior distribution of the binomial parameter can be

derived as 1

—— (1 -2, (20)
B(ej, €7) ( )

Hy(6|R =1) =

where B(.,.) is the beta function, & = Y4 riteandes =d(n—m) — Y0 (d—i+1)r; + e

Owing to the straightforward and well-known form of the posterior distribution of the

parameter 6, which follows the beta distribution with shape parameters ¢] and €3, we begin

by deriving the Bayes estimator and the BCI for 6. Under the squared error loss function,
the Bayes estimator of § is expressed as

™
I

1
/0 0H,(0|R = r)d6

ET
= . 21
&) +¢&; 21)
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In addition, the 100(1 — a)% BCI of 6 can be obtained using the posterior distribution
in (20) as

[B(e1,€5,a/2), B(e}, €5,1 —a/2)],

where B(., .,.) is the quantile function of the beta distribution.

Regarding the Bayes estimators of the Hj competing risks model, we let ¢ (1) be any
function of the model parameters. Then, by employing the squared error loss function,
the Bayes estimator of ¢ (1) can be obtained using the posterior distribution in (19) as

o) = [ (@) Hi(gls R = 1)dy. 22)

The Bayesian estimator defined in (22) requires solving integrals that are analyti-
cally intractable, primarily due to the high-dimensional and non-conjugate nature of the
posterior distribution. To address this issue, we utilize the MCMC methods to directly
sample from the posterior distribution outlined in (19). These samples are then used to
approximate posterior expectations for Bayes estimates and to construct the BCls. A key
step in implementing MCMC involves deriving the full conditional posterior distributions
for each parameter. From the joint posterior in (19), the conditional distributions for p and
Ak (k =1,2) are as follows:

iy
Hy(pp| A, x, R=1) ‘uZ"*l exp { Zlog[/\k + pexi (14 x;)] — e (b + Wz)} (23)
i=1

and

1y
H (Ml x R=1) o« A% lexp { Y logAk + pexi(1 4 x;)] — Ag(dy + Wl)}- (24)
=

Upon examining the conditional distributions in (23) and (24), it is clear that these
distributions do not simplify to any standard forms. As a result, Gibbs sampling cannot
be applied in this case. Consequently, we propose the use of the Metropolis—Hastings
(MH) algorithm to sample from these distributions, utilizing a normal distribution as
the proposal distribution. The MH algorithm is a well-established MMCMC procedure
for sampling from complex probability distributions. This approach generates candidate
samples using a proposal distribution, which are then evaluated for acceptance based
on their probability under the target posterior. In this analysis, the proposal distribution
is a normal distribution, initialized with the MLEs of the parameters as its mean and
variance. The algorithm iteratively proposes new parameter values from this distribution
and computes their acceptance probabilities, ensuring convergence of the Markov chain to
the target posterior distribution. Once sufficient samples are generated, it becomes feasible
to compute the Bayes estimates and BCls for yy and Ay, k = 1,2, as well as the reliability
metrics. The MCMC sampling process follows the steps outlined below.

1. Put the initial values of ‘ul(co) and A,EO) ; here, we use the MLEs as starting values.
Putj=1
Perform the following MH steps to simulate y,(cj ), withk =1,2:
(a) Generate pi ~ N(fix, 0y ), where fi is the MLE of j and 0y is the estimated

variance of 0y obtained from (16).
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(b)  Obtain the acceptance probability (AP):

Hy(u|AU-D),
AP, =min |1, 1(551) (],_1)5) k=12
Hl(l’lk |)\k /X)

(c) Generate a random number u from the unit uniform distribution.

(d)  Setthe generated value ;. as y]({j) ifu < APy, and y]((j) = y]((jfl) ifu > APy,,.

4.  Repeat Step 3 to obtain /\](cj ) from (24).
5. Compute the RF and HRF at iteration j as

N

2

s = 1A +0~M e 03P and n0) = Y- (1t + A0 (1 4 1)1,
k=1 k=1
6. Replace jbyj+1.
7.  Repeat Steps 3 to 6, M times.
8.  Store the acquired sequence as
{0 i A A, 80,00, =1, M. (25)

Under the squared error loss function, the Bayes estimates for the parameters of the
Hj competing risks model, as well as the two reliability metrics, are calculated as the means
of their respective MCMC sample values generated in (25). To ensure convergence and
reduce the influence of initialization bias, the initial B iterations are discarded as a burn-in
period. The Bayes estimates in this context are given as follows:

2 L LS A0 k—12
k — 7 k — % » 7 — 1,4
M*Bj:BH ‘ M*B]’:BH ¢
St = ¥ S0, and () = L ¥
M-B j=B+1 ’ M-B j=B+1

To compute the BCIs of, we first sort the acquired MCMC sequence in (25) as
ﬂ][(B-H] <l < V}EM]'A][<8+1] < e < /\IEM}’ SB+L] ... <« §IM] gnd BB+ « ... < pIMI,
Accordingly, the 100(1 — a)% BCls are as follows:

{yl[(a(M—B)/z]/ -2/ (M-B)] } {Al[(a(M—B)/Z], AllL=2/2)(M=B)] } k=12,

{S[zx(/\/lfB)/2]’ S[(lftx/Z)(MfB)]}’ and {h[rx(MfB)/Z]’ h[(lfa/z)(MfB)]}.

5. Monte Carlo Simulations

To assess the performance of the theoretical results—specifically the point and interval
estimatesof A;, i = 1,2, y;, i = 1,2, S(t), h(t), and 6—we generate multiple adaptive Type
II progressive hybrid censored datasets with binomial removals based on the Hj lifetime
distribution under a competing risks setup.

5.1. Simulation Design

By assigning (A1, A2) = (1.5,0.5) and (p1, pt2) = (0.5,1.5) in the Hj competing risks
model, we simulate 1000 APTIIC datasets under a competing risks framework with bi-
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nomial removals. These datasets are gathered across various configurations of binomial
probability 6 (=0.4, 0.8), threshold time T (=0.3, 0.5), total number of test units n (=30, 50, 80),
and different effective sample sizes m for each n. At a distinct time ¢ = 0.1, the correspond-
ing actual values of S(t) and S(t) are taken as 0.8182 and 0.8546, respectively. To perform
the removal mechanism of the survived items r; during the APTIIC strategy, perform the
steps presented in Algorithm 1.

Algorithm 1 The APTIIC Generation Steps:

Step 1: Set the values of A; and y; (fori =1, 2).
Step 2: Set the binomial probability value 6.
Step 3: Generate r from Bin(n —m,0).

Step 4: Generate r; as

i 2,3,....m—1 for Xppmen < T;
riNBin<n—m—Zlfllrv,9), for i= e
U= 2,3,...,d for Xymen > T.

Step 5: Find r* according to the following relation:

m—1 . m—1
n—m- Zv:l o, 1f<n —m-— Zv:l TU) >0, for Xpwmn <T;

* d . d
r=93n—m-— szl o, 1f(n —m— szl rv) >0, for Xpmn > T;

0 for otherwise.

Step 6: Given R = r, find a PTIIC sample with binomial removals as
(a) Generate Q) from U(0,1).

; m -1
(b) Setg; = Fmmint g0 .
() SetU;j=1—-0m0m—1-" 0m—iy1fori=1,2,...,m.
(d) Setx; =G (u;My), i=1,2,...,m,0=1,2
Step 7: For x; fori = 1,2,...,m, determine d where x; < T < x4,1, and discard x; for
i=d+2,...,m.

Step 8: From 5(5; (dle)’

Yi -1
Step 9. For x; fori =1,2,...,m, assign the cause of failure ¢; € (1,2),i =1,...,m.

obtain the first-order statistics (x;.5,...,%y) with size n —d —

The idea of setting prior hyper-parameters (like the suggested gamma density pri-
ors) often revolves around encoding prior beliefs. In particular, the method suggested by
Kundu [28] proposes choosing hyper-parameters such that the prior mean reflects the true
value of the parameter based on domain knowledge. Thus, to evaluate all acquired Bayes
theoretical results of A;, i = 1,2, y;, i = 1,2, S(t), h(t), or 6, the prior distributions for A;
or y; for i = 1,2, are chosen such that their means match the true values. Two informa-
tive prior sets for (a;, b;,c;,d;), i = 1,2 of A; and y; for i = 1,2, are considered, namely
the following:

e For(c,d;), i=1,20f A;:

—  Prior-A:(7.5, 5) and Prior-B:(15, 10) of A¢;

—  Prior-A:(2.5, 5) and Prior-B:(5, 10) of A,,
e For (a;,b;),i=120f y;

- Prior-A:(2.5, 5) and Prior-B:(5, 10) of py;

- Prior-A:(7.5, 5) and Prior-B:(15, 10) of y»,

On the other hand, to examine the hyper-parameter behavior of (¢1,¢;) for 6, we
consider the following sets:

e  For 6 = 0.4: Prior-A:(0.2, 0.3) and Prior-B:(0.4, 0.6);
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e  For 6 = 0.8: Prior-A:(1.6, 0.4) and Prior-B:(3.2, 0.8).

