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Abstract: Let G be a graph with n vertices, and let d (1) denote the degree of vertex u in G.
The maximum degree matrix M of G is the square matrix of order n whose (u, v)-entry is
equal to maxdg(u),dg(v) if vertices u and v are adjacent in G, and zero otherwise. Let By, ; ,
be the graph obtained from the complete graph K, by removing an edge uv, and identifying
vertices 1 and v with the end vertices u’ and v’ of the paths P; and P, respectively. Let
Gn,d denote the set of simple, connected graphs with n vertices and diameter d. A graph
in Gn, d that attains the largest spectral radius of the maximum degree matrix is called
a maximizing graph. In this paper, we first characterize the spectrum of the maximum
degree matrix for graphs of the form B, _;,5; i, where 1 < i < L%J Furthermore, for
d > 2, we prove that the maximizing graph in Gn,d is Bn —d + 2, L%J, [%1 Finally, ifd > 4
is an even integer, then the spectral radius of the maximum degree matrixin B, 14,147

2
can be computed as the largest eigenvalue of a symmetric tridiagonal matrix of order % + 1.

Keywords: diameter; diametral path; internal path; maximum degree matrix; spectral
radius

MSC: 05C50; 05C12; 15A18

1. Introduction

Let G be a simple undirected graph of order n with vertex set V(G) = v1,vp,...,0p
and edge set E(G). The cardinality of a set S is denoted by #S. For u € V(G), let Ng(u)
and dg (u) denote the set of neighbors of vertex 1 and #Ng (u), respectively. The degree of
the vertex u is dg(u).

The multiset of the eigenvalues of a symmetric square matrix M is called the spectrum
of M and is denoted by Sp(M).

If C = (cjj) is an n x n complex matrix and M = (m;;) is an n X n non-negative matrix
such that |C] < M (|ci]" < m;; for all 7, j), then M is said to dominate C. For more properties
of matrix, see [1,2].

The distance between the vertices v; and v; in a connected graph G is denoted by
dg(v;,v;), and the diameter of G is defined as

diam(G) = maxdg(v;,v;) :1,j=1,...,n.
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The maximum degree matrix MG = (mij) of G, as defined in [3], is the square matrix
of order n whose (i, j)-entry is equal to maxdg(v;),dg(v;) if the vertices v; and v; are
adjacent, and 0 otherwise.

Let ¢(G) be the characteristic polynomial of Mg, that is,

det(ul — Mg)
[nl — Mg
Pt e op™ 4 e

¢(G)

In [3], Adiga et al. established the coefficients c; of y”’i fori=0,1,2,3in ¢(G).

The eigenvalues of M are called the maximum degree eigenvalues of G. To develop
our results, we denote the spectral radius of Mg by u1(G).

We use the summation symbol to add numbers, as is commonly done, and also to sum
or subtract edges in a graph.

In a graph G without isolated vertices, the maximum degree matrix Mg is a non-
negative irreducible matrix. By the Perron-Frobenius Theorem, there exists an eigenvector
of M associated with the spectral radius 1 (G) with strictly positive entries. We denote
this eigenvector as x(G) or simply x, and it is called the principal eigenvector of M. Any
other eigenvector associated with y;(G) is a scalar multiple of x. For more properties of
graphs, see [4,5]

Let By 4, be the graph obtained from a complete graph K, by deleting an edge uv
and identifying the vertices u and v with the end vertices u’ and v’ of the paths P; and
Py, respectively; see Figure 1. Observe that B ;, is a graph on p + g + r — 2 vertices and
diam(Bpq,) = q+1.

==/

u 4

Figure 1. The graph Bg 3 4 has 11 vertices and diam(Bg34) = 7.

In [6], the authors show that the graph B, ;.5 |4/2 [4/2] maximizes the spectral
radius among graphs with n vertices and diameter 4 > 2. In [7], the authors prove that
for the given positive integers n and d > 2, among all connected graphs of order n and
diameter d, the maximal signless Laplacian spectral radius is attained uniquely by the graph
By_d12,1d/2),[d/2]- In [8], several extremal results are presented concerning the spectral
radius of the matrix Ay, = aD + (1 — a)A, where 0 < a < 1, which generalizes the two
previous results. Here, A and D denote the adjacency and degree diagonal matrices of the
graph, respectively.

The goal of this paper is to show that among all graphs of order n and diameter
d > 2, the graph that uniquely attains the largest spectral radius of the maximum degree
matrixis B, _, 12,141,147 Furthermore, we characterize the maximum degree eigenvalues of

B _it2id—iforl <i< L%J Finally, if d > 4 is an even integer, the spectral radius of the

maximum degree matrix of B can be computed as the largest eigenvalue of a

”7d+2/L%J/|—%-‘
symmetric tridiagonal matrix of order % + 1

2. Preliminaries

In this section, we present some results pertaining to the spectral radius of the maxi-
mum degree matrix of a connected graph G.
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Lemma 1. Let G be a connected graph and consider u,v two vertices in V(G). Let

{v,., 05} € Ng(v) \ (Ng (1) U{u})

and .
S
G, =G-— Zvvi—i- Zuvi,
i=1 i=1

for s > 1. Suppose that dg, (1) > dg(v). Let
T
x(G) = [xl X e e xn}
be the principal eigenvector of Mg. If x,, > xy, then

#1(Gu) > p1(G).
Proof. By hypothesis, x,, > x;,. Then,

11(Gu) —u1(G) > xT./\/lGux—xTMGx

=2 Z (max{da, (1), dg (0:) }xu — max{dg (v),dg (v) }xo ) x;

i=1
0.

v

Suppose that j11(G,) = p1(G). Then, by the above inequality, we get
xT Mg, x = u1(Gy).

