. mathematics

Article

The Estimation of a Signal Generated by a Dynamical System
Modeled by McKean-Vlasov Stochastic Differential Equations
Under Sampled Measurements

Vasile Dragan 12 and Samir Aberkane

check for

updates
Academic Editors: Xiao-Bao Shu and
Fei Xu

Received: 9 March 2025
Revised: 23 April 2025

Accepted: 22 May 2025
Published: 26 May 2025

Citation: Dragan, V.; Aberkane, S.
The Estimation of a Signal Generated
by a Dynamical System Modeled by
McKean-Vlasov Stochastic
Differential Equations Under Sampled
Measurements. Mathematics 2025, 13,
1767. https://doi.org/10.3390/
math13111767

Copyright: © 2025 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

4, %

1 Institute of Mathematics “Simion Stoilow” of the Romanian Academy, P.O. Box 1-764, 014700 Bucharest,

Romania; vasile.dragan@imar.ro

Academy of Romanian Scientists, 3 Ilfov, 050044 Bucharest, Romania

3 Université de Lorraine, CRAN, UMR 7039, Campus Sciences, BP 70239, 54506 Vandoeuvre-les-Nancy Cedex,
France

4 (CNRS, CRAN, UMR 7039, 54506 Vandoeuvre-les-Nancy Cedex, France

*  Correspondence: samir.aberkane@univ-lorraine.fr

Abstract: This paper addresses the problem of optimal H,-filtering for a class of continuous-
time linear McKean-Vlasov stochastic differential equations under sampled measurements.
The main tool used to solve the filtering problem is a forward jump matrix linear differential
equation with a Riccati-type jumping operator. More specifically, the stabilizing solution of
such a jump Riccati-type equation plays a key role.

Keywords: H-filtering; stochastic systems; sampled measurements; McKean—Vlasov
equations; jump Riccati equations.

MSC: 93B53; 93C27; 93C57; 93E11; 60H10

1. Introduction

Estimating a remote signal from the measurements of another observed signal is a
classical problem in the systems theory with numerous applications in different real life
problems. Such a problem is usually named in the literature a signal filtering problem or
signal estimation/observation problem. The problem of filtering is fundamental in control
theory. Since the pioneering works of Kalman and Bucy derived in the 1960s (see [1,2]), a huge
amount of contributions has been made in this field stimulated by successful implementation
in many applications including aerospace, signal processing, geophysics, etc.

On the other hand, control of McKean-Vlasov stochastic differential equations (SDEs)
has attracted significant attention in the last decade. This is partly due to the fact that
such SDEs can effectively characterize dynamical systems of large populations subject to
a mean-field interaction. McKean-Vlasov SDEs appeared initially in the works of [3,4].
There are already several important contributions related to this type of stochastic systems
from the control perspective [5-10]. More recently, LQ control problems as well as LQ
games for such systems have been investigated by [11-16]. To the best of the authors’
knowledge, it seems that the filtering problem for McKean—-Vlasov SDEs has been addressed
in the literature very marginally when compared to the control counterpart. Very recently,
we addressed in [17] a filtering problem for a class of linear periodic McKean—Vlasov
SDEs where the metric used as an optimality measure of the proposed estimation scheme
belongs to the Hy-type norm setting. In [17], the proposed filter is fed at its input with
continuous-time measurements in order to generate the optimal state estimation. Note,
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however, that in modern control systems like digital control as well as networked control,
the assumption of measurement continuity is no longer valid and one has to deal with a
sampled-data setting. For deterministic systems and constant sampled-data rate, stability as
well as optimal control problems have been successfully solved in the literature thanks to a
discrete-time equivalent representation of the original system where such a representation is
obtained without any kind of approximation. In the stochastic framework, the discrete-time
equivalent representation cannot be obtained. This explains why sampled-data control for
stochastic systems did not receive the attention it deserves until the last few years [18-23].
In the present paper, we will consider the problem of Hy-optimal filtering for a class of
linear McKean—Vlasov SDEs under sampled measurements. Such a problem is addressed
under an impulsive SDE setting. The class of admissible filters consists of deterministic
impulsive linear systems with arbitrary dimension of the state space. We show that the
dimension of the optimal filter is equal to two times the dimension of the system under
consideration. The corresponding feedback gain of the optimal filter is constructed based
on the stabilizing solution of an adequately defined system of forward jump matrix linear
differential equation with a Riccati-type jumping operator. The result obtained in this article
can be viewed as an extension of the author’s results from [17] to the sampled-data case.
This paper is organized as follows: Section 2 gives the mathematical model of the
considered class of systems and describes the filtering problem. Section 3 gives several
preliminary results related to the stability of McKean—Vlasov SDEs that will be used in
Section 4 in order to obtain the formulae for the computation of the performance value. The
main results are given in Section 5. Some numerical experiments are included in Section 6.

2. Problem Formulation
2.1. Notations

Let (), 3§, P) be a given probability space. In this work, {w(t)}i>o, w(t) =
( wi(f) wa(t) -+ wr(t) )T is an r-dimensional standard Wiener process defined on
(Q), §,P). For precise definitions and useful properties of the stochastic processes, we refer
for example to [24,25].

For each t > 0, §; C § is the c-algebra generated by the random vectors w(s),
0 < s <t Fort =0, the s-algebra 5o = {@, Q0}. We assume that for each t > 0, the
o-algebra §; is augmented with all subsets M € § with P(9) = 0. For each ty > 0, E[-|Fy,]
denotes the conditional expectation with respect to the c-algebra §;,, while EH denotes the

mathematical expectation. Let {w (k) }rez, , wa(k) = ( wq, (k) wg, (k) - wyy, (k) )T
be a sequence of r,-dimensional independent random vectors. G; C § stands for the
smallest o-algebra generated by the random vectors w(s), w(k), 0 <s <t,0 <k < [%] ,
where /1 > 0 is given. The superscript T denotes the transposition of a vector or a matrix.

If ty > 0, we denote X}, the set of random vectors xp : () — R” which are §;,-measurable
and E [|xo|?] < o0.