The sensitivity analysis shows varying degrees of dependence on prior choice across
parameters. Figure 1 shows how the Bayesian posterior summaries for four model parame-
ters (A; and y; (for i = 1,2)) change with different kinds of prior distributions: improper,
informative, overdispersed, and weak. It states that A, is highly robust, with posterior dis-
tributions nearly unaffected by prior type. In contrast, yp demonstrates strong sensitivity:
informative priors shift the posterior upward and reduce spread, while weak and overdis-
persed priors result in lower, more dispersed estimates. Both A; and y exhibit moderate
sensitivity, where informative priors slightly shift the posterior centers and reduce vari-
ability. These findings emphasize that while some parameters are data-driven and stable,
others (particularly p,) require careful prior specification due to limited identifiability from
the data alone.

Sensitivity of Posterior to Prior Choices

lambda_1 lambda_2
. 0.8

Ll tall

BS informative
improper informative overdispersed  weak improper informative overdispersed  weak

o

o
@

Posterior Summary

$ weak

o
S
a

o
@
3

o
o
&

. overdispersed
Prior Type

Figure 1. Posterior sensitivity to prior type.

For each simulated dataset, MLEs and their associated 95% ACI are computed for the
Hj model parameters A; and y; (for i = 1,2), the reliability measures S(t) and h(t), and the
binomial parameters 6. The Newton—-Raphson algorithm, implemented using the maxLik
package (version 1.5-2.1) suggested by Henningsen and Toomet [29], is used to obtain all
frequentist estimators. In contrast, Bayesian point estimates and 95% BCI estimates for the
same quantities are obtained via MCMC sampling, using the coda package (version 0.19-4.1)
developed by Plummer et al. [30]. To perform the MCMC estimation and associated 95%
BCIfor A;, i = 1,2, u;, i = 1,2, S(t), h(t), and 6 (as outlined in Section 4), we generate
12,000 MCMC samples, discarding the first 2000 as burn-in.

To check the uniqueness of the calculated MLEs of A; and pu; (for i = 1,2)
in the proposed Monte Carlo simulations, using just one replicate for illustration,
the contour diagrams for log-likelihoods of pair parameters (A;,u;) for i = 1,2 (when
(n,m,T,0) = (50,40,0.5,0.8) as an example) are plotted and shown in Figure 2. As a result,
the ML estimates of (A1, Ay, ji1, H2) according to this simulation setting are (1.3539, 0.6198,
1.0384, 0.3717). The contour plots provide strong evidence that, in this simulation, the MLEs
A; and fi; (for i = 1,2) exist and are unique, as well as confirm stability and identifiability
of the estimates in repeated sampling.
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Figure 2. Contour diagrams of the Hj(A;, y;), i = 1,2, parameters in Monte Carlo simulations.

To assess the convergence of the MCMC chains for Hj(A;, ), i = 1,2, parame-
ters, in this simulation, both Geweke and Heidelberger—Welch diagnostics are applied.
The Geweke diagnostic evaluates the convergence of an MCMC chain by comparing the
means of its early and late segments. If the chain is stationary (i.e., converged), these means
should be statistically indistinguishable, producing a Z-score close to zero. The Heidel-
berger-Welch diagnostic performs a two-part test called (1) a stationarity test to verify
whether the chain has reached equilibrium and (2) a half-width test to check whether
the Monte Carlo error in the posterior mean is sufficiently small relative to the estimate,
ensuring estimation precision. The Geweke Z-scores (shown in Figure 3) for all parameters
lie within £2 (A; = —1.63,A; = —0.29, 3 = —0.44, y» = —0.77), indicating no signifi-
cant difference between early and late chain segments and thus supporting convergence.
Consistently, the Heidelberger—Welch test confirms that all chains passed the stationarity
and half-width criteria, with P-values (A} = 0.320,A, = 0.498, u; = 0.871, up = 0.404)
well above 0.05 and negligible Monte Carlo error. These results provide strong numerical
evidence that the MCMC chains have adequately converged and that the resulting posterior
estimates are both stable and reliable.

Geweke Diagnostic Z-Scores

Z-Score
o
|

R

z.lambda_1
z.lambda_2
z.mu_1
z.mu_2
frac1

frac2

Figure 3. Geweke convergence diagnostics for the Hj(A;, y;), i = 1,2, parameters in Monte Carlo
simulations.
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To visualize these facts, the trace (with its Gaussian kernel) and autocorrelation
function (ACF) are plotted; see Figure 4. Figure 4 indicates that ACF values of A;
or y; (fori = 1,2) look like random noise and close to zero as the lag value increases,
while Figure 5 implies that the simulated chains are substantially mixed. As a summary,
Figures 4 and 5 support the numerical facts given by Geweke and Heidelberger-Welch
diagnostics and confirm that the Markov chain draws of A; or y; (for i = 1,2) are acceptable.
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Figure 4. The ACF diagrams of the Hj(A;, j;), i = 1,2, parameters in Monte Carlo simulations.
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Figure 5. The trace diagrams of the Hj(A;, j4;), i = 1,2, parameters in Monte Carlo simulations.



Mathematics 2025, 13, 2010

16 of 34

The mean point estimate (MPE), root mean square error (RMSE), mean relative abso-

lute bias (MRAB), average interval length (AIL), and coverage percentage (CP) of 0 (for
instance) are obtained as

and

1000/\{
S
MPE(®) = 3555 Z
~ 1 1000 )
E - ols] —
RMSE(8) = 41000 )y (0 —0)",
1000 A{
S
MRAB(@ 1000 Z o ‘9 ‘
959, 1 1000
AILZ(6) = 1555 L (Ugs — L),
o5% 1000
CP%% (g I 9),
©)= 1000 Z (%{s}}“@[s})< )

respectively, where 0 5] represents the estimate of § obtained at sth sample, I(-) is the

indicator, and (L(-),U

(1)) denotes the estimated interval bounds. The simulated MPE,

RMSE, MRAB, AIL, and CP values of (A;, jt;), i = 1,2, S(t) and h(t) are readily obtained in
a similar manner.

5.2. Simulation Results

All Monte Carlo results for A;, i = 1,2, y;, i = 1,2, S(t), h(t), and 6 are presented

in Tables 1-8. Now, based on lower RMSE, MRAB, AIL values, and higher CP values,
the following observations are made:

All estimators for A;, i = 1,2, y;, i = 1,2, 5(t), h(t), and 6 perform well overall.
Increasing n (or m) improves the accuracy of both point and interval estimation results.
A similar improvement is observed when ) /" ; r; decreases.

Bayesian MCMC estimates (or 95% BCI) using informative gamma and beta priors are
more precise than others developed from the competitive likelihood method.

For each unknown subject, Bayesian results under Prior-B outperform those under
Prior-A due to the smaller prior variance in Prior-B. Both Bayesian priors outperform
the frequentist estimators.

As T(or 0) grows,

the RMSEs, MRABs, and AlLs of A;, i = 1,2, u;, i = 1,2, S(¢t),
decrease;

the CPsof A;, i = 1,2, u;, i = 1,2, S(¢), h(t), and 6 increase. In most situations,
the simulated CP values for both ACI and BCI intervals are close to the pre-
specified 95% nominal level.

h(t), and 6

Overall, based on two competing risks modeled via the APTIIC via binomial removals,
the Bayesian approach is recommended for estimating the Hj distribution parameters
and its reliability measures.
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Table 1. The point estimation results of A;, i = 1,2.