Since M, is a real symmetric matrix, we have
Mg, x = p1(Gu)x.

Thus

u1(Gy)xy = Y. max{dg,(u),dg,(w)}xy

wENg,, (1)

= Y max{dg, (u),dc, (w)}x, + i max{dg, (v),dg, (vi) }x;

weNg (1) i=1

v

weNg (1) i=1

= (G)xu imax{dcu<v>,dc,l (o)}

Hence, 111(Gy) > p1(G) as

s
Z max{dcu (U), dcu (v,-)}xl- > 0.
i=1

The proof is complete. [

Corollary 1. Let G be a connected graph and consider u, v two vertices in V(G). Let

{v1,...,vs} € Ng(v) \ (Ng(u)U{u}),

Y max{de(u), de(w)}xo + Y max{de, (o), dg, (o)}
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{ur,...,us} © No(u) \ (Ng(v) U {o}),
S S
Gu=G—) v+ ) uvj,
i=1 i=1
and
t t
Gy=G— Zuui—b— Zvui,
i=1 i=1
for's,t > 1. Suppose dg, (u) > dg(v) and dg,(v) > dg(u). Then, u1(Gy) > pu1(G) or
#11(Go) > u1(G).

Proof. Let T
X(G) = |:xl Xo e e xni| (1)

the principal eigenvector of G then x;, < x, or x, < x;,. By Lemma 1, the result follows. O

By [9] [Theorem 2.1], we recall that if M is a non-negative irreducible matrix that
dominates a complex matrix C, then the spectral radius of M is greater than the spectral
radius of C. The following result is an immediate consequence of this remarkable theorem.

Lemma 2. Let G and H be a connected graph and a proper subgraph of G, respectively. Then
p(H) < (G).

Let M be a square matrix. Let ‘M and M denote the determinant of M and the
submatrix obtained from M by deleting its last row and column, respectively. We recall the
following result.

Lemma 3 ([10]). Fori,j=1,2,...,m,let X; be a matrix of the order k; X k;, 0; ; be an arbitrary

zero otherwise. Then,

3. Results

X3 61,212 01,m—1Y1,m—1 61,m Y1,m
021Y1, X5 02,m Y2,m
631Y[;  630Y, :

I : X1 Om—1mYm—1m
Om1Yi, Om2Ys, Omm—1Ym—1m Xom

‘X1’ 91,2‘372‘ 61,71171‘)?;1\;/1’ 01,m| Xom
92,1’5?1‘ ‘X2’ 02,m| Xon

= 93,1'5?1‘ 93,2‘%‘
: : ‘mel’ Om—l,m‘x\r/n’

ool i o] e

In this section, we begin by recalling the following definition.

Definition 1 ([11]). Let G be a connected graph. A path P in G with end vertices u and v is called
a diametral path of G if P has diam(G) + 1 vertices and dg(u,v) = diam(G).
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Letn > d+2withd > 3. For1 <i <d—1, the graph B,,_;,;4_; with n vertices is
isomorphic to the graph obtained from the complete graph K;,,_ ;1) and a path P with
d + 1 vertices, v1,vy,...,v441, by adding edges to connect each vertex of the complete
graph K, _(41) with the vertices v;, v 11, v; 2 (Figure 2).

o ———o—¢ ——0— 00— 0
u w v

Figure 2. Graph isomorphic to the graph in Figure 1.

For each connected graph G, we label the vertices of G such that the first diam(G) + 1
vertices, U1, . .., Ugiam(G)+1- are the vertices of a diametral path in G. Let

G
X" =w0q,... » Udiam(G)+1-
Lemma 4. Let G be a connected graph. Let v ¢ XC. Ifvp,vr € Ng(v) N XC, then
t—pl <2

Proof. Let vy, v € Ng(v) N X with p < t (if t < p, we proceed analogously). We claim
that t — p < 2. Suppose t — p > 2. Then, there are at least two vertices vy, v, € X© with
p<qg<r<t.

Thus, the set of vertices

(XG \ vp+1,...,vt_1) Uo

can be used to build a new path of length less than diam(G) connecting v1 t0 Vg (G)+1,
which is a contradiction. Therefore, the result follows. [

In the following result, we denote the complement of XC by (X%)¢. Note that G = P,
if and only if n = diam(G) + 1.

