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Abstract: In this paper, for a mixed elliptic-hyperbolic type equation with various degener-
ation orders and singular coefficients, theorems of uniqueness and existence of the solution
to the problem with a missing Tricomi condition on boundary characteristic and with an
analog of Frankl condition on different parts of the cut boundary along the degeneration
segment in the mixed domain are proved. On the degeneration line segment, a general
conjugation condition is set, and on the boundary of the elliptic domain and degeneration
segment, the Bitsadze—Samarskii condition is posed. The considered problem, based on
integral representations of the solution to the Dirichlet problem (in elliptic part of the
domain) and a modified Cauchy problem (in hyperbolic part of the domain), is reduced to
solving a non-standard singular Tricomi integral equation with a non-Fredholm integral
operator (featuring an isolated first-order singularity in the kernel) in non-characteristic
part of the equation. Non-standard approaches are applied here in constructing the solution
algorithm. Through successive applications of the theory of singular integral equations and
then the Wiener-Hopf equation theory, the non-standard singular Tricomi integral equation
is reduced to a Fredholm integral equation of the second kind, the unique solvability of
which follows from the uniqueness theorem for the problem.

Keywords: mixed-type equation with various degeneration orders; missing Tricomi condi-
tion; Bitsadze-Samarskii condition; Frankl condition analogue; Wiener-Hopf equation

MSC: 35M10; 35]70; 35A02

1. Introduction

The theory of mixed-type equations is currently one of the main branches of the
modern theory of partial differential equations due to its important applications in solving
many practical problems. The foundations of this theory were laid in the fundamental
works of F. Tricomi, S. Gellerstedt, A.V. Bitsadze, and EI. Frankl. There is a whole range
of works by mathematician scholars that study the main mixed problems (the Tricomi
problem, the Gellerstedt problem, the general mixed problem of A.V. Bitsadze, the Frankl
problem) and propose new well-posed non-classical problems for mixed type equations.
The main bibliography on these issues is contained in books by scientists, such as A.V.
Bitsadze, L. Bers, EI. Frankl, I.N. Vekua, M.S. Salakhitdinov, M.M. Smirnov, and A.M.
Nakhushev [1-11].
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A significant contribution to the study of mixed-type equations was made by the
research of M. Protter, K. Friedrichs, P. Lax and N. Phillips, K. Morawetz, A K. Aziz and M.
Schneider, Sh.A. Alimov, and E.I. Moiseev [12-21].

F. Tricomi [22] studied the main boundary value problem for a model equation of
mixed type, which is now known as the Tricomi problem. The existence of a solution to this
problem was investigated using the theory of singular integral equations. S5.G. Mikhlin [23],
using Carleman’s results, developed an algorithm for solving the singular integral equation
of F. Tricomi, and A.V. Bitsadze formulated and proved the extremum principle for the
Tricomi problem, which is now widely used in proving the uniqueness and stability of
solutions to problems for mixed type equations.

I. Frankl [24] formulated a problem with a nonlocal condition on the boundary of
ellipticity and hyperbolicity for the Chaplygin equation. The well-posedness of this problem
was proven by K. Moravetz [25] and Yu.V. Devingtal [26]. G. Karatoprakliev [27] studied a
problem for mixed-type equations with general conjugation conditions.

After these works, the theory of boundary value problems for degenerate equa-
tions and equations of mixed type developed in many directions: S. Gellerstedt [28],
K.I. Babenko [29], A.L. Kozhanov [30], S.P. Pulkin [31], A.V. Bitsadze, M.S. Salakhiddi-
nov [32], and others have studied the Tricomi problem for more general equations of mixed
type; V.A.Bitsadze [33], A.M.Nakhushev [34], M.M.Smirnov [10], S.Gellerstedt [28,35],
FI.Frankl [36], A.V. Bitsadze, A.A. Samarsky [37] and others investigated various modi-
fications of the Tricomi problem (including nonlocal problems); Sh.A. Alimov [38], M.S.
Salakhitdinov [39], M.S. Salakhitdinov, A.K. Urinov [40], A.K. Urinov [41], A.S. Berdy-
shev [42-46], and many other researchers have studied spectral problems for equations of
mixed type.

The most significant results and a comprehensive bibliography on such problems are
presented in the monographs by A.V. Bitsadze [2], M.S. Salakhitdinov [8,9], A.M. Nakhu-
shev [11], E.I. Moiseev [47], A.P. Soldatov [48], A.S. Berdyshev [49], A.I. Kozhanov [30],
and others.

By the early 1970s, many issues in the theory of boundary value problems for de-
generate equations and equations of mixed type had already acquired a mathematically
complete form, and further progress in this direction was largely determined by qualita-
tively new problems.

In recent years, there has been intensive development of the theory of boundary value
problems for mixed-type equations with singular coefficients in lower-order terms [50]. A
nonlocal problem for a mixed-type equation with a singular coefficient in an unbounded
domain was studied in the work of M. Ruziyev and M. Reissig [51], while the works of G.
Feng [52], Z. Feng and J. Kuang [53] are devoted to the study of boundary value problems
for nonlinear mixed-type equations.

The present work is devoted to the study of issues related to the unique solvability of
a Tricomi-type problem with a missing boundary condition on the characteristic boundary
and an analog of the Frankl condition on the degeneration segment for a certain class of
mixed-type equations with varying orders of degeneration and singular coefficients. The
degenerate equations with singular coefficients considered in this paper differ from the
well-known classical problems in that the well-posedness of the standard Cauchy problem
(in the hyperbolic part of the domain) and the Holmgren problem (in the elliptic part) does
not always hold. In the usual formulation, these problems may turn out to be unsolvable
in the domains under consideration if the mixed-type equation degenerates along a line
that is simultaneously a characteristic (an envelope of a family of characteristics) or if the
coefficients of the equation in the lower-order terms are singular. Therefore, in such cases,
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it is natural to consider modified Cauchy and Holmgren problems, where the conditions
on the degeneration line are given with weight functions.

The problem under investigation differs from known problems in that, on one part of
the boundary characteristic, the values of the sought function and a Frankl-type condition
are specified on different edges of the cut along the segment where the equation degenerates.
On the segment of the degeneration line, a general conjugation condition is given, and in
the elliptic region of the equation, the Bitsadze-Samarskii condition is imposed, which
pointwise links the boundary of the ellipticity region of the equation with the lines of
degeneration. At the same time, part of the boundary of the hyperbolic region is freed from
boundary conditions.

By modifying the extremum principle of A.V. Bitsadze for an equation of mixed type
with singular coefficients, the uniqueness of the formulated problem has been proven, and
the solvability of the problem is reduced to the study of non-standard singular integral
equations of Tricomi type with a non-singular part of the kernel and a non-Fredholm
operator in the equation.

2. Preliminaries

Let Q) be a finite simply connected domain of the complex plane C = {z = x + iy},
bounded for y > 0 by a smooth curve op(y = 0p(x)) with endpoints A(—1,0) and B(1,0),
defined by the equation x? + 4(I + 2)72yl+2 =1,, and for y < 0 by the characteristics AC
and BC of the equation

yluxx +uyy + ‘Sy—ouy fory >0

G(u) =0, G(u) = { 1)

— (=) " x4 1y + @—Ouy fory <0,

where [, m are positive constants, &y € (fé, 1), Boe (=%, 1),and [ # m.

Let Qg and ()1 be parts of the domain (2 lying in the half-planes y > 0O and y < 0,
respectively, and let Cy and C; be the points where the boundary characteristics AC and BC
intersect with the characteristics of Equation (1), emanating from the point E(c, 0), where ¢
is some number belonging to the interval (—1,1) on the axis y = 0.

Let p(x) € C![—1,c] be a diffeomorphism from the set of points of the segment
[—1, ¢] to the set of points of the segment [c, 1] such that p’(x) < 0, p(—1) =1, p(c) =c.
As an example of such a function, consider the linear function p(x) = d — kx, where
k=125, d=£5.

Note that Equation (1) in the upper half-plane y > 0 is an elliptic-type equation, and
in the lower half-plane y < 0 it is a hyperbolic-type equation, and the orders of parabolic
degeneration of these equations on the axis y = 0 are different [54] (p. 75).

In the Tricomi problem [22] (p. 29) the value of the desired function is given at all
points of the boundary characteristic AC. In the present work, within a mixed domain
Q) for Equation (1) the well-posedness of the problem is investigated when the boundary
characteristic AC is arbitrarily divided into two parts ACy and CyC and on the first part
ACy C AC the value of sought function is apecified (incomplete Tricomi condition), while
the second part C(C is free from boundary conditions and is instead replaced by an analog
of the Frankl condition [24,26,55] on different parts of the cut edges along the degeneration
segment AB. On the curve 0y and the degeneration segment AB the Bitsadze-Samarskii
condition [37,56] is imposed.

