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Abstract: This paper proposes a novel control function approach to identify and estimate
linear models with endogenous variables in the absence of valid instrumental variables.
The identification strategy exploits time-varying volatility to address the multicollinear-
ity problem that arises in conventional control function methods when instruments are
weak. We establish the identification conditions and show that the proposed method is
V/T-consistent and asymptotically normal. We apply the proposed approach to estimate
the elasticity of intertemporal substitution, a key parameter in macroeconomics. Using
quarterly data on aggregate stock returns across eleven countries, we find that the data
exhibit substantial time variation in volatility, supporting the identifying assumptions.
The proposed method yields confidence intervals that are broadly consistent with the
general findings in the literature and are substantially narrower than those obtained using
weak-instrument robust methods.
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1. Introduction

In the linear regression framework, the instrumental variable (IV) is one of the most
widely applied methods to tackle endogeneity in empirical research. A valid IV must satisfy
three conditions: (1) it must be excluded from the structural equation; (2) it must be uncorre-
lated with the structural error term; (3) it must be strongly correlated with the endogenous
regressors. If any of these conditions fail, the conventional IV estimator will produce biased
and inconsistent results. In many empirical applications, it is often debatable whether the
exclusion and the orthogonality conditions hold. Furthermore, even when these two con-
ditions are satisfied, a vast literature has studied the consequences of weak instruments,
as instruments are often only weakly correlated with the endogenous variables.

It is well known that in linear models, the IV method is equivalent to ordinary least
squares (OLS) regression that includes the reduced form residuals as additional regressors
to control for endogeneity, a method known as the control function (CF) approach (see,
e.g., [1,2]). While the two approaches obtain numerically identical estimators under strong
instruments, the CF method offers a distinct conceptual advantage by allowing researchers
to model the source of endogeneity directly in the structural equation. This flexibility makes
the CF approach particularly appealing in settings with conditional heteroskedasticity,
where variation in the second moments can be exploited to aid identification.

However, when instruments are weak, the residuals from the reduced form equation
become nearly collinear with the endogenous regressors, leading to identification failure
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in the standard CF framework. In this paper, we propose a feasible CF approach that
exploits time-varying volatility to address the identification issue in the absence of strong
instruments. The idea is that heteroskedasticity generates variation in the scale of the
reduced-form errors, which weakens their asymptotic collinearity with the endogenous
variables. Earlier studies have applied similar logic in various scenarios. Ref. [3] formulates
a model and shows that the parameters can be identified when there are multiple known
regimes of heteroskedasticity under certain conditions. Ref. [4] explores the Markov-
switching heteroskedascitiy to identify the correlation between trend inflation and inflation
gap in an unobserved components model. In structural vector autoregressive framework,
refs. [5,6] discuss how Markov-switching heteroskedasticity and stochastic volatility can
aid identification.

The proposed method is developed under a general framework that allows for non-
parametric time variation in volatility and does not require knowledge of the heteroskedas-
ticity structure. We provide conditions under which the parameters of the structural model
are identified and show that the proposed estimator is v/ T-consistent and asymptotically
normal. Unlike existing methods that rely on known heteroskedastic regimes [3] or paramet-
ric specifications for the volatility process [4-6], our approach allows for a nonparametric
volatility process subject only to mild smoothness conditions. We derive the asymptotic
distribution of the estimator and discuss inference procedures that account for generated
regressors and time-varying second moments. In contrast to the standard generalized
method of moments (GMM), our framework allows for consistent estimation and testing
under weak instruments. A test for endogeneity is also developed, which is applicable
even without valid instruments.

We apply the proposed method to estimate the elasticity of intertemporal substitution
(EIS), a central parameter in macroeconomics and asset pricing. The EIS governs the trade-
off between current and future consumption and plays a critical role in determining asset
prices. The empirical literature has found mixed results for the value of EIS. While [7]
finds small values for the EIS, high values for EIS are required by models such as the
long-run risk model of [8], which has been successful in explaining the equity premium
and other asset pricing puzzles. As pointed out by [9,10], weak instruments may explain
the divergence in the empirical literature. Motivated by the well-documented time-varying
volatility in financial returns (e.g., [11]), we apply our proposed method to estimate the EIS
using quarterly aggregate stock return data from eleven developed countries. We find that
the confidence intervals obtained under our approach are much tighter than those derived
from weak-instrument robust methods and broadly consistent with the literature.