Lemma 5. Let G be a connected graph on the vertices n . Let n > diam(G) + 1. Then, there exists
a graph HS with n vertices and a diameter less than or equal to diam(G) such that G is a subgraph
of HS which verifies the following conditions:

1. The vertices in (XC)° are the vertices of the complete graph;

an(diam(G)qu)/

2. Eachvertex in (X©)¢ is adjacent to exactly three consecutive vertices in XC
3. m(G) < p(HS).

Proof. Let G be a connected graph on n vertices. Clearly, we can see that in the process of
adding edges between the vertices in (X©)¢, the diameter of the new graph is less than or
equal to diam(G). We construct the graph H as follows:

1.  Starting with G, we construct a graph Hé; * by adding edges, if necessary between the
vertices in (X©)¢, until these form the complete graph Koy~ (diam(G)+1)-
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2. Asper Lemma 4, each vertex in (X%)¢ is adjacent to at most three consecutive vertices
XC©. Finally, we construct the graph H{', adding edges in H§* such that each vertex in
(X%)¢ is adjacent exactly to three consecutive vertices in X©.

3. Itfollows from Lemma 2.

The proof is complete. [
Remark 1. Note that if G is a path on n vertices, then
G =~ Hf.

Let Hé; be a connected graph as in Lemma 5. Note that the vertices of (X©)¢ in Hé;
are the vertices of the complete graph K;, _ gism(G)+1)- Considering H, &, we will say that the
two vertices u and v in (X©)¢ are related if and only if NHOG (u) N X6 = NHf); (v) N XC. Note
that the above is an equivalence relation. Let R, ..., R; be the cliques in H§' determined by
the equivalence classes of the above relation.

The cliques Ry, . .., Rs have the following properties:

1. All the vertices in R; are connected to the same three consecutive vertices in X©, for
i=1,...,s.

2. Eachvertexin R; is adjacent to all the vertices in R; for i # j.
Considering the construction of H{' starting from the graph G, we can assume, without

a loss of generality, the following:
Ifa<b,

NHé;(w) N XS = {v;,v;,1,0i2} foreachw € V(R,)
and
NHOG(w*) NnX¢ = {9}, 0j41,0j42} for each w* € V(Ry)

then1 <i < j < diam(G) — 1.
Thereby, by the construction of the graph HY, the following result is an immediate
consequence of Lemma 5.

Theorem 1. Let G € G, g withd > 2. Let H(? be as in Lemma 5 with s = 1. Then,
m(G) < p1(Bu-g2,id-i)
forsome1 <i< |4].
Corollary 2. Let G € G, yand d = 2. Then,
m(G) < 1B, iz 41147

Lemma 6 ([12]). Let N be a non-negative irreducible symmetric matrix with the spectral radius
p(N). If there exists a positive vector Y > 0 and a positive real p such that NY < BY, then

p(N) <B.

Definition 2 ([13]). An internal path in a graph G is a path with a sequence of distinct vertices
Vo, - -, Vky1, k > 0, where v;_q is adjacent tov;, 1 <i<k+1,dg(vo) > 3, dg(vgy1) = 3, and
dg(v)) =2, foralll <i <k
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Remark 2. If the number of cliques s > 1, we reduce HS to a By q,r having the spectral radius of
the maximum degree matrix larger than yy(HS'). This would be achieved by induction on s. In this
process, the following result plays an important role in this work.

Lemma 7. Let G be a connected graph with n vertices and uv some edge on an internal path with
k + 2 vertices of G, respectively. We subdivide the edge uv by a vertex w ¢ V(G) such that the
edges uw, wo are added to G. We denote this new graph as Gy,. Then,

#1(Guo) < p1(G).

Proof. Let x be the principal eigenvector of M and x; be the corresponding component
of v;. Clearly, x; > 0. By replacing the labels if necessary we may assume that xp < x4 1.
Let

t= min {j:x; <x:V{, 0</¢<k-+1}L
O§j§k+1{] j="e - = }
So, t < k + 1. Without a loss of generality, we may assume that u = v;, v = v;41.
If t # 0, take y to be the vector obtained from x by inserting an additional component
Xy equal to x; between the positions ¢ and ¢ + 1.
For the vertex u, we have

Hi1(G)xr = dg(vi—1)x-1+dc(ve1)¥e41
> dg(v-1)xp-1+2x;.
For the vertex w, we have
#1(G)xw = m(G)xy = dg(vi—1)x—1 +dc(vr11)Xe41

> dG(th)xtH + 2x;4.
Then, Mg,y < p1(G)y. By Lemma 6, we have 11 (Guo) < p1(G).

Consequently, we will suppose that t = 0. Let S be the set of neighbors of vy other
than vy, and lets = ) x;.
‘()jGS
If Y- max{dg(vo),dc(v;)}x; > dg(vo)xo, then we construct y as above with x; = xo.
‘U/‘GS

For the vertex 1, we have

i (Gxg = Zs max{dg(vo),dc(vj) }xj + max{dg(vo),dc(v1) }x1 )

Y max{dg(vo),dc(v;) }x; + dg(vo)xo-
v;eS

A\

For the vertex w, we have

1(G)xw = wu1(G)xo (3)
= ) max{dg(vo),dc(v))}x; +max{ds(vo),dg(v1)}x1

Z)]‘GS

dg(vo)xo +dg(v1)x1.