3. Formulation of Problem M A

Problem MA. It is required to find a function u(x, y), in the domain Q) satisfying the
following conditions:
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(1) u(x,vy) is continuous in each of the closed subdomains Qg and Qy;

(2) the function u(x,y) belongs to the class C?>(Q)y) and satisfies Equation (1) in the
domain Q;

(3) the function u(x,y) is a generalized solution of class R; in the domain ) [7]
(p- 35), [10] (p. 104);

(4) on the segment AB the line of parabolic degeneration of Equation (1) the general
conjugation condition is fulfilled [27],

u(x, —0) = a(x)u(x,4+0) +ap(x), x € [-1,1] ()
d Jdu
Jim ()PS0 = bi) lim g0 S+ bo(x), v € (<1,1)/{ch, ()

where a(x), b(x), ap(x), bo(x) are given continuously differentiable functions

n [—1,1], s ch that a(x) # 0, b(x) # 0, Vx € [—1,1], ap(—1) = 0, and limits
,50 5087 _ _ . oy

lim (—y) (yewy ay) for x = £1, x = ¢, may have singularities of order

lower than 1 — 2[3 (1—26), where B = m;jgo) 0= 21(4;1520);

(5) the function u(x,y) satisfies the following conditions:

u(x,00(x)) = p(x)u(x, +0) + ¢o(x), x € [-1,1], 4)

u(x,y)|ac, = ¢(x), x € [-1,(c—1)/2], ®)

u(p(x), =0) = p(x)u(x,+0) + f(x), x €[-1,¢, (6)

where p(x), ¢o(x), u(x), f(x)arecontinuously differentiable functions on their domains,
and a(x )=(1—x Ja(x), ao(x) = (1 —x*)a(x), (1) =0, p(-1) =0, f(-1) =0

p(x) = (1= x?)p(x), po(x) = (1 —x*)go(x), x € [-1,1]. )

Note that conditions (2) and (3) are general conjugation conditions, (4) is the Bitsadze—
Samarsky condition connecting the values of the desired function u(x,y) on the curve oy
and on the degeneracy segment AB, (5) is an incomplete Tricomi condition on a part of the
boundary characteristic ACy C AC, (6) is an analog of the Frankl condition on different
edges of the section along the degeneracy segment AB.

Let us introduce notations:

u(x,—0) = T (x), x € [=1,1]; lim (—)P %% —v=(x), x € (=1,1), ®)
y——0 ay
u(x, +0) = (x), ¥ € [~1,1) lim y%ay — (%), x € (=1,1). ©)

By virtue of the notations (8) and (9), the general conjugation conditions (2) and (3), as
well as the analogue of the Frankl condition (6), respectively, take the form

T (x) = a(x)t(x) +ag(x), x € [-1,1], (10)
v (x) = b(w(x) + bo(x), x € (—1,1)/{c}, (1)

and

T (p(x)) = p(0)7(x) + f(x), x € [-1c]. (12)
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Taking into account (10), the condition (12) can be represented as

T(p(x)) = m(x)7(x) + f(x), x € [-1,¢] (13)

where
p(x) = p(x)/a(p(x)), fi(x) = (f(x) —ao(p(x)))/a(p(x)).

If in Equation (1) I = m, By = do, then (1) becomes the Gellerstedt equation with a
singular coefficient for which problems with analogues of the Frankl condition (13) have
been studied in [57-60].

4. Results
4.1. Uniqueness of the Solution to Problem M A

The Darboux formula, which provides in the domain (); the solution to the modified
Cauhcy problem with initial data (8) has the form [7] (p. 34), [61].

1 2t m _ _

ey =m [ e " 0P -
(14)

2t _ _

(=)t ﬁofv [x+ P 100 y)(’”“)/z} (14+6)P—1t)"Pat,
where
217261 (2B) 226-1T1(2 — 2B)
T = ;2=

r?(p) (1—Bo)I*(1-p)’

I'(x) is Euler’s gamma function [10] (p. 4).
By virtue of Darboux’s formula, it is not difficult to obtain the following equality from
boundary condition (5):

v (x) = 9D P (x) + ¥(x), x € (~L0), (15)

where

_2T(2B)T(1—B) (m+2\*
-Terasz () >o
¥(x) = _71"((2[2))(1 + )’ng 51p((x— 1)/2), x € (—1,¢).

Due to the conjugation conditions (11) and (12), equality (15) is written as

b(x)v(x) = yD P a(x)t(x) + ¥1(x), x € (~1,0), (16)
where
¥1(x) = ¥(x) + 9D Pag(x) — by (),
here )
1 f for —1<r<0
o, 0= T g 710

aDille(x) for 0<r<1

are fractional-order integro-differential operators in the sense of Riemann-Liouville [7].
Equality (17) is the first functional relation between unknown functions 7(x) and v(x),
introduced into the interval (—1,¢) from the domain (). The following theorem holds.
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Theorem 1. Problem MA when the following conditions are met

ap(x) =0,bp(x) =0,¢90(x) =0, p(x) =0, f(x) =0, 17)
a(x) >0, b(x) >0,0<p(x) <1, 0<pu(x) <a(p(x)),

has only a trivial (identically zero) solution.

Proof. Assume the contrary, that under the conditions of Theorem 1, problem MA
has nontrivial solution. Then in the closed domain () the desired solution u(x,y) # 0,
and therefore it reaches its greatest positive value (GPV) and least negative value (LNV).
Suppose that (xg,1p) is the point of positive maximum of function u(x,y) in domain
Q). According to Hopf’s principle [2] (p. 25) (x0,y0) & Qo- Let (xo,y0) = (x0,0) € AB.
Due to (17), 0 < p1(x) < 1, where p1(x) = p(x)/a(p(x)), then from the corresponding
homogeneous condition (13) (¢ f1(x) = 0) it is followed that T(p(x)) = p1(x)7(x) < T(x),
where x € (—1,¢), p(x) € (¢, 1), i.e., the value of function 7(p(x)) on EB is less than the
value of 7(x) on AE, thus the function u(x,y) does not reach its GPV on the interval EB.,
ie,xo ¢ (c,1).

Taking into account p(c) = ¢ from (13) (¢ f1(x) = 0), we have 7(c) = 0, and therefore
xg # c. Then the extremum point (x9,0) € AE (xp € (—1,¢)). In this case, by the ex-
tremum principle for fractional-order differential operators Dj , and D} , (0 < & < 1) [10]
(p. 19) at the point x(, the point of positive maximum of the function 7(x) we have
Dl:lrzfr(x)\x:xo > 0, hence from (15) (with ¥1(x) = 0, b(x) > 0) we get v(xg) > 0. On
the other hand, at this point, by the known analogue of the Zaremba—Giraud extremum
principle, we have v(xg) < 0 [7] (p. 74), [2] (p. 26). The resulting contradiction shows that
the point of the positive maximum (xg,0) ¢ AE (xo ¢ (—1,¢)).

Thus, the point (xp, yo), the point of positive maximum of desired function u(x, )
does not belong to the degenerate segment AB, i.e., (xo,0) ¢ AB.

From this, due to the inequality 0 < p(x) < 1 from the boundary condition (4) (with
¢o(x) = 0) and taking inequality (17), into account, we similarly conclude that the desired
function u(x,y) also does not reach its GPV at points of the curve op. Thus, the solution to
problem MA under the conditions of Theorem 1 reaches its GPV in domain Q) at points
A(~1,0) or B(1,0).

Similarly, as shown above, the solution of problem MA under the conditions of
Theorem 1 reaches its LNV in domain () at points A(—1,0) or B(1,0). By virtue of (17):
0 < p(x) < 1 from boundary condition (4) (with ¢o(x) = 0) it is followed that u(A) =
u(B) =0, and so u(x,y) = 0 in domain Q.