This paper contributes to the literature on identification through heteroskedasticity by
showing that smooth nonparametric volatility dynamics can serve as a source of identifica-
tion when conventional instruments fail. It also contributes to the empirical macro-finance
literature by providing new estimates of the EIS based on a control function approach that
does not rely on instrument strength. The rest of the paper is organized as follows. Section 2
presents the model specification and the identification conditions. Section 3 discusses the
estimation and inference under the proposed framework. Section 4 applies the method to
the estimation of EIS. Section 5 concludes.

2. Model Specification and Identification

We consider the following structural model with endogenous regressors,
ye =xipo+uy, E(xius) #0, (1)

Xy = (Ip ® Z;,l)éo + v, 2)
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where y; is the scalar dependent variable, observed over t = 1,...,T. x; € RF are the
endogenous regressors, and z;_1 € RY are instruments observed at lag t — 1. This spec-
ification allows for other strictly exogenous variables to be partialled out, following the
approach in [12]. Our primary goal is to identify By € B, with B compact.

We define the o-field F; generated by the history of observables {ys, X, zs } s<¢, and in-
troduce the following definitions:

o = Var(u|Fia), i = -,

Tut |
Qut = Var(ve| Fi1),  vf = Q% v

Assumption 1. (Mixing and Moment Conditions):

1. The process uy and vj, fori =1,..., p are strong mixing (a-mixing) martingale difference
sequences with respect to Fy, with unit conditional variance.
2. Thereexist ay > 1, ap; > 1, My > 0and My; > 0, such that sup Eu;‘4’x1 < Mj < oo and
t

sup Ev} ™2 < My < oo, fori=1,...,p.
t

Assumption 1 assumes that both u} and v} have finite fourth moments. By this assump-
tion and Lyapunov’s inequality, E(|u} |*¢) and E (|0};|*) exist for all & < min(ay, azy, ..., azp),
as do all expectations involving up to any four combinations of u; and v}, fori =1,...,p.
Note that by construction, Var(u;|F;_1) = Var(v},|Fi—1) = 1.

To correct for endogeneity, we follow the control function approach. Conditional on
Fi_1, we project the structural error term u; on the reduced-form error term,

we = E(us|vy) + wy = 0)[E(v0)| Fy—1)] "E(uror| Fiq) 4wy

. ©)
= ’E(utvt |}—t71) + wt
Substituting (3) into (1), we obtain the following transformed model:
yt = x;Bo + 0f E(uvg| Fr_1) + wy 4)

The transformed error term w; plays a central role. The following lemma characterizes
its orthogonality properties:

Lemma 1. Under Assumption 1, we can show that

(1) E(wt|]-"t_1) =0

(2) E(xtwt|]-"t_1) =0
(3) E(vtwt|]-'t_1) =0
(4) E(ofw|Fi_1) =0

The proof of Lemma 1 is in Appendix A. Lemma 1 shows that w; is a martingale
difference sequence and orthogonal to x¢, v¢, and v}. Intuitively, w; is orthogonal to v} by
the projection in (3). Since v} is a transformation of v, and x; is from the instruments and
vy, the orthogonality naturally extends to x; and v;. This orthogonality allows (4) to be used
for consistent estimation, provided the model is identified.

However, when instruments are weak, the model in (4) is not always identifiable. We
now formalize the identification strategy in this case.
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Identification Strategy

When the instruments in (2) are weak, dp — 0 as T — oo, and the regressors x; — vy,
causing the control function term v} and x; to become collinear. This undermines identifi-
cation in (4). We formalize this situation with the following assumption:

Assumption 2.

1 p 1< P
1. Orthogonality: T ;zt_lut — E(zp—1ut) = 0y, T t;zt_l ®vt = E(zi—1 @ 01) = 0pxy.
2. Finite second moments: sup E(z4z) < oo.
t

. C
3. Local-to-zero reduced-form coefficients: 5y = v where v > %, C c RM.

Assumption 2(1) assumes that the instruments satisfy the conventional orthogonality
condition. Assumption 2(2) states that the instruments have a finite second moment for all
t. Both are standard in the literature. Assumption 2(3) captures a local-to-zero asymptotic
framework, which is standard in the weak-instrument literature [13]. It indicates that the
instruments are increasingly uninformative as the sample size grows. In practice, this
means that the predictive power of z;_; for x; is low, and x; approximates the reduced-
form error v;. Applied researchers can assess this by checking first-stage F-statistics, small
eigenvalues, or instability in 25LS estimates. Modeling this weakness explicitly allows us
to show how time-varying volatility can restore identification.

