. mathematics

Article

Variable Dose-Constraints Method Based on Multiplicative
Dynamical Systems for High-Precision Intensity-Modulated
Radiation Therapy Planning

Omar M. Abou Al-Ola ', Takeshi Kojima 2(”, Ryosei Nakada 3, Norihisa Obata 4, Kohei Hayashi °

and Tetsuya Yoshinaga %*

check for

updates
Academic Editors: Ahmadjan
Muhammadhaji and Maimaiti

Yimamu

Received: 22 April 2025
Revised: 26 May 2025
Accepted: 27 May 2025
Published: 2 June 2025

Citation: Abou Al-Ola, O.M.;
Kojima, T.; Nakada, R.; Obata, N.;
Hayashi, K.; Yoshinaga, T. Variable
Dose-Constraints Method Based on
Multiplicative Dynamical Systems for
High-Precision Intensity-Modulated
Radiation Therapy Planning.
Mathematics 2025, 13, 1852. https://
doi.org/10.3390/math13111852

Copyright: © 2025 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ / creativecommons.org/
licenses /by /4.0/).

Faculty of Science, Tanta University, El-Giesh St., Tanta 31527, Egypt; omr.aboualaela@science.tanta.edu.eg
Institute of Biomedical Sciences, Tokushima University, 3-18-15 Kuramoto, Tokushima 770-8509, Japan;
kojima@tokushima-u.ac.jp

Radiation & Proton Therapy Office, Shizuoka Cancer Center, 1007 Shimonagakubo,

Nagaizumi 411-8777, Japan; rnakada@scchr.jp

4 Graduate School of Health Sciences, Tokushima University, 3-18-15 Kuramoto, Tokushima 770-8509, Japan;
€202326002@tokushima-u.ac.jp

Department of Radiology, Takamatsu Red Cross Hospital, 4-1-3 bancho, Kagawa 760-0017, Japan;

k. hayashitaka672@gmail.com

Correspondence: yosinaga@medsci.tokushima-u.ac.jp

Abstract: An optimization framework that effectively balances dose—volume constraints
and treatment objectives is required in intensity-modulated radiation therapy (IMRT)
planning. In our previous work, we proposed a dynamical systems-based approach in
which dose constraints, along with beam coefficients, are treated as state variables and
dynamically evolve within a continuous-time system. This method improved the accuracy
of the solution by dynamically adjusting the dose constraints, but it had a significant
drawback. Specifically, because it is as an iterative process derived from discretization of a
linear differential equation system using the additive Euler method, a lower-bound clipping
procedure is required to prevent the state variables for both beam coefficients and dose
constraints from taking negative values. This issue could prevent constrained optimization
from functioning properly and undermine the feasibility of the treatment plan. To address
this problem, we propose two types of multiplicative continuous-time dynamical system
that inherently preserve the nonnegativity of the state variables. We theoretically prove
that the initial value problem for these systems converges to a solution that satisfies the
constraints of consistent IMRT planning. Furthermore, to ensure computational practicality,
we derive discretized iterative schemes from the continuous-time systems and confirm that
their iterations maintain nonnegativity. This framework eliminates the need for artificial
clipping procedures and leads to the multiplicative variable dose-constraints method, which
dynamically adjusts dose constraints during the optimization process. Finally, numerical
experiments are conducted to support and illustrate the theoretical results, showing how
the proposed method achieves high-precision IMRT planning while ensuring physically
meaningful solutions.

Keywords: dynamical system; differential equation; optimization; stability of equilibrium;
intensity-modulated radiation therapy; variable dose-constraints method
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1. Introduction

Intensity-modulated radiation therapy [1-4] (IMRT) is a widely used technique in
cancer treatment that offers high precision in controlling the intensity and angle of radi-
ation beams. This precision enables delivery of a sufficient dose to the planned target
volume (PTV) while minimizing the dose to surrounding healthy tissues and organs at
risk (OARs). The main challenge in IMRT planning is optimizing the balance between
maximizing the dose to the PTV and minimizing the exposure to OARs. Mathematically,
this involves solving an optimization problem where the objective function [5-10] is de-
fined over beam intensity coefficients, subject to dose—volume constraints [11] and other
feasibility conditions [12-14]. While this problem is critical for treatment success, including
dose-volume constraints results in non-convex and non-differentiable functions, as they
involve computing the volume fraction receiving dose above or below a threshold. This
threshold-based evaluation introduces discontinuities in the objective function, making the
optimization problem computationally demanding and difficult to solve efficiently [15-18].

Previous studies have employed feasibility-seeking projection methods [19-23], which
avoid the challenges of non-convexity by iteratively projecting solutions onto feasible
regions defined by the constraints. These methods allow for the incorporation of dose—
volume constraints without encountering the associated difficulties. However, traditional
IMRT optimization methods typically use fixed dose constraints that remain unchanged
throughout the optimization process. This static setting may limit the quality of the final
treatment plan.

In our prior work [24], we proposed a dynamical systems-based method that dynami-
cally adjusts the dose constraints during optimization to improve the precision of treatment
planning. This method treats dose constraints alongside beam coefficients as state variables
evolving within a continuous-time dynamical system [25-28]. While this approach has been
shown to enhance solution precision, it has a key drawback: the optimization is governed
by an iterative process derived from discretization of a linear differential equation system
using the additive Euler method, which may yield negative values for beam coefficients
and dose constraints due to the additive nature of the update, thereby requiring a lower
bound clipping procedure. Such negative values are physically meaningless and may
undermine the feasibility of the treatment plan.