Hence, it follows that

T(x) = u(x,40) =0, Vx € [-1,1]; v(x) = lim yéoa—u =0, Vx € (—1,1).
y—+0" 9y
Therefore, from the conditions of conjugation (2) and (3) (with ap(x) =0, by(x) = 0)
it is followed that

]
T (x) =u(x,—0)=0, Vx € [-1,1]; v (x) = lim (—y)ﬁo—u =0, Vxe (-1,1). (18)
y——0 ay
Now the solution of problem MA in domain (); is restored as the solution of a
modified Cauchy problem with null data (18) using Darboux’s Formula (14) and we obtain
that u(x,y) = 0, also in domain (1. Theorem 1 is proved. [J
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4.2. Solvability of Problem MA for the Case 6 > B

Theorem 2. The solution to problem MA exists, when the following conditions are met:

a(x), ag(x), b(x), bo(x), p(x), go(x) € C[-1,1]NCL(-1,1),
Pp(x) € C[-1,(c—1)/2]NnCYH—1,(c —1)/2), f(x) € C[-1,c]NC(~1,¢), (19)

s > g a(x) > 0, b(x) > 0.

Proof. The solution of Dirichlet problem in domain () for Equation (1), which satisfies the
boundary conditions

u(x,0) =7(x), x € [-L1]; u(x,y)l, =¢x), x€[-11],

has the form [7]
-1

u(x,y) = kao(1 = &)y~ fl T(f){ [(x —1)? + (42yl“ -
-1

442
(1+2)?

0—1
— (1 —xt)* + yl“] }dt —ko(1=6)(1+2)(1—R?)yl~%x (20)

X })(p(cf(s)) (r%)‘S*zF(l —6,2—6,2-251—0)d&(s), (x,y)€ Qy,
0

where S is the length of the curve 0y measured from point B(1,0) to point M(x(s),y(s)) €
0, Iy is the length of the whole curve oy,

2
r2 r 2 4 142 HTZZ
- S G0 (l+2)2(y F(s) ),

22 2 _5 4
e=ge(iia)  rea BT T @ ) e o,

. . - (1+2)2 5 1+2
From (20), assuming §(s) = t, 7(s) = |*——(1—1t%)| , after some transforma-

tions [7], Ref. [10] (p. 55) taking into account the boundary condition (4), it is easy to
calculate that

R Y e L N ST o
(x) = —k2(1 = do) — ‘fll x— 2 (26 1)_f1(1xt)22‘51 o1

+hka(1—80)(1—6(1+2)(1—x2) [ (x® —2xt+ 1)572p(t)r(t)dt +®(x), x € (—1,1),
1

u
— 1 do ~ —
where v(x) yhmo y 3y T(x) = u(x,0),

1
®(x) = k(1 - 6) (1= 8) (1 +2) (1~ ) /<x2 —2xt+ 1)5_2(p0(t)dt €C[-1,1]nC (-1, 1).
]
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By virtue of (21), from relation (16), excluding v(x), we obtain

- ka(1—680)(1+2) L(x — )T/ (t)dt Lo z(t)dt
D' szﬁa(x) (x) = — 2 2(; b(x) i T (26 — 1)7f1 T o)
A C )| 5)$+ 2)( = )bx) f (x2 — 22t +1)° 2p(D)T(£)dt + F(x),
-1
where
F(X) — b(x)q)(x) _ lI;1(3()/ x € (_1/C)-

Y Y
Note that relation (22) is an integro-differential equation with respect to unknown
function 7(x) in the interval (—1, c). Let us continue to study Equation (22). Applying the
fractional order integration operator Dz_ﬁfxl [10] (p. 16) to Equality (22), where 28 — 1 < 0,

we obtain
a(x)T(x _ _k(=0)(+2)) p2p X P HTOd) s g p2 x UL
e 27 {D_Lx (b( g i ) P (b( ' (1—xt)“‘5>}+ (23)
+220 50)(217 = “)Dz’i;{(l —)b(x) | (- 2xt + 1)5‘2p<t>r<t>dt} +R(x), xe(-L0),
-1
where Fj(x) = zﬁlxlF(x). O

Lemma 1. The following identities are valid:

_ L (x — )T/ (t)dt
Dz_ﬂl,xl{b(x)fl ’x_tlz_zg} -

-1

- T(1-28) 1+x (x— f)T2P2
() Wfﬁ;ﬁ@;ﬂ:wﬂ+f>>T<t>df+
+(2f5—25)B(1—2,[3,25)_fx1(xi())+2/325 Zﬁ_fl T 51”25] (24)
- {f_ coyar [ & ()b’(;)l+ <<>1—2§< ) 4o

Zﬂ(
[ 1 ) '(s) = 2B(b(x) — b(s))

_ s)l-‘rZﬁ(S o t)1—2t5

b(x) — r)dt .
+ 2,5 fl 1+tl 25}' xe(—l,c),

(1—|—x
_ L z(t)d
D% i{wx) = 25} -
(1+x)""2P F(1,26 — 28,2 — 2B; (1 + x)t/ (xt
(1—25 i 1+t1 2 1—xt
f (b(s) —b(x))ds
r1- Zﬁ) Lfl T dt7f1 (x —s)%(1—st)> 2’

)
f dtf : x(ii())}ﬂ;(ﬁ( (:))1_25( )) f (t)

ds+

—1) T(t)dt+ (25)

—_

DZﬁI/_xl{(l . xz)b(x)f1 (x2 — 2xt + 1) 2p(t)T(t)dt
fx (1—£2) (1 —s?)p(t)b(s)ds )

T T(1-28) S (x—s)#(s2 —2st+ 1)
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Proof. Let us prove identity (24)

I(x) = D] {m) _fll (x= Oz ()dt ”T/(t)””}

x—t127%
(27)
B 1 % (b(x) + (b(s) —b(x)))ds L (s—t)T'(t)dt
Hlfygi (x— )P i k_tﬂﬂé-—hﬁ)—bﬁhxe(—Ld,
where )
_ b(x) (s—HT
L) = r7—2p / x_sz/s/1 - tlz 25 ' @8
x 1
1 (b(x) —b(s))ds [ (s—t)T'(t)dt
I = . 29
Calculating the inner integral from (28) and (29), we have
1 s5—¢ 1
_ [ (s=pT(t)at _ . 261 B 201
J(s) = /1 T lim /1 (s =0~ ! (t=s) d(r(t))].
Here, by performing the integration operation by parts, we obtain
s—e 1
J5) = tim | (s = (O @0 - 1) [ (5= 0P (e — (£ -9 ()l e+ 2= 1) [ <t—s>2“r<t>dt]. (30)
-1 s+e

Due to the identities

(26 -1) / (s — )* 2¢(t)dt = % / (s —)* r(t)dt — ¥ 11(s —e),
-1 -1
1 d 1
(26— 1) / (=) ()t = - / (t— )2 Lr(t)dt — 211 (s + ¢)
s+€ s+e

equality (30) is written in the form

s—e 1

|4 26-1_ d 51z
J(s) = lim %/(s—t) d—/ t)dt|.

e—0
-1 s+e

Now, passing to the limit for ¢ — 0, we have

s 1
d ndt  d £)dt
K”:%/Gi;”_%/ai§” (31)



Mathematics 2025, 13, 1875 10 of 30

Now, taking into account the representation (31) for the inner integral (28), we deduce
that

_ b(x) % ds d s t(t),dt d L z(t),dt
R (T R [d J N %sf >]

1 ( (t—
L Ui o2 T )
rQ 2ﬁ)8140[£ ( ) d(—fl (s — t)l 20) f d(! (t_s)125>‘|'
e — 0

Here, by performing the integration operation by parts, then using the identities, we

have
d X—é&1 X—&q (t)dt
_ T

1+2/3 t)l 2% dx J 1 25 J (x—g— )2

i FoT(bdt T(t)dt

_ T ,25

Zﬁ/ds/ = [ [ O g [0
/5 1-26 1-25 _ 1-25°

—5) dx I, J (t—s) o, (= xte)

Equality (32) is written as follows:

i} L[ ds o c(nat
() (1 2,3)5 1_> 0 [d _f1 (x — s)zﬁ 1 (s t)lf%
g2 — 0 (33)
d e ds 4 T(t)dt )28 L r(t)dt
dx (x—s)Zﬁ“!(t—s)Hé +{1+2) _f1(1+t)12‘51'

_ b(x) d §  ds pooT(Hdt
L(x) = = [dxfl - s_ ®

dt g b T(t)dt
—5 T (1+%) _fl(Ht)l_z(s]-

(34)

In Equation (34), changing the order of integration, we obtain

W) = 7 g [I“(") ~hel) el (1 / m)dt] >
where
o d i ds B rooT(hdt
Iy (x) = dx_/l T(t)dt/ P T B(1—2B,26)(26 25)_/1 ()T (36)
x t S
hp(x) = % [zt | 2;3d 125
26 25 R (x=s)"(t =) (37)
(14+x) 7@ L1+t \"F(=25,2p—-26,1+25(1+1t)/(1+x)) (t)d;
26 -2 1) fl<1+x> (x_t)1+2ﬁ 26 T ;
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(4 xR P14+ E\PF(=28,26 — 28,1—28; (1 +x)/(1 + 1))
I]g(x) = —WT(X) +/(1 +X> (t ~ x)1+2ﬁ72(5 T(t)dt, (38)

where B(a, B) is Euler’s beta function F(a, b, ¢; x) is Gauss hypergeometric function [10]
(p- 6).