Under Assumption 2, x; ~ v;. When volatility is constant over time, v; = Q);, 1/ th,
both regressors in (4) become asymptotically collinear. In other words, the moment condi-
tions derived from (4) collapse into a system of only p linearly independent equations for
2p parameters. Identification fails due to collinearity.

To overcome this, we allow volatility to vary smoothly with the following assumption:

Assumption 3.

1.
() ko %) o ()]
QthQ<;)= th'; hzz.; th'; ,
in(z) #nls) - im(z)

where hij(-) = hji(-), hij(+) are non-stochastic, measurable, uniformly bounded on the
interval (0, 1], and satisfy Lipschitz condition, forall i,j =1,...,p. 1rt1fhii (T> > 0, for all
i=1,...,p

2. Q%) is not constant and nonsingular over t.

3. E(upv},|Fi—1) = 7vio where vyjg are constant forall t,i =1,...,p.

When volatility varies smoothly over time, the standardization v} = Q;tl/ 2y intro-
duces time-varying heterogeneity that breaks the collinearity between x; and v}. This
restores full rank in the moment conditions implied by (4), allowing point identification
of (Bo, 70). The time-varying volatility structure assumed in Assumption 3 is consistent
with a wide range of economic environments where conditional second moments evolve
smoothly over time. In macro-finance, stochastic volatility is a well-documented feature of

asset returns (e.g., [14,15]). For instance, persistent changes in macroeconomic uncertainty
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or shifting investor sentiment can induce gradual fluctuations in return volatility. Our
assumption accommodates such dynamics in a nonparametric form, allowing identifica-
tion to be driven by economically plausible second-moment variation without requiring a
specific structural model of volatility.

3. Estimation and Inference

Under Assumptions 1-3, the structural model in (4) takes the form
ye = xiBo +0f 70 + Wy, 5)

where w; is a martingale difference sequence orthogonal to x; and v}, as established in
Lemma 1.
Lets; = (x],v;')" € R?, the population moment conditions are

E(stwt) =0

Because the number of moment conditions equals the number of parameters, the sys-
tem is just-identified. The optimal GMM estimator reduces to OLS, and no weighting
matrix is required. In this case, the moment conditions do not benefit from reweighting,
and the weighting matrix is effectively the identity.

If the values of §y and (), were known, the infeasible estimator could be written as

‘B\ T T
() (Y s Y s ©
v =1 =1

Theorem 1. Under Assumptions 1-3, and assuming dy and Qy are known, the estimator
in (6) satisfies

ﬁ(é\ ﬁo) 4 N, TTIATY,

()
where
Iy = lim liE(s st), A1 = lim liE(wzs’s)
1 T~>ooTt:1 t5t) 1 T~><>0Tt:1 E2tt

The proof of Theorem 1 is given in Appendix A. Theorem 1 shows that the infeasible
estimators are /T consistent and asymptotically normally distributed when the true value
of 6y and )y are known. It also demonstrates the problem of weak instruments in the
absence of time-varying variance. In particular, when Q,; = Q, T in Theorem 1 becomes

which is a singular matrix. Thus, the asymptotic variance—covariance matrix cannot
be computed.

The estimators in Theorem 1 are infeasible in practice, as the true value of y and )y
are unknown. We propose a feasible estimator in the following subsection.

3.1. Feasible Estimation Procedure

In practice, we construct a feasible estimator by estimating Jy and ;. Let
U = xp — (Ip ® zt)g be the first stage OLS residuals from estimating reduced-form
Equation (2). We propose to use the generalized kernel proposed by [16] to estimate
the time-varying volatility.
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Let b;; = b;;(T) — 0 denote a bandwidth and let K (- )b,.]. denote a univariate generalized
kernel function with the properties Kbi],(u, t)=0ifu >toru<1—tforallte [0,1],

1, ifj=0

t—1 0, f1<j<r—-1

. t .
K= U+D u]Kbij (u,t)du = {
We call Ky, (+,-) a univariate generalized kernel function of order r.
The following example is taken from [16]. Define

M, (la1,a2]) = {g € Lip([al,gz]),/uz Hg(x)dx = { 1, 1f] = 0 },

m 0, ifl1<j<r—1

where Lip([a1,a;]) denotes the space of Lipschitz continuous functions on [a1, a3]. Define
Ky (-,-)and K_(-,-) as follows:

(i) Thesupportof K (x,4’) is [—1,4] x [0,1] and the support of K_(+,-) is [—¢’,1] x [0, 1].
(i) Ki(-,q) € My, ([-1,4']) and K_(-,¢q") € My,([—4',1]). We note that K+( 1) =
K_(-,1) =K(-) € Mp,([—1,1]). Now let

K+(1) ifh<t<1l—h
Kp(u,t) = { Ko(&, 1), if0<t<h
Ko(, 0, ifl-n<t<1

H:‘\

We can show that K, (-, -) is a generalized kernel function of order r.
Assume the bandwidth parameter b;; satisfies O(T*%) < b < O T3 Wi, j =
1,2,...,p. The estimator o} can be expressed as

1
op = Q0 @)
where

~ t ~ t ~ t
h| = hip| = h =
u{ 2{ |7
~ t ~ t ~ t
N hot( =) h| = hop | =
By — T T T

=)

—~ t t ~ t

in(z) Felr) - (5

~ [t T T f—\) t—T

hij(T> = letTijUiij-r/ Wirjj = Zlei,( v ) Kb,»j( T )
= =

Following [16,17], we can have the following convergence results under the above

H

generalized kernel estimator,

1) 3 — o ::op(T—%)
2) hy(r) —hi(r) = opa;)4-op(7bu 1), uniformly in r € [0,1] (8)

A feasible estimator (B,7) can be obtained by the following three-step approach.

Step 1: Estimate (1) by OLS, obtain a consistent estimator of v, ;.

Step 2: Apply the generalized kernel estimator to estimate the time-varying variance—
covariance matrix Q),;, and calculate ﬁ’f as ﬁvtﬁt. To estimate the time-varying variance—
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covariance matrix, we use a fourth-order Epanechnikov kernel for improved boundary
performance and reduced bias, as recommended in [16]. The bandwidths b;;(T) were
selected using leave-one-out cross-validation.

Step 3: Replace v} in (5) with 9} and estimate the new model by OLS.

Follow Lemma 5.1 in [18], the feasible approach can consistently estimate 8 and +.
To make correct inference on 8, however, we need to account for the generated regres-
sors problem due to the estimation of  and (). The following Corollary 1 provides the
asymptotic distribution of the feasible estimators.

Corollary 1. The feasible estimators (B, ) have the following asymptotic distribution

f(ﬁ ﬁo) N(, Iy AT Y,

Y=

i=1i<j

) 1 I 3 p r t B
AT = 7llm T Z E (wtsi - GsM 1Zt,10t + Z ZDi,j,t {vitvﬁ - h,']' (T) - GsM 1zt,1vt]
/
, 1 pr t
x | wist — GsM™'zp 101+ ) ) Dijy {Uitvjt h;]( ) GsM ™'z, 1Ut]

i=1i<;
1 (yt — xtBo — 107 )8}
Gy = lim T Z E(

26

- _ _ !/
Dij; = E<a(1/t g;ﬁo : ”YOUt)St)
i ()

Following [18,19], the exact form of AY includes adjustment terms involving the Jacobians of
st with respect to dg and hyj(r),i,j =1,...,p.

3.2. Testing Endogeneity Without Instruments

Theorem 1 also provides a useful result for testing endogeneity. Given the specification
in (5), v; = piou; thus, when there exists no endogeneity, p; = ; = 0. We can propose an
extended version of the Hausman—-Wu test [20,21] without valid instrument variables.

Corollary 2. Under the same assumptions in Theorem 1, a test for endogeneity can be established as

where the test statistics \/T'?’(Fl_ll\lrl_l)*_l'? < )(Izg, (1”1_1/\11"1_1)* is the p X p bottom right
block of the T 1A1F1_ Yin Theorem 1.

It is worth noting that the proposed test in Corollary 2 does not suffer from the
generated regressors problem. This is because when p = v = 0, (1) can be directly
estimated by OLS and thus no extra uncertainty is introduced.

3.3. Inference and Robustness

The feasible estimator is /T-consistent and asymptotically normal. Since the model is
just-identified, no GMM weighting matrix is required, and the estimator is semiparametri-
cally efficient under the maintained assumptions. The use of generalized kernels ensures
uniform convergence of the volatility estimates, even near boundaries. As discussed
in [22-24], smooth time-varying volatility satisfies the regularity conditions necessary for
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applying central limit theorems in heteroskedastic environments. This justifies the use of
Wald-type inference.