(n,m) 0 T =03 T=05
MLE Bayes MLE Bayes
Prior— A B A B
MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB
M
(30, 10) 04 1.686 1.235 0817 1310 1.189 0794 1470 0.791 0.780 1.570  1.225 1.581 0.640 1.178 0.788  1.653 0518 0.442
0.8 1425 1.146 0754 1.634 1.012 0.661 1574  0.796 0.442 1.524  1.120 1469  0.854 0.989 0.648 1446 0711 0.400
(30, 20) 04 1524 1205 0780  1.655 1.179 0705 1.741  1.068 0.444 1476  1.188 1493 0.615 1.075 0701 1339 0.748 0.424
0.8 1500 1.078 0712 1387 0.986 0.646 1851 0.777 0.413 1.310  1.033 1.580 0.548 0943 0619 1.606 0.704 0.398
(50, 20) 04 1573 1.003 0.651 1528 0.758 0489 1748 0.726 0.394 1.607  0.986 1.634 0.664 0.753 0485 1564 0.658 0.329
0.8 1493 0916 0592 1390 0.716 0.451 1.696 0.596 0.321 1.584  0.908 1.590 0901 0.694 0.440 1483 0.542 0.292
(50, 40) 04 1436 0.967 0.633 1379 0.741 0.459 1532  0.698 0.333 1.635  0.957 1445 0564 0710 0.446 1727  0.581 0.322
0.8 1485 0.888 0574 1.611 0.693 0437 1708 0.584 0.293 1488  0.870 1586 0394 0.677 0435 1531  0.529 0.281
(80, 30) 04 1525 0.858 0557 1572  0.680 0432 1661 0527 0.286 1.521  0.825 1484 0739 0.675 0420 1415 0.506 0.263
08 1.629 0.715 0432 1399 0.667 0.415 1544 0488 0.256 1572 0.693 1419 0433 0.580 0365 1527  0.468 0.235
(80, 60) 04 1551 0.796 0508 1.776  0.675 0419 139  0.507 0.265 1414 0.735 1469 0338 0.601 0368 1482  0.480 0.246
0.8 1499 0.639 0400 1.685  0.601 0383 1.740 0.463 0.249 1.628  0.621 1.390 0285 0.517 0315 1413 0.443 0.227
Ay
(30, 10) 04 0554 0492 0793 0429  0.400 0790  0.523  0.380 0.752 0584  0.464 0791 0429 0.389 0755 0516  0.368 0.749
0.8 0519 0450 0.737 0499 0344 0.668 0545 0.328 0.642 0513  0.430 0.702 0511 0.343 0.661 0555 0.313 0.599
(30, 20) 04 0526 0457 0773 0512  0.398 0.706 0417  0.352 0.688 0.508  0.443 0.740 0520 0.368 0702 0512 0.328 0.640
0.8 0500 0.445 0703 0461  0.339 0.661 0392 0.303 0.590 0526 0417 0.666 0492 0.333 0.633 0416 0.280 0.538
(50, 20) 04 0491 0421 0.664 0474 0.323 0.632 0451 0.288 0.507 0.630  0.409 0.644 0528 0.320 0.590 0480 0.253 0.408
0.8 0466 0.404 0.659  0.636  0.261 0471 0380 0.207 0.373 0595 0.383 0.629 0437  0.258 0462 0486 0.181 0.316
(50, 40) 04 0541  0.409 0.662 0467 0.286 0526 0472 0210 0.377 0.662  0.399 0634 0517 0.263 0479 0513  0.205 0.359
0.8 0531 0.393 0612 0515 0.199 0.348 0540 0177 0.306 0.480 0377 0590 0438 0.195 0341 0465 0.174 0.291
(80, 30) 04 0539 0297 0519 0529 0.193 0324 0455 0.174 0.288 0.629  0.197 0334 0304 0.187 0289 0457  0.168 0.243
08 0468 0.164 0285 0479  0.145 0241 0431 0.126 0.203 0478  0.155 0259 0426 0.137 0211 0494 0.114 0.187
(80, 60) 0.4 0481 0.248 0303 049  0.182 0.274 0480 0.166 0.237 0.698  0.187 0296 0470 0.167 0272 0518 0.142 0.217
0.8 0587 0.154 0259 0535 0.135 0203 0523 0.115 0.175 0467  0.153 0245 0505 0.126 0198 0512 0.110 0.163
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Table 2. The point estimation results of y;, i = 1,2.

(n,m) 0 T =03 T=05
MLE Bayes MLE Bayes
Prior— A B A B
MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB
!
(30, 10) 04 0536 1776 2612 0591 0.361 0.683 0527 0.345 0.668 0.603  1.706 2442 0548 0.346 0672 0293 0.338 0.626
0.8 0547 1.501 2250 0537  0.329 0554 0494 0279 0.512 0.541 1457 2207 0523 0.280 0521 0457 0.262 0.483
(30, 20) 04 0578 1.690 2522 0460 0.341 0.659 0475 0.289 0.541 0515 1.680 2439 0516  0.330 0568 0328 0277 0.516
0.8 0525 1.459 2205 0499 0313 0.515 0516  0.259 0.466 0412  1.345 2189 0432 0275 0496 0364 0.251 0.457
(50, 20) 04 0689 1.265 1934 0531 0.293 049 0528 0.237 0.424 0590  1.239 1.927 0528 0.269 0468 0340 0.228 0.419
08 0405 1.193 1.717 0478  0.267 0484 0491 0213 0.380 0484  1.109 1.696 0473 0.243 0429 0543  0.209 0.365
(50, 40) 04 0649 1.228 1.879 0544 0.284 0.494 0527 0227 0.409 0595  1.202 1.838 0517  0.256 0.448 0216 0214 0.407
0.8 0481 1.069 1.684 0455 0.236 0.441 0477  0.195 0.341 0.487  1.056 1.663 0473 0.210 0537  0.333 0.191 0.325
(80, 30) 04 0521 0925 0.607 0597  0.206 0345 0460 0.175 0.314 0510 0.763 0369 0574  0.198 0341 0448 0.173 0.265
0.8 0484 0.598 0306  0.425 0.180 0319 0521 0.154 0.241 0296  0.484 0291 039 0.165 0.467 0331 0.138 0.224
(80, 60) 04 0538 0.677 0327 0523 0.197 0324 0524 0.165 0.254 0502  0.520 0317 0488 0.186 0528 0241 0.148 0.234
08 0521 0453 0249 0516 0.158 0216 0516 0.134 0.182 0.600 0.374 0232 0517 0.143 0.604 0.168  0.125 0.175
H2
(30, 10) 04 1.681 1.249 0815 1384 1.177 0766 1727  1.162 0.757 1.653  1.215 0.804 1594 1.164 0760  1.629  1.085 0.593
0.8 1.627 1115 0.730 1478 1.008 0.646 1322 0977 0.575 1.508  1.073 0.654 1436 1.008 0584 1.692 0.887 0.509
(30, 20) 04 1710 1.156 0.758  1.689  1.099 0.674 1.653 1.031 0.586 1.531 1.131 0741 1722 1.046 0.664 1515 1.023 0.577
08 1678 1.076 0.697 1590  0.949 0528 1.400 0.793 0.484 1474  1.048 0.619 1.638 0.903 0504 1531 0.725 0.452
(50, 20) 04 1.621 0.930 0534 1579 0.856 0492  1.659 0.679 0.423 1.497  0.898 0.507 1586  0.768 0.480 1479  0.668 0.403
0.8 1526 0.888 0492 1576 0.715 0.443 1559 0.572 0.351 1.667  0.840 0449 1499 0.591 0352 1.644 0.560 0.325
(50, 40) 04 1673 0.902 0501 1556 0.794 0472 1322 0.590 0.365 1.520  0.870 0498 1471 0.764 0463 1589 0577 0.354
0.8 1513 0.869 0.460 1550 0.576 0338 1579 0.523 0.313 1475 0.785 0.446 1462  0.547 0315 1472  0.507 0.289
(80, 30) 04 1.623 0.803 0454 1744 0.557 0307 1473  0.500 0.247 1.628  0.780 0312 1568 0.524 0302 1526  0.466 0.225
0.8 1465 0482 0262 1526  0.446 0225 1469 0.367 0.204 1.517  0.449 0229 1464 0439 0222 1.660  0.259 0.187
(80, 60) 04 1568 0.798 0297  1.681 0492 0.247 1376  0.444 0.223 1.552  0.493 0289  1.648 0455 0235 1486 0.324 0.219
0.8 1474 0416 0213 1438 0.397 0180 1.648 0.285 0.164 1.663  0.398 0.198 1548 0.393 0176 1549 0.233 0.152
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Table 3. The point estimation results of S(¢) and h(t).

(n,m) 0 T=03 T=05
MLE Bayes MLE Bayes
Prior— A B A B
MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB

(30,100 04 0.813 0.145 0176 ~ 0906  0.138 0.168 0.871 0.127 0.153 0.810  0.144 0.174 0.896  0.137 0.167 0.856  0.055 0.055
0.8 0.818 0.127 0.151  0.869  0.110 0.136 0.864  0.082 0.115 0.817  0.120 0.147 0.871  0.096 0.124 0.866  0.046 0.045
(30,20) 04 0818 0.134 0162 0926  0.122 0.147 0902  0.095 0.126 0.817  0.133 0.161 0927  0.122 0.147 0903  0.049 0.047
0.8 0.818 0.118 0.143  0.889  0.094 0.122 0.877  0.064 0.101 0943 0.118 0.133 0925  0.091 0.115 0.892  0.045 0.045
(50,20) 04 0.848 0.120 0.131 0915  0.090 0.113 0.885  0.058 0.086 0.851 0.110 0.130 0.907  0.087 0.109 0.875  0.042 0.038
0.8 0.832 0.100 0.120  0.888  0.081 0.092 0.883  0.050 0.064 0.830  0.092 0.109 0879  0.073 0.089 0.874  0.032 0.029
(50,40) 04 0851 0.107 0.129 0927  0.087 0.107 0903  0.053 0.074 0.847  0.100 0.118 0.930  0.086 0.101 0906  0.036 0.034
0.8 0.831 0.092 0.109 0928  0.072 0.083 0915  0.049 0.059 0.828  0.091 0.108 0924 0.071 0.082 0912  0.029 0.028
(80,30) 04 0.849 0.088 0.103 0902  0.068 0.079 0.888  0.045 0.046 0.850  0.085 0.098 0.899  0.062 0.070 0.885  0.017 0.026
0.8 0.828 0.073 0.086 0907  0.058 0.067 0903  0.037 0.031 0.827  0.064 0.074 0917  0.054 0.059 0.911 0.018 0.018
(80,60) 04 0.845 0.083 0.096 0951  0.063 0.073 0939  0.041 0.035 0.841 0.075 0.086 0950  0.059 0.068 0.938  0.020 0.021
0.8 0.828  0.058 0.064 0962  0.052 0.058 0956  0.034 0.027 0.826  0.057 0.063 0961  0.044 0.049 0955  0.016 0.015
h(t)
(30,10) 04 0947 0.827 0954 0.857  0.803 0.937 0.479  0.765 0.891 0.726  0.815 0.935 0903  0.780 0.824 0.571 0.450 0.437
0.8 0866 0.774 0902 0.771 0.709 0.824 0.569  0.506 0.553 0.873  0.763 0.888 0.764  0.688 0.798 0.551 0.386 0.524
(30,20) 04 0864 0.786 0914 0.684 0.758 0.882 0.150  0.529 0.625 0.870  0.799 0.913 0.696  0.757 0.880 0.173  0.424 0.591
0.8 0.855 0.753 0873  0.877  0.678 0.787 039%  0.436 0.486 0.093  0.722 0.835 0.761  0.648 0.748 0324 0.374 0.425
(50,200 04 0.676 0.708 0.822  0.812  0.639 0.735 0.348 0434 0.446 0.647  0.702 0.812 0.853  0.613 0.732 0416  0.366 0.396
0.8 0.841 0.661 0768  0.746  0.587 0.660 0377 0418 0.413 0.881 0.616 0.713 0.795  0.538 0.605 0423  0.342 0.354
(50,40) 04 0651 0.694 0806  0.741  0.613 0.731 0227 0422 0.426 0.697  0.654 0.751 0.708  0.590 0.681 0.182  0.358 0.375
0.8 0.859 0.617 0704 0.752  0.538 0.681 0216  0.410 0.396 0.736  0.608 0.688 0.766  0.526 0.688 0229 0331 0.321
(80,30) 04 0.663 0.606 0.684  0.867  0.499 0.760 0337  0.361 0.375 0.657  0.595 0.671 0.881 0478 0.733 0.352  0.329 0.310
0.8 0.879 0.524 0594 0.845 0414 0.796 0273  0.329 0.326 0908  0.481 0.539 0.799  0.358 0.744 0230  0.287 0.266
(80,60) 04 0.706  0.598 0.675  0.741 0.468 0.814 0.102  0.347 0.347 0.751 0.557 0.623 0.738  0.458 0.684 0.101 0.294 0.286