2.2. Model Description

We consider the dynamical system G having the state space representation described
by the following mean-field linear stochastic differential equations (MF-SLDE):

dx(t) = (Apx(t) + AoEy,[x(¢)])dt
+ i(Alx(t) + AjEy, [x(t)])dw; (t) + Bdo(t) (1a)
=1

z(t) = Cox(t) + C.Ey,[x(t)] (1b)
t > ty, x(to) = Xy (1c)
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y(kh) = Cox(kh) + CoEy, [x(kh)]
)
+) wa, (k) (Cpx(kh) + CpEt, [x(kh]) + Dog(k), k =0,1,- - ()
p=1

where x(t) € R" are the state parameters of the dynamical system G, while z(t) € R"= is
the remote signal which must be estimated. In (2), y(kh) € R" are the measurements at
the instance time ty = kh, k = 0,1,---, h > 0 being the sampling period. In (1) and (2),
{w(t), t >0}, {v(t), t >0}, {wy(k), k € Z+}, {v4(k), k € Z, } are stochastic processes
which satisfy the following assumption:

Hypothesis 1 (Hy). (i)  {w(t)}+>0 is a r1-dimensional standard Wiener process, i.e., w(0) = 0,
E[w(t)] = 0, E[(w(t) —w(s))(w(t) —w(s)) "] = I, (t —s), forall t > s > 0, I, being
the identity matrix of size r1;

(it)  {o(t)}i>0 is a my-dimensional standard Wiener process with zeros mean and E[(v(t) — v(s))
(v(t) —ov(s)) "] = V(t—s), forallt > s >0,V > 0 being a known matrix;

(iii) {wq(k) x>0 is a sequence of rp-dimensional independent random vectors with zero mean and
E[wy(k)w] (k)] = I,, for all k > 0;

(iv) {va(k) k>0 is a sequence of my,-dimensional independent random vectors with zero mean
and E[vg(k)oj (k)] = Vy, forall k > 0, V4 > 0 is a known matrix of appropriate dimension;

(@) {w(t)} =0, {v(t) b0, {wa(k) bk, {va(k) }k>0 are independent stochastic processes.

The differential equations of the form (1a) are known in the literature as mean-field
stochastic linear differential equations (MF-SLDE) (see [5-10]).

2.3. The Filtering Problem

Our aim is to design a dynamic linear system Gr (named filter) which, fed with the
measured values y(kh), k = 0,1, - - -, generates at its output a signal zr(¢) which must be the
best estimate of the output signal z(t) of the dynamical system G. Since a filter G is activated
by a discrete-time signal {y(kh) };>¢ and it must provide at its output a continuous-time
signal zr(-), we consider that the most appropriate state-space representation of such a
filter is of the following form:

Xp(t) = Apxp(t), kh <t < (k+1)h (3a)
xp(kh™) = Ap,xp(kh) + B,y (kh), k € Z (3b)
zp(t) = Crxp(t), t € Ry (30)

where xp(t) € R" are the state parameters of the filter Gr. In our approach, the di-
mension nr of the state space of the filters Gr is not prefixed. In (3), Ap € R">*"r,
Af, € R"¥X7F Bp € R"FM, Cp € R"™*"F are arbitrary matrices subject only to the con-
straint that the corresponding jump linear differential equation (JLDE)

J'Cp(t) = Apxl:(i’), kh <t< (k+1)h (4a)
XF(kth) = Apdxl:(kh), keZs (4b)

is exponentially stable (ES) (see [26]).

We denote F,qm the set of all filters Gr having the state-space representation of the
form (3) with arbitrary dimension np > 1, with the property that the corresponding JLDE
(4) is ES. The elements of §,qm are called admissible filters.
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In order to measure the quality of the estimation achieved by an admissible filter Gp
€ Fadm, we introduce the following performance criterion:

1 to+T

(@) = lim 7 | E[|z<t>—zF(t>|2}dt. 5)

The problem we want to address in this work requires us to find an admissible filter
GrF satisfying the following optimality condition:

J(Gf) = min J(Gp). (6)

GFegadm

In Section 4, we shall compute the value of the function (5) achieved by an admissible
filter Gr. We shall see that the value of the right-hand side of (5) does not depend on the initial
time fg and nor the initial states x of the dynamical system G and xf, of the filter. In Section 5,
we shall provide a set of conditions which allow us to construct the optimal filter G.

Before doing so, we first discuss in Section 3 some aspects related to the mean-square
stability of a system obtained when a filter (3) verifying (4) is coupled to an MF-SLDE (1a).

3. Several Preliminary Issues
3.1. Mean-Square Stability of a MF-SLDE
Let x(#; tg, x9) be a solution of the MF-SLDE (1). We set

xl(t) £ x(t) — Elx(t)] (7a)
x*(t) £ E[x(t)] (7b)

t > ty. Bearing in mind the properties of the stochastic integrals of It6-type, we obtain that
(x'(-), x(-)) is the solution of the following initial value problem (IVP):

1 1 1 1
d( ;8 ) :AO( ;8 )dt+lzlA,< ;Eg >dwl(t) 4 Bdo(t), t >t (8a)
x'(to) =0, ¥*(to) = xo, (8b)
z(t) = Coxl(t) + Cox2(t), t > to (8¢)

In this case, the measured output (2) becomes

y(kh) = Cox! (ki) + Cox®(kh) + TZZ wg, (k) (Cpxl(kh) + Cpxz(kh)) +Dog(k)  9)
p=1

where
Ay O
Ay = ~ 10
0 ( 0 A0> (10a)
Al Al
A = ,1<I< 10b
! ( 0 0 ) <I<n (10b)
A12A1+A1,0<l<7’1 (10C)
CZ:CZ+C_Z (10d)
Cr=Cp+Cp,0<p<n (10e)

B— ( ’g ) (10f)
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From (7), it follows that
E,, {xl(t) (ﬁ(@ﬂ ~0 (11a)
E[xl(t) (xz(t)ﬂ ~0 (11b)
t>ty>0.
If (x!(-), x2(:)) is a solution of the IVP (8a)-(8b), we set X(t) =
1(t 1t T . . Xy (t 0
E [( ;Et; ) < izgt; ) ] Employing (11), we obtain that X(t) = ( 10( ) Xa () )
with T
X; = E[xj(t)(xj(t)) ] =12 (12)

By direct calculation based on It6’s formula, we obtain via (8a)-(8b) and (12) that t —
(X1(f), Xa(t)) = [to, o©) — Su x Sy is the solution of the following IVP on the space
HE S, xSy

S0, Xa(0) = £IX3(0), Xalt)), £ > o (130)
(X1(to), Xa(to)) = (0, E[x0x] | ) (130)

where (X1, Xp) = L[Xy, X2] = (£1[X3, X2], £2[X1, X2]) : H — H is described by

L1[X1, Xa] = AgXy + X1 A0 +;Z]i(A,X1AlT + A,XZAZT) (14a)
Lo[X1, Xo] = AgXy + Xo A4 : (14b)

Equipped with the inner product
([X1, X2], [Y1, Ya]) & Tr[X1Y1] + Tr[X2Y2] (15)

‘H becomes a Hilbert space. Moreover, H is an ordered Hilbert space with respect to the
ordering relation 3= induced by the convex cone H* = {(Xy, Xp) € H|X; >0, i =1,2}.
Here, X; > 0 means that X; is a positive semi-definite matrix.