Unlike conventional IV-GMM estimators, which are sensitive to weak instruments, our
approach remains robust due to identification through time-varying volatility. The asymp-
totic distribution of our estimator is derived directly from moment conditions that remain
informative even when the instruments are weak. As such, Wald-type inference remains
valid under our framework, as long as the volatility process satisfies smoothness and regu-
larity conditions. This distinction is critical in applications where traditional identification
strategies are compromised.

4. Elasticity of Intertemporal Substitution: Consumption CAPM

The EIS is a central parameter in macroeconomics and asset pricing. It governs the
intertemporal allocation of consumption and plays a crucial role in determining equilibrium
asset returns. In recursive utility models, such as Epstein—Zin [25,26], the EIS appears as a
structural determinant of households’ willingness to substitute consumption over time in
response to changes in the real return rate.

Empirically, the estimation of the EIS has produced mixed results. Using asset return
data, studies such as [7] find small values of the EIS, while the long-run risk model in [8]
requires a high EIS to match observed risk premia. This controversy has been partly
attributed to the weakness of conventional instruments used to address endogeneity in
return-predictability regressions (see [9,10]).

We apply the proposed control function approach to estimate the EIS using quarterly
aggregate stock return data without valid instruments. This empirical setting is particularly
well suited to the method for two reasons. First, the estimation of EIS involves a canonical
predictive regression that is widely known to suffer from weak predictive power. Second,
stock returns exhibit well-documented time-varying volatility, which is precisely the source
of identification exploited by our framework. Thus, the EIS application offers both policy
relevance and methodological transparency.

Following standard consumption-based asset pricing theory, we start from the log-
linearized Euler equation implied by the Epstein—Zin utility specification:

EtAcii1 = T + YEripqa, )

where Ac; 1 is log consumption growth, 7; ;1 is the log return on asset i, 1 is the EIS, and 7
is a term that depends on the conditional variances and covariances of returns and con-
sumption growth. We assume 1 to be constant over time to compare our results with [10].
Empirically, EIS could be time-varying; we leave this for future research. In empirical work,
expectations are replaced by realized values, and we get the following regression:

Acti1 =T+ Prippr + Ui (10)

The variable 7; ;| ; represents the return on asset i. It may be correlated with the error
term u; ; 1, making it endogenous in the regression. This correlation can arise for several
reasons. First, both consumption growth and asset returns are influenced by common
shocks to economic fundamentals. Second, forward-looking behavior by investors can
cause returns to respond to information that also affects consumption decisions. As a
result, estimating (10) using ordinary least squares would lead to biased and inconsistent
estimates of the EIS.

To address this issue, researchers typically use instrumental variable methods. These
instruments are constructed from lagged economic variables that are assumed to be cor-
related with returns but uncorrelated with the error term. Standard choices include past



Mathematics 2025, 13, 1849

9of 17

observations of interest rates, inflation, consumption growth, and the dividend—price ratio.
However, as emphasized by [7,27], returns are difficult to predict in practice, and these in-
struments often have little explanatory power. This weak relationship between instruments
and returns leads to unreliable estimates and very wide confidence intervals, which limit
the usefulness of the results.

In line with the literature on weak instruments (e.g., [13]), we examined the first-stage
relationship by estimating the reduced-form return prediction:

Fitr1 = 216 + Vi1, (11)

where z; is a set of instruments that consists of lagged values of nominal interest rates,
inflation, consumption growth, and the log dividend—price ratio, each lagged twice to
mitigate time aggregation bias, following [28]. The data are quarterly and span various
periods from 1947 to 1999, depending on the country. Stock returns are constructed from
major stock market indices for eleven developed countries, and log consumption growth is
calculated from real per capita consumption expenditures (for a full description of the data
set, see [7,29]). The third and fourth columns in Table 1 report corresponding F-statistics and
partial R? values for each country. These statistics confirm the weakness of the instruments,
with F-statistics well below conventional thresholds and low partial R? across the board.
This supports the motivation for using a volatility-based identification strategy, as standard
IV inference would likely suffer from low power and misleading coverage in such settings.

Table 1. Supporting evidence for the proposed identification strategy.