In the proof of Formula (36) in the inner integral I;1(x) change of the integration
variable s = t + (x — t)o is made, by which the integral is expressed through Euler’s beta
function. Then, by performing the differentiation operation, we obtain Formula (36). In
the proof of Formula (37), in the inner integral I;,(x), change of the integration variable
s = —14 (1+ t)o is made, by which the integral is expressed through the Gaussian
hypergeometric function [10] (p. 5), and after applying the differentiation formula

d

E[sz(a, b,c;z)] = bzbilF(u,b +1,¢2),

by performing the differentiation operation, and using the autotransformation formula
F(a,b,c;z) = (1 — z)‘:*”*hF(c —a,c—b,cz), (39)

we obtain Formula (37). In the proof of Formula (38) in the inner integral I;3(x) change of
the integration variable s = —1 + (1 + x)c is made, due to this it is expressed through the
Gaussian hypergeometric function [10] (p. 8), then apply differentiation formula
d c—1 c—2
E[Z F(a,b,c;z)] = (¢ — 1)z “F(a,b,c — 1;z),
and autotransformation Formula (39) and get (38).
Thus, due to (36)—(38) from (35) for I; (x), we obtain the formula

B(x) [B ¥(1+t\*F(—26,28—26,1426;(1+1t)/(1+x))
r(1-2p)[s { I (1+X> (x_t)1+2/3—25 T(t)dt—

f<1+x>2’3F( 2,20 =281 =25, 1+ ) /(1 +1) Ly gy

Ii(x) =

1+t (t— x) 2P (40)
x £)dt £)dt
+(25—25)B(1—2ﬁ,25)f1(X_Tt()l)ﬂﬁzé—k(l—i—x —28 f1+(t))1251

Now, let us calculate I (x) from (29). Taking into account the representation (31) for
inner integral in (29), I(x) will be written in the form

1 b b [ w(d o x(bdt
I(x) = Ir'(1-2p) /_1 (x_S)Zﬁ {ds/—l(s—t)lz‘s_dS/s (t—s)lzg}ds' (41)
In (41), performing the integration operation by parts, we have
1 b(x) — T(t)dt * « | (b(x) dt
L(x) = (1—25){[ (x — )213 f 1 )1 zo] _1_f1[<(x> f 1 )1 26]‘1 — "

nat " b(x) —b(s) £)d
[ (tfsiiwll (o) _Ziiwlds}

S(t
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Since the function b(x) has continuous derivative of the first order in segment [—1, 1],
then the difference b(x) — b(s) satisfies Lipschitz’s condition: |b(x) — b(s)|< k|x — s|, where
k = const. Therefore

b(x) — b(s)
(x —s)%

Taking this remark into account, equality (42) can be written as

1 x b t)d b t)d
IZ(X)‘ra-z/s){_fl <EX)> i >1t2‘51d5_ e

« [(b(x)—b(s) ; T(b)dt

S
s

X=S

(43)

In the integrand expressions (43), after performing the specified differentiation opera-
tions and then changing the order of integration, we obtain

1 )b’ (s) —2B(b(x) — b(s))
L(x) = T —28) {f dtft ( C g2 ds—

— )

_f—l T(t)dtf_l ) '(s) —2B(b(x) = b(s))

_ )PP g\

+f£r<t>aztff1(’“‘SW(S)‘2ﬁ(b(")"’(s))ds+b(") o } ve (-1,0)

(x_s)1+2/5(s_t)1—25 ( x 2,5 1+x)1 —20

ds+ (44)

Now, expressions for Iy (x) and I (x) from (40) and (44) substituting in (27) we obtain
equality (24). The equality (24) is proved.

Proceeding similarly as in the case of identity (24), identity (25) is also proven. Taking
% is continuous in the square —1 <'s,t < ¢, itis
(s2—2st+1)

not difficult to establish the validity of identity (26) through direct calculation. Lemma 1 is

into account that the function

proven. [

Now, by virtue of Lemma 1 (24)-(26) substituting into Equation (23) and with the aim
of reducing the limits of integration to the main interval (—1, c), we divide the integration
interval (x, 1) into the subintervals (x,¢) and (¢, 1), and the interval (—1,1) into the subin-
tervals (—1,c) and (c,1). Then, in the integrals over the interval (c, 1) we perform a change
of the integration variable t = p(z), where t € (¢,1), z € (—1,¢), p(—1) =1, p(c) = cand
taking into account condition (13), we write Equation (23) in the form
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ko (1= 80)(1+2) b(x) B %14+t F(—20,28—25,1+25;(1+1)/(1+x))
Rt L5£<1+x> (xR o
c/1 2P F(—28,25 — 28,1 —28; (1 /(1
_f(lj-)tc) = (tﬁ—x)lfzﬁ(—z;rﬂ ( +t))7(t)dt_

¢/ 1+x \PF(=28,26-28,1-28;(1+x)/(1+p(t)))
fl <1 + p(t > (p(t) — x)1+2572(s pa()pr(t)T(t)dt—

14+x \#F(—28,26 —28,1—26;(1+x)/(1+ p(t)))
1(1+P ) (n(f) — )1+2/3725 fi(t)pr(t)dt—

_TA-2p)r(2é) ¢ i T(t)dt

26
I'(26 - 2,3) S (x— )T R f 1+t)1 2

)
)2 N (Oprt)at | 1 r )U'(s) = 2B(b(x) — b(s)) ,
f (1+p()'~ 2"1 (1 2/3) “T dtff x—s)”zﬁ(s—t)l*” 4
x—sb’s x ¢ s)b'(s) —2B(b(x) — b(s
j;r dtj; o ())mﬁ(( ())1 L +{;( )dtf ’ )( b(i))}“ﬁft(—(s))”‘s( ) gst
.X S X S
+£V1 dtf 1 —S)1+2’B(p( )_5)1—2(5 ds+
; —s)b'(s) —2B(b(x) = b(s))
+!1 Ay (Bat [ 1 (x ST (¢ )75)1—25 ds+ (45)

b(x) —b(-1) ¢ 1 p(t)p'(t) _b(x) - f1 Hp'(Hdt || _
+(1+x)2’3_‘£T(t)<(1+t)1—25+ (1+pt)'~ 2‘5>dt (1+x) fl +p()™ 25”
_(25_1){b(x)(1+x)1 26 ¢ (F(1,26 —2B,2—2p; (1+x)t/(xt—1))

r(t—2p) = (1+6)721 —xt)
F(1,20 —2B,2 - 2B; (1 + x)p(t) / (xp(t) — 1)) /
* PO 2= 2p(2) m(Bp' () | T(t)dt+

< x)1 72 — x _
(1—2,3 7{ 11—;()))1 26 (1 2 213 2 fflx—;( ))p(t)/( p(t) 1))f1(t)p/(t)dt+

b)) (1 (' (1)
ORIl <<1_ G w>d5+

st)2 25 SP(
+W ff1 (f)dti (b)(zis) — e 25] +
ky(1—60)(1—8)(1+2) [ ¢ (1—s2)b(s) (1—t2)p(t) p(tpr(t)(1—p ())ﬁ(P(t))
+ 3T (1—2B) {flT d,fl (x—s)% <( —2st+1)%" + (s2 —2sp(t) + 1) )dH

ka1~ 80)(1 —8)(1 +2) (1 p2(0)) (1 )(p()b(s)ds o
" YI(1-2p) —j;fl dtfl x—s)?P(s2 —2sp(t) +1)*7° }+F( x), x € (=Le).