The adjoint operator with respect to the inner product (15) of £L][-] defined in (14) is
L* [Xlr Xz] = (,CT [Xl, X2], ,C; [Xl, Xz]) with

T

Li[X1, Xo] = AJ X1 + X140+ Y AL X1 A (16a)
k=1
51

L5[X1, Xo) = A Xo + X0 Ao+ Y Al X1 A (16b)
k=1

Based on the operator L]-], we may consider the following IVP on the Hilbert space #:

L1, Xa(1) = LX(1), Xa(t)], ¢> 1o (17a)
[X1(to), Xa(to)] = [H1, Ha], to € Ry, H; € Sy, i =1,2 (17b)

The IVP (13) is a particular case of (17) when H; =0, H, = E[xoxoT |. According to Theorem
2.6.1 from [27], we may infer that the linear differential Equation (17a) defined a positive evo-
lution on the ordered Hilbert space (H, H ™). This means that if (X;(-; o, H), Xa(-; to, H))
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is a solution of the IVP (17), then (X1 (t; o, H), Xo(t; o, H)) € HT, Vt >ty > 0, whenever
H= (le Hz) eHt.

Definition 1. We say that the zero solution of the MF-SLDE (1a) is

(i) exponentially stable in the mean-square sense (ESMS) if its solutions x(-; to, xo) are satisfying
E [|x(t to, x0) 2] < Be=)[xo 2 (18)

Vit > tg >0, xg € R", where f > 1, & > 0 are constants not depending upon t, ty, X,
(ii) MF-strong exponentially stable (MF-SES) if the linear differential equation (17a) is exponen-
tially stable, which means that the solutions of the IVP (17) are satisfying

1 X4 (5 to, Hy, Ha) || + || Xo (£ to, Hy, Ho) |2 < Be *~0) (|| Hy |l + [|[Hall2)  (19)

YVt >ty >0, (H, Hy) € ’H,B > 1, & > 0 being constants not depending upon t, ty,
H,, H>.

Here and in the sequel, || - ||> denotes the euclidian norm of a symmetric matrix.

Proposition 1. Under the assumption Hy, the zero solution of the MF-SLDE (1a) is ESMS if it is
MEF-SES.

Proof. Let us assume that the zero solution of the MF-SLDE (1a) is MF-SES. Bearing in
mind that the IVP (13) is a special case of (17), we obtain via (12) that

HE{x%t}(xl(t))T} +HE{x2(t)(x2(t)ﬂ

forall t >ty > 0, xp € R". Taking into account that HE[xf(t)(xj(t))T} Hz = E“xf(t)ﬂ,

< e 1) | xgx] || (20)
2

2

j = 1,2, we obtain from (20) that E{|xj(t)|2} < Be~t=t)|xy[2, j = 1,2. This allows
us to conclude that the solution x(-; ty, xo) is satisfying (18) because from (7), we have
x(t;tg, x0) = x'(t) + x%(t). Thus, the proof is complete. [

The next developments from this paper are performed under the following assumption:
Hypothesis 2 (H;). The zero solution of the MF-SLDE (1a) is MF-SES.

Following step by step the proof of Proposition 3.2 from [17], we obtain a set of
conditions equivalent to the assumption Hj.

Proposition 2. Under the assumption Hy (i), the following are equivalent:
(i) H; holds;
(i)  the zero solution of the SLDE
1
dx(t) = Aox(t)dt + Y Apx(t)dw,(t)
I=1

is ESMS and Ay is a Hurwitz matrix;
(iii) the eigenvalues of the linear operator L|-] defined in (14) are located in the half-plane C~ =
{A € C; Re{A} <0}
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3.2. Resulting Jump Linear Stochastic System

Plugging (9) in (3), we obtain the following resulting (closed-loop) jump linear
system (JLSS):

51
dxcl(t> = AO,clxcl(t) + 2 Al/clxcl(t)dwl(ﬂ + Bcldv(t)r kh <t < (k =+ 1)h/ (213)
I=1

2

X (k™) = Aggaxa(kh) + Y wa,(k)Agpaxc (ki) + Deog (k) (21b)
p=1

ch(t) = Z(t) - ZF(t) = Cclxcl(t)/ te Ry (21¢)

where x; = ( (xl(t))—r (x2(t))T xp(t))T )T € R" i = 2n + np and

AO,cl:<%0 ) Alcl—< l >,1SISV1 (22a)
0
0

I 0 0 0
Agpel = 0 In , Adpel = 0 0 o0 (22b)
BraCo BraCo Ara BraCp BpaCp O
B 0
Ca = ( C; Cz —Cr )/ B, = ( 0 >/ D, = 0 (22¢)
Br 4D

T R
Letty > 0and x 9 = ( 0 x4 xI_T,O ) € R", 1 = 2n + np be arbitrary. Let x(t) =
xc1(t; to, xc1 ) be the solution of the resulting JLSS (21) corresponding to the initial par
(to, xc1p). Starting from (21c), we may write successively

E|z(t) = 2| = Tt [E|za ()2 (1) || = Tr |CaB [xa(t)x5 (1)] Ci |
~ Tr [Cdyc,(t)cjl } (23)
for all t > ty, where we denote

Ya(t) 2 E|xa()x3 (1)), t = to 4

According to (23), we may rewrite the performance criterion (5) in the following equiva-
lent form:

t0+T
T(Gr) = Jim 7 [ [Cava()C] Ja (25)
e 0

Employing It6’s formula on each interval [kh, (k+ 1)h], k > x(to) and [to, x(to)h], respec-
tively, we obtain the following:

Proposition 3. Under the assumption Hy, the function t — Y (t) : [ty, 00) — S; defined by
(24) is the solution of the following IVP:

Y (t) = Log[Ye(t)] +BgVB,, kh <t < (k+1)h (26a)
Ycl(kh+) = Ed,cl[ cl(kh)] + D.,V;D cl’ k> K(to) (26b)

Yu(to) =E [xcl,o (xcl,O)T} (26¢)
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where
1
LoalY] = AgaY +YAJy+ Y ALaYA), (27a)
=1
2
LyalY] =Y AgpaYAd,a (27Db)

p=0
forallY € Sy, x(to) being the integer with the property that x(tg — 1)h < ty < x(tg)h.

Let S5 C S; be the linear subspace of symmetric matrices of sine 7 x 7 having

the structure
Y; 0 Y3

Y = 0 Y, Yo (28)
YL Y Y3

where Y7, Y, are arbitrary symmetric matrices of size n X n and Y3 is an arbitrary matrix
from S, while Yj3, j = 1,2 are arbitrary matrices from R™"F_ One checks that S; is a
closed linear subspace. Hence, it is a Hilbert space with respect to the restriction of the
inner product (15).

Remark 1. Based on (10), (11), and (27), one can show that if Y, (+; to, Yo) is the solution of the
jump matrix linear differential Equations (26a) and (26b) with the initial condition, Y (to; to, Yo) =
Y lies in Sy, for any t > to whenever Yo € Sy. Particularly, the solution Y, (t) of the IVP (26) is
in Sy forall t > ty.