To address this issue, the current study introduces a novel approach based on two
types of continuous-time dynamical system that inherently preserve the nonnegativity
of the state variables. We provide a theoretical analysis demonstrating that the proposed
systems converge to solutions that satisfy the constraints of a consistent IMRT plan. Ad-
ditionally, to maintain computational efficiency, we derive discretized iterative methods
from the continuous-time system. This method, referred to as the multiplicative variable
dose-constraints method, ensures that the beam coefficients and dose constraints remain
nonnegative throughout the optimization process, eliminating the need for additional
clipping procedures.

Through numerical experiments, we illustrate the theoretical results and show that
our approach guarantees physically meaningful solutions while achieving high-precision
IMRT planning.

2. IMRT Treatment Planning

A radiation oncologist performs IMRT planning to determine the PTV to be irradiated
and the OARs to be spared. In IMRT, let ] represent the total number of beamlets that have
split off from the radiation beam, and this is calculated as the number of delivered beams
multiplied by the number of beamlets in each beam head. The dose calculation problem, in
matrix notation, has the following form:
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D = Kx. (1)

Here, D € Rﬂr, with R denoting the set of nonnegative real numbers, is the dose vector
whose components represent the total dose deposited in each voxel of the patient’s three-
dimensional volume, x € RCF is the vector of intensities in beamlets, and K € RLX] consists
of all elements ((K)/); representing the dose deposited in the ith voxel due to the unit
intensity of the jth beamlet; it is called the dose influence matrix. If there are volumes
of the PTV and OAR with I; and I voxels, respectively, then D includes D; € Rﬁ and
D, e Rﬂz as subvectors, while K includes Kj € REXI and K, € Rﬂ%xl as submatrices. Let b}
and b denote the prescribed lower and upper dose limits for PTV and OAR, respectively,
where b} > 0 and by > 0. Furthermore, to prevent excessive irradiation within the PTV, we
introduce an upper bound b} such that b} > bj.
In the case described above, we prepare a dose vector consisting of two subvectors of
D for the upper and lower dose bounds on the PTV and a subvector of D, for the upper
dose bound on OAR,
D,
D:=| Dy |eR} )
D,

with I = 2I; + I; and a dose influence matrix with the same corresponding blocks of D,

Ky
K:=| K |eRrRY 3)
K

A similar formulation can be used for multiple PTVs and OARs, as well as for additional
upper and lower dose constraints.

We consider consistent and acceptable systems in which IMRT planning problems
based on dose constraints and dose—volume constraints are individually solvable.

Definition 1. For a given IMRT planning system {(Ky,by), (Ky,b%), (Ko, b3)}, define sets as
follows:

& = {eeR:(Kie), <by,ii=12,..., 11},
& = f{eeR|:(Kie), >b,i1=1,2,..., L}, and
& = {eeR :(Kye), <by,ir=12,..., L}

The system is consistent if the set
E=&En&EnE (4)

is nonempty; otherwise it is inconsistent.

Definition 2. For a given x € R{r and sets of dose—volume constraints (Ky, by, C7), (Ky, b}, C}),
and (K, b3, £35), where § <1, {7 < 1, and {5 < 1 represent the prescribed proportion rates, the
corresponding dose distribution is considered partially acceptable if the number of elements in each
of the index sets

TV(x) = {ile{l,z,...,ll} : (K x);, <b‘f},
THx) = {ile{l,Z,...,Il} : (Kix);, >b5}, and (5)
T(x) = {ize{1,z,...,12} L (Ko x),, sbg}
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exceeds the prescribed proportions of 1y, Iy, and I,. Equivalently, the following inequalities hold for

some x:
9 (x
pe =B g
1
o= > gy, ©
I8(x
= 20 g
2

where | - | denotes the cardinality of a set.

We say that an IMRT planning system is acceptable if there exists a common beam
set for which the dose distributions in the PTVs and OARs are partially acceptable for all
dose—volume constraints.

Definition 3. For a given IMRT planning system {(Ky,bY,7), (Ky1,b5, %), (Ko, b8,25)}, define
the following sets:

Ay = {aeR|yia) =),
Aj = {aeRL:ni(a))Q}, and
Ay = {aeRL :pia) = 8}

The system is considered acceptable if the set
A= A7 n A n A3 7)
is nonempty; otherwise it is unacceptable or partially acceptable.

It is considered that & is a special case of the set A with {{ =1, =1,and {j = 1. We
can also say that if the IMRT planning system is consistent, then it is acceptable.

In the rest of this section, we introduce some notations that will be used later. The
superscript T denotes the transpose of a matrix or vector. The notation (6); represents the
ith element of the vector 6, while (©); and (©)/ refer to the ith row and jth column vectors
of the matrix ©, respectively. Log(f) and Exp(6) are vector-valued functions defined as
Log(8) := (log(6y),10g(62),...,log(8;))" and Exp(8) := (exp(61),exp(62),...,exp(6,))T,
respectively, where 8 = (61,65,...,0,)". Finally, diag() denotes a diagonal matrix whose
diagonal entries are the elements of the vector 6.

3. Proposed Dynamical System and Theoretical Results

Given an IMRT planning system {(Ki, bY), (K, b}), (K, b3)}, define a vector y € RL
that will be considered part of the variable dose constraints to be estimated. For the
subsequent discussion, assume that the prescribed dose conditions (K1, b}) and (K3, b3) are
selected with I = I + I, although other combinations can be used, provided that at most
one condition is chosen for each PTV or OAR volume.

