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Abstract: This study presents, for the first time, a detailed linear stability analysis (LSA)
of bedform evolution under low-flow conditions using a one-dimensional vertically av-
eraged and moment (1D-VAM) approach. The analysis focuses exclusively on bedload
transport. The classical Saint-Venant shallow water equations are extended to incorporate
non-hydrostatic pressure terms and a modified moment-based Chézy resistance formu-
lation is adopted that links bed shear stress to both the depth-averaged velocity and its
first moment (near-bed velocity). Applying a small-amplitude perturbation analysis to
an initially flat bed, while neglecting suspended load and bed slope effects, reveals two
distinct modes of morphological instability under low-Froude-number conditions. The
first mode, associated with ripple formation, features short wavelengths independent of
flow depth, following the relation F? = 1/(kh), and varies systematically with both the
Froude and Shields numbers. The second mode corresponds to dune formation, emerging
within a dimensionless wavenumber range of 0.17 to 0.9 as roughness increases and the
dimensionless Chézy coefficient C* decreases from 20 to 10. The resulting predictions of
the dominant wavenumbers agree well with recent experimental observations. Critically,
the model naturally produces a phase lag between sediment transport and bedform geom-
etry without empirical lag terms. The 1D-VAM framework with Exner equation offers a
physically consistent and computationally efficient tool for predicting bedform instabilities
in erodible channels. This study advances the capability of conventional depth-averaged
models to simulate complex bedform evolution processes.

Keywords: stability analysis diagram; evolution of bedforms; low-regime bedforms;
vertically averaged and moment models; velocity over varied topography; moment-based
Chezy formula

MSC: 76-10; 00A69

1. Introduction
1.1. Background

One of the key characteristics of flows in alluvial channels is the dynamic interplay
between the moving water and the deformable channel bed. This bidirectional interaction
gives rise to distinctive morphological features on the bed surface, commonly referred to
as bedforms. Of particular significance in hydraulic engineering is the inherent instability
of sand waves. These migrating bedforms can modify flow patterns, potentially leading
to adverse outcomes such as flooding and structural damage to hydraulic infrastructure,
including dams and bridges [1,2].
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Under low-flow regime conditions, initially, flat beds have been observed to develop
small, triangular-shaped features known as ripples once the flow velocity surpasses a
certain threshold. As the velocity continues to increase, these ripples evolve into larger,
asymmetric bedforms referred to as dunes. At even higher velocities, dunes tend to dis-
appear, leading to the re-establishment of a flat bed surface. These bedforms—ripples
and dunes—significantly contribute to form resistance, a dominant component of total
flow resistance in alluvial channels, often exceeding grain resistance by a considerable
margin [3-6]. For this reason, it is imperative for hydro-morphological models not only to
detect the presence of bedforms but also to accurately predict their geometrical characteris-
tics. This capability is vital for mitigating potential navigation hazards and ensuring the
robust design of flood control infrastructure [7].

The formation and evolution of bedforms have long attracted the attention of re-
searchers and engineers. In 1925, Exner made a pioneering observation by identifying
friction-induced phase lag between the bed profile and sediment transport rate as a key
factor in bedform development [8]. This insight laid the foundation for the application
of linear stability analysis (LSA) to study bedform evolution, which gained momentum
approximately four decades later. Over the past 70 years, LSA has become a widely used
tool to explore the physical mechanisms governing the transition from a flat bed to peri-
odic bedforms. Small-amplitude stability analysis assumes bed perturbation heights to be
small relative to the perturbation wavelength and flow depth, allowing for linearization
of the governing equations of flow and sediment transport. Although such linearization
excludes essential nonlinear dynamics, LSA remains a valuable method for elucidating
the initial growth and decay behavior of bedforms and advancing our understanding of
morphodynamic processes.

Previous LSA studies have generally adopted one of three classes of flow modeling
approaches. The first class employs potential, irrotational, and quasi-steady or fully un-
steady flow formulations. The second class incorporates more accurate two-dimensional
(2D) rotational and viscous models, based on either vorticity transport equations or time-
averaged Reynolds equations. The third class utilizes simplified, vertically averaged
(VA), one-dimensional depth-averaged “Saint-Venant-type” equations, which are com-
monly adopted in practical hydrodynamic simulations, with or without the hydrostatic
pressure assumption.

Kennedy was among the first researchers [9-12] to apply LSA using the potential
flow framework, modeling dune formation as a two-dimensional problem. However, the
inviscid nature of potential flow theory limited his model’s ability to capture low-Froude-
number instabilities unless an artificial, explicit phase lag was introduced between local
flow velocity and sediment transport. Although Kennedy’s lag parameter was intended
to match observations, subsequent analyses revealed that it could approach the scale of
the perturbation wavelength, raising questions about its physical realism [13]. Many
researchers later contended that reliance on an imposed phase lag indicates a deficiency in
the underlying model physics—missing key mechanisms such as sediment inertia, flow
separation, or bedform coalescence. While Kennedy’s original formulation interpreted the
lag physically, it was ultimately deemed an artificial proxy, either unnecessary in models
with improved physical realism or incompatible with the actual mechanisms responsible
for dune initiation [14-16].

In a notable advancement, Coleman and Fenton [17] applied LSA to fully unsteady 2D
potential flow and demonstrated that bedform development could be predicted without
invoking Kennedy’s explicit lag assumption. They attributed the implicit phase lag to a
resonance mechanism between surface waves and bed perturbations. Nevertheless, based
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on comparisons with experimental data, they concluded that potential flow models are
inadequate for capturing the evolution of bedforms [17].

To overcome the limitations of potential flow theory, researchers began incorporating
more physically realistic models. Engelund employed a 2D vorticity-based model with
a constant eddy diffusivity turbulence closure. Two modes of sediment transport were
included: bedload and suspended load. His work highlighted the importance of non-
hydrostatic pressure distributions and fluid friction for accurately simulating bedform
growth [18]. Fredsee used a quasi-steady, 2D rotational model and demonstrated that
ripple modes could be captured when bedload transport was made sensitive to local bed
slope [19]. Colombini utilized a 2D Reynolds-averaged model and showed that phase lag
between sediment transport and bed elevation remains the primary driver of instability. He
also demonstrated that dunes and antidunes can form without suspended load or sediment
inertia, provided bed shear stress is evaluated at the interface between the flow and
bedload layer [20]. Sumer and Bakioglu adopted a rotational model with bedload transport
alone, assuming no flow separation [21]. While their analysis successfully captured ripple
instabilities, it failed to predict dunes, prompting them to suggest that suspended load
effects are essential for dune formation. However, McLean countered this view, arguing
that dunes can be reproduced without suspended load if the flow structure is modeled
with sufficient fidelity [22]. More recently, Ali and Dey employed a 2D Reynolds-averaged
model with a one-equation turbulence closure and found that sand wave instability is
sensitive to streamwise pressure gradient and Reynolds stress perturbations at the bed [23].
Ohata et al. explored the role of suspended sediment in suppressing dune formation and
promoting plane beds, offering new insights into the structure of turbidite sequences [24].

The third group of studies employed one-dimensional, depth-averaged Saint-Venant
equations for LSA. Gradowczyk was the first to apply LSA using hydrostatic, 1D Saint-
Venant-Exner (SVE) equations but failed to capture any bedform instabilities [25]. This
limitation was later confirmed by [26,27], who emphasized the importance of relaxing the
hydrostatic assumption and improving the representation of bed shear stress (e.g., replacing
the classical Chezy formula). Ref. [14] introduced a dynamic bedload transport model
and analyzed both unsteady and quasi-steady flows. While their model could predict
antidune instabilities, it remained unable to detect ripple or dune instabilities associated
with low-flow conditions.

Ref. [28] enhanced the 1D Saint-Venant equations by incorporating a streamwise
velocity profile derived from turbulence theory and applying the Boussinesq approximation
to account for non-hydrostatic pressure variations. Their model included both bedload
and suspended sediment transport and successfully identified instability regimes for both
dunes (at low Froude numbers) and antidunes (at higher Froude numbers). Ref. [29]
investigated ripple instabilities based on bedload transport alone, identifying a critical
near-bed flow layer approximately 3.5 times the ripple height and showing a dependence
of ripple wavelength on the Shields parameter. Most recently, Ref. [1] conducted both linear
and weakly nonlinear analyses of sand wave formation using a depth-averaged model that
included bedload and suspended load transport. Their work demonstrated the ability to
predict both equilibrium wavelengths and amplitudes of sand waves and to assess their
sensitivity to key flow and sediment parameters.