Further, we denote S,,, the linear subspace of Sy, formed by the matrices

(v oo
Y_<0 Yz> (29)

where Yj, j = 1,2, are arbitrary matrices from Sj,.

Remark 2. From (29), one sees that Y — (Y1, Y3) is an isomorphism between the subspaces Sy,
and H.

LetY — L[Y] : Sp, — Sy be the linear operator defined by
1
L[Y] = AgY + YA] + Y A)YA] (30)
=1

forallY € Sy,,.
Remark 3. By direct calculation involving (10a), (10b), (29), and (30), we obtain the equality
}L[Y] = (‘Cl [Yl/ YZ]/ EZ[Yll YZ]/) (31)

forall Y € Spy, Y1, Ys being related by Y via (29).
From (31), we may infer that the spectrum of L[] defined by (30) coincides with the spectrum
of the operator L[] introduced in (14).

The next result will play an important role in the computation of the limit from the
right-hand side of (25).
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Theorem 1. Under the assumptions Hy, Hy , for each admissible filter G, the zero solution of the
corresponding jump matrix linear differential equation (IMLDE)

Y(t) = LaY(t)], kh <t < (k+1)h (32a)
Y(kh™) = L;4[Y(kh)], k € Z (32b)

is exponentially stable with respect to the invariant subspace Sy. This means that
1Y (£ o, Yo) || < e =Yy (33)

forallt >ty >0,Yy € S, B> 1, « > 0 being constants which are not depending upon t, ty, Y
and || - || being a norm on Sy.

Proof. See Appendix A. [

Corollary 1. Under the assumptions Hy, Hy , for each admissible filter G, the eigenvalues of the
linear operator Y — e“ec" Ly (Y] : Sy — Sj are located in the disk |A] < 1.

Proof. Based on the one-to-one correspondence between the set of the solutions of the
JMLDE (32) and the set of the solutions of the discrete-time linear equation on Sj

X(k+1) = eFeal £ [X(k)] (34)

one shows that under the considered assumptions, the zero solution of (34) is ES, which
leads to the desired conclusion. [

4. Computation of the Performance Value Achieved by an
Admissible Filter

In this section, we show how one computes the value of the functional (5) which
measures the performance achieved by an admissible filter Gr.

Proposition 4. Under the assumptions Hy, Hy, for each admissible filter G, the corresponding
non-homogeneous forward jump matrix linear differential equation (FIMLDE)

Yo (t) = Lea[Ya(t)] + By VB, kh < t < (k+1)h (35a)
Yo (kht) = Lg[Y(kh)] + Dy VaDyy, k € Z (35b)

has a unique bounded solution t — Y (t) : R — Sy. This solution has the following properties:

(i) is a continuously differentiable function on each interval (kh, (k + 1)h), left-continuous in
ty =kh, ke Z;

(i) Yg(t) >0,teR;

(iii) Yy (+) is a periodic function of period h.

Proof. Let us consider the linear affine equation on the Hilbert space Sj
X =Ly [eﬁmh[x]} +0 (36)

where h
0= DclVdD; + L {/0 eleas {BCZVB;” ds] (37)
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Bearing in mind that A # 0 is an eigenvalue of the linear operator X — L {ecwlh[X]}
if and only if it is an eigenvalue of the linear operator X — eﬁaclh[ﬁd’d [X]], we obtain
via Corollary 1 that, under the considered assumptions, the eigenvalues of the operator
X = L [eﬁf/f’h[X]} are located in the disk |[A| < 1. Based on (iii) and (iv) from Theorem
2.6 in [28] we may conclude that Equation (36) has a unique solution X € S;. Moreover,
X > 0 because from (37), it follows that ® > 0.

We set

w2

Cl(t) = eCC,Cl(tfkh) I:X]

t
+ /k efealt= [BavB] |ds, (38)

ift € (kh, (k+1)h], k € Z. From (38), we deduce that Y. (kh ") := lir?hYC,(t) = X. With
t—

t>kh
this equality, (38) becomes
Ycl(t) = eEC’Cl(t_kh) [Ycl(kh—i_ﬂ
t
v /k efealt= [BaVB]|ds, if t € (kh, (k+ 1)), ke (39)

forall kh < t < (k+1)h, k € Z. From (36) and (39), written for k replaced by k — 1,
we obtain
Yo (k™) = Ly [Ya(kh)] + Dy VyD}

Hence, the function Y,;(-) defined by (38) satisfies (35b). Also, from (38), one sees that Y;(+)
is differentiable on each interval (kh, (k+ 1)h) and it satisfies (35a).

Since X > 0 and e£ec(t=%) is a positive operator for all ¢+ > s, we may conclude via
(38) that Y (t) > 0, Vt € R... Finally, (38) allows us to deduce by direct calculations that
Y. (t+h) = Yy (t) for all t € R. Thus, we have shown that Y,;(-) is a bounded solution of
the FJMLDE (35). O

The next result provides a formula for the computation of the value of the performance
achieved by an admissible filter.

Theorem 2. Under the assumptions Hy, Hy, the value of the performance criterion (5) achieved by
an admissible filter G is given by

h ~
T(Gr) =1 [ T]Caa(nc] |ar (40)

Y. (+) being the unique bounded R solution of the corresponding non-homogeneous FIMLDE
(26a)—(26D).

Proof. Let Gr € §,qm be arbitrary but fixed. According to Proposition 4, the corresponding
non-homogeneous FJMLDE (26a)—(26b) has a unique solution Y,;(+) which is bounded on
R. Using the equivalent version of (5) given in (25) we obtain that

. 1 to+T 5 T
J(Gr) = Jimz [ Tr[cdyd(t)cc,]dtur (41)
. 1 to+T . T
+lim 7 Tr[cd(yc,(t)—Yd(t))cd}dt
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Since t — Y,(t) — Y, (t) is a solution of (32), we may infer via (33) that || Y, (t) — Y. (t)]| <
ﬁg_‘)‘(t_to)

xclrox;';() — Y (to) H, for all t > tj. Hence, we obtain
. to+T S
Tlgr(}o% t00+ Tr[Co (Y (t) — Ya(t))Cl]dt = 0, forall ty € R.
Substituting the above equality in (41), we obtain that

to+T B
J(Gp) = lim = [ Tr[CClYC,(t)CCTl]dt (42)

T—oo T to

Since t — Tr[C, Y. (#)CJ ] : R — Ris a bounded function, we may obtain that

. 1 to+T - . 1 T ~
Jim = . Tr[CczYcl(t)CcTz]dfqugr;o* ; Tr[ccchz(f)CcTz}dt
1 [h o T
= E/O Tr {Ccchl(t)Ccl}dt (43)

for all ¢y € R. For the last equality from (43) we took into account that t — Tr [Ccchl (t)C;H
is a periodic function of period k. Finally, from (42) and (43), we obtain that (40) holds.
Thus, the proof is complete. [J