The variable dose-constraints method for solving the IMRT planning problem in a
consistent case is defined to find the desired solution for beam weights e € £ and the
corresponding dose constraints K ¢, where

> Ky IxJ
K:=<K2>GR+X, (8)
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from the solutions for the beam weights x € R{r and variable dose constraints

1 I
= € R,
y <y2> +

where y; € Rﬁ and y, € Riﬁ, in relation to an initial value problem of the dynamical
system when the IMRT system satisfies the consistent condition in the sense of Definition 1.
Therefore, the goal is to obtain the unknown variables x and y by minimizing an appropriate
cost function, which is zero when x = ¢ and y = Ke for some e € £. To solve this, we
consider the following cost function for x € RL andy e Ri withe e &:

J
Viy) = ),

1

~

I
KL((e)j, (x);) +a~" Y] KL((Re);, (y);) ©)
(e)

i=1
Z ( e ]-log((fc))i + (x)]-(e)j>
]

I K .
Y ((Ke)iIOg (gj) Fy)i— (R e»)

2, Wi
J

(1)
i=1

where KL denotes the generalized Kullback-Leibler divergence [29], (A); is defined as

_ -1
Il ) I .
(A)j = (Z ((Ky))iy + Z((K)])i)
i=1

=1

forj = 1,2,...,], and &« > 0 is a weighting parameter. Note that the cost function,
Equation (9), is nonnegative for any x € Rﬁr and y € R!, and it equals zero if and only if
x=ec¢andy = Ke.

Finally, let us introduce functions Py, Py, and P; that will be used in the system defined
in the next subsection:

Dy),, if (D1);, < (b1)iy,
by);,, otherwise

Dy);,, if (D1);, = (b1)i,

(P¥(Dy, b)), E
(
(b1)i,, otherwise
(
(

Il
—

(Py(Dy,b1));,

Il
—

if (D2);, < (b2)s,,

PU D /b .
(P (D2, b2))s, by)i,, otherwise

Il
—

wherei; =1,2,...,1andi, =1,2,..., 1, with b; € Ri{ and b, € R{ﬁ. As a simplification,

5] o PL(Clrdl)
Blc,d) i ( e i ) (10)

c=<cl>eR§r and d:<d1>eRi,
¢ dy

where cq,d; € Rﬂi and cp,d, € Rﬂf.

we define the function

where
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3.1. Consistent Planning

This section presents the definition of the dynamical systems for the variable dose-
constraints method and discusses its theoretical outcomes when the IMRT planning system
is consistent.

Consider the initial-value problem for a continuous-time dynamical system with state
variables (x(t),y(t)) € R{:rl such that V(x(t),y(t)) is expected to decrease over time t > 0
along their solutions, where R, | denotes the set of positive real numbers. The system is
described by

B X)) b
d};if) = Y(Bg(x(t),y(h)

where X and Y represent diag(x) and diag(y), respectively, the function g is given by

g(x,y) := a(Log(P(y,Kx)) — Log(y)), (12)

and f is a vector-valued function defined below. The initial states are set as x(0) =: x° e
R, y1(0) =29 € V1, and y»(0) =: yJ € Yy, where

o= {pmeRl @y =0, =121} and
Yo = {yaeRE () <B =12, b}
Next, we will examine two dynamical systems described by Equations (11) and (12)

and distinguished by their type of vector field. In particular, the two systems are given by
specifying the function f in Equation (11) as

f(xy) = AK] (Log(P (K x,u1bY)) — Log(Ky x))
+AKT (Log(P(K x,)) — Log(K x)) (13)
or
f(xy) = Log(AK] Exp(Log(Pf (K1 x,u1 b)) — Log(Ky x))
+ AR Exp(Log(P(K x,y)) — Log(K x))) (14)

where A represents diag(A), and u4 is the all-ones vector with I; elements.

Moreover, for carrying out practical calculations, we will perform a first-order numeri-
cal discretization of the above autonomous differential equations to derive iterative formu-
lae which allow us to obtain approximate solutions. These formulae share a unified iterative
algorithm or discrete-time system, with state variables for beam weights z(1) and variable
dose constraints w(n) as functions of the iteration number n (withn =0,1,2,...,N -1,
where N is the total number of iterations):

z(n+1) Z(n) Exp(hf(z(n), w(n))) (15)
wn+1) = W(n)Exp(hg(z(n),w(n)))

with z(0) = x0 e RLr and w(0) =% = (10,9 e V1 x Jr < R§r+, where Z and W indicate
diag(z) and diag(w), respectively. The iterative formula in Equation (15) corresponds to a
multiplicative Euler discretization with a step size of i > 0 for the continuous-time system
described in Equation (11). The multiplicative method is particularly effective because it
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ensures that the positivity of the iterative states (z(n), w(n)) is maintained at each iteration
by selecting initial values z(0) = x* and w(0) = °.

Note that the difference systems consisting of Equations (15) and (12) in which the
function f is defined as either Equation (13) or Equation (14) are, respectively, similar to
the multiplicative algebraic reconstruction technique [30,31] (MART) and the maximum-
likelihood expectation-maximization [32,33] (MLEM) algorithm for computed tomography.
Namely, in the first equation of Equation (15) for & = 1, if we replace P} and P with the
measured projections and assume that K and z correspond to the projection operator and
the pixel density of the image to be reconstructed, respectively, the iterative formulae
describe the MART and MLEM reconstruction algorithms.