Although the depth-averaged Saint-Venant equations are widely applied in river engi-
neering due to their computational efficiency and modest data requirements [30,31], their in-
herent inability to resolve vertical velocity structures often limits their predictive accuracy.

To overcome this shortcoming, the moment of momentum approach was introduced,
giving rise to an advanced class of models known as vertically averaged and moment
(VAM) models [32]. These models augment the classical depth-averaged framework by
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incorporating additional degrees of freedom that allow for the representation of non-
uniform vertical velocity profiles, typically linear or parabolic in form, and, when required,
by relaxing the hydrostatic pressure assumption to account for non-hydrostatic effects.

VAM models have demonstrated considerable success in broadening the applicability
of traditional depth-averaged approaches across various hydraulic contexts. Their applica-
tions include the prediction of spatially variable bed shear stress under non-uniform flow
conditions [27,33], the analysis of complex two-dimensional flow structures in channel
bends [34-36], the estimation of transverse mixing in open channels driven by secondary
current-induced shear dispersion [37], the quantification of turbulent kinetic energy distri-
butions over bedforms [38], and the approximation of velocity fields across morphologically
varying beds and bedforms [39].

The central objective of the present study is to investigate the capability of VAM
models to predict the formation and evolution of bedforms originating from an initially flat
bed, employing a linear stability analysis framework.

1.2. Study Objectives

The principal objectives of this study are threefold:

First, to conduct a rigorous linear stability analysis of sediment bedforms under low-
flow conditions by introducing, for the first time, the vertically averaged and moment
(VAM) approach into the theoretical framework.

Second, to evaluate the capability of the one-dimensional VAM model in predicting
the distinct modes of bedform instabilities arising in the low-Froude-number regime. This
analysis is carried out while focusing exclusively on bedload sediment transport mechanism
and neglecting suspended load and bed slope effects.

Third, to compare the theoretical predictions derived from the VAM-based linear
stability analysis with recent experimental observations in the labs.

To achieve these objectives, the analysis is systematically structured into four stages:

e  Baseline Case—Classical SVE Framework: The traditional Saint-Venant-Exner (SVE)
equations, formulated under the hydrostatic pressure assumption and incorpo-
rating the standard Chezy resistance relation, serve as the reference model for
subsequent comparisons.

e  Case 1—Incorporation of Non-Hydrostatic Effects: The baseline SVE equations are
extended by integrating non-hydrostatic pressure terms derived from the moment of
momentum approach, allowing assessment of their influence on instability predictions.

e Case 2—Hydrostatic VAM Model: The hydrostatic form of the VAM equations is
employed, incorporating a modified Chezy-type resistance formulation tailored to
moment-based velocity distributions for improved bed shear stress estimation.

e  Case 3—Fully Extended VAM Model: This configuration combines both the moment-
based velocity representation and non-hydrostatic pressure effects, providing the most
comprehensive modeling framework for evaluating bedform evolution mechanisms.

1.3. Paper Organization

The remainder of this paper is structured as follows:

Section 2 presents the linear perturbation analysis of the conventional SVE equations.

Section 3 extends the analysis to revised formulations, exploring the effects of non-
hydrostatic terms and VAM-based modeling.

Section 4 discusses the results obtained from the different LSA formulations.

Section 5 summarizes the key findings.

Section 6 outlines the study’s challenges, limitations, and directions for future research.
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2. Methodology
2.1. Perturbation Analysis

The response time of the flow to changes in bed topography is generally much shorter
than the timescale associated with the morphological evolution of the bed itself. For this
reason, it is common to treat the flow field as quasi-steady when analyzing the development
of bedforms over a perturbed bed surface. This assumption was originally proposed and
validated in the work of Richards [8] and has since been adopted in several related studies.

Based on the linear perturbation concept, the variables such as water depth h, flow ve-
locity u or sediment flux gs are decomposed into a base state (denoted by the superscript ()
and a small perturbation that is considered a deviation from the base state (denoted as
superscript (V). Such decomposition allows us to study how small disturbances evolve
over time and space. For instance, the water depth could be written as 1 = h® + V)

2.2. Linearization of Conventional Saint-Venant (SV) Equation (Reference Case)

Based on the schematic illustration provided in Figure 1, the depth-averaged conti-
nuity and momentum equations under steady-state conditions are formulated within the
inclined coordinate system defined by the axes X and Z. By invoking the small perturba-
tion hypothesis, these governing equations can be linearized. Accordingly, the first-order
approximations of the depth-averaged continuity and streamwise momentum equations
are expressed as follows:

oh*(D) au:(l)

Jx* + ot 0 M)
oW oz 2F2\
(F2 - 1) R (so + C*z)uo(” —0 )

where x is the coordinate parallel to the averaged bed slope, S,; zj, is the local bed pertur-
bation height measured from the averaged slope; h is the water depth; U, is the depth-

(0)
averaged velocity; F is the Froude number, F = U"h o and C* is the dimensionless Chezy
8
. 1 M _ .
coefficient. h*(1) = ZE—O;; x* = ﬁ; zp = lj—g); U;(l) = %; Z=1z,+ % The superscript @

indicates the order of the parameter, ©) means the base or the mean value, whereas (V) refers
to the perturbation.

Figure 1. Coordinate definition.
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In this study, the bed load transport was estimated using Chang’s formulation, which

is expressed as follows [40]:
qs = %uo(Tb - Tc) 3)
In this context, g5 denotes the volumetric bed load transport, while k; is an empirical
coefficient reflecting sediment properties; a higher k; value implies that sediment particles
are more readily for entrainment as bed load. For beds composed of medium to coarse
sand, k; typically approaches 0.1. 7, represents the specific weight of sediment, 13 is the
applied bed shear stress, and 7, is the critical shear stress threshold for sediment motion.
For analytical simplicity, 1. is assumed to be negligible, a simplification more appropriate
for fine sediments than for coarser grains. By combining Equation (3) with the (Exner-like)
sediment continuity condition, Equation (4) is obtained, which reveals that an accelerating

*(1)
flow (i.e., %>0) induces a reduction in bedform amplitude, thereby promoting bed
perturbation damping.

~ 1
d0z; A Fz_au;;() 5 _ Bkep’ @
ot* C*2 ax* ' (1—n)
Here, t is the time coordinate, t* is the normalized time = C-t/h , n represents the
sediment porosity, while p* denotes the ratio of water density to that of the sediment
particles. From Equations (2) and (4), the momentum equation can be rewritten as:

Pzy  C2(FP-1) 10 0%zp 3 1O oz
Ox*2

= i =0 (5)
A-F2 u(go) dx*ot A ugo) ot

Equation (5) constitutes an eigenvalue problem for determining the perturbation wave
speed, C, under the assumption that the initially planar erodible bed undergoes a slight
perturbation as described by Equation (6). Hereafter, 1(?) will be denoted as h for simplicity.

zp = (zp)-explikh(x* — C-t/h)] (6)
The real and imaginary components of the bed wave speed can be determined
as follows:
A K2

Creal o A (1 - FZ)FQ'W (7)
0) 2

u” (3- CFjZ) + (F2 —1)2-k212

Cin ~3.A-F4 M

0O~ [z ®)
0 (3.02) 4 (F2 12202

A positive imaginary component of the bed wave speed indicates that the perturbation
will grow over time, whereas a negative value implies decay and stability of the initially
planar bed. The normalized components of wave speed, given in Equations (7) and
(8), depend on the Froude number (F), dimensionless wave number (kh), bed roughness
parameter, and various sediment properties.

Equation (7) characterizes the migration behavior of bed perturbations; it demonstrates
that bedforms propagate downstream when F < 1 and upstream when F > 1. Furthermore,
Equation (8), which describes the normalized imaginary component of the wave speed,
consistently yields negative values for all combinations of F and kh. This result implies
that any imposed bed perturbation will diminish over time, ultimately restoring the bed
to its original planar configuration. These findings suggest that the classical Saint-Venant
equations do not predict the emergence of unstable bed modes under the considered
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conditions. This conclusion is in agreement with earlier studies conducted by several
researchers [22,23,27].

3. Effect of SV Equation (SVE) Enhancements
3.1. Linearized Form of SVE with Non-Hydrostatic Terms (Case 1)

An important enhancement to the conventional Saint-Venant depth-averaged model
involves accounting for non-hydrostatic effects in the pressure distribution. To incorporate
these effects, a quadratic pressure distribution is assumed, as illustrated in Figure 2, a
methodology previously adopted by a number of researchers, such as [32]. As a result, two
additional degrees of freedom, denoted by h; and hy, are introduced to the standard linear
hydrostatic pressure profile.