%n

—

After some transformations, Equation (46) is written as follows:

oo [ [ o ecr

 k(1-65(142)
where A = 22(71_(10_2/3) ,




Mathematics 2025, 13, 1875 14 of 30

e [0 s 20 2

x)zﬁF< 28,26 —2B,1+2p; +x> }+

x \2P F(=28,26 —28,1—28;(1+x)/(1
{bml_(lwt)) o <ﬁ<t> ﬁ)l(ﬂ; AP )+

lfx x —s)b'(s) — 2B(b(x) — b(s))
N R CE b

0
D, _G(t_x)fxloc b/ (5) ~ 2B(b(x) ~b(s)

~~

ds+

T (x—s) +2’5( 5)1*2‘5 - (x =) (s—p)!"% (47)
PO L x_Sb,;”)”(jﬁ()()s)_l—bz(;))ds_b(zcl);:;;) <1+:>1—2”(1]$(ng/>(1)2‘5>+
+(26 —1) [b(x)(1 +x)172 F(l’%_z(f'it_)fﬁz;g(ét?;/(xt_1)) +
).
o (bii)—_ :;ﬁf;” T Fils(;)g;()?” ds] } )
o[ (s sefpao].)
Here, 0(x) =1, if x > 0and §(x) = 0, if x < 0.
- B[] ) )
prEs T )?Sﬂ z| ) 0w ””f >(122ﬁ<i5(>( T
_b(?1)+i§2ﬁl o 1+p( §)zdt”_ 4
[b 1 <11++pf)>1>12—ﬁ” R o s
" A0 dtfi s ey MUY RS e e e }

is known function.
Thus, in the case 6 > B the solvability of problem MA is reduced to proving the unique
solvability of the integral Equation (46).

Lemma 2. The function (1 — x)*K(x,s), defined by relation (47), is continuous in the square
—1 < x,t < cexcept on the diagonal x = t, where it has a discontinuity of the first kind.

The Proof of Lemma 2: Due to condition (19) (smoothness of the given functions), follows
from the form (47) of the definition of the function K(x,s). Also, due to (19) and (48), it is
easy to establish that F,(x) € C(—1,¢).

Due to condition (19),i.e.,0 < 1+ 2 — 2 < 1, so Equation (46) is an integral equation
with a weak singularity [62] (p. 481), with respect to the unknown function 7(x), the unique
solvability of which in the class of functions C[—1, c] follows from the uniqueness of the
solution to problem MA. Theorem 2 is proven. [
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4.3. Existence of a Solution to Problem MA for the Case 6 = f8
4.3.1. Derivation of a Singular Integral Equation with a Non-Fredholm Integral Operator
Having an Isolated First-Order Singularity at the Point

Now, consider the case 6 = 8, 6 # 0, B # 0. In this case in Equation (23) changing &
to B and taking into account identities [7] (pp. 107-108)

¥ Lx—nr(H)dt | b(x) x) L 14 x\Pr(r)dt
{ ) \x—t|2—2ﬁ } = T —2p) ST ~ 5 ﬁ)fl(lth) f—x
1 )b’ (s) —2B(b(x) — b(s)) x (x b'(s) —2B(b(x) —b(s))
“taa T (e [+ & (x (s - ds— [* T(t)dt [, e o) (5T ds+
+ T(t)dtffl (x)b 25))1 2/3(( ())1_2/15?@)"15Jr (() §2 2 /! Tt tZﬁ € (=Le);
_ Lo (b)at b(x) L/1+4x Hﬁ (t)dt
Dzﬁ,xl{b(x)_fl (1—xt)2 2,6} r2-— 25)1; 1+t> 1— xt
1 i T (b(s) —b(x))ds
+F(1—2ﬁ)iT dt,f (x —s)P(1—st)> 2
we obtain
e (1) (g )
1 " t—x 1—xt (49)
Fi(x
= R =230 kst =
where
o kob(x) - k (1 —50) $+2
A0 = T 2B)alx) — kolg (FrIb(x)’ "°1‘ ( 272) e
o ko (1t (1 B()b(s)ds
Rl = =gy (12 AR 2 ) ‘”f] P 2t 1)
1 —b(x))d s)b’
+_f1T dt_fl (x—s) 2/3( = )3)25 2,3 -4 (t)dtft is))1+2ﬁ( (_(;)1 2;3( ))ds+
b b
+ /5 dtf 1 _S)Hzﬁz(ﬁt( ())1 2ﬁ(5))d5_
s)b'(s) —2B(b(x) — b(s )) b(x) — b( 1 t)dt .
e QTR ey e L 1+t1 ) A

here R[7(x)] is regular operator.

Note that Equation (49) is considered in the interval (—1, c), therefore the kernel of
Equation (49) has a singular feature only for t € (—1,¢). In order to isolate the singular
part of Equation (49) integrals over the interval (—1,1) decomposed into two integrals
over the intervals (—1,c¢) and (¢, 1), then in integrals over the interval (c,1) replacing
t = p(s) = d—ks, where t € [c,1], s € [-1,c] and using condition (13): T(p(x))
pi(x)T(x) + fi(x), x €

) T(t)dt

+ Ri[t(x)] + R(x),

[—1, c]. Equation (50) is written as

1+x\" %/ 1 1
1+t t—x 1—xt
)”ﬁmt)r(t)dt

p(t) —x

T(x) + Ag(x) fc<

e 5

1+x 0

1+ p(t)

where
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¢ 14x " uy(t)T(t)dt
Rl = kolx f1<1+p > 1—xp(h)

G
ko g b A=) (1= p(0b(s)ds
=250 — Rors Fe) 1~ 5] P 2t 1)
+27k j‘ ]/ll(t)T(t)dtf (1 —P (t)) 1-5s )P(p(t))bgs)ds + fc T(t)dt fx (b(s) b( ))ds
1

iy B R A L o
¢ x b(s) — b(x))ds X x (x—s)b'(s) —2B(b
—k f1 P‘l(t)’f(t)dt_fl (x—s)P(1—sp t))z—zﬁ =Syt ], v — ) T2 _ 172 ds+

g S 2B ZB6)) g e, (K WE) 200 b))

(x—s) T 2(s _g)1 2P x 1+2/3(t 5128

R i S)bl)(li)Z;(ifz(;’(x))_lbz(;))ds - b(& )% f Y1 +1) t)glzt 26
+kb(zc1) f_ F( §)>1dt2ﬁ re(<Lo)
F(x) = a()l(lco)(571)+
T R [1 e o
__fclfl(t)dt_fj (x—(sb)(;’;)(l b(p)()ﬁz 5| kS A [ 1 )(H)zﬁ(Pﬁ(() (x)s):bz(;))dsf ‘e Lo;

F(x) is a known function.

Equation (50) is a non-standard singular integral equation because the kernel of the first
integral operator on the right-hand side of (50) contains an isolated first-order singularity
at the point (x,t) = (¢, ¢) and therefore this operator is separated out.

Following Carleman’s idea, considering the right-hand side of Equation (50) as a
known function, we write it in the form

T(x) + Ag(x) / (1“)1%(1— L )T =g, x€ (<10, 6D

E 1+t t—x 1—xt
where
B f0 T+x \"2Pui(t)T(t)dt
go(x) = —kAo(x)_/l <1 - p(t)> = TR RE. 6

From (52), due to the conditions of Theorem 2, it is not difficult to establish that the
function go(x) satisfies the Holder condition on (-1, ¢) and go(x) € Ly(—-1,¢), p > 1.
1

Here L,(—1, c) denotes the Lebesgue space with the norm [|¢(x)|[,, = (f lp(x pdx) P

4.3.2. Regularization of the Singular Integral Equation

Theorem 3. If go(x) satisfies the Holder condition for x € (—1,c) and go(x) € Ly(—1,¢), p > 1,
then the solution of Equation (51) in the class of Holder functions H(—1, c¢) in which the func-
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tion (1+ JC)Z/S 2 (x) is bounded at the right endpoint and may be unbounded at the left endpoint
of the interval (—1,c) i.e., in the class h(c) [10] (p. 43) is expressed by the formula

__ &) Ao(x) € /c—x\M/1—cx\™
T(x)_1+7T2A%(x)+1+7T2A%(x)_fl(C—t) (1—Ct) X

14+ x 1_2/3_2“0w(x) 1 1
X(1+f) w(t) (t_x1_xt)go(t)dt,xe(1,c),

(53)

where

ag = —Larctg(mAg(—1)), a1 = —Larctg(wAo(c)),
w(x) = (14+imAy(x))W(x), W(z) = exp{¥o(z)},

c
¥y (z) = —ﬁ [In(t —2) +In(1 — z8)]dIn G(¢),

-1
Mgg‘ggg if x € (—1,¢) (L-1) ife<0

G(x) = % ifxeA andA=<{ (—co,—1)ifc=0
1if x ¢ (—1,c) UA, (—c0,—1) U (%,+oo) if ¢ > 0.