In the following, we present theoretical results on the behavior of the solution
(x(t),y(t)) for the continuous-time dynamical system described by Equations (11) and (12)
with f defined as either Equation (13) or Equation (14). First, we demonstrate that all
solutions remain within the positive subspace.

Proposition 1. For a dynamical system obeying Equations (11) and (12) with f defined as either
Equation (13) or Equation (14), if the initial value (x°,y°) belongs to R{:rl, then the solution

(o(t, x°,4°), ¥(t, x0,4°)) remains within Rﬂ::f_for all t > 0.
Proof. Since the system can be expressed as

d(x(t)j/dt = (x(8));(f(x(t), y(t)));
d(y(#)i/dt = (y(£)i(g(x(t),y (1))

with functions (f)] and (¢);forj=1,2,...,Jandi=1,2,..., [, itfollows that for any j and i,
the solution satisfies (d(¢);/dt,d(y);/dt) = (0,0) on the subspace where ((x);, (y);) = (0,0).
This implies that the subspace is invariant, and due to the uniqueness of solutions to
the initial-value problem, trajectories cannot pass through any invariant subspace. Con-
sequently, any solution (¢(t, x,1°), ¥ (t, 2%, ")) of a system described by Equations (11)
and (12) with f defined as either Equation (13) or Equation (14) remains in RL:FI for all

t > 0, given the initial condition (x0, yo) € R{:f . O

Next, we introduce a theorem establishing the stability of the equilibrium in the
dynamical system. Before proceeding, we present a lemma required for the proof.

Lemma 1. We define the index sets as follows:

~

f(x) = {11 € {1,2,...,11} : (PiJ K1 X, Uq bllj))ll = b[lj}, (16)
Mxy) = {ie{1,2,...,T} : (B(Rx,y))i = (y);}, and (17)
M(x,y) = {ie{1,2,....T} : (P(y,Kx)); = (Kx);}. (18)

When none of these sets is empty, for some x and y distinct from e € £ and K e, respectively, the

following three properties hold.

(i) Forany iy € ff(x), the condition (Kq x);, > b} = (Kj e);, is satisfied.

(ii) Forany i € M\(x, y), when i < I, the condition (Kye); = (y1); > (Kj x); holds, and
when i > Iy, the condition (K x);, > (y2)i, = (Kze);, holds, where iy =i — I.

(iii) Forany i € M(x,y), when i < Iy, the conditions (Kye); = (y1); and (K1 x); = (y1)i
hold. When i > Iy, the conditions (y2);, > (K2 x);, and (y2);, = (Kae);, hold, where
ip =i—1I.

On the other hand, when the index sets are empty, we have x = e and y = Ke.
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Proof. The condition in property (i) follows from the definitions of P}’ and £}'. Moreover,
the conditions in properties (ii) and (iii) come from the definition of P and the following
characteristics of the variable y(t). Specifically, the structure of the vector field g(x, y), which
determines the differential coefficients of y in Equation (11), ensures that y(t) remains within
the same subspace of V; x ), as its initial value and that it has a limit point Ke that is
the boundary of the subspace. On the other hand, when the sets ff(x) and M (x,y) are
empty, it follows that x € € or x = e. Furthermore, if the set M(x, y) is also empty, then
y=Ke O

Assuming that the inverse problem of IMRT planning, which is to minimize the cost
function V in Equation (9), is consistent, the equilibrium (e,Ke) € Rfﬁ for the system
of differential equations, Equations (11) and (12), with f defined as in Equation (13) or
Equation (14) is asymptotically stable, as ensured by the Lyapunov theorem.

Theorem 1. If the set € in Equation (4) is nonempty, the solutions (x,y) to the dynamical system
defined by Equations (11) and (12) with f defined as in Equation (13), given positive initial values,
asymptotically converge to (e,Ke) for some e € £. The same holds for the dynamical system
described by Equation (14).

Proof. Any point (¢, K ¢) where ¢ € £ is an equilibrium of the system defined by Equations (11)
and (12) with f defined as in Equation (13). Suppose that the function V(x,y) > 0 in
Equation (9) is a Lyapunov candidate function. This function is well-defined because,
according to Proposition 1, the state (x(f), y(¢)) of this dynamical system stays within RL::

for any t when positive initial values are chosen. The function can be rewritten as

J
Vixy) = Yy f(

r

()j r — (e)jdr e ZT] J(y)i 5 — (Ke)ids
i=1 (Re); s

E)]

so the derivative V with respect to  along the solution trajectory of the system satisfies

V(x,y)

= 21((%); = @))(K{ )j(Log(Ky x) — Log(P{ (Ki x,u1 bY)))

= = ) ((Kix);, — (Kye);,)(log((Kq x);) — log(bY))
Iy
AE ((Kx); — (Ke);)(log((Kx);) —log((y):))

((Ke)i = (y)i) (log((K x);) — log((y):))

N
|

Y, ((Kix)y —b)(log((Ky x);,) —log(bY))