%

Yyl

Py
Figure 2. Pressure distribution including the non-hydrostatic effect.

To close the system of equations, two additional relations are required. Appropriate
choices for these are the depth-averaged vertical momentum equation and the depth-
averaged vertical moment of momentum equation. By assuming a uniform vertical profile
for the downstream velocity, these equations can be considerably simplified and formulated
as follows [32,34]:

1 0 92z(1) 1 UO(O) 92h() _
gV ~ g-Uf )-< o | el g | S ) 2=t

Accordingly, the vertically averaged momentum equation in the streamwise (x) direc-

N =

©)

tion can be written as:
F2o*z; 2 h 9z o*z;  C2(F2-1) h 9%z 3 h 9z

*4 ~ *3 *2 ~
2 ox 4.4 U0 ox3ot  ox A.F2

=0 (10)

utgo) ox*ot A utgo) ot

From Equations (6) and (10), the bed wave speed can be decomposed into its real and
imaginary components, which are given as follows:

4,42
) 2\ K2H2F? (kzhz’MTF>
G _ AP(1-P) 555 ) -

u (3-532)2+ ((F2—1)-kh+%)2
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~ < 7k2}122F2)
U(O) F2 2 2 K3h3F2 2
o (38) + (P = 1)k + BIE)

The discussion and comments on Equations (11) and (12) are given in Section 4.

3.2. Linear Stability Formulation of the VAM-Hydrostatic Model (Case 2)

In 1993, Ref. [32] introduced the vertically averaged and moment (VAM) model, a one-
dimensional formulation that combines depth-averaged and moment-based components.
The moment equations are obtained by vertically integrating the continuity and momentum
equations, each multiplied by the vertical coordinate prior to integration.

In this subsection, a linear stability analysis is conducted for the VAM equations
under the assumption of hydrostatic pressure conditions, hereafter referred to as the VAM-
hydrostatic case. The effects of non-hydrostatic pressure will be examined in the following
subsection (Case 3). In addition, this analysis adopts the recently developed moment-based
Chezy formula for predicting bed shear stress, as proposed in [33]. The moment-based
Chezy formula is expressed as:

ﬁ:ggwfmm) (13)
G

where C; is a dimensionless coefficient defined as C; = C*+y/1 — K, -a; K; is another dimen-

sionless coefficient that varies linearly with the roughness ratio 1/z,; for more details about

the significance of this coefficient, the reader is to refer to [33]; a« ~ % ; and « is the Von

Karman constant.

The term u; denotes the surface velocity in excess to the depth-averaged velocity,
assuming a linear velocity distribution, as illustrated in Figure 3. Notably, when K, = 0,
Equation (13) simplifies to the conventional Chezy formulation for shear velocity. The
moment-based Chezy approach has demonstrated improved predictive capability for
spatial variability in bed shear stress, particularly over non-uniform bed topographies [33].

Water surface U
n

\

N
=

e

Figure 3. Definition of u;.

The linearized form of the depth-averaged streamwise momentum equation, incorpo-
rating the shear stress representation given in Equation (13), yields Equation (14). Notably,
when the calibration coefficient K; is set to zero, Equation (14) simplifies to the classical
form shown in Equation (2). The depth-averaged moment of momentum equation can
further be expressed in a dimensionless form, as shown in Equation (15), where the eddy
viscosity parameter F, is defined by F.=v;/(u*-h), with v; representing the eddy viscosity.
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By combining Equations (1) and (13) and applying the sediment continuity relationship
(Exner equation), Equation (16) is obtained. Collectively, Equations (1) and (14) through
(16) can be consolidated into a coupled system of two equations with two unknowns. This
system represents an eigenvalue problem used to solve for the complex wave speed C, as
outlined in Equations (17) and (18).

) oz 2F2 P2

2 _ 0 b SV g D (D)

(P 1) R O @ u: Krocc% (uo ] ) 0 (14)
If the calibration coefficient K, is set to zero, Equation (14) reduces to Equation (2).
The depth-averaged x-moment of momentum equation can be written in a dimension-

less form as:

*(1 *(1
aul()+au0()+3<l<r+41:'e>ui(1)_( 6 3<Kr+4P€>>u*(l):0 (15)
ox* °

ax* G C ac2 C\ 2
az;  ~A oV kA, oV ~ K
— _BFp2.7=° rpz. 1 =(1=2p-=F
ot ch ox* 3C3 P B (1 2003 ) (16)
Creat _ Cdik*h* (Cddg — Cdy1K*h?) — Cd3k*h*(Cd7 + Cdlyo) a7
U, (Cd11k?h? — Cdg)? + (Cdy + Cdyg)*k2h?
Cim _ Cdskh(Cduk*h* — Cds) — Cd1k*h*(Cdy + Cdyo) a8)
U, (Cd11k?h? — Cdg)? + (Cdy + Cdg)?*k*h?

The coefficients Cd; through Cdj; generally depend on the Froude number, the di-
mensionless coefficient (K;), the dimensionless Chezy coefficient, and sediment properties.
Their explicit expressions are provided in Appendix A, while the complete derivation of
Equations (17) and (18) is detailed in Appendix B.

3.3. Linear Stability Formulation of the Non-Hydrostatic VAM Model (Case 3)

As outlined earlier in Section 3.1, the influence of non-hydrostatic pressure components
on the momentum equation is incorporated by assuming a quadratic pressure distribution,
as illustrated in Figure 2. This assumption introduces two additional variables, h; and hy,
thereby necessitating two supplementary equations to close the system. These are provided
by the depth-averaged vertical (z-direction) momentum equation and the depth-averaged
vertical moment of momentum equation.

The depth-averaged z-momentum equation is given by Equation (19), where u’ = U(z)
— U,; w' = W(z) — W,; T denotes shear stress; and the overbar indicates a depth-averaged
quantity. Among the terms on the right-hand side of Equation (19), the first is the most dom-
inant. The second term becomes more relevant in the case of fully developed bedforms but,
due to its minimal effect in the context of small-amplitude perturbations, it is disregarded
in the present linear analysis. Equation (19) establishes a relationship between the dynamic
pressure term h1l and the spatial gradient of the depth-averaged vertical velocity Wo, which
can be determined using the continuity moment equation, represented by Equation (20).

_ OW,  ohu'w' 10hT T, 0z,
ghi =g pp + gy o ox  pox +g-h-(cos-w — 1) (19)

Ml | 0E Aok | 0F
ox 99 ~ 6 ox Tox

Here, z/ =z — z, where Z = z;, + % denotes the centroid of the flow depth measured

hW, = (20)

from the perturbed bed. Assuming a linear vertical profile for the streamwise velocity
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component, the vertical momentum equation (Equation (19)) can be simplified accordingly

to Equation (21).
(0) 527 (1) 2, (1) 2(1)
A g (0T RO ) (072
g Nq< 3 o2 6 ax2 U ox2 @1

The vertically averaged moment of momentum equation in the vertical (z) direction

can be formulated as:

qu +hWUBZ” ’u’ahw0+hu’w’gfc+

3
ghz — ﬂ qaz(_;xw’ + oh- z’ 2w’ —h WZ h w/?. hp’l’ g)zc (22)
18hz’1” + h-t, 9z)
o ox 20 ox

By omitting the shear stress contributions along with other nonlinear and non-
dominant terms, Equation (22) can be simplified, through the application of Equation (20),
to yield Equation (23). This equation features the term z’-w’, which can be approximated by
assuming a parabolic distribution for the vertical velocity component (refer to Appendix A
for more details). Following further algebraic simplifications, Equation (23) leads to the
reduced form presented in Equation (24).

gV ~ Zh G WoRE + heWo B 4 2Ty Yt - gl . y2)

o (23)
gh( ) _ — 2h 2l hawo + az w )
(0) (0) 2,(1)
up chfug” @2p(h) 0%y (0) 92z(1)
g-h(l) ~ § 6 ( 5o T o T Uo ax2 + (24)
P2 2z o U a0
6 0x2 12 9x2

Accordingly, the linearized streamwise momentum equation, now accounting for
non-hydrostatic pressure effects, takes the form of Equation (25). This equation can be
further simplified, resulting in Equation (26).