0.8 0.884 0.488 0.446  0.690  0.349 0.849 0.054 0317 0.308 0913 0451 0.432 0.811  0.339 0.642  0.056 0.273 0.243
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Table 4. The point estimation results of 6.
(n,m) 0 MLE Bayes
Prior-A Prior-B
MPE RMSE MRAB MPE RMSE MRAB MPE RMSE MRAB
T=03
(30, 10) 04 0.391 0.400 0.472 0.368 0.364 0.454 0.303 0.354 0.398
0.8 0.801 0.376 0.454 0.757 0.360 0.450 0.767 0.341 0.347
(30, 20) 0.4 0.402 0.389 0.460 0.441 0.363 0.453 0.437 0.346 0.378
0.8 0.809 0.364 0.454 0.887 0.353 0.449 0.881 0.336 0.321
(50, 20) 04 0.426 0.356 0.451 0.329 0.346 0.448 0.299 0.329 0.289
0.8 0.804 0.121 0.277 0.758 0.107 0.270 0.767 0.110 0.241
(50, 40) 04 0.402 0.326 0.448 0.442 0.336 0.446 0.439 0.312 0.243
0.8 0.814 0.111 0.265 0.888 0.105 0.253 0.882 0.107 0.191
(80, 30) 0.4 0.410 0.109 0.259 0.389 0.103 0.244 0.292 0.097 0.182
0.8 0.803 0.104 0.239 0.746 0.096 0.221 0.753 0.082 0.140
(80, 60) 04 0.415 0.106 0.253 0.443 0.102 0.242 0.441 0.085 0.177
0.8 0.805 0.102 0.234 0.890 0.093 0.219 0.887 0.080 0.115
T=05
(30, 10) 0.4 0.407 0.389 0.456 0.397 0.362 0.451 0.353 0.349 0.376
0.8 0.806 0.359 0.454 0.817 0.346 0.449 0.816 0.333 0.317
(30, 20) 04 0.423 0.376 0.455 0.406 0.356 0.450 0.380 0.340 0.368
0.8 0.809 0.345 0.449 0.793 0.341 0.446 0.795 0.328 0.310
(50, 20) 04 0.408 0.334 0.445 0.279 0.337 0.446 0.330 0.321 0.265
0.8 0.805 0.112 0.275 0.768 0.119 0.268 0.787 0.107 0.241
(50, 40) 0.4 0.426 0.313 0.440 0.644 0.326 0.444 0.392 0.309 0.243
0.8 0.814 0.109 0.263 0.788 0.110 0.251 0.818 0.094 0.185
(80, 30) 04 0.403 0.104 0.259 0.290 0.103 0.244 0.293 0.082 0.177
0.8 0.803 0.101 0.234 0.746 0.095 0.217 0.753 0.075 0.138
(80, 60) 04 0.410 0.103 0.251 0.443 0.101 0.240 0.441 0.079 0.170
0.8 0.805 0.096 0.231 0.890 0.092 0.211 0.887 0.071 0.110
Table 5. The 95% interval estimation results of A;, i = 1, 2.
(n,m) 0 T=0.3 T =05
ACI BCI ACI BCI
Prior— B A B
AIL (@l AIL CP AIL CP AIL (@l AIL CP AIL CP
M
(30, 10) 0.4 3.188 0.847 1.142 0.912 0.987 0.914 2.924 0.850 0.999 0.913 0.928 0.915
0.8 2.560 0.853 0.920 0.915 0.885 0.917 2.272 0.857 0.897 0.916 0.847 0.919
(30, 20) 04 2.818 0.851 0.993 0.914 0.951 0.916 2.571 0.854 0.982 0.915 0.900 0.917
0.8 2.256 0.856 0.883 0.917 0.851 0.919 2.078 0.860 0.876 0.918 0.837 0.921
(50, 20) 04 1.915 0.860 0.877 0.918 0.809 0.920 1.893 0.862 0.864 0.919 0.785 0.922
0.8 1.658 0.866 0.860 0.919 0.710 0.922 1.591 0.867 0.829 0.920 0.694 0.924
(50, 40) 0.4 1.897 0.864 0.874 0.918 0.754 0.921 1.662 0.865 0.856 0.920 0.709 0.923
0.8 1.585 0.868 0.814 0.921 0.687 0.923 1.454 0.870 0.777 0.922 0.687 0.925
(80, 30) 04 1.439 0.872 0.779 0.923 0.678 0.925 1.415 0.872 0.768 0.924 0.671 0.927
0.8 1.272 0.877 0.585 0.928 0.579 0.930 1.240 0.878 0.584 0.929 0.563 0.931
(80, 60) 04 1.329 0.875 0.678 0.925 0.619 0.927 1.253 0.876 0.637 0.926 0.590 0.928
0.8 1.227 0.878 0.541 0.929 0.499 0.931 1.145 0.879 0.574 0.930 0.494 0.932
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Table 5. Cont.
(n,m) 0 T =03 T=05
ACI BCI ACI BCI
Prior— A
AIL cp AIL CP AIL CcpP AIL cp AIL CP AIL Ccp
Ay
(30, 10) 04 2.442 0.864 0.814 0.924 0.726 0.925 2.349 0.866 0.737 0.925 0.701 0.927
0.8 1.954 0.871 0.627 0.930 0.550 0.931 1.912 0.873 0.606 0.931 0.502 0.933
(30, 20) 04 2.395 0.866 0.716 0.927 0.639 0.928 2.184 0.868 0.653 0.928 0.625 0.930
0.8 1.773 0.873 0.590 0.931 0.517 0.932 1.742 0.875 0.576 0.932 0.495 0.934
(50, 20) 0.4 1.629 0.876 0.578 0.932 0.488 0.933 1.614 0.878 0.529 0.933 0.451 0.935
0.8 1.554 0.880 0.486 0.935 0.431 0.936 1.524 0.882 0.462 0.936 0.416 0.938
(50, 40) 04 1.600 0.878 0.533 0.933 0.451 0.934 1.593 0.879 0.508 0.934 0.427 0.936
0.8 1.516 0.882 0.433 0.936 0414 0.937 1.437 0.884 0.423 0.937 0.406 0.938
(80, 30) 0.4 1.464 0.883 0.391 0.937 0.377 0.938 1.398 0.885 0.387 0.938 0.368 0.939
0.8 1.295 0.886 0.331 0.938 0.268 0.939 1.243 0.887 0.320 0.939 0.248 0.941
(80, 60) 0.4 1.392 0.885 0.370 0.937 0.356 0.938 1.328 0.886 0.360 0.938 0.337 0.940
0.8 1.261 0.887 0.234 0.940 0.210 0.941 1.222 0.888 0.228 0.941 0.196 0.941
Table 6. The 95% interval estimation results of y;, i =1, 2.
(n,m) 0 T =103 T =05
ACI BCI ACI BCI
Prior— A
AIL cp AIL CP AIL (@l AIL cp AIL CP AIL CcpP
M1
(30, 10) 04 3.852 0.842 0.857 0.907 0.693 0.908 3.533 0.844 0.814 0.909 0.640 0.910
0.8 3.437 0.849 0.673 0.915 0.575 0914 3.393 0.851 0.646 0917 0.565 0.916
(30, 20) 0.4 3.585 0.847 0.778 0.911 0.612 0.912 3.428 0.849 0.690 0.913 0.566 0.914
0.8 3.254 0.852 0.563 0.919 0.523 0.921 3.197 0.854 0.542 0.920 0.492 0.922
(50, 20) 0.4 2.995 0.855 0.546 0.921 0.501 0.922 2.845 0.857 0.538 0.923 0475 0.924
0.8 2.688 0.858 0.480 0.924 0.456 0.925 2.424 0.860 0.479 0.926 0.452 0.927
(50, 40) 04 2.871 0.857 0.515 0.922 0.490 0.923 2.742 0.859 0.506 0.924 0.467 0.925