€2V (x)
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— >, ((Rx)i—()i)(log((Kx);) —log((y)))
ieﬁ/l\(x,y)
— >, ((Re)i—()i)(log((Kx);) —log((y)))
ie./\\/f(x,y)
= — D (KL((Kyx)ip, b) + KL(b, (K x);,))
ileflU(x)
— >, (KL((Rx)i, (y)i) + KL((y)i, (Rx):))
ie/(/l\(x,y)
— >, ((Re)i— ()i)(log((Kx);) —log((y);))
ieM(x,y)
< 0,

where the index sets defined in Lemma 1 serve as summation ranges, meaning that the sum
is taken only over the index elements where the corresponding values are nonzero. The first
inequality follows from Lemma 1 and the monotonicity of the logarithm function. In the
final inequality, if x = eand y = Ke,itis immediately evident that the derivative becomes 0.
On the other hand, setting the left-hand side of this inequality to 0 requires all three index
sets to be empty, which, according to Lemma 1, leads to x = ¢ and y = Ke. Therefore, the
derivative equals 0 if and only if x = e and y = Ke. This confirms that the solutions to the
dynamical system described by Equations (11) and (12) with f defined as in Equation (13)
asymptotically converge to some e in £, as guaranteed by the Lyapunov theorem.

Similarly, it can be shown that V also serves as a Lyapunov function for the dynamical
system described by Equations (11) and (12) with f defined as in Equation (14). The
derivative V of V with respect to t along the system’s dynamics is given by

Il
\
-MN

V(x,y) ((e)j = () (M) log((?\)j(KlT)j Exp(Log(Py (Ky x,u1 b7)) — Log(K x))

-
I
—_

+ (M);(RT); Exp(Log(P(K x,y)) ~ Log(K x)))

()i — (Ke);)(log((y)i) — log((P(y, K x));))

|
.MNI

I
—

(e)j(K{);(Log(Py (K x, uy bY)) — Log (K x))

N
|
1=

-
Il
—

[
M=

(e);(RT);(Log(P(Kx,y)) — Log(K x))

-
I
—

+
M=

(2);(A);! ((A)]’(Kf)j Exp(Log(Py (K x, u1 by)) — Log(Ky x))

-
I
-

+ (W);(RT); Exp(Log(P(K x,y)) — Log(Kx)) 1)

I
— > ((Re)i = (y)i) (log((P(y, K x));) — log(():)

N
|
Z

4‘
=
A
|
sl
X
=
—
®]
o
=
A
a3
|
—
@]
o
=
Z
&
=
i
s
—c

(
Ky x)" (Exp(Log(Py (Ky x,u1 b})) — Log(Ky x)) — u1)
Rx)T (Exp(Log(P(K x,y)) — Log(K x)) — 1)
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—(Re—y) " (Log(P(y,K x)) — Log(y))
= — ) (Kye); (1 - exp(log((Kyx);,) —log(b})))

zleff(x)

+ D, (Kix); (exp(log(by) —log((Ky x);,)) — 1)
zleflU(x)

— >, (Ke)i(1—exp(log((Kx);) —log((y):)))
ieﬂ(x,y)

+ Y, (Rx)i(exp(log((y)i) —log((Kx);)) —1)
ie./\//l\(r/)

- 2 y)i)(log((K x);) —log((y)i))
ieM(x, )

= = N Kie) ((K ), — )

ety |

- Y o (@- Ra) (K- w)
ieﬂ(x,y) :

— > ((Re)i = ()i)(log((K x);) —log((y):))
ie.KA/(x,y)

<0

where 17 and 7 represent all-ones vectors with [; and I elements, respectively. As in the
previous case, the index sets used as the summation ranges are defined by Lemma 1. Here,
the first inequality is obtained using the concavity of the logarithmic function and Jensen’s
inequality, along with the fact that log() < 6 — 1 for any nonnegative 6. The second
inequality follows from the relation 6 < exp(6) — 1 for any 6. The derivatives become zero
if and only if x = e and y = Ke. Therefore, the solutions to the dynamical system obeying
Equations (11) and (12) with f defined as in (14) asymptotically converge to someeec £. O

3.2. Acceptable Planning

For an acceptable IMRT planning system, the two iterative algorithms of the variable
dose-constraints method by using a multiplicative iterative scheme can be written in the
following unified form.

z(n+1) Z(n) Exp(hp(z(n), w(n)))
wi(n+1) = Wi(n)Exp(hq(z(n),wi(n))) (19)
wa(n+1) Wa () Exp(hqa(z(1), wa (1))

forn=0,1,2,...,N —1with z(0) = ¥V e RLr and w(0) = yo € V1 x Y, where wq and w;
are subvectors defined by

W; and W, denote diag(w;) and diag(wy), respectively, and > 0 denotes a step-size
parameter. As preparation for defining the functions p and q = (41, 92), we introduce the
following binary functions, referred to as acceptable indices, with respect to the beam
coefficient variable x € RLF according to Definition 2.

(20)

SMlx) = 0, if x with (Ky, b, {Y) is partially acceptable,
1 N uy, otherwise
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if x with (Ky, b, ¢%) i iall 1
Si(x) = { 0, it xwid (K1, by, £7) is partially acceptable, 2
i, otherwise
i 1 U 77U\ 3 :
oS(x) = { O'U if XWI’fh (K, by, £5) is partially acceptable, )
5, otherwise

where the positive values uY, i}, and pj are penalty coefficients that weight the importance
of each constraint, and their setting takes into account that they are multiplied by the step
size h. Furthermore, to quantify the interaction between IMRT subsystems, we define the
following metric, referred to as the collaboration index:

A(x) == 8(x) + 85 (x) + 53 (), (23)

for a given x. The function p is defined according to two multiplicative types: the multi-
plicative algebraic (MA) type, where

plz,w) = & (z)AK] (Log(P}(K;z, u bY)) — Log(K; z))
+0%(2) AK{ (Log(P}(Ky z,w1)) — Log(K; 2))
+05(z)AK; (Log(P§ (Ka z,w2)) — Log(K» 2)) (24)

and the expectation maximization (EM) type, where

plz;w) = 0}(z)Log(AK] Exp(Log(Pf (Kizu b})) — Log(K; 2)) )

+6j(z) Log (AKlT Exp(Log(Py(K1z,wq)) — Log(K7 2))

~_ —

+63(2) Log(AKzT Exp(Log(PY (K> z,w5)) — Log(K2 2)) ). (25)

Finally, the function q is defined as
qi(z,w1) = adj(z)(Log(Py(w1, Kqz)) — Log(wi)) (26)
Q2(z,wp) = ad;(z)(Log(Py (wz, Kz z)) — Log(wy)). (27)

The positivity of the iterative solution produced by Equation (19) is clear. Specifically,
since the initial values are chosen to be positive, the elements of z(n) and w(n) will remain
positive for any iteration 7, regardless of the multiplicative type.

Consider a situation where the system { (K3, ¥, %), (K, b}, %), (Ko, b5, £5)} is incon-
sistent and acceptable. In this case, Equation (19) describes a subsystem obtained by
deactivating certain terms from the original complete system, Equation (15). For example,
when the dose distribution of the dose-volume constraints (K1, by, ZY), (Ky,bj, 7)), and
(Ka, b3, £5) becomes partially acceptable, the corresponding acceptable indices 67 (x), 6} (x),
and 65 (x) become 0. Consequently, the associated constraint terms are rendered inactive,
leading to a reduced subsystem. Thus, Equation (19) can be interpreted as a switching
system whose structure changes depending on the values of the state variables. That is, as
the state variables evolve, certain constraints become inactive, altering the influence of the
constraints and causing the overall system behavior to switch accordingly.

The process by which the entire system reaches an acceptable state can be explained
as follows. In two target structures traversed by common beams, variations in the beam
coefficients can have opposing effects on their respective dose constraints. We refer to this
phenomenon as a “competitive effect”. When a competitive effect occurs, as the dose of
one target structure approaches its constraint, the dose of the other structure moves away
from its own constraint. However, once a constraint is sufficiently satisfied and the system
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reaches a partially acceptable state, the corresponding constraint term is deactivated,
thereby altering the system dynamics. Specifically, the solution trajectory proceeds in
accordance with a simplified subsystem composed of the remaining active constraints. By
repeating this process, different constraints are alternately optimized, eventually leading
the entire system to converge to an acceptable state. Throughout this process, despite the
presence of competition, the influence of the constraints shifts in a manner that promotes
optimization. This results in the emergence of a “cooperative effect”, where constraints
work together to guide the system toward an optimal solution.

4. Experiments

We show through experiments that the proposed variable dose-constraints method,
based on the multiplicative MA-type and EM-type iterative formulae, operates as expected
and performs better than the additive iterative formula presented in the previous study [24].

4.1. Method

The phantom encompassed a Core (blue region), a C-shaped Target (red region),
and a Body (dark-gray region); here, the reader is referred to the C-shaped phantom
detailed in the task group 119 (TG119) report by the American Association of Physicists in
Medicine (AAPM). An image of the phantom is shown in Figure 1. The IMRT planning
used in this study follows a slightly stricter formulation than the acceptable planning
presented in Reference [24]. The dose—volume constraints prescribed for the planning
system {(Kc, b2, 2Y), (Ky, b, CY), (K, UL, CY), (Ky, by, CY) } are summarized in Table 1, where
V; denotes the percentage of volume receiving at least the dose d (in Gy), and these
constraints are used throughout the study unless otherwise stated. In these expressions,
superscripts U and L denote upper and lower limits, respectively, while subscripts C, T, and
B indicate the Core, Target, and Body regions, respectively. The treatment planning utilized
nine beam angles, evenly spaced at 40-degree intervals, spanning 0 to 360 degrees (J = 2492).
The voxel counts for the Core, Target, and Body were I. = 1089, I; = 6275, and I, = 495,116,
respectively. Variable dose constraints w. and w; were defined as w := (wc, w;) € R{EIIT to
correspond to the prescribed dose conditions (K, bZ) and (Ky, b%), respectively.

Figure 1. Phantom image of C-shape (red region represents Target as PTV, while blue and dark-gray
regions, respectively, represent Core and Body as OARs).

Table 1. Prescribed constraints and equivalent parameters for acceptable IMRT treatment plan-
ning system.

Assigned Region (Colored Region in Figure 1) Organ Constraint [%] Equivalent Parameter

OAR (blue) Core Vis <5 (Ke, bg,¢Y) with b = 15 and {¢ = 0.95

PTV (red) Target Vs5 < 10 (Kz, by, ¢Y) with bY = 55 and ¥ = 0.90
Vso = 95 (K, by, C7) with by = 50 and {} = 0.95