Y]
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If k > 1, then dg(v1) = 2, so the strict inequality in (3) is true. Then, Mg,y < p1(G)y.
By Lemma 6, we have 11 (Guo) < p1(G).

Let k = 0, and suppose the equalities (2) and (3) are true. Then, dg(vy) = dg(v1)
and 111(G) = 2dg(vp). Since dg(vg) = dg(v1) and the graph Wy depicted in Figure 3
is a proper subgraph of G, then y1(G) > dg(vg)A1 (Ws) > 2d(vo) where A1 (W) is the
spectral radius of Wg, which is a contradiction. Then, Mg,y < y1(G)y. By Lemma 6, we
have p1(Guo) < p1(G).

Figure 3. The graph Wjs.
Finally, suppose that Y. max{d(vo),dc(v;)}xj < dg(vo)xo- In this case, we con-
Zi]'ES
struct y from x by replacing xp with s and inserting x;, equal to x.
Now,

Y max{dg(vo),dc(v;)}x; +dg(vo)xo < 2dg(vo)xo.
U]'ES

Furthermore,

}l](G)S = Z yl(G)x] > Z max{dG(vo),dG(vj)}xo > (ﬁS)dG(Uo)xO.
€S

UjES
For the vertex w, we have

w1 (G)xy = 1 (G)xg = 2 max{dg(vo),dc(v})}x; + max{dg(vo),dc(v1) }x1

’U]'ES

> ) dg(vo)xj+dg(vr)xr.
cs

Therefore, it follows that M,y < j1(G)y. By Lemma 6, we have
11 (Guw) < p1(G).
The proof is complete. [

Definition 3 ([14]). The contraction of an edge uv in a graph G is the identification of the vertices
u and v into a single vertex w such that the edges incident to w are precisely the distinct edges
(excluding uv) that were incident to either u or v in G.

Theorem 2. Let G € Gy, g withd > 3. Let HOG be as in Lemma 5 and let s = 2. Then,
11(G) < 1 (Bu—a2id-i)
forsome1 <i< |4].

Proof. Let G be a connected graph with n vertices and diam(G) = d. Let Hé; be as in
Lemma 5 and s = 2. Considering the construction of graph H§, we can assume without a
loss of generality that

NH(JG (ZU) NX6 = {Ui/ Viy1, Ui+2} for each w € V(R1>
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and
NHOG (w*) NXC = {Z)]‘, Vj+1, ZJ]'+2} for each w* € V(Rz)

forsome 1 < i < j < d— 1. Keeping the previous notation in mind, four situations

can occur in the graph H§: (A) j=i+1,(B)j=i+2,(C)j=i+3,and (D)j >i+3
(Figure 4).

N AN
NN

Figure 4. These graphs illustrate to Hj; G in the case ( C) and (
Case (A):
Let
H,=Hy- Y o'+ Y uw 4)
w*GV(R2) w*EV(Rz)
and
Ho=H§— Y uww+ Y ow, (5)
wGV(Rl) wGV(Rl)

where u = v; and v = v; 3.
Clearly, dp, (u) > d HE (v) and dy, (v) > d HS (u). By application of Corollary 1, we obtain

pi(HY) > i (HE)

where HlG = H, or HlG = H,.

Since in HY, all vertices in (X©)¢ are adjacent to the same three consecutive vertices in
X6, by Theorem 1, we obtain the result.

For Case (B), wehavel <i<d-3.

Let H, and Hy be as in (4) and (5), respectively, where u = v; 1 and v = v; 3. Clearly,
dHH (u) > dHoG (U) and de(U) > dHoG (1/{)
By application from Corollary 1, we get

p1(HY) > i (HE)

where HlG = H, or HlG = H,.

Suppose pi1 (Hy) > p1(HS). If dpy, (vi+4) > 3,by Lemma 7, we have 1 (HS) > pq(Hy)
where H2G is the graph obtained of H, by the contraction of the edge v;;3v;;4 to a new
vertex B. Let HY be the graph obtained of HY by attaching a new pendant vertex to the
vertex B. By Lemma 2, y1 (HS) > pq(HY).

Suppose dp, (vita) = 2 Let HY be the graph obtained of HY by attaching a new
pendant vertex to the vertex v; 4. By Lemma 2, y1 (HY) > pq (HS G) By Lemma 7, we get
p1(HS) > p1(HS) where HY is the graph obtained of HY by the contraction of the edge
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0;130i14 to a new vertex B. The cliques Ry and R, in HY are as in (A). By applying (A) to
H3G , the result follows.

If y1(Hy) > p1(HS), then the way to reason is analogously.

Case (O):

Let H, and Hy be as in (4) and (5), respectively, where u = v;;, and v = v; 3. Clearly,
dp, (1) > dHOc (v) and dp, (v) > dHoc (u). By application of Corollary 1, we get

p1(HY) > pi (Hg)

where Hf = H, or Hf = H,.

Suppose p1(Hy) > p1(HS). By Lemma 7, we have uy(HY) > pp(Hy), where HY
is the graph obtained of H, by the contraction of the edge v; ,v;,3 to a new vertex w.
By Lemma 2, we obtain p(HY) > p1(HY), where HY is the graph obtained of HY by
attaching a new vertex to one of the pending vertices. The cliques R; and R; in H3G are as
in (B). By applying (B) to HY, the result follows.