Yi1(t)  Yio(t)
Let
( V() Yao(t)
Son and Yo (t) € Sy. Employing (22), (27), we obtain the following partition of the JMLDE
(26a)—(26b) written for its bounded on R solution:

), t € R be the partition of the matrix Y, (#) such that Y11 (t) €

. rl
Y11 (t) = AgY11 (t) + Y11 (t)AE)r + 2 Alyll(f)AlT + BVBT, kh <t < (k + 1)]’1 (44a)

=1

Y11 (kh+) =Y (kh), ke Z (44b)
Yia(t) = AYaa(t) + Yaa(H) Af, kb <t < (k+1)h (45a)
Yip (k™) = Yi1(kh)Cg By 4y + Yio(kh) A} 4, k € Z (45b)
Yzz(t) = AFYQZ(t) + Yzz(t)AI_T, kh <t < (k-|— 1)h (46a)

2

Yoo (kh*) = Y BpaCpY11(kh)Cp B 4y + BraCoYaa (kh) Af 4

p=1

+ ApaYi5(kh)Cq By g+ ApgYar (k)AL + BpyDV;D "B 4, k€ Z (46b)

where
C, = ( c, G, ) 47)

Cp being introduced in (10e).
From (44), it follows that Y71 (-) is continuously differentiable and solves the linear
ordinary differential equation on the Hilbert space Sy,

Yi(t) =LYy ()] +BVB', t e R (48)
L[] being the linear operator defined by (30).

Proposition 5. Under the assumptions Hy, Hy, the ordinary differential Equation (48) has a
unique bounded R solution t — Yi1(t) : R — Sy,,. Moreover, Y11(+) is a constant function that
solves the algebraic equation

L[Y1] +BVB' =0 (49)
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and has the structure
- Il 0
Y = 50
1 ( 0 0 ) (50)
where 11 = T1] > 0 is the unique solution of the linear algebraic equation
1
Aoll + 1Ay + Y AJIL.A] + BVBT =0 (51)

=1

Proof. First, let us remark that Proposition, 2 together with Remark 3, allows us to deduce
that under the assumption Hj, the eigenvalues of the linear operator L[] are located in the
semi-plane C~. Invoking Theorem 2.3.7 (ii)—(iii) from [27], we may conclude that under
these conditions, the ordinary differential Equation (48) has a unique bounded R solution
i Y
Yl—g Yzz
the matrix Y17 such that Y7, Yi2 € S,,, we obtain via (10a), (10b), (10f) that Yop =0, Yi, =0
and Y is a solution of Equation (51).

and, additionally, that solution is a constant one. Taking ) as the partition of

From Proposition 2 (ii), we may conclude that (51) has a unique solution; this means
that Y; = I1.. Hence, the proof is complete. [J

5. State Space Representation of the Optimal Filter
5.1. Forward Jump Matrix Linear Differential Equation with Riccati-Type Jumping Operator
We consider the following FJMLDE on the Hilbert space Spy:

Y(t) = AgY(t) + Y(H)Ag + M, kh < t < (k+1)h (52a)
~ -1
Y (ki) = Y(kh) — Y(ki)CJ (Rd +CoY(kh)T] ) CoY(kh), k€ Z (52b)
where
"
M:=BVB' + Y AY;A/ (53a)
I=1
2
Ry=DV,D" + Y C,¥;1C, (53b)
p=1

with A;, 0 <[ < rq are defined in (10a)-(10b), while C,, 0 < p < r; are defined in (47). In
(53), Y11 is the unique solution of Equation (49). Employing Proposition 5, we obtain that
under the assumption Hy, we have

(M 0 (54a)
0 0

"

M; =BVB' + Y ATLA/ (54b)
=1

~ 2

R;=DVD' + Y CILC, (54c¢)
p=1

Since the right-hand side of (52b) looks like a Riccati-type operator arising in connection
with a discrete-time linear quadratic (LQ) control problem, we shall call Equation (52) an
FJMLDE with Riccati-type jumping operator.

Definition 2. A solution t — Y(t) : R — Sy, of the FIMLDE (52) is a stabilizing solution if the
following hold:
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(@) Ry+ CoYs(kh)C], k € Z are invertible matrices;

(b)  the zero solution of the closed-loop JLDE on R?"
x(t) = Aox(t), kh <t < (k+1)h (55a)
x(kh™) = (I, + Ks(kh)Co)x(kh), k € Z (55b)
is ES, where
T(5 T\ !

Ko (k) = =Xs(kh)CJ (Rq + CoXs(kn)Cq ) (56)

By direct calculation, the FJMLDE (52) written for Y (-) instead of Y(-) may be rewrit-
ten as

Ys(t) = AgYs(t) + Ys(£)Ag + M, kh < t < (k+1)h (57a)
Y, (kht) = (I + Ks(kh)Co)Ys (kh) (I + Ks (ki) Co) "
+ K (kh)RyK{ (kh), k € Z (57b)

Remark 4. (a) From (57), we may infer that under the assumptions Hy, Hy, the bounded and
stabilizing solution Ys(-) of the FIMLDE (52) satisfies Ys(t) > 0, Vt € R.

(b)  From Proposition 2 (ii), we deduce that under the assumptions Hy, Hp, the eigenvalues of the
matrices Ay and Ay are located in the half plane C~. Hence, A is a Hurwitz matrix.

(c) Substracting (52) (written for Y(-) replaced by Ys(-)) from (48), we obtain that A(-) =
Yi1(+) — Ys(+) is a bounded R solution of the following FIMLDE:

A(t) = AgA(t) + A(H)A], kh < t < (k+1)h (58a)
A(kh™) = A(kh) + G(kh), k€ Z (58b)

where G(kh) = K (kh) (Rg + CoYs(kh)CJ )K] (k).

Since G(kh) > 0 and Ag is a Hurwitz matrix, we can show that (58) has a unique bounded R
solution and, additionally, this solution is positive semi-definite. So, under the assumptions
H;, Hy, the bounded and stabilizing solution Ys(-) of the FIMLDE (52), if any, satisfies

0<Ys(t) <Yu(t), teR (59)

“ et( 1OMRE0

-

(1) Y2
Employing (50) and (59), we may conclude that, necessarily, Y2(t) = 0, Y2(t) = 0 for all
t € R. Hence, under the assumptions Hy, Hy, the bounded and stabilizing solution of the

> be the partition of the matrix Y5 (t), such that Y} (t), Y3(t) € Sy.