0.8 2.347 0.862 0.454 0.925 0.430 0.926 2.209 0.864 0.445 0.927 0419 0.928
(80, 30) 0.4 2.191 0.864 0.439 0.926 0.406 0.927 1.908 0.866 0.409 0.928 0.363 0.929
0.8 1.754 0.870 0.352 0.930 0.339 0.931 1.564 0.872 0.348 0.931 0.325 0.933
(80, 60) 0.4 1.985 0.867 0.404 0.928 0.361 0.929 1.745 0.869 0.382 0.930 0.356 0.931
0.8 1.549 0.872 0.343 0.931 0.309 0.932 1.391 0.874 0.330 0.932 0.314 0.934
H2
(30, 10) 04 2.634 0.885 1.737 0.889 1.531 0.893 2.593 0.886 1.633 0.891 1.489 0.894
0.8 2.246 0.890 1.399 0.894 1.207 0.898 2.229 0.891 1.375 0.896 1.178 0.899
(30, 20) 0.4 2.571 0.887 1.665 0.891 1.315 0.895 2.455 0.888 1.563 0.893 1.282 0.896
0.8 2212 0.891 1.251 0.895 1.167 0.899 2172 0.892 1.247 0.897 0.972 0.900
(50, 20) 04 2.100 0.892 1.162 0.896 1.101 0.900 2.072 0.893 1.141 0.898 0.916 0.901
0.8 1.740 0.896 1.118 0.900 0.926 0.904 1.705 0.897 1.075 0.902 0.844 0.905
(50, 40) 0.4 2.073 0.893 1.139 0.897 0.954 0.901 1.974 0.894 1.115 0.899 0.862 0.902
0.8 1.696 0.898 1.107 0.902 0.896 0.906 1.635 0.899 1.067 0.904 0.800 0.907
(80, 30) 0.4 1.511 0.901 1.084 0.906 0.869 0.909 1.479 0.902 1.001 0.907 0.792 0.910
0.8 1.220 0.906 0.970 0.909 0.780 0.913 1.182 0.907 0.874 0.910 0.724 0.913
(80, 60) 04 1.447 0.903 1.004 0.908 0.853 0.911 1.342 0.904 0.959 0.909 0.784 0.912
0.8 1.169 0.908 0.854 0.911 0.732 0914 1.094 0.909 0.845 0.912 0.646 0.915
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Table 7. The 95% interval estimation results of S(f) and h(t).
(n,m) 0 T =03 T=05
BCI ACI BCI
Prior— A B B
AIL CP AIL CcP AIL CcP AIL CcP AIL CP AIL CcP
S(t)
(30, 10) 0.4 0.462 0.932 0.117 0.944 0.104 0.946 0.289 0.934 0.107 0.946 0.095 0.948
0.8 0.410 0.935 0.099 0.945 0.091 0.947 0.240 0.937 0.098 0.947 0.087 0.949
(30, 20) 0.4 0.434 0.933 0.102 0.944 0.097 0.946 0.275 0.935 0.102 0.946 0.090 0.948
0.8 0.384 0.936 0.095 0.945 0.088 0.947 0.219 0.938 0.092 0.947 0.082 0.949
(50, 20) 0.4 0.275 0.939 0.093 0.945 0.083 0.948 0.190 0.941 0.091 0.947 0.079 0.950
0.8 0.221 0.940 0.085 0.947 0.079 0.949 0.182 0.942 0.084 0.949 0.075 0.951
(50, 40) 0.4 0.230 0.940 0.090 0.946 0.080 0.948 0.184 0.941 0.089 0.948 0.078 0.950
0.8 0.204 0.941 0.080 0.947 0.074 0.949 0.179 0.943 0.079 0.949 0.072 0.951
(80, 30) 0.4 0.193 0.941 0.077 0.948 0.071 0.950 0.173 0.943 0.077 0.950 0.071 0.952
0.8 0.152 0.943 0.065 0.950 0.062 0.952 0.149 0.944 0.064 0.951 0.060 0.953
(80, 60) 0.4 0.186 0.942 0.071 0.949 0.068 0.951 0.158 0.944 0.070 0.951 0.067 0.953
0.8 0.145 0.944 0.057 0.950 0.055 0.952 0.141 0.945 0.056 0.952 0.054 0.954
h(t)
(30, 10) 0.4 1.109 0.942 0.785 0.946 0.689 0.949 1.093 0.943 0.733 0.947 0.632 0.950
0.8 1.017 0.943 0.692 0.947 0.576 0.950 0.989 0.944 0.646 0.948 0.568 0.951
(30, 20) 0.4 1.084 0.943 0.726 0.947 0.624 0.950 1.002 0.944 0.714 0.948 0.603 0.951
0.8 0.985 0.944 0.638 0.948 0.566 0.951 0.855 0.945 0.610 0.949 0.548 0.955
(50, 20) 0.4 0.781 0.947 0.559 0.950 0.518 0.953 0.760 0.948 0.521 0.951 0.491 0.954
0.8 0.744 0.948 0.424 0.952 0.390 0.954 0.735 0.949 0.407 0.953 0.361 0.955
(50, 40) 0.4 0.767 0.947 0.546 0.951 0.487 0.954 0.754 0.948 0.515 0.952 0.371 0.955
0.8 0.696 0.950 0.382 0.954 0.330 0.956 0.669 0.951 0.357 0.954 0.318 0.958
(80, 30) 0.4 0.659 0.951 0.335 0.955 0.316 0.958 0.623 0.952 0.322 0.956 0.305 0.959
0.8 0.609 0.953 0.259 0.957 0.253 0.960 0.549 0.954 0.258 0.958 0.245 0.961
(80, 60) 0.4 0.631 0.953 0.310 0.957 0.275 0.959 0.598 0.954 0.295 0.958 0.275 0.960
0.8 0.576 0.954 0.233 0.958 0.204 0.961 0.518 0.955 0.221 0.959 0.198 0.961
Table 8. The interval estimation results of 6.
(n,m) 0 95% ACI 95% BCI
Prior-A Prior-B
AIL CcpP AIL CcpP AIL CP
T=03
(30, 10) 0.4 0.427 0.951 0.376 0.954 0.348 0.957
0.8 0.388 0.953 0.322 0.956 0.279 0.959
(30 ,20) 0.4 0.413 0.952 0.360 0.955 0.333 0.958
0.8 0.359 0.953 0.298 0.956 0.268 0.959
(50, 20) 0.4 0.330 0.954 0.287 0.957 0.259 0.960
0.8 0.287 0.956 0.256 0.959 0.240 0.962
(50, 40) 0.4 0.299 0.956 0.271 0.959 0.251 0.961
0.8 0.273 0.957 0.246 0.960 0.226 0.962
(80, 30) 0.4 0.267 0.957 0.239 0.960 0.219 0.963
0.8 0.245 0.958 0.217 0.961 0.167 0.964
(80, 60) 0.4 0.252 0.958 0.228 0.961 0.175 0.964
0.8 0.213 0.960 0.197 0.962 0.153 0.965
T=05
(30, 10) 0.4 0.413 0.952 0.357 0.955 0.334 0.957
0.8 0.378 0.954 0.318 0.957 0.269 0.960
(30, 20) 0.4 0.406 0.953 0.346 0.956 0.325 0.958
0.8 0.368 0.954 0.286 0.957 0.257 0.960
(50, 20) 0.4 0.321 0.955 0.279 0.958 0.251 0.961
0.8 0.269 0.957 0.250 0.960 0.236 0.963
(50, 40) 0.4 0.280 0.957 0.268 0.960 0.241 0.962
0.8 0.257 0.958 0.239 0.961 0.221 0.963
(80, 30) 0.4 0.247 0.958 0.230 0.961 0.200 0.964
0.8 0.222 0.960 0.211 0.962 0.157 0.965
(80, 60) 0.4 0.239 0.959 0.218 0.962 0.167 0.965
0.8 0.197 0.961 0.186 0.964 0.148 0.966
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6. Real Applications