OAR (dark gray) Body Voo < 20 (Kg, by, 5) with by = 20 and ¢ = 0.80
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The iterative algorithm of the MA-type variable dose-constraints method is derived by
transforming Equation (19) on the basis of the given dose constraint conditions. It can be
expressed using the following simultaneous recurrence equations for the variables z € RLF 4
We € R1f+,and W € RﬂLr:

z(n+1) = Z(n)Exp(p(z(n),w(n)))
we(n+1) = We(n)Exp(aqge(z(n), we(n))) (28)
wi(n+1) = Wi(n)Exp(ag:(z(n), w(n)))
forn=0,1,2,...,N —1, where
p(z,w) = 6(2)p(z, we) + 67 (2)pr (2) + 07 (2) pr(z, wr) + 65 (2) p5 (2) (29)
with
pl(z,we) = AKJ (Log(PY(Kcz wc)) — Log(Kez)) (30)
pi(z) = AK] (Log(P(K:z u:bY)) - Log(K; z)) (31)
pi(z, wr) = AK;F(Log(PTL(KT z,wr)) — Log(Krz)) (32)
pi(z) = AK| (Log(P(Kyz,uyby)) — Log(K, ) (33)
and
ge(z,we) = 62(2)9¢(z, we) (34)
gi(z,wr) = 05(z)qx(z, wn) (35)
with
qc(z,we) = Log(P!(wc, Kcz)) — Log(wc) (36)
g:(z,wr) = Log(Py(wr, Krz)) — Log(wy). (37)

The description of the EM-type iterative method has been omitted, as its transformation
into iterative equations using the notation defined for the experiment is similar to that of
the MA-type method.

The parameters were set as follows: the step size h was set to 3 for the MA-type
method, 4 for the EM-type, and 1 for the additive-type unless otherwise stated; all penalty
coefficients were set to 1; and the parameter « in Equation (28) was set to 0.1. The step
size h was varied, depending on the method, to adjust the convergence speed of the
iterative process. For example, setting a common value of 1 for all types would still yield
qualitatively the same behavior. The initial values for w.(0) and w.(0) were chosen as
certain values that were either equal to or less than bY and equal to or greater than b%,
respectively. These initial values were selected as uniform values of 15 for w.(0) and 52 for
w(0). We used the variable dose-constraints method to solve the IMRT inverse problems
by modifying the open-source treatment planning platform matRad [34]. Each iterative
method was executed with the parameter and initial value settings described above, and
the sequence of iterates was computed accordingly. The convergence to an acceptable
solution was assessed using the collaboration index A(z(n)) defined in Equation (23), and
the optimization was terminated once this index reached zero. This termination criterion
was uniformly applied to all the methods compared. The performance of each method was
evaluated based on the evolution of this index and the resulting dose-volume histograms
of the final solutions.
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4.2. Results and Discussion

First, we present the experimental results of the variable dose-constraints method
based on the multiplicative approach. To illustrate the transition of partially acceptable
states, Figure 2 plots the volume ratios specified in Equation (6), the acceptability indices,
and the collaboration index defined in Equation (23), all as functions of the iteration
number #, obtained using the MA-type iterative formula. The upper part of the figure
displays 7(z(n)), n¥(z(n)), nk(z(n)), and 5y (z(n)), while the lower part shows 6Z(z(n)),
0 (z(n)), 6x(z(n)), 6Y(z(n)), and A(z(n)), arranged from top to bottom. The behavior of
collaboration index A(z(n)) confirms the transition from multiple partially acceptable states
to a fully acceptable state. The iteration count at which A(z(n)) reaches zero (denoted as
N*) corresponds to the point of convergence to a fully acceptable solution.

q

0.9

(2(n))

LU
B,C,T
RO HO =0 —=O =
L

A(z(n)), 6

o
(o))
o

100 150 200 250
n

Figure 2. Time evolutions of (upper panel) n2(z(n)), ¥ (z(n)), x(z(n)), and yy(z(n)) and (lower
panel) 62 (z(n)), 0¥ (z(n)), ox(z(n)), 65 (z(n)), and A(z(n)) from top to bottom, obtained using multi-
plicative MA-type formula.

Additionally, the changes in the acceptability indices Y and J} affect each other,
leading to an oscillatory switching between 0 and 1 during certain iterations. This reflects
a cooperative phenomenon between the Core and Target. Not only did J) remain at 0
from the beginning, but as a result of this cooperative interaction, both ¢ and ¢; also
became 0. Consequently, a dynamical mechanism emerged in which only the upper dose
constraint of the Target was partially relaxed, ultimately enabling the entire system to reach
an acceptable state.

Figure 3 shows the dose—volume histograms (solid lines) of K. z(N*) and K; z(N*)
obtained at iteration N*, where the beam coefficient variable z reached an element of the
set A. Additionally, the variable doses w.(N*) and w;(N*) (dashed lines) are plotted. The
fixed dose constraints for the Core and Target were set at an upper limit of 15 Gy and
a lower limit of 50 Gy, respectively. Throughout all elements of the dose vector, w.(N*)
remained lower, while w;(N*) remained higher. This behavior indicates that the iterative
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system driven by the variable dose-constraints method achieved high-precision IMRT
planning by seeking a stricter condition compared with the fixed dose constraints.

The experimental results for the EM-type approach were qualitatively similar to those
for when the multiplicative iterative system used the MA-type approach. However, a
comparison between Figure 4, which plots the transition of volume ratios and acceptability
indices, and Figure 2 reveals a significant difference in how the dynamical system tran-
sitioned through partially acceptable states before reaching an acceptable solution. This
observation is intriguing as it means that the dose—volume histograms based on the ac-
ceptable solutions also differ between the two methods. While both approaches satisfy the
prescribed dose—volume constraints, if one aims for stricter conditions within the elements
of the acceptable set .4, it would be beneficial to try both methods and compare the results.