Proof. Introducing notations p(x) = (1+ x)?#717(x), g¢(x) = (1+ x)%1g(x),
Equation (51) is written in the form

o(x) — Ap(x) / (125 ~ 125 )0t =g, x € (1,0 54)

t—x 1—xt
-1

To regularize the Tricomi singular integral Equation (54), we apply the Carleman—
Vecua method developed by S.G.Mikhlin [23].
Let z be an arbitrary point of complex plane C = {z = x + iy}. In this plane, we

introduce the function .
1 1 1
D(z) = — —
z) 27ri/(t—z 1—zt>dt

-1

Let us denote by A the following infinite intervals of the real axis y = 0.

(%, 71) ifc<0
A= (—o0,—1)ifc=0
(—o0,—1)U (%,4—00) if¢ > 0.

The function ®(z) is holomorphic in the entire complex plane C except for the points
of the set (—1,c) U A of the real axis y > 0, and ®(z) — 0 if |z|— oo. According to the
Sokhotski-Plemel formulas [63], on the interval —1 < x < ¢ we have

T (x) — @7 (x) = p(x), (55)

q>+(x)+c1>(x):;i/(t}x—l_lxt%(t)dt. (56)

Here ®*(x) and @ (x) are the boundary values of the function ®(z), as the point z
approaches the point (x,0) on the real axis from the upper or lower half-plane, respectively.
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Using Formulas (55) and (56), Equation (54) can be written in the form
(1+imAg(x))@" (x) — (1= imAg(x)) @™ (x) = g(x),x € (—1,0). (57)

It is easy to verify that the function ®(z) satisfies the relation

¢<1> = zd(z). (58)

z

1
z
versa. At the same time, the interval (—1,c) is mapped to the infinite intervals A in the

The transformation w = < maps the upper half-plane to the lower half-plane and vice

reverse direction. In (57), replacing x with %, and taking (58) into account, we get

o <1> =x® (x), P~ (i) = x®T(x), x € A (59)

X

Due to (59) the equality (57) is written as

(1 - inAO(D)qﬁ(x) - (1 +inA0<i>)d>(x) = —1g(i), xeA  (60)

Let us introduce the following functions

1—imAg(x) .
1+(nAg(x) ifxe(—1,¢c)
G(x) = {HEE ifx € A (61)

1 ifx ¢ (—1,c)UA,

‘1+§iﬁ‘(x) ifx & (1)

= 8(1/9‘) ]
h(x) _W ifxeA (62)
0ifx¢ (—1,c) UA.
Using the introduced functions (61) and (62), Equations (57) and (60) can be combined
into a single equation:

dF(x) — G(x)® (x) = h(x), —00 < x < H-00. (63)

Thus, the problem of finding the solution to the singular integral Equation (54) is
reduced to a Riemann problem in the theory of functions of a complex variable: to find a
function ®(z), vanishing at infinity, holomorphic both in the upper and lower half-planes
and on the real axis y = 0, satisfying condition (63).

We reduce the Riemann problem (63) to a jump problem. To do this, the function
G(x) is represented in the form of the ratio of boundary values on the axis y = 0 of a
holomorphic function X(z) which is bounded at infinity.

Let us solve the following problem: to find a function X(z), holomorphic in both the
upper and lower half-planes and on the real axis y = 0, that is bounded at infinity and
satisfies the condition

XT(x) = G(x)X™(x) =0, =00 < x < +00,

or
In X" (x) —In X" (x) = InG(x). (64)
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One of the partial solutions to problem (64) has the form

X(z) = eXp{zlm/1<tiZ — 7 _Zzt)G(t)dt}, x e (—1,¢). (65)

Note that

Equality (65) is written as

X(z) = exp{ ﬁ [1nG(t)dlin(t — ) + n(1 - 20) }
e

In the latter case, by performing the integration operation by parts, we obtain

X(z) = exp{ﬁ[ln G(c)(In(c — z) + In(1 — cz))—

) (66)
—InG(-1)(In(-1—2z) +In(1+2z))] + Yo(z)},
where .
¥o(z) = —% In(t — z) + In(1 — z¢)]d In G(¢)

-1
is a holomorphic function in both the upper and lower half-planes and has a finite limit for
z——1,z—c
From (61), we calculate In G(—1) and In G(¢).

1—imAg(—1)

InG(~1) = In /20"
nG(=1) =In 3= 1)

= [—2arctg(mAo(—1)) + 2kmt]i = —2iarctg(mAg(—1)) = 2mayi,

where ag = —Larctg(mAg(—1)), k=0.

1—imAp(c ) . .
InG(c) =In 1+i7TAgEC; = [—2arctg(mAoy(c)) + 2knt]i = —2iarctg(mAo(c)) = 2maqi,
where a; = —Larctg(mAp(c)), k> 0.
Therefore, taking into account the expressions for In G(—1) and In G(c) from (66), we

have
Xt (z) = exp{a;(In(c — z) +In(1 — ¢z)) — ap(In(—1 — z) + In(1 + 2)) }W(z),

where W(z) = exp{¥o(z)} is a holomorphic function in both the upper and lower half-
planes. Hence

Xt(x) = exp{le In(c — x)(1 —cx) —aglIn (14 x)* + ocorci}W(x) = Ro(x)e™0™,  (67)
X (x) = exp{oq In(c —x)(1—cx) —agIn (1 +x)* — ucom'}W(x) = Ro(x)e ™7™, (68)

where W* (x) = W~ (x) = W(x), Ro(x) = me
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Thus the function G(x) can be represented in the form G(x) = X T (x)/X ™ (x)—the
factorization of the function G(x) [64] (p. 33). Taking into account the last representation,
the boundary condition (63) is written as

OT(x) O (x) _ hx)

o (x) X (x) Xt € (=0, F-c0). (69)

Thus for the function F(z) = %, we arrive at a jump problem [64] (p. 30) in the

theory of analytic functions. One of the particular solutions of Equation (69) has the form

oz 1 [ h(tdt
=

X(z) XF)(f—z)

Hence, taking into account definition (62) for the function h(t), we write

1
O(z) 1 1 g(t) dt 1 g(1/s) ds
X(z) _Zm{/l XT()1+imA(t)t—z _A/X+(5)5(1—i7TA0(1/S))s—z}' (70)

In the second integral on the right-hand side of (70), making the change of variable

5= % we have

1
d(z) 1 1 1 1
X(z) Zm/1 XF(O)(1+inAg (1)) (t—z 1 —zt)g(t)dt' (71)

Formula (71) gives one of the particular solutions of Equation (69). Now, let us find
the general solution of the corresponding homogeneous Equation (69) (with h(x) = 0).
To do this, consider the homogeneous equation

O (x) @ (x)
X (x) — X~ (x) =0, —00 < x < +o00.

It follows that the function x(z) = % is holomorphic in the entire complex plane
except for the points z = —1, z = ¢ which can only be poles. By the well-known generalized
Liouville theorem on analytic continuation, it follows that x(z) is a rational function of the
form

Co C1
= . 72
X2 =15t (72)

Thus, due to (71) and (72), the general solution of the Riemann problem has the form

_ X(z2) C g(t) 1 1 coX(z) 1 X(2)
D(z) = 27ti/1X+(t)( ( )dt+ 022 asd

1+inAg(t)\t—z 11—zt 1+z c—z
Hence, by virtue of the Sokhotsky—Plemel Formula (55), we find that
_ 8(x) X~ (x) + _ X ()
e e () EEACI (S ) B
1

1 ¢ g(h) 1 X’(x)x c c (73)
X2 | X0 + imAD) (t—x 1 —xt>dt+X+(x) <1 - X+(x)> (1+0x + c—1x>'
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Here, taking into account the equalities

X (x) 1 1+imAp(x) 2
e TN e T T TSy T T=imAgx)
1 X (x) 1 1 1 1+imAg(x)  —2imAp(x)

Xt (x) 0 G(x) T 1—imAg(x)  1—imAp(x)’

and (67) and (68) equality (73) is written as

B g(x) Ap(x) € Ro(x)1+imAo(x) [ 1 1
) =17 AN (x) 1+ no2Ag(x)_f1 RZ(t) 1+i7'cA(;(t) (t—x 1 —xt)g(t)dt+

. . C C
—|—2l s1n(a07T)R0(x) (1 _Ex + C_l_x>.