If 1 (Hy) > 1 (HS'), then the way to reason is analogously.

Case (D): j =i+ [ with] > 4.

By Lemma 7, we have y4 (HlG ) > (Hé; ), where Hf is the graph obtained of H(g; after
contracting | — 3 edges on the internal path v;,5...v;,;. By Lemma 2, we get p; (HS) >
p1(HY), where HY is the graph obtained of HC by attaching a path on I — 3 vertices to one
of the pending vertices. The cliques R; and R, in HY are as in (C). By applying (C) to HY,
the result follows. O

As an immediate consequence of Theorems 1 and 2, we obtain the following result.
Corollary 3. Let G € G, g and d = 3. Then,
1(G) = 1By i 4,141
Theorem 3. Let G € Gy, 4. Let H(? be as in Lemma 5. Let s > 2. Then,

#1(G) < m(By-gi2d—i)
forsome1 <i< |4].

Proof. Applying induction on s. The case s = 2 is given in Theorem 2. Let s > 2. Suppose
that the result holds for s — 1.

First, suppose that there exist two cliques R; and R;;; satisfying condition (A) in
Theorem 2. In this case, R; and R;;1 are reduced to a single clique such that their vertices
are connected to the same three consecutive vertices in X©. By the induction hypothesis,
the result follows.

Now, suppose that there is no pair of cliques satisfying condition (A) as in Theorem 2.
Then, we consider the two cliques Rj and R; and apply the techniques used in cases (B),
(C), or (D) of Theorem 2 to reduce them to a single clique whose vertices are connected to
the same three consecutive vertices in X©. Again, by the induction hypothesis, the result
follows. O

4. The Largest Spectral Radius of the Maximum Degree Matrix Among
All Graphs with a Given Order and Diameter

In this section, we characterize the maximum degree eigenvalues of B, _ ;. 4_;for1 <
i < |4]. In particular, we prove that —(n — d + 1) is always an eigenvalue of B, 47,4 ;
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with multiplicity n — d — 1, and that the remaining eigenvalues are precisely the eigenvalues
of a non-negative symmetric tridiagonal matrix of order 4 4 1.

4.1. Maximum Degree Eigenvalues of B, _g4p; 4 ; with 1 <i < 2]

We recall that given two disjoint graphs G; and G, the join of G1 and G; is the graph
G = G1 V Gy, such that V(G) = V(G1) UV(G;) and

E(G) =E(G)UE(Gy)Uxy:x € V(Gy), y € V(Gy).

This operation can be generalized as follows [14,15]. Let H be a graph with k vertices, and
let V(H) = 1,...,k. Let G1, Gy, ..., Gk be a family of pairwise disjoint graphs. For each
j, the vertex j € V(H) is assigned to the graph G;. Let G be the graph obtained from the
graphs Gy, Gy, ..., G¢ and the edges connecting every vertex of G; to all vertices of G; for
each edge ij € E(H). That s,

E(G) = (U E(Gi)> U ( U wo:uev(G) ve V(Gj)).

ijeE(H)

This graph is called the H-join of the graphs Gy, ..., G; and is denoted by

G=\/G:1<j<k
H

If n; is the order of G; fori = 1,2,...,k, then the H-join of Gy, ..., Gy is a graph of order
ny+np+ -+ ng.

Examples of this operation on graphs can be seen in the graphs B,,_;.,;4_;. In fact,
B,_4+214-1 is the Py -join of the regular graphs G; = P, Go = K,,_y4, G3 = --- =
Gjy1 =P Fori=2,..., L%J, and the graph B,,_;.5;4_; is the P; 1-join of the graphs
Gl=-=G=P,G 1=K 4G2="=Ggy1 =P

Example 1. The graph Bg 3 4 as a Ps-join is the graph in Figure 5:

Figure 5. Graph Bg 3 4.

In [14], the spectrum of the adjacency matrix of the H-join of regular graphs is obtained.
The version of this result for the maximum degree matrix is given below, and its proof is
analogous.

Theorem 4. If G = \/{G;: 1 < j <k} and G; is a graph rj-regular for j = 1,2,...  k, then
H

Sp(Mg) = | {(si+7)Ai(Gj) - j # 1} U Sp(My)
G;#P
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where

ri(s1+r1)  Oppy/ming O1k/M1 1k
M. — dray/miny  ra(s2 +12) :
k= _ ‘

: : : O(k—1)ky/Mk—11k
O1ky/M1Mk e S—ykv/M—1mk  ri(sk + 1)

5= max{s; +r;,s; +r;} ifij € E(H)
& 0 otherwise,

Ai(G;) is the i-th eigenvalue of the adjacency matrix of G; and

sp= ), m

ijeE(H)
forji=1,2,...,k

Remark 3. Now, we denote by I the identity matrix, | the matrix with ones on the skew diagonal,
and F the matrix whose entries are all zeros except for the entry in the last row and first column,
which is equal to n — d 4 1. The order of each of these matrices is clear from the context in which
they are used.