. au§) . ah +g " sz n gha o) 2u£°)2u£1)
o) a4 Oy E (25)
—é(u +ul?uf )—g~h(1)~So:O

(6} (1)
2 Pu; 23U 1 5 332
(%JF%)F e — (344 + 5) P8+ (J+ )P+

(2 -1y’ | %, (so+ >uo( ) —K,oc%(l,l;(l) +u;) =0

(26)

Additionally, the depth-averaged x-moment of momentum equation may be expressed
in dimensionless form, as follows:

W LN K, , 4F ), *(1)
ox* a;* T 2aF? ox +3 Cié—l_Ci U=

(o)

It is noteworthy that the influence of the h, term appears explicitly in the x-momentum
equation (Equation (25)) but is absent from the x-moment of momentum equation (Equa-
tion (27)). This is attributed to the fact that h; represents the parabolic portion of the
pressure distribution, which is symmetric about the flow’s mid-depth, as illustrated in
Figure 2, and produces no net moment within the linearized framework.
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Froude No (F)

By combining Equations (1), (16), (19), (26), and (27), the governing system can be re-
duced to a pair of coupled equations involving two unknowns. This formulation constitutes
an eigenvalue problem for the perturbation wave speed C, with the complete mathematical
expressions detailed in Appendix A.

4. Results and Discussion

The analysis results are conveyed through the predicted directions of bedform migra-
tion during evolution and, more critically, the growth or decay rate of bedform amplitude.
This rate is illustrated using stability diagrams, which display contour lines of the normal-
ized growth rate (C;,,/U,) within the kh—F parameter space. Each diagram corresponds to
specific values of the roughness parameter (K;), the dimensionless coefficient (C*), and
sediment characteristics.

4.1. Migration Direction of Evolving Bedforms

Figure 4 illustrates the predicted bedform migration directions during their evolution,
comparing outcomes derived from the conventional depth-averaged Saint-Venant (SV)
model (Equation (7)) with those from the modified formulation that incorporates non-
hydrostatic pressure terms (Equation (11)). The figure plots the bed wave propagation
direction as a function of the dimensionless wave number and Froude number ki and
F, respectively. Additionally, the results are benchmarked against Kennedy’s established
criterion delineating the maximum Froude number threshold for dune formation (that are
known to propagate downstream), represented by the dotted line labeled D-D [9].
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Figure 4. Estimated direction of bed wave perturbation. (for conventional SVE and SVE with
non-hydrostatic terms).

The curves presented in the figure clearly indicate the transitions between downstream-
moving and upstream-moving bedforms. These demarcation lines were calculated
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from their corresponding expressions for C,,,;/U, (Equation (7) for the dashed line and
Equation (11) for the solid lines) by enforcing the condition C,,,;/U, = 0.

The importance of incorporating non-hydrostatic pressure effects becomes evident
from the comparative analysis presented in Figure 4. These effects result in more physically
realistic predictions of bed wave direction across the full range of wavenumbers considered.
The revised model significantly improves predictive performance over the conventional
hydrostatic Saint-Venant-Exner (SVE) model (Equation (7)), underscoring the critical role
of non-hydrostatic terms in accurately representing bedform dynamics.

Figure 4 illustrates the demarcation line between dune and antidune regimes predicted
by the conventional hydrostatic SVE model, shown as a horizontal dashed black line at
F = 1. This line deviates notably from the empirically established boundaries proposed
by Kennedy and Engelund, depicted as dotted brown and black lines, respectively. When
non-hydrostatic effects are included, based on Equation (11), the resulting demarcation lines
(shown in red and blue) more closely align with those of Kennedy and Engelund, demon-
strating the improved physical realism of the non-hydrostatic depth-averaged formulation.

Figure 5 presents the normalized contour map of the real component of the pertur-
bation wave speed, C,.;/U,, plotted within the kh—F parameter space using the VAM
equations that account for non-hydrostatic effects. The results correspond to the case where
K, =2.0,C* =15, and F, = 0.07. The figure specifically highlights the behavior in the low-
Froude-number regime (F < 1). Additionally, the diagram includes Kennedy’s demarcation
boundary (denoted as line D-D), which distinguishes between downstream-migrating
dunes and upstream-migrating sand waves.

Figure 5a presents contour plots of the normalized real part of the wave perturba-
tion velocity, Cye,/U,, across the kh-Froude number parameter space. These results are
derived from the VAM equations that include non-hydrostatic pressure effects, using the
parameter set, K, = 2.0, C* = 15, and F, = 0.07. While the scope of the current analysis is
confined to low-flow subcritical conditions, part of the supercritical regime is also depicted
to facilitate direct comparison with Figure 4. The figure includes Kennedy’s empirical
demarcation line (labeled D-D), which delineates downstream-migrating dunes from
upstream-migrating sand waves, along with Engelund’s lower and upper instability limits
(shown as red and blue dotted lines). The close agreement between the model-predicted
transition boundaries and those proposed by Kennedy and Engelund highlights a substan-
tial improvement over predictions from the Saint-Venant equations, even when enhanced
with non-hydrostatic terms.

Although this study primarily focuses on bedforms within the low-flow regime, it
is worthwhile to preliminarily evaluate the VAM model’s predictive performance under
high-flow conditions, particularly in capturing antidune migration direction. To this
end, recent experimental data from [41] were employed for model validation. Table 1
summarizes the experimental runs where antidunes were observed to migrate either
upstream or downstream.
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Figure 5. Normalized bed wave speed contour lines (C,,;/U,) for VAM equations considering the
non-hydrostatic effects. (a) (Kr =2.0, C* =15, F, = 0.07), (b) (K, =1.3,C* =17, F, = 0.15).

Table 1. Characteristics of sample measurements of antidunes traveling in both directions [41].

Run Bed Slope (-) h (cm) A (cm) A (cm) kh C (cm/min) U, (m/s) F u* (cm/s) Bed Configuration
5-SS 0.013 4.98 45 80 0.391 —150 1.06 1.58 7.05 u/s antidune
6A-SS 0.015 5.52 5.5 90 0.385 - 0.95 141 7.06 u/santidune
6B-SS 0.018 3.89 3 100 0.244 - 0.68 1.24 5.66 u/s antidune
7-SS 0.011 5.92 1 55 0.676 —-18 0.89 1.24 6.67 u/s antidune
2-SJ 0.011 6.16 15 30 1.290 60 1.28 1.76 6.74 d/s antidune
6-SJ 0.0074 7.91 32 25 1.988 29 1 1.21 6.26 d/s antidune

The initial validation utilized the modern dataset of Sanders et al., which was gener-
ated using high-resolution techniques such as laser scanning, sonar, and acoustic Doppler
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profiling—offering enhanced spatial and temporal accuracy. By contrast, the classical
dataset compiled by [42] relied on point gauge measurements, often taken after draining
turbid flows, which may introduce notable uncertainties. Nevertheless, we acknowledge
the foundational role of Guy’s work and have incorporated all upstream-migrating an-
tidune cases from his dataset into our analysis, along with their corresponding hydraulic
parameters. These cases have now been added to the revised Figure 5a.

While some deviation between the model predictions and the experimental antidune
data is observed under the default parameters (K; = 2.0, C* = 15, and F. = 0.07), improved
alignment is achieved in Figure 5b after adjusting the model parameters to (K, =1.3, C* =17,
and F, = 0.15). This observed sensitivity to parameter values underscores the importance
of careful calibration, an issue that warrants focused attention in future investigations.

Remarkably, the VAM model accurately predicted the direction of antidune migration
in both upstream- and downstream-moving cases.

Figure 5 illustrates that the dimensionless phase speed C,,;/U, increases with increas-
ing wavenumber kk, implying that shorter wavelength bedforms (i.e., those with smaller
values of A) migrate more rapidly than their longer-wavelength counterparts. This observa-
tion aligns with established findings in fluvial geomorphology, where smaller bedforms
are generally observed to travel at higher rates compared to larger ones [43-47].

Supplementary Figures S1 and S2 present additional contour plots of C,,,;/U, across a
range of Chezy roughness coefficients (C*). The results show that increasing C* expands
the region in which antidunes migrate upstream. This behavior is consistent with hydraulic
theory, as higher C* values correspond to reduced bed resistance, which weakens flow—
bedform interactions and lowers the energy required for upstream migration.

4.2. Bedform Evolution Analysis Based on the Hydrostatic VAM Model

Figure 6 and Supplementary Figures S3-S5 present stability diagrams (SDs) from
the VAM-hydrostatic linear stability analysis (Equation (18)). These SDs show contours
of normalized growth rate, C;,,/U,, across kh-Froude number space, with each diagram
corresponding to parameter sets (K, C*, F,, and sediment properties). All SDs consistently
reveal two distinct regions separated by a near-horizontal boundary: an upper decay zone
(Zone C, negative growth) and a lower growth zone (Zone B, positive growth signaling
bedform development).