Hence, considering that Ro(x) = %W(}C), we have

0= e (2] (1) () e

c—x)"(1—cx)™ ¢
( Ecl>+<x)2%x> W(x)<1i)x+c_lx),xe(—1,c),

(74)

+2i sin(ag7r)

where w(x) = (14 imAp(x))W(x). Since the solution p(x) is sought in the class of Holder
functions H(—1,¢) that are bounded at point x = ¢ and may tend to infinity of order less
than one, then in (74), it is necessary to set cp = 0, ¢; > 0. Now taking into account that

p(x) = (1+0)* 11(x), g(x) = (1+x)% Igo (),

from the solution (74) we obtain Formula (53). Theorem 3 is proved. [J

4.3.3. Derivation and Analysis of the Wiener-Hopf Integral Equation

Let us continue the investigation of solution (53).
Note that in relation (52) go(x) is linear dependent from unknownn function 7(x). The
expression for go(x) from (52) substituting in (53), we obtain

1 ¢/ 14x ' ui(s)T(s)ds
)~ | ) (1+ p(s)) IR 1 Rafe] + Fae)| -

e () () () 6 () @

c 1-28
X [kAo(t)f1 (1 f;(ts)) ”1;52)7(_51”15 +Ry[t] + Fz(t)] dt,

where 1 =1 -2 — 2ay.
By extracting the characteristic part in Equation (75), we transform it into the form

—no

k@A) § ods | kAOm(©A) © o F (emx) (1ex) P
0 == et Aol () (5H)

(- 1o )y + Rale) + R, 7 € (-10)

—_

(76)

where
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O Ri[t(x)] kml()Ao(x) Gf/ 14ax \UF T(s)ds
Ralr(x)] = 1+1712A2() 1;712A2(x fl <1+P ) m(s m()] i

kAp(x) € (cx) ( x
)d
T eam T s iy
1+t \'7% cx\ w(x) 1
ame)(o5) (3 _Ct) 2 — AoOm(e)| 5= (t_x L
Ap(x) Clc—x 1+ x\tw(x 1
1+n2Ag(x))_1<ct) <1ct> <1+t> w(t) (tx 1xt>R[T(th
is regular operator, and
1
_ Bl Ayx) / c—x\" /1—cx\Y (1+x\Prw(x) 1
F(x) = 1+ m2A2(x) 1+n2A3(x)) et 1—ct 1+t) wt) “\t—x 1—xf B(t)dt
is known function. Let us calculate inner integral in (76).
y & B1
c—x 1+x 1 1 ds
A(x’s)_/<c—t> (1+t) (t—x_l—xt>p(s)—t' @7)
-1
The rational factor of the integrand is decomposed into partial fractions

1 _ 1 1 _ 1 1 B 1 n 1 x 1
f—x 1—xt)d—ks—t d—ks—x\t—x d—ks—t 1—dx+kxs\1—xt d—kx—t)

By virtue of the latter decomposition, equality (77) is written as

\./Hv
>

—

A = CEO gy Ly CZIROER ) i), o)
where .
=l t)“l(ljft)ﬁl(t —y e
Bl = f1 (=0 f)tﬁl TR
Tlx) = —fl (c—H™(1 —itt)ﬁl(l —xt)’ x € (=Le).

We calculate the improper integrals T (x), Tz(s), and T3(x).
Let us compute Tj (x):

_ i dt r dt
T (x) = lim [_ /1 (=t (A+t)Pr(x—t)'* " x/ (c—H(1+t)Pr(t— x)“] -

In the first and second integrals on the right-hand side of (79), performing a change of

variables, respectively, t = =14 (1 +x)cand t = ¢ — (¢ — x)0, we get
[ s ra-pore) (. 143
T (x) = limy | = (14 e T(1— B +e) F-Aompd=prde )t 0)
1+ P T —a)l(e) ., B —x
+(C—x)a1 z (1*1)&1+€)F 1—wq,B1,1 061+£ T1c
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To both hypergeometric functions on the right-hand side of (80), applying the auto-
transformation Formula (39), we get

(14¢)" ™ T(1—p)l(e) fc—x\T™M 1+x
Ti(x )_}:1%0 (1+x)freT(1—p1+e) <1+c) P(e,1ﬁ1a1+e,1 rte 1—i—c)Jr

(1+¢) P T —a)T(e) (1+x\F B ) .
+(c—x)“1_gf(1—0c1+s) 1+c¢ Flel—ar—pr+el Dé1+81+c

(81)

Applying the Boltz formula [10] (p. 11)

F(a,b,c; z) 71-5?2()6 (Z bgF(a ba+b—c+1; 1—z)+7r(clz{a()”+(b) C)(l—z)c a=by

xF(c—a,c—bc—a—b—-11-2), c—a—b#0,%£1,+£2,...

to the first term of (81), we transform (81) into the form

(1407 T(1—B)I(e) ( - ) {m P+l —e)
(1+x)PreT(1—B1+e) \1+c I'(1—pB1)I ()

c—x F(1—pB1+e)T(—a;+e) fc—x\"°

1+c)+ A —— <1+c) .
cx>] N (1+¢) P T(1—ay)T(e) (1+x>fﬁlx

Ty (x) = lim

xF(s,l—,Bl—al—i—e,l—ocl—i—e;

XF(l — B, 1401 —¢

Trc)] T c—nn T TA—a+e) \T+c
X
Fle1—a - 1-
X <€, a—P1+¢ w1+€1+c)}

or

1 —€( . L\EM —
Tl(x):lim{—( +e) (e—x) P(e,l—al—ﬁrl—s,l—oq—l—e;i_i_i)—

e—0 (1+x)ﬁl_5
ey LA —wm) Tl —e)) (1+¢)™™ T(e—ay)l (1-p1) 82
r()(l’(la1+e) r(“l)) (1+x)PreT(1—ag — Bite) 2
><F<1—/31,041,1+oc1—s;§1j x € (—1,0).

Applying equality I'(a1)T(1 — a1) = 7/ (sinaq7r), it is easy to prove that

y_%l"(s (1’(1;(1;1“—11—)5) - F(lf((la;;)) = —rctg(aq 7). (83)

Now in (82) passing to limit for ¢ — 0, taking into account (83), we obtain

rictg (g 7r) (4o I(—ar(1 ﬁl)

Tl(x>:_(c—x)m(ler)ﬁ1 (1+x)f T —ar—p1)

c—X
<1_ﬁl/0‘1/1_'—0‘l/1+ > (84)

In the integrals T»(s), T3(x) after making a change of the integration variable, respec-
tively,t = =1+ (1 +c)ocand t = ¢ — (1 + ¢)o, and then using the integral representation
of the hypergeometric function along with the autotransformation formula, we deduce

B (1+c)"™ PT(1 —ay)F(1 - 1) B o B 1+c
TZ(S)_r(z—oq—ﬁl)(az_ks+1)1”‘l(d—ks—c)"“F(1 ol ampu2mm = Pu g k) (%)
(4o TRIT(1 - a)T(1 - By) o (1+c)
T3(x>‘r(z_al—ﬁ1>(1-xc>1—ﬂl(1+x>ﬂlp<1 N R GR =) 0
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Now, expressions for T1(x), Tx(s), T3(x) from (84), (85), and (86) substituting in (78)

we obtain
_ (e=x0)M140)P1 | metg(ag ) F(1—a)l(1-p1)(1+c) ™M
A(x/ S) - d—ks—x |: (Cfx)al (l+x)ﬁ1 0(1F(1*0(1*,31)(1+x)ﬁ1
XE(1— Br,an, 1+ ay; §5%) + AL AT ) (87)

F(2-a1—B1)(1+p(s) " (p(s) =)™

XF(l -y, 1 =0y —B1,2—a1 — B1; 1_%‘}";(55 )} + (C—Ji)_lél(-s&-)X) 1 (ng(X) — Tz(S)).