Definition 4 ([16]). Let « > 0. Let

0 va o0
R(a) = (14a)|va a—1 va|adS@) =1+a)|° \/&1].
0 va o0 Ve

Let r(p) = ¢(R(a)) and s(pu) = ¢(S

—~

w)).

The application of Theorem 4 to each graph B,,_ ;5 ;4-; allows us to characterize its
maximum degree eigenvalues. We begin by introducing the matrix D; = [0], and for s > 2,
the symmetric tridiagonal matrix of order s x s

D;

I
N

0 2
2 0

Clearly, Ds = Mp,. From the recursion formula for symmetric tridiagonal matrices [16],
we have

¢(Ds) = pp(Ds—1) — 4¢(Ds-2) (6)
where ¢(D1) = u, $(Dy) =1and $(D_1) = 0.
Theorem 5. Let &« = n — d. The maximum degree eigenvalues of

By _g+2i4—iare —(a + 1) with multiplicity « — 1 and the eigenvalues of the symmetric tridiagonal
matrix of order (d+1) x (d+1)
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where

and

when2 <i < L%j

Corollary 4. The largest eigenvalue of T; is the spectral radius of the maximum degree matrix of
B, _412,i4—i- The eigenvalues of T; are simple.

Proof. From Theorem 5, the maximum degree eigenvalues of B,_;,7;4; are —(a + 1)
and the eigenvalues of T;. Let y;(T;) be the largest eigenvalue of T;. Since the largest
eigenvalue of a Hermitian matrix is greater than or equal to any diagonal entry, it follows
that yq(T;) > &> —1 > —(a +1). Then uq(T;) is the spectral radius of the maximum degree
matrix of B,_ ;15 ;4—;. Since T; is a symmetric tridiagonal matrix with nonzero co-diagonal
entries, its eigenvalues are simple. O

4.2. Determination of the Maximizing Graph in G,, 4

In this subsection, we determine the graph with the largest spectral radius of the
maximum degree matrix among all connected graphs with a given diameter.

Lemma 8. Lets > 1andt > 1. Let T be the symmetric tridiagonal matrix of order s + t given by

T_ A; F
F ]G
where
a b]
A = by ay
i bsfl
bs_1 as
and
1 dy
C = di ¢
eodi
di-1 Ct
Then

P(T) = p(A)P(Ct) = (n = d+1)%¢(As1)¢(Ci1),
and particularly, ¢(Ag) = ¢(Co) = 1.
Proof. Considering that J> = I, we have

I As F ||I | As F]
JI|FT ]G Il

=U.
JFT ¢
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Then, ¢(T) = ¢(U). Note that F] is a matrix whose entries are zero except the entry in the
last row and the last column which is equal to n — d 4 1. Finally, by Lemma 3, the result
follows. [

Lemma?9. Lets > 1and t > 1. Then,

¢(Ds)¢(Dt) — ¢(Ds-1)¢(Dy11) = 4(¢(Ds-1)¢(Dt-1) — ¢(Ds—2)¢(Dy))-

Proof. Applying a similar argument as in Lemma 8 to Ds; with A; = Ds and C; = D;, we
have

¢(Dstt) = ¢(Ds)¢p(Dt) —4¢(Ds-1)¢(Dr-1). @)
Suppose that s > 2. Analogously, if A;_1 = Ds_1 and Cy+1 = Dy, we have
¢(Dstt) = ¢(Ds—1)¢(Dp11) — 4¢(Ds—2)p(Dy). ®)
For s = 1, Equation (8) is immediate by (6) and ¢(D_1) = 0. Considering (7) and (8), the
result follows. [
By repeatedly applying Lemma 9, we obtain the following result.

Corollary 5. Fort >s > 1,

¢(Ds)¢(Dr) — ¢(Ds—1)¢(Dps1) = 4 [up(Dy—s41) — ¢(Drs2)].

Remark 4. We will now discuss the difference between the characteristic polynomials of T; and
Ti+1. From Lemma 8,

¢(T1) = r(p)p(Dy_n) — (& +1)*s(p)p(Dy_3) )

where « = n —d withd > 4.
Replacing this in (9) and using ¢(Dg) = 1 and ¢(D_1) = 0, we have

¢(T)) = r()¢(Do)¢(Dy-2) — (1+a)’s(u)$(D-1)¢(Dy-2)
1+ a)’s(u) ( 0)¢(Dg—3)
1

(1+
+ (T+a) (p—a®+1)p(D_1)¢p(Dy_3).

Let2 <i< |4]. By Lemma 8,

¢(T)) = @(X)p(Da—i1) — (& +1)*p(Xi)p(Dyg—i2) (10)
where X; = Dl_i;l Rfa) X = D};? Sé‘)] , & =n—dwithd > 4. By applying Lemma

8 to X; and Z-, we have

¢(X;) =r(u)p(Di1) — (1 + a)?s(u)p(Di_2)

and
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By replacing these identities in (10), we have

¢(T;) = r(u)¢(Di1)p(Dg—i—1) — (1+a)?s(1)¢(Di_2)p(Dy—i—1)
— (1+a)’s(u )‘P(Dz 1)¢(Da—i—2)
+ (1+a)* (g —a?+1)¢(Di_2)Pp(Dyg—i—2).