Critically, while the non-hydrostatic Saint-Venant equations (SVE) model (Equation (12))
predicts no positive growth, confirming its inability to simulate bedform initiation, the VAM-
hydrostatic model identifies growth within low-Froude regimes (Zone B). This demon-
strates the superior physical fidelity of VAM’s shear stress formulation (Equation (13)),
which captures the phase lag between bed shear stress and topography evolution. By resolv-
ing this key mechanism, VAM enables depth-averaged frameworks to simulate bedform
onset, advancing their utility in sediment transport and morphodynamic modeling.

Although the boundary between Zones B and C appears overly simplified compared to
the curved demarcation lines given by Kennedy and Engelund (red dotted lines in Figure 6),
the ability to predict positive growth marks a significant advancement for depth-averaged
models in sediment transport and morphodynamics. Nonetheless, further refinement is
needed, particularly for dynamic simulations involving full sediment—flow interactions, as
discussed in the following subsection.

Within the region exhibiting positive growth rates, a distinct wavenumber emerges
as the dominant mode responsible for the amplification of bedform disturbances. This
most unstable wavelength is associated with Zone B of the stability diagrams. Figure 7a,b
illustrate horizontal transects of the stability contours presented in Figure 6, extracted at
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a fixed Froude number of F = 0.7. The results indicate that the VAM-hydrostatic model
predicts a single, well-defined instability mode corresponding to dune-type bedforms.
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Figure 6. Stability diagram (contour lines of 10° x C;,,/U,) for VAM-hydrostatic equations, K, = 2.5,
C* =15, (a) F, =0.07, (b) F, =0.15, and (c) F. = 0.4.
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Figure 7. Horizontal transects of SD (shown in Figure 6) taken at F = 0.7. (a) kh ranges from O to 6.
(b) kh ranges from O to 1.

Figure 7b provides a magnified view of Figure 7a, offering clearer insights into the
influence of the turbulent eddy viscosity parameter (F.). As F. increases from 0.07 to
0.4, a systematic reduction in the maximum growth rate is observed—consistent with
theoretical expectations. Concurrently, the corresponding dominant wavenumber increases
from approximately kh ~ 0.16 to kh ~ 0.61, indicating a shift toward shorter bedform
wavelengths with increasing turbulence intensity. The effect of F, could be justified as
the turbulent eddy viscosity coefficient controlling the intensity of momentum diffusion
by turbulence. A higher eddy viscosity means stronger turbulent mixing of momentum,
which smooths out velocity gradients and diminishes flow separation and inertia effects
over bed undulations. Physically, turbulent diffusion transfers momentum more efficiently
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from faster to slower flow regions, so the flow becomes less perturbed by small-scale bed
variations, which has a direct damping effect on the growth of bedforms. The influence of F,
on the dominant wavenumber is consistent with previous studies, which have emphasized
the role of turbulence characteristics in determining the emergent wavelength of flow
instabilities [43].

4.3. Bedform Evolution Analysis Based on Non-Hydrostatic VAM Formulation

The linear stability analysis results of the fully dynamic non-hydrostatic VAM for-
mulation are presented through a series of stability diagrams (SDs) generated for various
combinations of the roughness parameter (C*), the momentum correction coefficient (K;),
and the eddy viscosity factor (F.). Representative examples are shown in Figure 8a—c, while
a broader set appears in the Supplementary Materials (Figures S6-520). These diagrams
are based on the imaginary component of the wave speed for the bed perturbation given in
Equation (A45). To facilitate reproducibility, a Python 3 script was developed to generate
SD plots for any user-defined combination of the governing parameters.
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Figure 8. Stability diagram (contour lines of 10° x Cin/Uo) for VAM equations, K, = 2.0, F, = 0.2.
(a) C* =10, (b) C* =15, and (c) C* = 20.

Figure 8a—c display normalized growth rate contours (C;,,/U,) for the case K, = 2.0
and F, = 0.2 under three roughness scenarios (C* = 10, 15, and 20). Regions with positive
growth rates are indicated by brown-gradient contours, while areas of decay are shaded
in blue. Two distinct instability zones are consistently observed below the Kennedy and
Engelund demarcation curves (shown as dotted red and blue lines):

Zone A-A emerges just below the instability threshold identified by Kennedy and
Engelund and is not predicted by the hydrostatic formulation (presented in Section 4.2).
It corresponds to high wavenumbers (i.e., shorter wavelengths), which are indicative of
ripple-like features.

Zone B represents the dune instability regime observed in previous hydrostatic cases
and is associated with lower wavenumbers, corresponding to longer bedform wavelengths.

These zones identify preferential wavelengths where bedform disturbances are most
likely to grow under low-Froude conditions. In contrast, the upper-left region of the
diagrams consistently exhibits Zone C, a decay zone indicative of morphodynamic stability
typically associated with plane bed configurations or washed-out dunes.

An important visible trend across Figure 8a—c is the inverse relationship between C*
and growth magnitude. As roughness decreases (i.e., higher C*), interaction between the
flow and the bed weakens, leading to a reduced tendency for bedforms to grow. This
behavior emphasizes the role of bed resistance in modulating instability dynamics.

Figure 9a,b provide horizontal cross-sections of the growth rate contours at a fixed
Froude number (F = 0.4) for the three C* values. The plots use a logarithmic vertical scale
to highlight the variations in growth rate across wavenumbers. The results confirm the
presence of dual instability peaks, one associated with ripples (Zone A-A) and another
with dunes (Zone B). As C* decreases (from 20 to 10), both the growth rate and dominant
wavenumber increase, with peak values shifting from ki ~ 0.17 to 0.9. These findings
suggest that rougher beds promote the formation of shorter, faster-growing bedforms, while
smoother beds promote longer, slower-growing dunes or stable flat beds, an observation
that is consistent with previous experimental and theoretical studies [13,18,19].
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Figure 9. Horizontal transects taken at Froude No F = 0.4 for three VAM stability diagrams drawn for

K, =2.0, F, = 0.2 and different bed roughness C*: (a) kh = 0 to 6, (b) kh = 0 to 2 (zoom in). (note: the
arrows in (a) point to the locations of the dual peak values).

Furthermore, the critical (i.e., maximum) Froude number at which dune (of wavelength
6 times the water depth) growth ceases decreases with increasing C*, approximately at a
maximum F = 0.75 for coarse sand (C* = 10), F = 0.725 for medium sand (C* = 15), and
F=0.70 for fine sand (C* = 20), as seen in Figure 8a—c. A similar trend was previously

reported by Fredsee [19] in his linear stability work.
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It is also worth noting that the growth rate associated with Zone A is typically larger
than that of Zone B. Given its association with shorter wavelengths, Zone A may represent
the initial seed formations of ripples or sand wavelets that evolve into dunes.

As shown in Supplementary Figures S3-S5, the K, coefficient plays a critical role in
controlling instability characteristics. Reducing K; lowers the maximum growth rate and
shifts the instability boundary downward, effectively reducing the unstable region. At
K; = 0, the governing Equation (18) simplifies to Equation (8), and no bed instabilities
are observed. For further discussion on the factors affecting K,, readers are referred to
references [33,37].

Although the VAM-hydrostatic model succeeds in identifying growth zones, it predicts
an unrealistic horizontal boundary between stable and unstable regimes, deviating from
the more physically consistent demarcations proposed by Kennedy and Engelund. In
contrast, the inclusion of non-hydrostatic effects in the VAM framework aligns the model’s
predictions more closely with empirical evidence, providing a more accurate and physically
grounded representation of bedform evolution.

It is also important to note that the wavelength of bed perturbations associated with
instability Zone B exhibits a clear dependence on flow depth. In contrast, the wavelength
characteristics of ripples, corresponding to Zone A-A, appear to be largely independent of
water depth. Investigating the extent to which the ripple-scale bedform wavelengths in
Zone A-A may still exhibit subtle sensitivity to flow depth remains an interesting direction
for future research.

Zone A-A could be approximated by:

2= (28)

This relation could be reduced as follows to give an estimate for the wavelength of the
ripples (A;):

2
PR LIS (29)
8
Finally,

0
Ar =27(s-g — 1)96,C§9—”d50 (30)
Where 6 = ”73 (31)

- (S — 1)gd50

The parameters 0., and s represent the dimensionless critical shear stress and the
specific gravity of sediment particles, respectively. As expressed in Equation (30), the wave-
length A, associated with bed perturbations in Zone A—A appears to be largely independent
of flow depth and is primarily governed by bed roughness, which, in turn, is a function
of the sediment grain size. For a range of 1 < 6/6., < 10 and a Chezy resistance coefficient
C* =15, Equation (30) predicts A, values on the order of (100 to 1000) times dsy. These
predictions are consistent with empirical observations of sand wavelets, where A, ~ 175d5
(with dsp in millimeters) as reported in [44], and sand ripples, where A,~ 1000ds, as
noted in [45].