Country Sample Period F-Statistics Partial R? Corr(re, v5)
AUL 1970.3-1998.4 1.82 0.06 0.81
CAN 1970.3-1999.1 251 0.08 0.83

FR 1970.3-1998.3 3.1 0.10 0.81
GER 1979.1-1998.3 0.69 0.04 0.85
ITA 1971.4-1998.1 1.10 0.04 0.89
JAP 1970.3-1998.4 3.49 0.11 0.85
NTH 1977.3-1998.4 0.73 0.03 0.84
SWD 1970.3-1999.2 224 0.07 0.84
SWT 1976.2-1998.4 0.11 0.01 0.83
UK 1970.3-1999.1 2.62 0.09 0.80
USA 1947.3-1998.4 2.88 0.05 0.85

Note: This table reports the F-statistics and partial R? of the first-stage regressions and the correlations between r;
and v} .

We estimate (10) using the proposed control function approach. The reduced-form
residuals 7; ;.1 are obtained from (11), and standardized using an estimated conditional
variance matrix (), constructed via the kernel estimator described in Section 3. The stan-
dardized residuals ZTZk 1 = (A);tl/ 2%; are then used as control functions in the second-
stage regression,

Acti1 =T+ Pripn + 0 0 + Wipg (12)

To estimate the time-varying volatility of returns, we apply the generalized kernel esti-
mator described in Section 3.1. We use a fourth-order Epanechnikov kernel for improved
boundary performance and reduced bias, as recommended in [16]. While the generalized
kernel is theoretically more appealing, we found that the empirical results are robust to
alternative kernel choices, including the quartic and Gaussian kernels. The bandwidths
b;;(T) were selected using leave-one-out cross-validation using each country-specific sam-
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ple. The volatilities of returns exhibit significant time variation across countries, as shown
in Figures 1 and 2. This provides empirical support for the identifying assumption of
time-varying volatility. Furthermore, we calculate the correlation between between r; and
v} to check whether the multicollinearity is avoided. The last column in Table 1 reports
the corresponding correlations between r; and v} for each country. The correlations are
all substantially below unity, consistent with the theoretical argument that time-varying
volatility restores identification.

Table 2 reports confidence intervals for the EIS estimated using our control func-
tion method and compares them to intervals derived from three commonly used weak-
instrument robust tests: the Anderson—-Rubin [30], Kleibergen-LM [31], and Conditional
Likelihood Ratio [32,33], as reported in [10]. In most cases, the confidence intervals ob-
tained by three weak-instruments robust tests are extremely wide or unbounded, reflecting
the limited power of conventional weak-IV methods. In contrast, our approach obtains
narrower, informative intervals. The estimated EIS values are uniformly modest across
countries, roughly in the —0.05 to 0.3 range, indicating a limited willingness of households
to shift consumption over time. In economic terms, an EIS of this magnitude implies
a strong preference for consumption smoothing. These findings are aligned with prior
empirical findings that the EIS is typically low (e.g., [7,28]), standing in contrast to the
much larger values (EIS well above 1) required by certain asset-pricing frameworks like
long-run risk models [8]. Moreover, our approach delivers considerably tighter confidence
intervals than standard weak-IV methods, reflecting a substantial gain in identification
power. The improved precision suggests that by exploiting time-varying volatility, we can
estimate the EIS with much greater confidence. These results demonstrate the empirical
relevance of the theoretical framework developed in earlier sections.

Table 2. Confidence interval based on the control function approach and the weak-instrument
robust tests.

Country Sample Period CF AR LM CLR
AUL 1970.3-1998.4 [—0.11, 0.14] [—00, 0] [—o0, 00] [—o0, 00]
CAN 1970.3-1999.1 [0.03, 0.28] [0.02, 4.03] [0.05, 0.35] [0.04, 0.41]

FR 1970.3-1998.3 [—0.03, 0.15] [—0.28, 0.20] [—o0, 00] [—0.16, 0.11]
GER 1979.1-1998.3 [—0.01,0.19] [—o0, 0] [—o0, 0o] [—o0, 0]
ITA 1971.4-1998.1 [—0.03,0.17] [—o0, 0] [—o0, ] [—00, c0]
JAP 1970.3-1998.4 [—0.05, 0.19] [—0.05, 0.32] [—1.01, 0.20] [—0.02,0.21]
NTH 1977.3-1998.4 [0.03, 0.19] [~ o0, 0] [—o0, 0o] [~ o0, 0]
SWD 1970.3-1999.2 [—0.01, 0.07] [—o0o, 0] [—o0, 0o] [—o0, 0]
SWT 1976.2-1998.4 [—0.04, 0.21] [—oo, 0] [— o0, 0o] [~ o0, 0]
UK 1970.3-1999.1 [0.02, 0.29] [—0.51, —0.02] [—oo, c0] [— oo, 0]
USA 1947.3-1998.4 [0.11, 0.27] [—0.21, —0.02] [—o0, 00] [—o0, 0]