To illustrate how the proposed inference techniques can be applied in practice, we
analyze two sets of real competing risk data collected from the industrial field, one repre-
senting the breaking strength of jute fibers and the other representing the failure modes of
electrical appliances.

6.1. Jute Fibers

Jute fiber is extracted from the jute plant and is important due to its sustainability,
biodegradability, and low environmental impact, making it a preferred choice in eco-
friendly materials and green manufacturing. Its advantages include high tensile strength,
good insulating properties, low cost, and excellent breathability, making it suitable for
textiles, geotextiles, and composites. In this application, we analyze a dataset comprising
industrial observations of 58 breaking strength failures of the jute fiber was affected by
two different gauge lengths, namely 15 (say, Cause 1) and 20 mm (say, Cause 2); see
Xia et al. [31]. In Table 9, beyond dividing each breaking strength failure by one hundred
(due to computational ease), the newly transformed jute fiber dataset is presented.

Table 9. Newly transformed jute fiber data.

Time [Cause]

0.3675 [2]
0.9072 [2]
1.5029 [2]
3.2831[2]
4.8966 [1]
5.9670 [2]

0.4081 [2]
1.1045 [2]
1.6837 [1]
3.6027 [1]
4.9568 [1]
6.4048 [1]

04558 [2]  0.4666([1] 0.7009[1] 0.7146[2] 0.7638[1] 0.8355[2] 0.8364[2] 0.8942[1],
1.1385[2] 1.1630[1] 1.1896[2] 1.1986[2] 1.2781[1] 1.3509[1] 1.4596[2] 1.4696[1],
1.8266[1] 1.9342[1] 2.0275[1] 22565[1] 2.4443[2] 24633[2] 3.0000[1] 3.1286[2],
3.6084[2] 3.7581[2] 3.7822[2] 4.0425[1] 4.1902[2] 42597[1] 45771[1] 4.6287[1],
49794 [1] 54744[2] 55042[1] 5.6239[1] 5.7486[1] 5.7860[2] 5.8557[2] 5.9440 [1],
67262[2] 6.8816[2] 7.1636[1] 7.6514[2] 8.1387[1] 16.6492[2]

First, at a 5% significance level, the Kolmogorov-Smirnov (KS) test is performed to
check whether the Hj model fits the jute fiber data well. Given that the latent cause of
failures has independent Hj(A;, ;), i = 1,2, populations, we apply the following null and
alternative hypotheses, respectively, as follows:

*  Hy : Thejute fiber data set follows a Hj distribution;
*  Hj : Thejute fiber data set does not follow a Hj distribution.

To achieve this, the MLEs (with their standard errors (Std.Ers)) and 95% ACIs (with
their interval widths (IWs)) of Hj parameters A; and y; (for i = 1,2), as well as the
Kolmogorov-Smirnov (KS) distance (with its P-value), are computed; see Table 10. This
indicates that there is no statistical reason to reject the null hypothesis, which states that
jute fiber failure times follow an Hj distribution.

Table 10. Fitting the Hj model from jute fiber data.

Cause  Par. MLE (Std.Er) 95% ACI [IW] KS (p-Value)

Causel A 0.1139 (0.1117) (0.0015, 0.3328) [0.3313] 0.1314 (0.6505)
U 0.1001 (0.0257) (0.0496, 0.1505) [0.1009]

Cause2 A 0.4439 (0.1468) (0.1561, 0.7317) [0.5755] 0.1320 (0.6458)
H 0.0381 (0.0152) (0.0084, 0.0678) [0.0594]

To conduct a comprehensive visual assessment of the goodness-of-fit from the jute fiber
datasets, we refer to Figure 6, which presents three types of diagnostic plots: the empirical
and estimated survival functions S(t), probability—probability (PP) plots, and contour
diagrams of the fitted parameter surfaces. For both jute fiber datasets under consideration,
the graphical comparisons between the empirical and theoretical curves indicate that
the fitted RF model aligns closely with the empirical data. Specifically, the PP plots
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exhibit a near-linear correspondence between the empirical and model-based probabilities,
suggesting a good agreement between the observed and expected distributions under the
fitted model. Additionally, the subplots in Figure 6 highlight the behavior of the estimated
parameter surfaces, revealing the existence and uniqueness of the MLEs A; and fi; for
i = 1,2, corresponding to the two jute fiber datasets. These estimated values are reported in
Table 10. Given these diagnostic findings, we recommend the use of the obtained parameter
estimates A; and }; for i = 1,2 as initial values for future numerical optimization procedures
and iterative estimation algorithms applied to jute fiber data.

Cause 1

- o
-+ Empirical 29
8 - - Estimated
%% level
< 24 | KR
0, | e
%/e. | R
. = S W 7069
°-3. £ W 50,581
S u% < W o867
_.% i W 7. 601
°9, B (-5, -65)
‘8 (65, -64]
B o
g (-64, -63]
‘o. (-63,-62]
‘o. 62, ¢
.8..:.8 . (-62,-61]
2
T T T T T T T T T
2 4 8 0.0 0.2 0.4 0.6 0.8 1.0
X Observed
lambda
(i) Cause 1
Cause 2
- Empirical 2 4
& - - Estimated
© level
© o W 170,160
W 150,150
£ o | W 150,140
R g ° B 140,130
8 s S W 10,1201
\ § < E B 120,110
©0 < B 110,100
.. 0.05 B 100, -90)
LY o (-90, -80]
Q s 7 e E
2 "0 . (-80, -70]
o el (-70, -60]
Og. e,
R s
T T T T T T T T T
0 5 10 15 0.0 0.2 0.4 0.6 0.8 1.0 0.00
X Observed 0.00 025 050 075
lambda
(ii) Cause 2
(a) RF (b) PP (c) Contour

Figure 6. Fitting diagrams of the Hj(A;, ¢;), i = 1,2, model from jute fiber data.

By setting 6 = 0.5 from the whole electrode data for different combinations of m and
T, two APTIIC competing risk samples with binomial removals (denoted by S[i], i = 1,2)
are formed; see Table 11. The Bayes calculations of A;, p;, i = 1,2, 5(t), h(t), and 6 use
non-informative priors due to a lack of prior knowledge about the Hj parameters A; and y;
(for i = 1,2) and the binomial parameter 8. The MCMC sampler chain (detailed in Section 4)
is run 50,000 times, and the first 10,000 results are discarded as a burn-in. The MCMC point
and 95% BCl estimates of the Hj parameters A; and y; (for i = 1, 2) and reliability factors
S(t) and h(t) are produced. However, using Table 11, the derived maximum likelihood
and Bayes” MCMC estimates (with their Std.Ers), 95% ACI/BCI estimates (with their IWs)
of Aj, uj, i =1,2,5(t), h(t), and 0 are evaluated; see Table 12. As a sequence, it exhibits
that the Bayes’ estimates of A;, i = 1,2, R(t), or 6 outperforms the others regarding the
lowest standard error and width values.
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Table 11. Two APTIIC competing risk samples with binomial removals from jute fiber data.
S[1): T(d) = 0.8(3) and R* =9
i 1 2 3 4 5 6 7 8 9 10
ri 22 13 4 0 0 0 0 0 0 0
5 2 1 1 2 2 2 2 1 2 2
x; 03675 04666 07009 0.8355 09072 1.1385 1.1896 1.2781 1459 1.5029
S[2): T(d) = 0.6(3) and R* =7
i 1 2 3 4 5 6 7 8 9 10
ri 17 11 3 0 0 0 0 0 0 0
5; 2 2 1 1 1 2 1 2 2 1
x; 03675 04558 04666 0.7009 0.7638 0.8355 0.8942 09072 1.1385 1.1630
i 11 12 13 14 15 16 17 18 19 20
ri 0 0 0 0 0 0 0 0 0 0
5; 1 1 2 1 1 1 1 2 1 2
x; 12781 13509 15029 1.6837 19342 20275 22565 24633 3.0000 3.7822
Table 12. Estimates of A;, p;, i = 1,2, S(t), h(t), and 6 from jute fiber data.
Sample Par. MLE ACI
Bayes BCI
Est. S.Err Lower Upper Iw
S[1] M 421 x 1078 5.00 x 1077 0.0000 1.02 x 107° 1.02 x 107°
421 x 1078 1.00 x 10710 419 x 1078 423 x 1078 391 x 10710
Ao 2.64 x 1077 443 x 1078 0.0000 8.94 x 1078 8.94 x 1078
3.99 x 1072 499 x 107° 1.54 x 107 1.11 x 1074 1.09 x 10~*
1 258 x 1071 1.49 x 1071 0.0000 5.49 x 1071 549 x 107!
2.58 x 1071 498 x 1072 258 x 1071 258 x 107! 1.96 x 1074
12 6.08 x 1071 230 x 1071 1.57 x 1071 0.11 x 1071 9.00 x 1071
6.08 x 1071 497 x 107> 6.07 x 1071 6.08 x 1071 1.95 x 1074
S(t) 897 x 1071 3.07 x 1072 8.37 x 107! 958 x 107! 1.20 x 1071
897 x 107! 1.98 x 1075 8.97 x 107! 8.98 x 1071 527 x 1072
h(t) 3.91 x 1072 2.70 x 1072 0.0000 9.21 x 1072 9.21 x 1072
3.91 x 1072 9.28 x 107° 3.91 x 1072 3.92 x 1072 338 x107°
0 223 x 1071 2.58 x 1072 1.72 x 1071 2.73 x 107! 1.01 x 1071
1.82 x 1071 4.06 x 1072 1.34 x 1071 237 x 1071 1.03 x 1071
S[2] M 425 x 1078 1.94 x 1078 445 % 1077 8.06 x 1078 7.62 x 1078
425 x 1078 1.00 x 10710 423 x 1078 427 x 1078 3.93 x 10710
Ay 5.96 x 1078 123 x 10 0.0000 246 x 107° 246 x 107°
3.99 x 107° 5.01 x 1072 1.62 x 107 1.13 x 1074 112 x 1074
1 3.96 x 107! 1.14 x 1071 1.72 x 107! 6.20 x 107! 448 x 107!
3.96 x 107! 499 x 107° 3.96 x 107! 3.96 x 107! 1.94 x 1074
12 246 x 1071 8.71 x 1072 7.54 x 1072 417 x 1071 341 x 1071
246 x 107! 492 x 107> 246 x 107! 246 x 1071 1.92 x 1074
S(t) 9.23 x 107! 1.66 x 1072 8.90 x 107! 9.55 x 107! 6.50 x 1072
923 x 107! 2.04 x 107° 923 x 107! 9.23 x 107! 547 x 107°
h(t) 2.44 x 1072 1.11 x 102 2.55 x 1073 462 x 1072 4.36 x 1072
244 x 1072 8.76 x 107° 243 x 1072 244 x 1072 274 x 1072
0 6.59 x 1072 1.09 x 1072 445 x 1072 8.72 x 1072 427 x 1072
6.18 x 1072 4.07 x 1073 430 x 1072 8.37 x 1072 4.07 x 1072