4.4. Comparison with Bedform Measurements
4.4.1. Dominant Wavelengths for Ripples

To evaluate the accuracy of the LSA based on VAM model, experimental datasets for
ripples from previous studies such as [46-48] were utilized. These experiments involved
measurements of ripple geometry developed in fine sand beds.
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Figure 10 shows the variations in the normalized dominant ripple wavelength with
the Shields parameter 0. The figure compares the measurements with the results of
Equation (30) that was approximately deducted from VAM LSA. Also, the proposed model
previously developed by Boes and Dey [29] is added for comparison. The comparison
shows that Equation (29) can reasonably predict the dominant wave lengths of the evolving
ripples; however, the predictions are significantly affected by the value of C*.
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Figure 10. Variation in the normalized dominant ripple wavelength with the Shields parameter. (note,
data comparison from: Boes and Dey [29], Davies [46], Bass [47], Zang et al. [48]).
4.4.2. Dominant Wavelength for Dunes and Low-Flow Regime Sand Waves
To facilitate a comparative evaluation of the LSA-VAM model predictions with ob-
served low-flow regime sand waves and dunes, 10 experimental datasets were compiled
from the literature. The key characteristics of these datasets are summarized in Table 2.
Table 2. Laboratory experiments for low-flow bedforms.
Data Study No. of Water Depth (m) Velocity (m/s) Froude No.(F) Bedf((:mml:‘:ight Bedi:&:\rmm}“e)ng(h Medsiiazne ?{E‘ﬂ:“;‘em
Type No. (Author/Year) Runs : '
Min Max Min Max Min Max Min Max Min Max Min Max
1 [49] 23 0.150 0.900 0.400 0.840 0.20 0.60 432 137 710.0 1500.0 0.430 0.810
2 [50] 8 0.154 0.389 0.590 0.830 0.35 0.52 17.0 122 790.0 1790.0 0.650 2.820
3 [51] 15 0.085 0.170 0.264 0.806 0.27 0.76 9.7 425 1045 717.6 0.230 0.820
4 [52] 8 0.192 0.208 0.660 0.680 0.31 0.34 57.0 70.0 1350.0 1710.0 0.530 0.530
5 [53] 2 0.219 0.224 0.590 0.600 0.40 041 56.0 61.0 1130.0 1420.0 0.500 0.503
6 [54] 35 0.150 0.300 0.460 0.675 0.30 0.48 6.0 95.0 260.0 1640.0 0.800 0.800
7 [55] 5 0.186 0.212 0.354 0.717 0.26 0.50 20.0 40.0 290.0 1030.0 0.800 1.800
8 [56] 3 0.134 0.152 0.433 0.867 0.36 0.76 38.8 65.7 906.0 2060.0 0.550 0.550
9 [57] 5 0.195 0.250 0.350 0.550 0.22 0.35 140.0 620.0 0.328 0.617
10 [58] 21 0.055 0.186 0.382 0.686 0.36 0.74 22.8 140. 755.4 3486.2 0.830 0.830
Total /Extreme Value 125 0.085 0.9 0.167 0.867 0.10 0.76 6 137 104.5 2060 0.23 2.82

Figure 11 presents the stability diagram for the LSA-VAM model in the case of C* =10,
K, =1.0, and F, = 0.2. The diagram also shows the experimental data of all the laboratory
experiments recently reported in the last two decades as per the characteristics given in
Table 2. It is interesting to note that most of the data points lie in the positive-growth-
rate area and outside the negative-growth-rate zones. It is also of interest to notice that
the data seems to be arranged on and around the polyline tracing the ridges of the local
positive growth rate (shown in dashed yellow color), which could be an indicator of the
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LSA-VAM model despite its simplifications, but it generally captured correctly the modes
of instabilities for the low-flow regime case quite well.
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Figure 11. Stability diagram based on the non-hydrostatic VAM equations with parameters C* = 10,
Ky = 1.0, and F, = 0.2. (presented contour lines of 10° x C;,,/U,) (note: the reference number for
each data type shown in the legend corresponds to the same experimental number listed in Table 2)
(dashed yellow line represents the maximum growth ridge line).

The results also highlight a noticeable sensitivity to the eddy viscosity parameter
F.. Under uniform flow conditions over a flat bed, F, typically ranges between 0.06 and
0.08. However, in the presence of bedforms, particularly where flow separation is likely,
this parameter tends to increase. For instance, spatial measurements from the fixed dune
experiment T5 [59] revealed values of F, varying between approximately 0.17 and 0.22. It
was observed that higher values of F, are associated with a reduction in the bedform growth
rate and an increase in the dominant wavelength characterizing instability in Zone B.

4.5. Comparison with Colombini’s Analysis

The linear stability analysis conducted in this study using the non-hydrostatic, depth-
averaged VAM equations offers a distinct modeling perspective compared to the work of
Colombini [20], who extended the classical theories of Engelund and Fredsee [60] using a
two-dimensional vertical Reynolds-averaged framework. Colombini’s model evaluated
bed shear stress at the top of the bedload layer, introducing an additional term associated
with the longitudinal pressure gradient. This modification notably affects the imaginary
component of the critical bed shear stress for determining instability, while having little
influence on the real component. His formulation is grounded in Bagnold’s sediment
transport theory and emphasizes the delicate balance between stabilizing and destabilizing
forces governing dune and antidune formation.

While both studies aim to predict the emergence and growth of bedforms under vary-
ing flow conditions, their modeling assumptions and target phenomena differ significantly.
Colombini’s analysis focused on dune and antidune regimes and did not address ripple-



Mathematics 2025, 13, 1997

23 of 33

scale features. Consequently, his wavenumber range was limited to kh < 1.5, whereas
the present VAM-based framework explores instabilities up to kh =~ 6 to capture ripple
dynamics in the low-Froude regime. Notably, our analysis revealed the existence of dual
instability modes, one associated with ripples (shorter wavelengths) and another with
dunes (longer wavelengths), a feature not detected or discussed in Colombini’s work.

Moreover, Colombini included a correction for gravitational effects in the bedload
transport formula, which was not incorporated in the present model. His results also
pointed out that suspended load and sediment inertia are not essential for antidune for-
mation, which has been proved in our study too, although they may alter the growth
rate surface. Importantly, Colombini identified that, under quasi-steady flow assump-
tions, resonance-like artifacts could appear in the growth-rate diagrams. By introducing
time-dependent terms into the flow equations, these unrealistic resonances were shown
to disappear, while the overall shape and location of the instability zones remained only
moderately affected.

Another key distinction is the presentation of results. Colombini’s stability diagrams
do not include numerical growth rate contours, which limits direct quantitative comparison.
Nonetheless, when adjusted for scale differences, the demarcation lines in Colombini’s
results are broadly consistent with those obtained in the present study, especially in identi-
fying the boundary between dune and antidune regimes.

5. Conclusions

This study presented a novel linear stability analysis (LSA) framework for simulating
bedform evolution under low-flow conditions using a vertically averaged and moment
(VAM) approach. By comparing four modeling configurations—ranging from the classical
Saint-Venant shallow-water equations to the fully extended VAM model—this research
highlights how incorporating additional physics markedly improves predictive perfor-
mance. In particular, the extended VAM model includes non-hydrostatic pressure effects
and a moment-of-momentum-based velocity profile representation, which together en-
hance the depth-averaged formulation. The theoretical analysis and numerical results
consistently show that these extensions lead to a more robust prediction of the initial
bedform growth and dynamics.

The comparative findings demonstrate that the standard hydrostatic Saint-Venant
model (with depth-uniform velocity assumptions) has limited capability in capturing the
onset of bedforms under low-flow, bedload-dominated conditions. In contrast, the fully
extended VAM model successfully predicts the emergence of both small-scale ripples and
larger dune-like features while using only bedload sediment transport. This is a signifi-
cant outcome, as it shows that, even without invoking suspended-load mechanisms, the
VAM-based framework can reproduce the formation of ripples and dunes. The improved
performance of the VAM approach underscores the value of including vertical flow struc-
ture and pressure dispersion in the analysis, features that prove essential for generating the
instabilities associated with natural bedform development.