Consequently, for 1 < i < | 2] — 1, we have

¢(Tiy1) —p(Ti) = r —2) = ¢(Di—1)¢(Dy—i-1)]
(Dy—i-3) — ¢(Di_1)¢(Dy—i—2)]
)¢(Da—i—2) — $(Di2)p(Dg—i—1)]

-1
H(n— o+ 1[¢(Di—1)¢(Dyg—i-3) — ¢(Di—2)¢(Dy—i-2)].

D1)4>

By applying Corollary 5 on the four polynomial differences of the last identity, we have

§(T1) —p(T) = 42 (4()[p(Da 2 1) — $(Da 2)]

— 4(1+a)5() [¢(Dy 2i-2) — §(Da-2i1)]
1+ )25 () [ (Da-25) — $(Dg2i11)]
1 ) (= a2 + 1)[#p(Dg 1) — ¢(Dy 21)))-

o~ o~

+

From the recursion formula for symmetric tridiagonal matrices [16], we have
9(Tisn) = 9(T) = 41 (4r(n) = (1+ @) ps () + (L4 @) (1 — o +1) ) p(Dy2i-2)-
Considering that
r(u) = pu(s(u) — ala + 1)) and s(u) = p* — (&% = Dy — afa +1)%
Through simple algebraic calculations, we have
ar(p) — (L+a)?pus(p) + L+ ) (= a® +1) = —(a = Dpp(p) + (1 +a)°)

where
p(p) = (a+3)p — (e +3) (0 — Dp — (a +1)*(a® + 4o — 1).

Therefore, '
¢(Tiz1) — ¢(Ti) = =4 (@ = V) [up(p) + (14 2)°]p(Dy—2i—2)- (11)

Since B,,_j442i4-;and B, _ ;.5 4_;; are isomorphic graphs, for 1 <i < L%j, we prove
the following result.

Theorem 6. Let « = n —d with d > 4. Then,

#1(Bay2id—i) = #1(Bayod—ii) < H1(Basoit1,d—i—1) = 1(Batod—i—1,i+1)

for1<i<|[4]-1.
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Proof. Let1 < i < L%J — 1. We know, by Corollary 4, that the spectral radius of the
maximum degree matrix of B, ; 4_; is the largest eigenvalue of the matrix T; of the order
(d+1) x (d+1). Let

w1 = 1 (Bagoid—i) > & > -+ > a5 > g4

and
B1 = p1(Bago,iv1,d—i—1) > B2 >+ > Ba > Bat

the eigenvalues of the matrices T; and T, respectively. Then

P(T) = (p—ar)(p—a2) - (B — ag41)

" ¢(Tiza) = (= P1)(u = B2) -+ - (1 — Bas1)-
By (11), we have
¢(Tie1) = ¢(T) = =4 (& = D{pp(u) + (1+4)°|¢(Dy i 2)-
Thereby,
d+1 d+1
g(ﬂ - Bj) — j]:{(# —aj) = —47a—1D)[up(p) + (1+a)’)p(Dy_ni_s).

Considering y = a1, we get

d+1

[T =) = =4 a—=Dap(ar) + (1+ )°]p(Dg_pi_2)- (12)
=1

We claim that 81 > a;. Suppose that f; < ay. Then, ay > B forj=1,2,3,...,d + 1. Then,
the left side of (12) is non-negative. Clearly,

o —1+vVa2+6a+1
2 7

#1(Byioiv1,d—i—1) > (@ +1)

which implies p(aq) > 0. Furthermore, &« > 1 and ¢(Dy_»;_5)(a1) > 0, then the right side
of (12) is negative, which is a contradiction. Therefore, §; > a1. O

Theorem 7. Let G € G, g withd > 2. Then,

m(G) =By gin g 141)
the equality is given if and only if G =B, _, , 141,147

Proof. If d = 2,3, the result is verified by Corollaries 2 and 3. Now, let d > 4. Suppose
n > d + 1. The result is verified by Theorems 1, 3 and 6. Now, suppose n = d + 1. By

Remark 1, G = P, = B 147 The proof is complete. [

n—d+2,14],

Theorem 8. Letn > d+1 > 3. Then,

! (Bn7d+2,L%J,(%]) > Vl(Bn7d+1,Ld“J (M])

2 s
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Proof. Letvy,vy,...,v,47 be the vertices in a diameter path of

Budr 4 117
We obtain a new graph G, and add two edges that connect the vertex v,, with the two
vertices vy_1,v4. By Lemma 2,

(G > 1By gin a1 o) 13)
It is easy to see that Gy has diameter d. If n = d + 2, by Theorem 6, we have y1(Gy) <
yl(andJrz,L%j,[%W)' the result is verified. Suppose n > d + 2. Let X¢1 = {vq,...,04,1}
We obtain a graph G; and add edges that connect the vertex v, with all the vertices of
V(G1) = (X1 U {vg12}).
By Lemma 2,
11(Gz) > p1(Gr). (14)

Considering the construction of graph G;, we have

Ng, (v442) N X6 = {v4-1,v4,0441}
and

NGz(w) NXo1 = {v[%yv{d%lj—&-l’v{d%”"rz}

for each w € V(Gp) — (X% U {v44,}). Keeping the previous notation in mind, four
situations can occur in the graph G, as mentioned below:

(A) d= 4] +2

B) d= 4] +3

© d= " +4

(D) d> |44 +4.