To show the existence and uniqueness features of the collected MLEs A; and fi; (for
i =1,2) using S[i], i = 1,2 gathered from jute fiber data, the log-likelihood contours of
Ai, Mi, 1 = 1,2 are shown in Figure 7. As a consequence, it confirms that the acquired
MLEs A; and fi; (for i = 1,2) exist and are unique. We thus recommend utilizing the
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Figure 7. The log-likelihood contours for A; and y; (for i = 1,2) from jute fiber data.

1,2 (reported in Table 12) as initial guesses to run

To further validate the Bayesian inference and to assess the convergence and mixing

behavior of the associated MCMC iterations, we present in Figure 8 the trace and kernel
density plots for A;, p;, i = 1,2, S(t), and h(t) based on their remaining 40,000 MCMC
simulated variables collected from S[1] as an example. These diagnostic plots exhibit good

mixing and convergence, indicating that the MCMC chains are sampling effectively from

the posterior distributions. The resulting posterior distributions for the parameters show

that most are approximately symmetric. However, mild positive skewness is observed in
the posterior of Ay, while the posterior of S(t) exhibits slight negative skewness. From the
posterior samples (remaining 40,000 MCMC iterates), we compute key summary statistics
including the posterior mean, mode, the three quartiles (Q;, i = 1,2, 3), standard deviation
(Std.D), and skewness (Sk.) of A1, p;, i = 1,2, S(t), and h(t) based on their remaining
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40,000 MCMC variates. These results are compiled in Table 13, providing further support
and consistency with the Bayesian estimates listed in Table 12.

Table 13. Summary for statistics of A;, y;, i = 1,2, 5(¢), and h(t) from jute fiber data.

Sample Par. Mean Mode Q Q> Q3 Std.D Sk.
S M 421 %1078 419 x 1078 420 x 1078 421 %1078 422 %1078 1.00 x 10710 8.83 x 1073
Ao 3.99 x 107° 117 x 107° 1.59 x 107° 3.40 x 107° 5.77 x 107° 3.00 x 107° 9.84 x 107"
[ 258 x 107! 258 x 107! 258 x 1071 258 x 1071 258 x 1071 498 x 107° 2.56 x 1072
M2 6.08 x 107 6.08 x 107* 6.07 x 1071 6.08 x 1071 6.08 x 107! 497 x107° 214 x 1072
S(t) 8.97 x 107 8.97 x 107! 8.97 x 1071 8.97 x 107" 8.97 x 107! 1.34 x 107° —521x107!
h(t) 391 x 1072 391 x 1072 391 x 1072 391 x 1072 391 x 1072 8.61 x 107 446 x 1072
S[2] M 425 %1078 427 x 1078 425 %1078 425 %1078 426 x 1078 1.00 x 10710 —6.80 x 1073
A 3.99 x 107° 481 x107° 1.56 x 107° 3.38 x 107° 5.76 x 107> 3.04 x 107° 0.11 x 10*1
7 3.96 x 1071 3.96 x 107! 3.96 x 107! 3.96 x 1071 3.96 x 1071 499 x 107° 3.69 x 1072
U2 246 x 107! 246 x 107! 246 x 1071 246 x 107 246 x 107" 492 x107° —2.39 %1072
S(t) 9.23 x 107" 9.23 x 107! 923 x 107! 923 x 107" 9.23 x 107" 1.40 x 107° —5.39 x 107!
h(t) 244 x 1072 2.44 x 1072 244 x 1072 244 x 1072 244 x 1072 7.02 x 107 1.76 x 107!
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Figure 8. Two MCMC plots of A;, p; (for i = 1,2), S(t), and h(t) from jute fiber data.

6.2. Electrical Appliances

Electrical appliances are essential in modern life as they enhance convenience, save
time, improve efficiency in daily tasks, and support productivity both at home and in the
workplace. This section examines real-world failure time statistics for electrical appliances
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evaluated in eighteen operating modes, as published by Lawless [32]. Failures in Mode 11
were identified as Cause 1, whereas failures in all other modes were classified as Cause 2.
In this part, to make calculation easier, each failure time in the electrical dataset is split by
one hundred. Table 14 shows eight failures attributed to Cause 1 and thirteen to Cause 2.
Alotaibi et al. [33] analyzed this dataset later. Before analyzing the proposed point and
interval estimation findings of A;, i = 1,2, u;, i = 1,2, S(t), h(t), and 6, it is crucial to
evaluate whether the Hj distribution fits the electrical appliances data (provided in Table 14).
Since the estimated P-values (in Table 15) exceed the pre-specified significance level of
5%, there is no statistical reason to reject the null hypothesis, which claims that electrical
appliance failure times follow the Hj distribution.

Table 14. Times to failure of 21 electrical appliances.

Time [Cause]

012[2]  0.16[2]
495[2]  557[2]

0.16[2] 046[2] 046[2] 052[2] 098[1] 098[2] 270[2] 4.13[1]  4.95[1]
6.16[2]  692[1] 10.65[1] 11.07[2] 11.93[1] 14.67[1] 1467[2] 19.37[1]

Table 15. Fitting the Hj model from electrical appliance data.

Cause Par. MLE (Std.Er) 95% ACI [IW] KS (p-Value)

Causel A 0.0750 (0.1030) (0.0000, 0.2770) [0.2770] 0.1322 (0.9950)
u 0.0144 (0.0062) (0.0022, 0.0266) [0.0244]

Cause2 A 0.6843 (0.2473) (0.1996, 1.1691) [0.9694] 0.2109 (0.6093)
U 0.0141 (0.0111) (0.0014, 0.0358) [0.0344]

Following the goodness-of-fit visualization tools discussed in Subsection 6.1, Figure 9
indicates that there is a strong relationship between the fitted and empirical RF (or PP)
lines for both electrical appliances datasets. It also confirms that the estimated parameters
Ai, i=1,2 and fii, i = 1,2 exist and are unique.

Taking various configurations of m and T, using 6 = 0.5 across the complete elec-
trode dataset, two APTIIC competing risks samples with binomial removals (denoted
S[i] for i = 1,2) are generated (see Table 16). Bayesian estimation of the Hj parameters
Ai, i=1,2,p;, i =1,2,5(t), and h(t), and the binomial parameter 6 is carried out using
non-informative priors, reflecting the absence of prior information regarding the parame-
tersA;, i =1,2,y;, i = 1,2, and 6. The proposed MCMC sampling, described in Section 4, is
implemented with a total of 50,000 iterations, discarding the initial 10,000 samples as burn-
in. Posterior point estimates and 95% BCls are computed for the parameters A;, i = 1,2,
ui, i =1,2,5(t), and h(t). Additionally, Table 17 provides a comparative summary of the
classical and Bayesian estimates, including their associated Std.Errs and IWs of the 95%
ACI/BCI bounds. Results indicate that the Bayesian estimates of A;, i = 1,2, y;, i = 1,2,
S(t), h(t), or 8 demonstrated improved precision, evidenced by reduced standard errors
and narrower interval widths relative to their likelihood counterparts.

To rigorously demonstrate the existence and uniqueness of the ML estimates
}Li, i=1,2and fi;, i = 1,2, derived from the electrical appliances datasets S[i], i = 1,2, we
examine the joint log-likelihood contour plots presented in Figure 10. These contours depict
the shape and topology of the log-likelihood function with respect to the parameter pairs
(Ai, ui), i = 1,2, and confirm the existence and uniqueness of the corresponding MLEs
}Li, i=1,2and fi;, i = 1,2. Subsequently, the obtained MLEs (as reported in Table 17) are
recommended as suitable initial values for the Bayesian analysis from the electrical appli-
ances datasets. Convergence and mixing properties of the MCMC chains are illustrated in
Figure 11, which presents the posterior density and trace plots for A;, i = 1,2, y;, i = 1,2,
S(t), and h(t) based on the remaining 40,000 post-burn-in samples from S[1]. The visual
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diagnostics indicate that the chains are well-mixed, suggesting adequate convergence.
Most posterior distributions of A;, i = 1,2, pp, S(t), and h(t) are approximately symmetric,
except those of y1, which exhibit slight positive skewness. Descriptive statistics (provided
in Table 18) further support the Bayesian inference results summarized in Table 17.
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Figure 9. Fitting diagrams of the Hj(A;, y;), i = 1,2, model from electrical appliance data.