A key insight from the VAM formulation is the natural introduction of a phase-lag
mechanism between the flow field and the bed evolution. Unlike simpler depth-averaged
models that often assume an instantaneous adjustment of sediment transport to changes
in flow, the VAM-based model inherently produces a delayed response. This physically
relevant phase lag means that the peak bed shear stress and sediment transport do not occur
exactly in phase with the bed elevation perturbations. Such a delay is crucial for realistic
bedform behavior; it stabilizes the growth of finite-wavelength features and prevents the
unbounded amplification of very short waves. In essence, the present model captures the
timing offset between flow forcing and sediment movement that is known to govern ripple
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and dune formation, doing so as an emergent property of the governing equations rather
than through ad hoc empirical tuning.

This study also illuminates how key model parameters influence bedform growth
rates and migration patterns. The Chezy friction coefficient (C*), the roughness parameter
(Kr), and the eddy viscosity factor (F.) each play distinct roles in modulating the instability
characteristics. A higher friction (lower C* or larger roughness) tends to dampen the growth
of bedforms and can reduce their migration speed, as increased flow resistance curtails
the intensity of sediment transport over evolving topography. Conversely, smoother flow
conditions (higher C* or lower roughness) promote more vigorous instability growth,
leading to faster-developing and more rapidly migrating bedforms. The eddy viscosity
factor, which represents the degree of turbulent momentum diffusion, affects the relative
amplification of different wavelength perturbations; larger eddy viscosity values suppress
short-wavelength variations (acting as a stabilizing influence on small ripples) and shift
the dominance toward longer waves, while lower eddy viscosity allows finer-scale features
to grow more readily.

Importantly, the VAM-based model’s predictions show strong agreement with ex-
perimental observations for both ripples and dunes. The linear growth rates and most
unstable wavelengths obtained from the analysis correspond closely with those observed
in laboratory flume tests of ripple formation under low-flow conditions. Similarly, the
model correctly predicts the trend toward longer wavelengths and slower growth rates, in
line with measured dune datasets. The migration directions and relative celerities of the
bedforms are also captured correctly (with downstream migration for these subcritical flow
bedforms), matching qualitative observations. This level of agreement indicates that the
model not only reproduces the expected behavior of bedform instability theory but also
aligns quantitatively with real-world data, lending credence to its underlying assumptions
and computational implementation.

The developed VAM-based LSA framework significantly advances the capabilities
of depth-averaged morphodynamic modeling. By naturally integrating non-hydrostatic
pressure distribution effects and a depth-varying velocity profile into a traditionally depth-
averaged approach, the model bridges a critical gap between simple shallow-water equa-
tions and more complex three-dimensional simulations. The outcome is a more physically
faithful yet computationally efficient tool for predicting initial bedform evolution under
sediment transport by bedload.

6. Limitations and Outlook

This study has demonstrated the enhanced capability of the non-hydrostatic VAM
framework over the conventional Saint-Venant (SV) depth-averaged model in analyzing
bedform instabilities, particularly within low-flow regimes. Nevertheless, several limita-
tions must be acknowledged when interpreting and applying these findings.

The current analysis focuses exclusively on bedforms occurring under low-Froude-
number conditions (F? < 1), specifically ripples and dunes. As such, the conclusions drawn
cannot be directly extended to high-flow regimes, such as those involving antidunes or
other complex morphodynamical features. Future research should address the dynamics of
bedforms under high-Froude conditions to broaden the scope of the model’s applicability.

The model assumes a one-dimensional representation of bedforms with a constant
channel width. Expanding the approach to two-dimensional bedforms, which introduces
additional geometric and hydrodynamic complexities, would provide a more realistic
framework for practical applications and warrants further investigation.

Only bed load transport was considered in this analysis. The exclusion of suspended
sediment transport limits the comprehensiveness of the predictions, particularly in flows
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where suspension dominates the sediment transport regime. Future work should integrate
both transport modes for a more holistic sediment dynamics model.

The current formulation assumes quasi-steady flow conditions based on the rationale
that the flow adjusts much more rapidly than the bed morphology evolves. While this
assumption is valid in many fluvial applications, it may be overly restrictive in dynamic
environments such as estuaries, tidal inlets, dam-break scenarios, or situations involving
rapidly evolving free-surface waves. In such cases, the coupling between flow and bedform
development may require the use of fully unsteady flow equations. Future studies should
consider applying the unsteady VAM framework to assess model performance under these
more complex conditions.

The analysis relies on linear stability theory, which, while effective in capturing the
initial emergence of bedforms from a flat bed, inherently assumes infinitesimal disturbances.
In natural systems, initial perturbations are often of finite magnitude, thereby limiting the
direct applicability of linear theory.

Moreover, linear stability analysis is not equipped to describe the nonlinear evolution
of bedforms, including their coarsening, merging, and interactions over time. Such pro-
cesses are critical for understanding the complete morphodynamical evolution in alluvial
environments. To address this gap, future studies could incorporate weakly nonlinear anal-
ysis or fully dynamic numerical modeling of VAM equations to investigate the amplitude
evolution and long-term behavior of bedforms.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/math13121997 /s1, Figures S1-520 present additional SD curves
and transects corresponding to various parameter settings.
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Abbreviations

b Channel/flume bed width

C Wave speed of bed perturbation

Creal Real part of wave speed of bed perturbation

Cim Imaginary part of wave speed of bed perturbation

c Dimensionless Chezy coefficient

G Moment-based dimensionless Chezy coefficient

Co; A set of dimensionless coefficients for VAM model, refer to Appendix A.2

Cd; A set of dimensionless coefficients for VAM-hydrostatic model, refer to Appendix A.1
F Dimensionless Froude number

F, Eddy viscosity coefficient

g Acceleration of gravity

h Local water depth at distance x

i V-1

K, Dimensionless calibration coefficient with a value ranging from about 1.45 to 2.7
k Turbulent kinetic energy per unit mass

ke Coefficient based on sediment properties (used in Chang’s formula for bed load)

LSA Linear stability analysis
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SVE
VA
VAM

>

GCT‘

Bed soil porosity

Specific discharge per unit width [m?/s]

Dimensionless variable (refer to Equation (12))

Moment-based integral velocity scale along the flow x direction (refer to Figure 1)
Longitudinal depth-averaged velocity at location x

Horizontal coordinate in the flow direction

Normalized u; value (Equation (2))

Horizontal coordinate in the flow direction

Vertical distance from a given arbitrary horizontal datum up to an arbitrary point
(refer to Figure 1)

Vertical distance from a given arbitrary horizontal datum up to the mid-water depth
Local bed level

Moment of momentum (refer to Figure 1)

Saint-Venant Equation

Vertically averaged or depth averaged model

Vertically Averaged and Moment model

Bedform height

Bedform wavelength

Water kinematic viscosity

Eddy viscosity

Dimensionless critical shear stress

Appendix A. Coefficients of VAM Model
Appendix A.1. VAM-Hydrostatic Equations

where

Crer  Cd1k*h?(Cdg — Cdy1k*h?) — Cd3k®h?(Cdy + Cdyp)

u, (Cdy1k2h2 — Cdg)? 4 (Cdy + Cdy)2k2h2 (A1)

Cim _ Cdskh(Cdyk*h? — Cdg) — Cd1k>h*(Cdy + Cdyp) (A2)
u, (Cdy1k2h2 — Cdg)? 4 (Cdy + Cdyg)2k2h?