FIMLDE with Riccati-type jumping operator (52), if any, has the structure

Y;(t) = ( Ys(t) 0 ) teR (60)

where Y () solves the FIMLDE with Riccati-type jumping operator of dimension n
Y(t) = AgY(t) + Y(£)Ag + My, klh < t < (k+ 1)k (61a)
N -1
Y(kit) = Y (kh) — Y (kh)CJ (Rd + CoY (k) ) CoY(kh), ke Z  (61b)

Adapting Definition 2 to the case of the FJMLDE (61), we say that t — Ys(t) : R —
Sy is a stabilizing solution of the FJMLDE with Riccati-type jumping operator (61) if
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R+ CoY(kh)C{ , k € Z are invertible matrices and the zero solution of the closed-loop
jump linear differential equation on R”

x(t) = Aox(t), kh <t < (k+1)h (62a)
x(kh) = (I, + R (kh)Co)x(kh), k € Z (62b)

is ES, where .
Rq(kh) = —Y.(kh)CJ (Rd + CoYs(kh)Cy ) B (63)

The next result establishes a relationship between the stabilizing solution of the FJMLDE
with Riccati-type jumping operator (61) and the stabilizing solution of the FJMLDE with
Riccati-type jumping operator (52).

Lemma 1. Assume that the assumptions Hy, Hp hold. Under these conditions, if Ys(+) is the
bounded and stabilizing solution of the FIMLDE (61), then Y;(-) constructed as in (60) is the
bounded and stabilizing solution of the FIMLDE (52). In this case, (56) becomes

K. (kh) = < ng‘h) ) (64)

Ks(kh) being defined in (63).

Proof. Employing (10a), (47), one shows that the zero solution of (55) is ES where K (kh) is
computed as in (64). The details are omitted. O

The result stated in the above Lemma leads us to pay special attention to the prob-
lem of existence of the bounded and stabilizing solution of the FJMLDE (61) in order to
obtain informations about the existence of the bounded and stabilizing solution of the
FJMLDE (52).

From (61a), we obtain

h
Y((k 4+ 1)h) = ey (ki )eddh 4 / 405 V1,0405ds, k € Z (65)
0

Substituting (61b) in (65), we obtain that the sequence {Y (kh)}, of the values of the
globally defined solution of the FJMLDE (61) solves the forward discrete-time Riccati
equation (FDTRE)

~ -1
Xps1 = AXAT — AXCJ (Rd + CoXCy ) CoXpAT + My, keZ (66)

where X
A=et" M, = / 405 V1, 040 S ds (67)
0

Since (66) is a time-invariant discrete-time Riccati equation, its bounded and stabilizing
solution, if any, is a constant sequence and satisfies the discrete-time algebraic Riccati
equation (DTARE)

~ -1
X = AXAT — AXC] (Rd +CoXCy ) CoXAT + My, keZ (68)
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We recall that X is a stabilizing solution of the DTARE (68) if the eigenvalues of the matrix
A + KsCp lie in the disk |A| < 1, where
A ST (7 o~T) !
Ks 2 —AXC] (Rd +CoXCJ ) (69)
We set
A=k (% 5T (5 5T\ L m 5\ AT (1K)
Y, () = elo X - Xy (Rd+coxc0) CoX ) et

t
+/ M=) N1 040 (=90, t € (kh, (k+1)h], k€ Z (70)
h

From (68) and (70) (written for t — (k + 1)h), one obtains that
Ys((k+1)h) =X (71)

for all k € Z.
Letting ¢ — kh, t > kh in (70), we obtain via (71) that

~ -1
Yo (ki) = Ya(kh) — Ys(ki)CJ (Rd + CoYs (k) ) CoYs(kh), k € Z (72)
Further, differentiating (70) on the interval (kh, (k + 1)h), we obtain that
Ys(t) = AgYs(t) + Ys()Ag + My, kh < t < (k+1)h (73)

From (72) and (73) one sees that Y;(-) defined in (70) is a solution of the FJMLDE (61).
Furthermore, Y (-) is just the unique bounded and stabilizing solution of (61). Summarizing
the previous developments, we can state the following;:

Proposition 6. Under the assumptions Hy, Hy, if the DTARE (68) has a stabilizing solution
X which satisfies the condition Ry + COX'COT > 0, then the FIMLDE (61) has a bounded and
stabilizing solution Y;(-) which is a periodic function of period h and satisfies the condition Ry +
CoYs(kh)CJ >0, Vk € Z.

Remark 5. From (63) and (71), we may infer that the stabilizing gain (63) does not depend upon k
and it can be computed as
R = —XCJ (Ry+ CoXC]) 7

X being the unique stabilizing solution of the DTARE (68). In this case, (64) becomes

Ks = < IES ) (75)

5.2. Optimal Filter
Theorem 3. Assume the following:

(a)  the assumptions Hy, Hy hold;
(b)  the DTARE (68) has a stabilizing solution X which satisfies the condition

R+ CoXCy >0 (76)
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Let R be associated to the stabilizing solution X via (74) and Ks € R**" be defined as in (75).
We consider the filter G with np = 2n being the dimension of its state-space and with a state-space
representation described as follows:

X;p(t) = onp(f), kh <t < (k+1)l’l (77a)
xp(kh™) = (In + KsCo)xp (kh) — Ksy(kh), k € Z; (77b)
zp(t) = Coxp(t), t € Ry (77¢)
where C; = ( C, C, ). Under the considered assumptions, the filter Gr lies in g, and

minimizes the cost (5), of which the minimal value is given by

» h
T (Gr) = %/0 Tr[C.v(nc] [t (78)
where Y (t) is defined in (70).
Proof. See Appendix B. [

6. Numerical Experiments

From Theorem 3, it appears that in order to construct the optimal H,-filter, one has to
compute the stabilizing solution of the DTARE (68) which verifies the sign condition (76).
The coefficients of DTARE (68) depend on the unique solution of the non-homogeneous
Lyapunov-type algebraic Equation (51). Hence, in order to synthesize the optimal filter,
one has first to solve Equations (51) and (68), respectively. In order to solve (51), we use
the same method as the one described in [29]. Equation (68) being a standard DTARE,
we use existing numerical solvers in MATLAB 2020b ©. More specifically, we use the
function idare.