Using the same techniques in the proof of Theorem 2, cases (A), (B), (C) and (D), with
j=d—1landi= [%J, we can conclude that

11 (Bu—gi2kd—k) > H1(G2) (15)

forsomel <k < [4].
From (13), (14), (15) and Theorem 6, the proof is complete. [

Theorem 9. Let G be a connected graph on n vertices and let diam(G) > d. Ifd = 1, then
#1(G) = u1(Ky). If d > 2, then

#(6) <118y aia),147)-

The equality holds if and only if G= B, _, , 140,747
L2112

Proof. If d = 1, then G = K,,. Let d > 2. Let G be the graph with the largest spectral radius
of the maximum degree matrix among all the graphs on n vertices and diameter greater

than or equal to d. Suppose diam(G) > d.
By Theorem 7,

Ao p A - -
n—diam(G)+2,| HamC) | diam(C)

Let diam(G) = k + 1. By Theorem 8, we have

P (B k), rk7) > 1By ey g1 rigay)s

2 2
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which is a contradiction. Then, diam(G) = d. Due to Theorem 7, the proof is complete. []

5. Computing the Largest Spectral Radius of the Maximum Degree
Matrix of Graphs with a Given Order and Diameter

Among various graph matrices, the maximum degree matrix has emerged as a recent
tool to capture interactions between vertex degrees and adjacency. Given a graph G, this
matrix encodes, for each edge, the maximum degree between the incident vertices, and
zero otherwise.

In this context, an important extremal problem arises: identifying connected graphs,
among all those with a fixed number of vertices n and diameter d, that maximize the
spectral radius of their maximum degree matrix. This problem not only deepens our
understanding of the spectral behavior of such matrices but also connects with classical
extremal graph theory and structural optimization.

This section focuses on the analytical computation of the largest possible spectral
radius of the maximum degree matrix among all graphs with fixed order and diameter,
using known characterizations and structural properties of special graph classes.

From Theorem 5, ji1(B, 12,141,741 ) can be computed as the largest eigenvalue of the
symmetric tridiagonal matrix TL aj-
Theorem 10. Ifd = 3, then y, (Bn7d+2,L%J,[%1) can be computed as the largest eigenvalue of the
symmetric tridiagonal matrix Ty of order 4 with diagonal entries

{0,n* —6n+8,0,0}
and co-diagonal entries
{(n—2)vn—-3,(n—2)vVn—3,n—2}.

Ifd > 4, then py(B,_,., 14 (%W) can be computed as the largest eigenvalue of the symmetric

n— ,
tridiagonal matrix TL g with diagonal entries
2

0,...,0,(n—d)>-1,0,...,0
S—— N——
15) 141

and co-diagonal entries

2,....2n—d+1,(n—d+1)Vn—d,(n—d+1)vn—dn—-d+1,2,...,2.

N—— ——

15)-2 [41-2

In [17], the authors show that the signless Laplacian spectral radius of B, _; ,, 14],147
L2171 2

can be computed as the largest eigenvalue of a symmetric tridiagonal matrix of the order
% + 1 whenever d is an even integer. The corresponding version of this result for the
maximum degree matrix is given below.

Theorem 11. Ifd > 4 is an even integer, then p1(B,_, , 4] (ﬂ]> can be computed as the largest
/L2112
eigenvalue of a symmetric tridiagonal matrix of the order % + 1 with the diagonal
0,...,0,(n—d)* -1
N——
L2]

NI
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and co-diagonal entries
2,...2n—d+1,(n—d+1),/2(n—4d).
N —
15)-2

Proof. Letd be an even integer. From Theorem 10, u1(B, _, ., 14,747 ) can be computed as
the largest eigenvalue of

u b 0
Ty = bT (n—d)?-1 bT]
0 Jb juj
of order d + 1, where
0 2 i
2 0
u= 5
0 n—d+1
i n—d+1 0

sz[o 0 (n—d+1)\/m}.

Consider the orthogonal matrix

1 I o ]
L=—(0" V2 oT|.
V2 -] 0 I
Simple algebraic calculations show that
u V2b 0
LTL%JLT = |v2bT (n—d)2-1 0
0 0 Juj

Then, the eigenvalues of TL | are the eigenvalues of l\/%[b v2b and the

g (n—d?-1
eigenvalues of U. Since that the eigenvalues of U strictly interlace the eigenvalues of
u V2b

V2b (n—d)> -1} -

6. Conclusions

Finally, this study provides a fundamental analysis of the maximum degree matrix
and its spectral radius, highlighting its structural relevance to extreme graph theory. Some
questions arising from this work are future research that will explore additional spec-
tral invariants derived from the maximum degree matrix, incorporating combinatorial
parameters such as graph coloring and a deeper investigation of its eigenvalues.
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