Note: This table reports the confidence interval of EIS estimated by the proposed approach and the weak-
instrument robust tests. CF refers to the proposed estimator. AR refers to the Anderson—-Rubin test. LM refers to
the Kleibergen-LM test. CLR refers to the Conditional Likelihood Ratio test.
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Japan: stock return (left) and estimated volatility (right)

Figure 1. Aggregate stock return and estimated volatility.
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Figure 2. Aggregate stock return and estimated volatility.

5. Concluding Remarks

This paper develops a feasible control function approach for identifying and estimating
linear models with endogenous regressors without valid instruments. The method exploits
time-varying volatility in the reduced-form errors as a source of identification, offering an
alternative when conventional instrumental variable techniques are infeasible or unreliable.

The main contribution lies in demonstrating that conditional heteroskedasticity can
restore identification even when valid instrumental variables are unavailable. By projecting
the structural error term onto the reduced-form error terms and standardizing by the
time-varying variance, the proposed estimator isolates exogenous variation that would
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otherwise be obscured by collinearity. Unlike approaches that rely on strong instruments,
known heteroskedastic regimes [3], or parametric volatility models [4-6], our framework
allows for smooth, nonparametric variation in second moments and does not require
external exclusion restrictions.

We formally establish that the estimator is v/T-consistent and asymptotically normal.
Importantly, we show that the estimator remains valid under weak identification and
heteroskedasticity, provided the volatility process satisfies mild regularity conditions. We
also derive a test for endogeneity that does not require valid instruments, extending the
logic of the Hausman-Wu test to settings where standard IV methods fail.

In an empirical application, we estimate the EIS using quarterly stock return and
consumption data from eleven developed countries. The data exhibit substantial time
variation in return volatility, consistent with the identifying assumptions. The proposed
method produces confidence intervals that are narrower and more stable than those derived
from conventional weak-instrument robust procedures, while remaining consistent with
existing findings in the literature.

The results demonstrate both the empirical relevance and practical applicability of
using heteroskedasticity as a source of identification. The approach provides a flexible
alternative to instrument-based methods in settings where external instruments are weak,
contested, or unavailable. More broadly, this framework suggests that structured time
variation in second moments can offer credible identification strategies in a range of
economic applications.

Funding: This research received no external funding.

Data Availability Statement: Data are available in the public domain: https://drive.google.com/file/
d/0BzR-ojpYuaFMaUJxdORNSk84a00/view?resourcekey=0-XRMv1V1xJjM5]rOj-TB51Q (accessed
on 20 May 2025).
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Appendix A

Proof of Lemma 1. By construction, w; = u; — v;‘/'yt =u; — vf’paut.
For (1), it follows immediately from Assumption 1.
For (2),

E(xiwe| Fr1) = E(((Ip ®2z;_1)d0 +v1) (”t - vi"paut) |]:t—1)
=E(ov (ut - v?'paut) IJ-"H>

= E<Ut7/lt|}—t71) - E(Utvfw}—tq O0ut

(00 0L (071 7:1) e

=0

where the second equation follows by Assumption 1, and the last follows E (vjv}'|F;_1) =
Ip by construction.
Proofs for (3) and (4) follow the same logic as (2) and thus are omitted. [

Proof of Theorem 1. The proof of Theorem 1 proceeds via a sequence of technical lemmas,
presented below.

Lemma Al.

JQ [Q2
rh (o 7)


https://drive.google.com/file/d/0BzR-ojpYuaFMaUJxd0RNSk84a00/view?resourcekey=0-XRMv1V1xJjM5JrOj-TB51Q
https://drive.google.com/file/d/0BzR-ojpYuaFMaUJxd0RNSk84a00/view?resourcekey=0-XRMv1V1xJjM5JrOj-TB51Q
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Proof. To prove convergence of the sample second moment matrix, it suffices to establish
the following:

T
(a)letx,’gi/Q.
thv —>/QZ.