For the numerical application, we generate the following system matrices:

—0.841 2 —-0.019 -1
0 —1.752 —0.041 1
Ay = ,
0 0 —-2.1 1.9
0 0 0 —-1.2

—-0.1962 —-0.1771 03177 0.5917
- —0.6382 —0.1586 0.0326  0.4438

Ag = ,
0 —0.6483 —0.7518 —0.5198 0.0840
—0.6440 —0.2957 —0.6482 0.7039
005 -0.1 0 —0.05
0.1 05 -0.2 0.5
Al = ,
0 0.25 0.5 0.05
—0.25 0 0 —0.5
0.5920 —-0.4634 0.2457 —0.3596
i 0.0579 —-0.7923 —-0.7624 0.0846
1= ,

0.6176 —0.1988 0.2355 0.0122
0.6534 0.2137 —0.3608 0.8589
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—-0.1 0.05

B 0.15 0.2 Gy = 1 0 10 )
-01 -0.15 0 -1 0 O
0.1 0.05

~ [ —0.1594 -0.0743 0.0561 0.0801
0~ 0.0422  —0.034 —0.143 -0.02 )’

C — 02 03 0 -01 C— 0.5178 —0.1987 0.3356 0.3652
e 0 0o 05 —02 /) '\ 11127 00116 -01453 —0.7048 )’

D— 05 0 = 1 0 01 )
0 05 -1 -1 0 1

co— —1.2733 —0.1428 —-0.1467 0.4082
“7\ —05428 03743 —1.9668 —0.1116 |’

For the above parameters, the assumption H; is satisfied. The unique solution of the
Lyapunov-type algebraic Equation (51) as well as the unique stabilizing solution of the
DTARE (68) are given by

0.0445 0.0161 —0.0030 0.0012
0.0161 0.0277  —0.0073  0.0084

e = —0.0030 —0.0073 0.0067 —0.0016
0.0012 0.0084 —0.0016 0.0072
2.0957 1.0543 —-0.7931 —0.3107

= 1.0543 42084 —1.5616 1.2019

—0.7931 -—1.5616 12417 —0.3890
—0.3107 12019 —-0.3890 1.2238

respectively. The associated optimal filter gain is given by

—0.7313  0.3196
0.0149 0.9421
—0.1394 —0.3344
0.2895 0.2366
0 0

7
I

0 0
0 0
0 0

Figure 1 shows the evolution of the estimation error e(t) = z(t) — zp(t) for one real-
ization of the stochastic processes.

We have also performed Monte-Carlo simulations (corresponding to different realiza-
tions of the stochastic processes). We have considered 1000 realizations. The corresponding

results are summarized in Figure 2.



Mathematics 2025, 13, 1767 18 of 24

’\‘; ! A \
BN C
i TN

i
or | i
t [
- ,MJ i
|
;
5L

0 5 10 15 20 25
Time (s)

4
e e e B
4+ B
6\( ]
_8 \J 1 Il Il L
0 5 10 15 20 25
Time (s)

Figure 2. Monte-Carlo simulation.

7. Conclusions

In this work, we dealt with the problem of the optimal estimation of a remote signal
generated by a dynamical system modeled by a McKean-Vlasov type system of linear
stochastic differential equations subject to additive white noise perturbations. We assumed
that only measurements (of another signal generated by the dynamical system under con-
sideration) at some discrete-time instances are available in order to activate the dynamical
filter which has to provide the best estimation of the remote signal.

Since in the considered filtering /estimation problem, an admissible filter is fed to its
input by a discrete-time signal and has to provide to its output a continuous-time signal,
we assumed that the more appropriate class of admissible filters are those having the
state-space representation in the form of a jump linear system, as in (3).

In our approach, the dimension of the state-space of an admissible filter (often named
the order of the filter) is not prefixed. In Theorem 3, we have shown that among all
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admissible filters of arbitrary order nr > 1, the best estimation of the remote signal
generated by the given dynamical system is achieved by a filter having the order equal
to twice the dimension of the state-space of the dynamical system under consideration.
We have provided explicit formulae of the optimal filter. To this end, we have used
the stabilizing solution of an adequately defined forward jump matrix linear differential
equation (FJMLDE) with a Riccati-type jumping operator. We have shown how we can
reduce the computation of such a solution to the computation of the stabilizing solution of
a discrete-time algebraic Riccati equation (DTARE) for which there exist efficient numerical
procedures. It is worth mentioning that the state-space representation of the optimal
filter is computed offline, which facilitates its implementation. It remains a challenge for
future research directions to compare the performances of the optimal filter of the form
(77) with the performances of a filter whose gain matrices are computed online. Another
research direction would be to consider the case when the time between two consecutive
measurement samples is not constant but modeled by a stochastic process.
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Appendix A. Proof of Theorem 1

Let Y(-) = Y(+; tp, Yo) be the solution of the JMLDE (32) corresponding to the initial
pair (fo,Yo) € R4 x Sj. According to Remark 1, we know that Y(t) € S; for all t > #.
Based on (28), we have the partition

Y(t) = ( Z—lg(tt)) 1;1;((:)) ) t>

where Y1 (t) € Spu, Yr(t) € Syp and Yip(t) € R27E. Employing (22), (27), (30), we obtain
the following partition of the JMLDE (32):

Yi(t) = LYq(t)], kh <t < (k+1)h (Ala)
Yi(kh™) = Yi(kh), k > x(to) (Alb)
le(t) = A()le(t) + le(t)Al—:r, kh <t< (k+ 1)h (A2a)
Yip (k™) = Yy (kh)Cq Bf 4 + Yio(kh) AL 4, k > x(t) (A2b)
Yr(t) = ApYr(t) + Yr(H) AL, kh <t < (k+1)h (A3a)
]
Yr(kh™) = ApaYr(kh)Af 4+ Y BraCpY1(kh)C, BE
p=0

+ BraCoYia(kh) Af 4 + Ap g Y12 (kh)Cqg BE 5, k > x(to) (A3b)

where x(tp) is the integer with the property that (x(to) — 1)h < ty < x(t)h.
From (A1), we deduce that Y1 (+) is a solution of the linear ordinary differential equation

Yi(t) =L[Ya(t)], t > to
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Bearing in mind Hj, Proposition 2 (iii), and Remark 3 we may infer that
1Y ()2 < Bre™ 1| ys (o) (A4)

for all t+ > ty, where 1 > 1, 1 > 0 do not depend upon ¢, fy, Yi(tg). From (10a), we
obtain via Proposition 2 (ii) that A is a Hurwitz matrix if the assumption H, holds. Hence,
the eigenvalues of the matrix %0 are located in the disk |A| < 1. On the other hand, the
exponential stability of the zero solution of the JLDE (4) is equivalent to the fact that the
eigenvalues of the matrix eAF" Ap ; are also in the disk |A| < 1. So, the eigenvalues of
the operator Yy, — eAUhleA;deA; b RZne _y RZF gre in the disk |A| < 1. From
(A2), we deduce that the sequence {le(kh)}kZK(to) solves the following discrete-time
linear equation:
Z(k+1) = e Z(k) AL 1" + Hy, k > x(ko)

where Hy = Yq(kh)Cj B;,d' By considering (A4), we may infer that

|Hill, < 71(5’;—K(f0)||yl(t0)||2, Vk > x(ty), 11 > 0,01 = e € (0, 1). This allows

us to deduce via (A2b) that
Yz (ki H)[|, < yae™2®< k(|13 (1) [, + [ Yz (K (t0) 1) 1) (A5)

for all k > x(tp). Since Y1 (t) = eAO(t’kh)le(kh*)eAPT(t_kh), t € (kh, (k4 1)h], k > x(to),
we may conclude via (A5) that