Core |
—— Target
Body

-------- Core's VDC 1
Target's VDC

50 60 70 80

Dose [Gy]

Figure 3. Dose-volume histogram and variable dose constraints (VDCs) obtained using multiplicative
MA-type formula.
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o
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n
Figure 4. Time evolutions of (upper panel) y2(z(n)), 47 (z(n)), yx(z(n)), and n(z(n)) and (lower
panel) 6 (z(n)), 0¥ (z(n)), 0% (z(n)), 65 (z(n)), and A(z(n)) from top to bottom, obtained using multi-
plicative EM-type formula.
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Next, we considered the differences from the additive approach. Using the same
settings as those in the multiplicative approach, we illustrate in Figure 5 the transition
process to a feasible solution obtained by the additive iterative scheme given in Refer-
ence [24]. In this algorithm, a clipping operation is applied at each iteration to enforce
the nonnegativity of the state variables. Although the partially feasible states differ from
those of the two types of multiplicative approaches, proper optimization is observed. As
information indicating the execution of the clipping operation, Figure 6 presents a bar
graph (left axis) showing the number of elements in the state variable z(n) that become
zero, along with data series represented by points (right axis) showing the minimum and
maximum values of the elements as functions of the iteration number 7.

1 T T

0.9

A(z(n), Ba(x(n)

50 100 150 200 250
n

o

Figure 5. Time evolutions of (upper panel) y2(z(n)), 47 (z(n)), yx(z(n)), and nJ(z(n)) and (lower
panel) 6J(z(n)), 67 (z(n)), 6x(z(n)), 65 (z(n)), and A(z(n)) from top to bottom, obtained using additive
formula with clipping procedure.

Our several experiments conducted within the acceptable constraint settings showed
no instances in which the clipping operation of the additive iteration system had an
inappropriate effect. Therefore, we performed the additive method under more stringent
conditions where the entire IMRT system became unacceptable by reducing only the value
of the parameter by, which defines the upper dose limit for the Body, as shown in Table 1.
To ensure that oscillatory behavior did not arise due to discretization accuracy, the step
size h was set to 1 uniformly across all iterative schemes in the experiments. Under these
stringent conditions, it was verified that the state variable of the discrete-time dynamical
system converged to a stable periodic point. Specifically, the orbit reached a steady state
after a sufficiently large number of iterations (2000). For example, when b} took values of
4,4.34, and 5, periodic points appeared with periods of 2, 7, and 3, respectively. Figure 7
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shows the transition of the volume ratio and collaboration index for the case where by = 5
Here, it is evident that the points of the volume ratio change significantly in a periodic
manner. Moreover, from the plot in Figure 8, the data series representing the maximum
values of the state variable z reflect the points of the state with a period of 3.

T T T T T 25

—

700 0

~

0 50 100 150 200 250

Figure 6. Number of negative elements in z(n) (bars, left axis), along with its minimum and maximum
values (markers, right axis), obtained using additive formula.
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Figure 7. Time evolutions of (upper panel) #2(z(n)), #7(z(n)), #5(z(n)), and ny(z(n)) and (lower
panel) 62(z(n)), 0¥ (z(n)), dx(z(n)), 63 (z(n)), and A(z(n)) from top to bottom, obtained using addi-
tive formula.
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By significantly reducing the value of b from the acceptable constraint setting, it is
considered that the clipping operation affected the solution trajectory. On the other hand,
in the multiplicative method, although the volume ratio fluctuated greatly in the early
iterations, the state variables asymptotically approached a near-optimal solution, and the
steady state did not become periodic. Furthermore, no large fluctuations were observed
when an additive iterative algorithm without the clipping operation was tested, supporting
that the periodic behavior observed in the clipped case can reasonably be attributed to the
presence of the clipping operation, which was the only difference between the two settings.
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Figure 8. Number of negative elements in z(n) (bars, left axis), along with its minimum and maximum
values (markers, right axis), obtained using additive formula.

5. Conclusions

We proposed two types of variable dose-constraints method based on multiplicative
iterative schemes for high-precision IMRT planning. Through a theoretical analysis of the
differential equation system corresponding to the continuous analog of the iterative scheme,
we proved the stability of an equilibrium for consistent IMRT planning by using the Lya-
punov theorem. In each multiplicative variable dose-constraints method, the positivity of
state variables was confirmed at each iteration. Numerical experiments demonstrated that
this method converges to an acceptable solution while maintaining physically meaningful
solutions throughout the optimization process. Specifically, under strict dose constraints,
whereas the previous additive approach showed undesirable periodic behaviors in the
iterative process, the proposed multiplicative method proceeded with the optimization
without inducing such fluctuations while preserving nonnegativity. This suggests that it
not only ensures constraint satisfaction but also enhances the robustness of the treatment
plan. A quantitative characterization of this robustness remains an important direction for
future research.

Overall, the proposed method provides a flexible and efficient framework for IMRT
planning and offers significant advantages over traditional static approaches based on fixed
dose constraints. While detailed performance comparisons between variable and fixed dose-
constraints methods have already been presented in our earlier work, the present study
addresses specific limitations of previous formulations—namely, the need for lower bound
clipping to avoid negative values and the resulting oscillatory behavior. The proposed
multiplicative formulation overcomes these issues by ensuring nonnegativity throughout
the iterative process and maintaining stable convergence. By promoting both feasibility and
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consistency during optimization, the method enhances the reliability of treatment planning
and supports broader clinical applicability.
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