Taking into account the equalities p(c) = ¢, F(a,b,c;1) = %, we have

( tte )17a1(1+7x>ﬁ1r(1 )T (1— /31)
T+p(s) T+c r(2— “1 /51) (88)
xF(l—le,l—le—ﬁl,Z—al = &

B1; 1+p(s) = sin(aqm)”

S=C

Due to (88) from (87) isolating terms with a multiplier ;—-— k , we have

A(x,s) = ﬁ [nctg(oqrc) + . (C_ xyq + B(x,s), (89)

kxigin(agm) \c—s

where

I'(1—a)T(1— c—x
Bx,s) = g { R e F (- B, L+ e 58 +
T(1—a)I(1— c N\ B C14e
it () (1 R 10z st
c—x \* c—x 1+x)71
_sin(;[ln)} ’ (p(s)ff/‘) }+ ( 1) x;;( ) ) (XT3(X) - TZ(S))'

Here the square bracket at the point (x,s) = (¢, ¢) is equal to zero, and so B(x,s) is
regular kernel.
Due to (89), the Equation (76) is written in the form

(1)
T(x) = —
() l—l—rrzA2 flps 7 1—1—7'52A2 ks—x

d—
X (—nctg(ocln)+ .7'5 (C_ ) + B(x,s )ds

ke sin(aqt) \ ¢ —s

kAO ds kA()( )],11 j S)
-1

The last equation is written as

B kAO C c 1 _ 7T cC—X “ _
T(x) = 1+ 7r2A2 (x) f1 d—ks—x (1 + Ao(e)retg (ay ) ka sin(aq 77) (c - s) )T(s)ds B (90)
= R3[t(x)] + B3(x), x € (—1,¢),
where

kAg(c)Ag(x) / B(x,s)t(s)ds
1+ m2A3(x) ) d—ks—x °

R3[t(x)] = Ro[7(x)] +

Due to the equality B(c,c) = 0, R3[7(x)] is regular operator.
Here taking into account equalities a; = — Larctg(7Ay(c)), we have

14 Ap(c)metg(agm) = 0. 91)
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Due to equality (91), the Equation (90) is written in the form

_ KumAg(u(e) [ (c—x\Y T(s)ds
T(x) = sin(aln)(1+n2A%(x))/<CS> d— ks —x + Ra[t(x)] + F3(x).

In the last equation, focusing on the characteristic part of the equation, we have

KAy (o)pa(c) Fle—x\" 1(s)ds
~ sin(agr) (14 nzqu(c)) / (c — s) d—ks—x | Raft(x)]+ B(x), x € (=Le), ©2)
where
Kl-m A A [(c—x\" t(s)d
Ry[r(x)] = R[r(x)] + sin(uclz) <1 + ;Z(X%(x) 14 732(2)%(6)> /(z _:> d i(liz _S x
1

is regular operator.
In Equation (92) making replacement x = ¢ — (1 +c)e ¥, s = ¢ — (1 + ¢)e ! taking
into account the identity d — ks — x = k(c —s) 4+ ¢ — x, Equation (92) is written as

1
1 (a—=)t
——_ 1—a “+00 2 _ -y
T(e—(1+ c)e*y)e(a 2 _ : Kt mAg(c)p (2C) i ¢ T(c— (1 +c)e¥)dt
sin(aq77) (14 m2A%(c)) § y—t y—t ©3)

1
(a—%) (a—%)
—e" 27Rsp(y)] +e" 27 Fu(y).

Introducing notations

p(y) = T(c — (1+c)e ¥)el=2), Relo(y)] = e~ 2Rs[o(y)], Fs(y) = @1~ 2Ey(y),
K(x) = oo
we write Equation (93) in the form

+o0
o) = Ao [ K(y—1p(t)dt = Relp(w)] + Fs(v), (94)
0
KAy () (c)
sin(ocln)(1+n2A%(c))
have exponential order of decay at infinity, and therefore K(x) € Ly N H, = {0} [64] (p. 12).
Equation (94) is a Wiener-Hopf integral equation [64] (p. 55), this equation, by

where Ay = . Function K(x) and its derivative K’(x) are continuous and

means of the Fourier transform, similarly to the well-known characteristic singular integral
equation with a Cauchy kernel is reduced to a Riemann boundary value problem and thus
is solved in quadratures.

If the singularity of the Cauchy kernel % lies in the discontinuity at t = x, then the
singularity of the kernel K(x — t) of the convolution-type integral equation is caused by
the unboundedness of the integration interval. This kernel, unlike a regular one, does not
decrease as one moves to infinity along the straight line t = x + ¢, where ¢ = const.

Fredholm’s theorems for convolution-type integral equations holds only in the special
case when the index of such equations is zero. The index x of Equation (94) will be the
index of the expression

1—AoK"(x), —o0 < x < 400
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taken with the opposite sign: x = —Ind(1 — AgK” (x)) [65] (p. 56), where

eixtdp TelxInk
/ ket/2 +e~1/2 " \/keh(mx)'
Now let us compute the index of the expression:
1 — MoK (x).

Let

/t%T < 1) (95)

<1

ka(1—60)(1 = p) (I +2)b(c)
29T (1 =2B)a(c) —ka(1 —do) (1 — B) (1 + 2)tg(Brr)b(c)’

29T (1 =2B)a(c) — ko (1 —do) (1 — B) (I +2)tg(Bm)b(c) # 0.

1—c\2 ™ Ao(c)p(c)
<1 + c) a(c) sin(aq71) (14 12 Ap2(c))

where

o = —%arctg(nAo(c)),Ao(c) =

Then
/\0 7T

Ao N

|Re(AoK" (x))| =

mcos(xInk) ‘

Vk(7x)

and |[Re(AoK"(x))| <o (ch(&'{x)) for sufficiently large |x|.
Hence, we get

Re(1— AgK"(x)) > 0.

Therefore

B 1 [Im(1-AK M) 1[0 0]
= I 0ok () = o | vk | L= 2w 1 1) =

—00

i.e., changing the argument 1 — AoK”(x) along the real axis, expressed in full turns is equal
to zero [64] (p. 28), from this and from the uniqueness of the solution to problem MA, it
follows that Equation (94) is uniquely solvable, and therefore so is problem MA. Thus, the
following Theorem is proved.

Theorem 4. Problem MA under the conditions

a(x), ao(x), b(x), bo(x), P(x) o(x) € C[~1,1]NC(~1,1),
p(x) € C[~1, (c —1)/2] N C}(~1 (c—1)/2) f(x) € Cl=1,d NCY(~1,¢),
= 0

1424, +2B _
2(l+20) 2nEm+20) ’ b(x> >0, ,B =4,

a(x) >
and inequality (95) is uniquely solvable.

Let us note that the set of values of numerical parameters of problem MA satisfying
inequality (95) is non-empty. Indeed, since k = (1 —c¢)/(1 + ¢), then for values of the
parameter ¢ sufficiently close to —1, the value of k becomes sufficiently large, and so
inequality (95) is satisfied for such values of the parameters.

5. Conclusions

(1) The paper investigates issues of existence and uniqueness of the solution to a problem
with local missing Tricomi condition on one boundary characteristic and Frankl-type
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condition on the degeneration segment for a certain class of mixed elliptic-hyperbolic
type equations with various orders of degeneration and singular coefficients.

(2) The considered problem differs from known problems in that, on one part of the
boundary characteristic, the values of the sought function and Frankl-type condition
are specified at different ends of the cut along the degeneration segment of the
equation. On the segment of the degeneration line, a general conjugation condition is
specified, and in the elliptic region of the equation, the Bitsadze-Samarskii condition
is imposed, which pointwise connects the boundary of the ellipticity region with the
lines of degeneration. At the same time, a portion of the hyperbolic region’s boundary
is freed from boundary conditions.

(3) The uniqueness of the solution to the formulated problem is proved using an ana-
log of A.V. Bitsadze’s extremum principle for mixed-type equations with singular
coefficients.

(4) The proof of the existence of a solution to the problem, depending on the numerical
values of the ratio of the orders of degeneracy and the numerical parameters in the
lower-order terms of the equations, is reduced either to solving Fredholm integral
equation with a polar singularity or to non-standard singular Tricomi-type integral
equation with a non-Fredholm operator, whose kernel contains an isolated singularity
of the first order at only one point. Using the Carleman—Vekua regularization method,
the resulting singular integral equation with a non-Fredholm operator is reduced
to a Wiener—Hopf integral equation. It is proven that the index of the Wiener-Hopf
equation is zero. Therefore, the Wiener—-Hopf equation is reduced to a second-kind
Fredholm integral equation, the unique solvability of which follows from the unique-
ness of the solution to problem MA.

(5) An algorithm has been developed for solving non-standard singular Tricomi-type
integral equations with a non-Fredholm operator whose kernel contains an isolated
first-order singularity.

(6) It has been established that the well-posedness of the formulated problem, posed on a
part of the characteristic and involving Frankl-type conditions on the degeneration
line, essentially depends on the relationship between the coefficients of the given
conditions at the junction point of the local condition and the Frankl-type condition,
which lies on the degeneration line of the equation.

In conclusion, it should be noted that the developed methods for studying non-
standard singular integral equations can be applied to the investigation of a broader class
of partial differential equations with singular coefficients, including for other values of the
parameter o in Equation (1).

In conclusion, we note the works [65-70] are closely related to the topics considered in
this paper and were published in recent years.
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Abbreviations

The following abbreviations are used in this manuscript:

GPV  Greatest positive value
LNV  Least negative value
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