1Y12(t) ]I, < Bae 210 (|| Y (o)l + [ Yaz(to)]],) (A6)

where B, > 1, ap > 0 do not depend upon ¢, ty, Y1(to), Yr12(to). Further, from (A3), we
deduce that {Yr(kh) }; (4, solves the following DTLE on the space Sy,

Ze(k+1) = e Ap 4 Zp (k)AL " + Hey, k > (ko)
with
Hpy = XZ; e ¥ Br 4C, Y, (k) C) BY jeF"
p=0
+ 447 (B yCoYaa(kt) Af g + A Y (kKI)C] BLg ) e
Invoking again (A4) together with (A6), we obtain
|Hll, < 9283 (M)l + [Yia(to) ), Yk > x(to)
Hence,
1Ye (ki) [l < yae™ =DMy (t0) | + [ Yaz(f) o + [ Ve (x(to) D) 2), (A7)
for all k > x(t(), with y3 > 1, a3 > 0 do not depend upon «(ty), Y1 (to), Yi2(to), Yr(x(to)h).
Since Y (t) = eAFEK Y (ki )eAF M) if ¢ € (kh, (k+1)h], k > x(k)), we may conclude

via (A7) that

YD)l < Bae™ =0 (Y1 (to) [l + [ Yaz(to) [l + Ve (to) ), ¥t > to (A8)
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where B3 > 1, a3 > 0 do not depend upon ¢, tg, Yi(to), Y12(t0), Yr(to). Taking into account
that || Y(t)]l, < [|[Ya(£)]], +2||Ya2(t) |, + IYE(E)|l,, we may conclude via (A4), (A6), and
(A8) that (33) holds. Hence, the proof is completed.

Appendix B. Proof of Theorem 3

The fact that the filter G lies in §,q., is obvious because in this case, the corresponding
JLDE (4) coincides with (55) and it is ES. Further, we show that the filter (77) achieves the
minimal value of the cost (4).

First, let us remark that under the assumption (b) from the statement, we obtain via
Proposition 6 that the FJMLDE with Riccati-type jumping operator (61) has a bounded and
stabilizing solution Y;(-). Further, Lemma 1 guarantees the existence of the bounded and
stabilizing solution Y;(-) of the FIMLDE (52). The corresponding stabilizing matrix gain is
given by (75).

Let Gr be an arbitrary but fixed admissible filter. The value of the performance (5)

: : o Yii(t)  Yao(t)
achieved by the filter Gr is given by (40). Let ( YL Yalt)
unique bounded R solution Y (t), t € R of the corresponding non-homogeneous FJMLDE
of type (26a)-(26b) with Y11(t) € Sy, Yoo (t) € Sy
Yi1(t) — Ys(t)  Yio(t)

Yih(t) Yoo (t)
(44)—(46), (52) and taking into account (50), (53), (54), we obtain that t — U(t) : R — Sy isa
bounded R solution of the following non-homogeneous FJMLDE:

> be the partition of the

We define U (t) = ,t € R. By direct calculations, involving

U(t) = Ag g (t) +U(H)A, 04", kh < t < (k+1)h (A9a)
UKRY) = Aggald (ki) Ao + F(Rd +CoXC] )rT, keZ (A9b)
where
I = K (A10)
—Brg

From (75) and (A10), we deduce via (28) that T'(R; + CoXCJ )I'" € S;. Hence, S; is an
invariant subspace of the FJMLDE (A9). Invoking Theorem 1, we may infer that under
the assumptions Hj, Hy, the zero solution of the corresponding JMLDE of the form (32)
is ES with respect to the invariant subspace S;. Employing Proposition 3 and Theorem 3
from [30], we deduce that there exists a function t — Z(t) : R — S satisfying

Z(t) + L [ Z(1)] + I, kh <t < (k+1)h (Alla)
Z(kh™) = L} 4[Z(kh)] + I, k € Z (A11b)
0<cl; < Z(t) <cly, teR (Allco)

*
c,cl

Bearing in mind the formulae of the adjoint operators of type (27), we obtain from (A11)
that Z(-) also solves

[] and £} ,[-] being the adjoint operators of the linear operators defined via (27).

Z(t) + Ag g Z(t) + Z(t) Ag + He (1) = 0, kh < t < (k+1)h (A12a)
Z(kh™) = AjoaZ(kh)Agg . + Hye(kh), k € Z (A12b)
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where Iy < H,(t) < 111, Vt € Rand Iy < Hyq(kh) < Iy for all k € Z. Based on
Proposition 4.2 from [26], we may conclude that the zero solution of the following JLDE on
the space R”

E(t) = Agul(t), kh <t << (k+1)h (A13a)
E(kh™) = Agoal(kh), k€ Z (A13b)

is ES. Applying Proposition 3.2 from [19], we may conclude that the exponential stability
of the zero solution of (A13) guarantees that the non-homogeneous FJMLDE (A9)—(A10)
has a unique bounded R solution and, additionally, this solution satisfies

U) >0, teR (A14)
Further, we rewrite (40) in the form
1 h 1 h
J(Gr) = / Te [C.X ()T [t + / Te[Catd(1)C] | at (A15)
0 0

According to (A14) we may infer that
1 rh
J(@r) = [ m[Cvac] |ar (A16)

for any admissible filter Gr. Now, we show that in the special case of the filter G described
by (77), the inequality (A16) becomes equality. Let us remark that in the special case of the
filter Gf, we have

T N
Cal(NCG =Co( hon —Dw JUM( by —hy ) C =C:ln(HC]  (A17)

where Uy (t) is the 11-block of

Upp(t) Upp(t) \ _ [ Ln —In Ly 0O

T A = U(t)

Upp(t)  Uxn(t) 0 Iy —Dn I
By direct calculation, involving (22), (52), (77), (A9), (A14), we obtain that Uy (-) is a
bounded solution of the following non-homogeneous FJMLDE:

lfIll (f) = AOUH(t) + LAIH(t)AJ, kh <t< (k + 1)]’1 (A18a)
Uy (k) = (Lo + KsCo) Uy (k) (I + KsCo) ', k € Z (A18b)
where K; is the stabilizing gain matrix defined by (75). Invoking again Proposition 3.2
from [19], we deduce that the FJMLDE (A18) has a unique bounded on R solution. So,
Uy1(t) = 0, t € R. Substituting this in (A17), we obtain that in the special case of the filter

described by (77), we have % foh Tr [CCIU (t)CC—H dt = 0. Hence, in the case of the filter G
described by (77), the equality (A15) becomes

_ h
J(Gp) = % / Tr[C.Ys ()] |at (A19)
0
From (A16) and (A19), we deduce that

T(Gp) > J(Gp) = % /0 "I [czys(t)cj]dt (A20)
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This shows that the filter G achieves the minimal value of the cost function (5), which
means that its output zp(t) provides the best estimation of the signal z(¢). Finally, employ-
ing (60), we deduce that (A19) coincides with (78). Thus, the proof ends.
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