Cd; = 1+By (A3)

Cdy = Ay (A4)

Cds = 3(1 + Buy ) (K, /Co2 +4F, /C*) — 6/ (DC'CQZ) (A5)

Cdy = 3Auy (K, /Cy2 + AF, /c*) (A6)

Cds = (3/(:22 — 2 Kpu /Co? — Ky By /C2 (A7)

Cdg = Ky-a-Ayy /Co? (A8)

Cdy = Cd;-Cdg + Cdy-Cds (A9)

Cdg = Cd3-Cdg + Cdy-Cds (A10)

Cdyo=Cdys-(1 — 1/F?) (A11)

Cdq; =Cdy-(1 — 1/F?) (A12)

a=15/(x-C") (A13)

Aup =1/(a- K-A) (A14)

A = kit-(pw/ ps) /Co? (A15)
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ki =ke/(1 — ng) (Ale)

Bu; = (3 —2a-K;)/(a K;) (A17)

k = von Karman constant ~ 0.41 (A18)
ng = sediment porosity ~ 0.4 (A19)

pw = water density ~ 1000 kg/m3 (A20)
ps = sediment density ~ 2600 kg/m?> (A21)

Appendix A.2. VAM Equations

Constants depend on K, and o

Cvy = —t/72.0; (A22)

Cvy = (/3.0 +0.5)/12.0; (A23)

Cvz=—-1/12; (A24)

Cvy=a/6; (A25)

Cvs = o/6; (A26)

Cvg = 0.0; (A27)

Cvy = a-(0.5K, /Cp? + 2F, /C*); (A28)

Cug = —(1/6)-a-(6/ (a-Ca%) — 3(K, / (C2?) +4F, /C*)); (A29)
Cvig = (6?/36.0 + a/12.0) - Byy — (1/3.0 + /3.0 + «*/18.0); (A30)
Cvip =a/3+0.5; (A31)

Cvis = 3.0/Cy% — (24 Buy)- Kp-a/Cp%; (A32)

Cvyg =Cvy - By + Cvy; (A33)

Cvyy =Cvg; (A34)

Cvyz =Cvy - By + Cvs; (A35)

Cvys = Cvyg; (A36)

Cvyg = Cvy - By + Cvg; (A37)

Constants depend on F, K;, and «:

Cvip = (/36 + o/12) - Ay / (F?); (A38)
Cvi3=1-1/F% (A39)

Cvyy =1/F% (A40)

Cvig = Aur- K-/ (G2 F2); (Ad1)
Cvy =Cvy - A1 /F%; (A42)

Cvoy =Cvy - Aw /F% (A43)

Cvyy =Cvy - Aw /F% (A44)
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Finally, the complex form of wave speed of a perturbation can be reduced to:

(Cvao-k*h* — Cvyp3-k?h?)- (Cvyp-k*h* — Cviy-k?h?) Cvys-kh-(Cvyp-k*h* — Cvyy-k?h?) ;

C —(Cvip-k*h* — Cvi3-k*h?)-(Cvpo-k*h? — Cvys-k?h?) —Cvy5-kh-(Cvpy-k*h* — Cvys-k?h?) As5)
Uo —Cvayrkh-(Cvig K*h* — Cvys k2h2
° (Cvayg'k?h? — Cvyy k*h*) - (Cvyg-k*h* — Cvy3k?h?) var kb (Cvao 2,2 13 4 4)
404 a4 2,2 +Cvis5-kh-(Cvay-k™h® — Cvyp kK°h7) | .
+Cvy1-kK*h ~(CV20~k h* — Cvy3-k°h ) Cv kh (CV Eh: _ Cy kzhz) ‘1
) 1212 ) 1212 —Lvye-Kh-(Lvyo- — Cvas:
+CV15 CV27 k“h” + CV16 CV26 k“h +CV11-CV26'k5h5
where [ = v/ —1.
Appendix A.3. Coefficients of Velocity Profiles Approximations
q"=1/(C" - Fy) (A46)
a1 = 0.0000998549 * g*2; (A47)
ap =(0.00354033 — 0.00019971 * K, q*) * q* (A48)
az= 0.457516 — 0.00354033 * K,* g*40.0000998549 * (K, *q*)z (A49)
by= —0.114379 + 0.00258715 * K,* g*—0.0000408497 * (K, *q*)z (A50)
b= (—0.00258715 4 0.0000816995 * K, g*) * g* (A51)
b3= —0.0000408497 * g*2 (A52)
e;=1—0.055555 * g* (A53)
ep= —1.16667 + 0.055555 * K, * g (A54)
fi=1—1.9841142 % ¢*/1000.0 (A55)
fo=10/21+1.9841142 % K,*gq*/1000.0 (A56)
?:a1-ug+a2~uo-u1+a3-u%; (A57)
2u’? = b (bl.u% S by-Uyup + b3-u§); (A58)
)
Wy = (er-Us +exrtr)- 52 (A59)
dz, oh\

Wy = (fl-Uo+fz-u1)-(ax+ax), (A60)

Appendix B. Derivation of Creal and Cim for VAM-Hydrostatic Model

The following basic equations are included in the model:

(@) The first order continuity equation reads:

o) au:(l)

Jx* * Jx*

(b) The moment-based Chezy formula for bed shear stress reads:

(A61)

(A62)
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(c) Considering (A62), the first-order x-momentum equation reads:

oM 9z 2F2 F2
2 0 b (1) (1) *(1)\ _
(P 1) et ot (so c2 )11 K,acz (uo + 1y ) =0 (A63)

(d) The first-order x-moment of momentum equation reads:

;M oW (K, JAR (6 K 4E )\, )
S =0 (A64
e gt gt |u =0 @en

() The bed load sediment flux formula reads:

ki U,
~ —U T —U U, — Kyu A65
qs =~ 7 o( b) 7 OC%( 0 7 1) ( )

(f)  Exner sediment mass balance formula reads:

92 _ 1 9
of  1—nox

(A66)

Differentiating (A65) w.r.t. x and substituting back in (A66) and consider the first-order
values and neglect higher orders to get:

* *(1 A (1)
azp _prz au; L wKeA oy B <1 _M.K,>

= B =
ot* c o oox* 3C3 ox* '

(A67)

*(1)
Equation (A67) can be rearranged to get ag;* term as a function of z; and U, W

as
follows: o) .
aul i ul aZh au
av  F2oar Mgy (A68)
Substitute (A68) in (A64) to get:
Ay 32} au; 6 K 4E\ )\, 1) K 4R\ )
= || = -3 =+ = = A
72 ape T (14 Bu)—= a2 3 TRl Uy’ | +3 c2+c uj ' =0 (A69)
Differentiate (A69) w.r.t. x* then substitute (A68) in the resulting equation to get:
ru;V  cdy 9%z oV cd, oz
— d3—=2 —= b A7
Ch o TR arar TP e TR 0 (A70)
Differentiate (A63) wrt x* then substitute (A68) in the resulting equation to get:
1\ 2w 1 9%z " cdg oz
_ — -4 = A71
(1 F2> ox*2  F29x*? Cds PP I T (A71)
Equations (A70) and (A71) are two equations in two unknowns.
Consider a wave-like perturbations as follows:
Z* C *
2 = () explikh(x — 1)) (A72)
0

Uy = <u;‘(”>-exp[ikh(x* - u£~t*)} (A73)
[
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For simplicity in the derivation, we define the complex exponential function as:

cef —explikh(x* — < .#*)]
a,

With this definition, Equations (A72) and (A73) can be rewritten in abbreviated
form as:
z; = (zp)-cef (A74)

u: = <u§(”>-cef (A75)
Based on (A74) and (A75), the following relations could be derived:

?;jlf _ —<Zb>'U£0'(khi)'C€f (A76)
92— (2g)- (i) cef (A77)
25 o)
%5 oo
8281521) _ _<U;‘(l)>~<k2h2)-cef (A81)

Substitute (A72)—(A81) into (A70) and get:
(—Cd1k2h2 n Cdgkh-i) <u;*(”> (Cd2 2K — Ci4kh z> 1(1: {z) =0 (A82)
o

Substitute (A72)-(A81) into (A71) and get:

e C
(— (1 Fz)k2h2+Cd5kh z> <u “>> <F2 - th z> L@ =0 (A83)

Equations (A82) and (A83) can be expressed as a homogeneous linear system and
reformulated in the standard matrix form as follows:

[Al{amp} = {0} (A84)

where [A] represents the (2 x 2) coefficient matrix and {amp} is the vector of the perturbation
amplitude. In the VAM-hydrostatic model, the system is reduced to:

(=) s

To obtain a non-trivial solution and avoid trivial values for the perturbation ampli-

(~Ceik?12 + Caklni) (kP2 — Stk
(- :

(1 — %)kz}ﬂ + Cd5kh-i) (@ — S, z)

tudes, <ll(;k (1)> and (z;), the determinant of the coefficient matrix must be set to zero,
implying that:

(—Ceyk2h2 + Cdskh-i) (Cizkzhz Cd4kh )% )
(S i E
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Decompose the bed wave speed into imaginary and real parts:

C Crear . Cim .
—_ = — A87
U, U, + U, : (A7)

Substitute (A87) into (A86) to get the normalized real and imaginary parts of the bed
wave perturbation as:

Creat Cd1k?h?(Cds — Cady1k2h2) — Cdsk?h?(Cdy + Cdyo)

U (Cdy1k2h? — Cds)? + (Cd; + Cdyg)2K212 (A88)

Cim  Cdskh(Cd11k*h* — Cdg) — Cd1k>h3(Cdy + Cdyp)
U,  (Cdyk2h? — Cdg)? + (Cdy + Cdyg)2k2h2

Equations (A88) and (A89) are identical to the equations previously presented in the

(A89)

main text as Equations (17) and (18).
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