Table 16. Two APTIIC competing risk samples with binomial removals from electrical appliance data.

S[1): T(d) = 02(2) and R* = 3

i 1 2 3 4 5 6 7 8 9 10

i 4 4 0 0 0 0 0 0 0 0

5 2 2 2 2 1 2 1 2 2 2

X 012 016 046 052 098 270 413 495 557 616
S[2): T(d) = 0.3(2) and R* =2

i 1 2 3 4 5 6 7 8 9 10

i 2 2 0 0 0 0 0 0 0 0

5 2 2 2 2 1 2 1 1 2 2

X 012 016 046 052 098 270 413 495 557 616

i 1 12 13 14 15

r; 0 0 0 0 0

5 1 1 1 1 1

X 692 1065 1193 1467 1937
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Table 17. Estimates of A;, u;, i = 1,2, S(t), h(t), and 0 from electrical appliance data.

Sample Par. MLE ACI
Bayes BCI
Est. S.Err Lower Upper W
S[1] M 7.40 x 1072 1.32 x 107! 0.0000 3.33 x 107! 3.33 x 1071
7.41 x 1072 9.98 x 1073 5.45 x 1072 9.38 x 1072 3.93 x 1072
A» 392 x 107! 210 x 107! 0.0000 8.03 x 107! 8.03 x 107!
3.92 x 107! 1.01 x 1072 3.73 x 107! 412 x 107! 391 x 1072
W1 2.00 x 1072 265 x 1072 0.0000 7.19 x 1072 7.19 x 1072
2.08 x 1072 8.74 x 1073 484 %1073 3.87 x 1072 3.38 x 1072
2 5.56 x 1072 3.70 x 1072 0.0000 1.28 x 107! 1.28 x 107!
5.56 x 1072 9.59 x 1073 3.69 x 1072 7.45 x 1072 3.76 x 1072
S(t) 8.20 x 107! 8.07 x 1072 6.62 x 1071 9.78 x 1071 3.16 x 1071
820 x 107! 4.87 x 1073 8.10 x 107! 829 x 107! 1.90 x 1072
h(t) 1.72 x 1072 249 x 1072 0.0000 6.60 x 1072 6.60 x 1072
1.73 x 1072 233 x 1073 1.28 x 1072 220 x 1072 9.13 x 1073
0 1.45 x 107! 441 x 1072 5.90 x 1072 232 x 107! 1.73 x 107!
1.27 x 107! 1.85 x 1072 5.74 x 1072 2.19 x 107! 1.62 x 1071
S[2) M 3.68 x 1072 6.50 x 1072 0.0000 1.64 x 107! 1.64 x 107!
3.68 x 1072 993 x 1074 3.48 x 1072 3.87 x 1072 390 x 1073
Ao 2.89 x 107! 1.09 x 107! 7.48 x 1072 5.03 x 107! 428 x 107!
2.89 x 107! 1.00 x 1073 2.87 x 107! 291 x 107! 3.90 x 1073
# 1.41 x 1072 5.82 x 1073 2.67 x 1073 255 x 1072 2.28 x 1072
1.41 x 1072 9.89 x 1074 1.21 x 1072 1.60 x 1072 3.89 x 1073
2 1.33 x 107° 1.60 x 107° 0.0000 327 x 107° 327 x 107°
7.27 x 107* 912 x 107* 278 x 1075 2.05 x 1073 2.03 x 1073
S(t) 8.75 x 107! 450 x 1072 7.87 x 107! 9.63 x 107! 1.76 x 107!
8.75 x 107! 524 x 1074 8.74 x 107! 8.76 x 107! 2.03 x 1072
h(t) 6.08 x 1073 8.49 x 1073 0.0000 227 x 1072 227 x 1072
6.10 x 1073 1.62 x 1074 5.78 x 1073 6.41 x 1073 6.32 x 107*
0 5.41 x 1072 261 x 1072 2.81 x 1073 1.05 x 107! 1.02 x 107!
5.13 x 1072 2.76 x 1073 143 x 1072 1.10 x 107! 9.53 x 1072

Table 18. Summary for statistics of A;, y;, i = 1,2, S(t), and h(t) from electrical appliance data.

Sample Par. Mean Mode Q1 Q2 Qs St.D Sk.
SN M 741 x 1072 6.02 x 1072 6.73 x 1072 7.41 x 1072 8.09 x 1072 9.98 x 1073 1.34 x 1072
A 3.92 x 107 3.79 x 107} 3.85 x 1071 3.92 x 107 3.99 x 107 1.01 x 1072 —6.51 %1072
i 2.08 x 1072 1.89 x 1072 1.46 x 1072 2.04 x 1072 2.66 x 1072 8.71 x 1073 255 x 107"
153 5.56 x 1072 4.01 x 1072 4.90 x 1072 5.56 x 1072 6.20 x 1072 9.59 x 1073 2.66 x 1072
S(t) 820 x 107! 8.19 x 107! 8.17 x 107! 820 x 107" 823 x 107! 487 x 1072 2.66 x 1072
h(t) 173 x 1072 1.50 x 1072 157 x 1072 173 x 1072 1.89 x 1072 233 x107° 9.83 x 1077
S[2] M 3.68 x 1072 3.79 x 1072 3.61 x 1072 3.68 x 1072 3.75 x 1072 9.93 x 1074 —1.63 x 1072
A 2.89 x 107! 2.88 x 107! 2.88 x 107! 2.89 x 107! 290 x 107! 1.00 x 1073 8.72 x 107*
[ 1.41 x 1072 1.30 x 1072 1.34 x 1072 1.41 x 1072 1.48 x 1072 9.89 x 107* —7.92x 1074
" 727 x 107* 1.00 x 1073 2.89 x 1074 6.10 x 107* 1.06 x 1073 552 x107* 0.11 x 10™!
S(t) 875 x 107! 875 x 107! 874 x 107! 875 x 107" 875 x 107! 517 x 1074 7.81 x 107*
h(t) 6.10 x 1073 6.12 x 1073 5.99 x 1073 6.10 x 1073 6.21 x 1073 1.61 x 1074 —9.61 x 1073

The results from both the jute fiber and electrical appliance datasets support the appli-
cability of the Hjorth competing risks model under the proposed estimation framework.
These findings confirm that the model performs well when applied to real-world data
collected through adaptive progressive Type II censoring with binomial removals. Over-
all, the proposed methods offer a practical and effective approach for analyzing complex
lifetime data within this modeling context.
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Figure 10. The log-likelihood contours for A; and p; (for i = 1,2) from electrical appliance data.
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Figure 11. Two MCMC plots of A;, y; (for i = 1,2), S(t), and h(t) from electrical appliance data.

7. Concluding Remarks

This study examined frequentist and Bayesian estimation frameworks for analyzing
the Hjorth competing risks model under an adaptive progressive Type II censoring design.
To address the limitations of conventional fixed removal schemes, we proposed a dynamic
censoring approach that incorporated binomial removals, thereby enhancing adaptability
in reliability assessments. The inferential focus included estimating the scale and shape
parameters of the Hjorth distribution, the binomial removal probability, and key reliability
metrics such as reliability and hazard rate functions. Within the frequentist paradigm, maxi-
mum likelihood estimation was utilized, with numerical optimization techniques employed
to resolve the complex likelihood equations for the Hjorth parameters. The asymptotic
normality of the MLEs facilitated the construction of confidence intervals for the param-
eters and reliability metrics. For Bayesian inference, independent gamma priors were
specified for the Hjorth parameters, while a beta prior governed the binomial probability.
Posterior estimates under squared error loss were derived through Markov Chain Monte
Carlo algorithms, accompanied by symmetric Bayes credible intervals. A comprehensive
simulation study was conducted to evaluate the precision of point and interval estimates,
identifying scenarios where Bayesian or frequentist methods performed better. To highlight
the practical relevance and adaptability of the proposed methodologies in diverse fields,
two genuine real-world datasets, including jute fiber and electrical appliance datasets,



Mathematics 2025, 13, 2010 33 of 34

were used to evaluate two competing risks, illustrating the practical utility of the proposed
estimation methods. These applications highlight the importance of accurately estimating
the reliability function in the presence of multiple failure causes and complex censoring
schemes. One limitation of the current study is the assumption that latent failure times are
independent, which may not hold when the failure causes are correlated. In such scenarios,
a dependent competing risks model would provide a more appropriate framework for
data analysis. For future work, it would be valuable to explore alternative algorithms
for generating samples from the full conditional distributions, such as the Hamiltonian
Monte Carlo algorithm, instead of relying solely on the Metropolis-Hastings algorithm.
The results obtained using Hamiltonian Monte Carlo can then be compared with those
from the current study to assess potential improvements in efficiency and accuracy.
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