For (a)

1 T
—thxt 2 I,z 1)88 (I, ®z)_) + = Z I, ®7_,)5(Q20})
=1 =
tl T

(QH1)8' (1 921 0)' + 7 L (o) (@F])
t=1

(A1)
+

|\M~1

1
T ¢

For the first term, IVs (2) and (3) ensure the following convergence result,

1 T
(Ip ®2_1)88' (I ®7j_1) = = Y (I, ©21)CC' (I, ©2{_,) 5o (A2
t=1

HMH

1
T /

For the second and third terms, we apply the orthogonality conditions implied by

Assumption 2(1),
1 L L« P
7 Y Iy ®z;_1)8(Q20f) =0 (A3)
t=1
1 & Al %\ 1oy P
7 2 (Q207)d' (I, @zj,)" =0 (A4)
t=1
For the fourth term, by the law of large numbers for martingale difference sequence
and TV,
! i(ﬂ% H(0kor) B lim iE (Q20}) (02 0
T = Ot Oy Tgl;o T = ( of) Ut /

Thus, the desired result can be obtained by combining (A1) to (A4).
For (b),

1 L */ 1 L / */ 1 L * %/
? Z Xtvt - T Z(Ip ® Zt_l)Ut + ? Z szt Ut (AS)
t=1 t=1

14 ;P 1< 1 ’ 1
7 Y0k B lim oY E(Qbojey) = [0
O

Lemma A2.

1
(a) ?

1=

(vtw%vi — E(vtw%vg)) 50

t=1

(b)
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Il

1
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1 w2 k) x, 2 k) p
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Proof. For (a),

2 .2 2 2
01 Wi 01t02tWy ... 01t0ptWy
2 2 5102 2
2 02401+ Wy U5, Wy 02t Upt Wy
VtWr 0y = . .
2 2 2 2
Upt01 Wy Upt024Wy ... U

Since v;; and w; are a-mixing by Theorem 14.1 in [34], thus v;;vj; and w% are also
a-mixing and near-epoch dependent in L? norm on the a-mixing sequence {v},u;}. So
by Theorem 17.9 in [34], U,‘ﬂ)]‘tw% is near-epoch dependent in L! norm on {v},u}}. Let
o = min{aq, a2y, ..., &z}, it follows that

o
E[vitvjtwﬂ < EU?f‘EU?ﬁ‘Ew‘}“ < o0

by Assumption 1 and the Cauchy-Schwarz inequality. Thus, by the law of large numbers
for Ll—mixingales [35], we have the desired results. Proofs for (b) and (c) follow the same
logic and thus are omitted. [

Lemma A3.

T
1 Y siwy 4 N(0,,)

t=1

Proof. Following the Cramer-Wold theorem, it suffices to show that for any fixed vector
A € R?,
Z N'sjwr 55 N(0,A'0) (A6)
T =

for every fixed 2p x 1 vector A = (Ay,A2), where Ay = (A1, A1p,..., A1), A2 =

(A21,A22, -+, Ap).
First,

1=

(Axiwe + Ayvfwy)

1 L !/
ﬁl;/\stwlf

N
Il
—_

1=

(AT, ® z;_q) 6wy + Ajvsws + Ayvf wy)

1=

(Moo + Agofwr) +0p(1)

S-5)-5- 5

~
-

= ZA’st’wt+op(1)

where s} = (vt,vf), and the third equation follows from Assumption 2(1) and 2(3).
Second, note that {)L/ s;"wt, }'t} is a martingale difference sequence by Lemma 1. Then
the following convergence results follow Lemma A2

- Z Nw?si'siA B A AL

Moreover, we have
E(Vsfwe)® = [|Ajorwr + Ajofwy][58
4

p
(Y IMivsotl2a + Y [ A2i0f0t ] 120) >
i=1 i=1

(A7)

where the inequality follows from the Minkowski inequality. [
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Each term in the bound (A7) is finite due to the assumed moment conditions and
mixing properties,

1 1
[ A0 ||2a = |Ai| (E(vygwr)®®) 2 < |Aq| (Eof*Ewf®) 3 < oo

1 4 1
1421050t |20 = [A2i| (E(0fjwe)**) 2 < [Agi| (E0f™ Ewj*) 3 < oo

where the inequality follows from the Cauchy-Schwarz inequality.

So, we can conclude that (A7) is finite, by the central limit theorem for the martingale
differences, (A6) holds, and then we have the desired results.

The proof of Theorem 1 follows Lemma A1-A3. [
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