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Abstract: It is very common for multiple experiments to be conducted under non-identical
but similar conditions, perhaps because of implementation errors, natural variability in
experimental material, or gradual drifting of experimental conditions. In the extremes of
modelling, each dataset could be analysed independently or the differences ignored entirely
and the datasets treated as replicates. In this paper, an alternative approach is proposed in
which a common parametric family is assumed across all datasets, but which then links
parameters in the separate datasets through prior models. It is assumed that knowledge
exists about the relationship between the model parameters. For example, there may be
some parameters which are expected to be equal, some which can be ordered, and others
which follow more complex relationships. The proposed modelling approach is motivated
by and illustrated using a collection of 18 autoradiography line-source experiments, which
are then used to determine details of a blur function used in the analysis of electron
microscope autoradiography images. Appropriate prior models are considered which
contain prior parameters controlling the level of agreement with the assumption; at one
extreme the analyses are independent, while at the other they are treated as replicates.
The results show how the parameter estimates and goodness-of-fit depend on the level of
agreement; in addition, a hyper-prior is placed on these parameters to for allow automatic
analysis. Parameter estimation is performed using Markov chain Monte Carlo methods.
As well as presenting a novel analysis of autoradiography data, the proposed method also
provides a general framework for dealing with a wide variety of practical data analysis
problems, showing potential for widespread use across the experimental sciences.

Keywords: autoradiography; hot-lines; image spread; line-spread; Markov chain Monte
Carlo; mixture modelling; Student t distribution
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1. Introduction
With the increasing access to diverse data, it is common to create collections that

are more appropriately described as observational rather than the result of designed
experiments. This means that it is harder to maintain the consistency of known important
factors, let alone the myriad of unknown influences. In a designed experiment, such factors
are either explicitly part of blocking or stratification, or are balanced by randomisation. If
no such action is possible, then repeated experiments may have many of the properties of
replicates, but may also exhibit inconsistencies from one repeat to the next. For example, it
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may be unethical to maintain consistency across medical studies (for example, see [1] or
[2]). Clearly, one approach is never to combine the repeats but to instead keep them very
separate and make conclusions about each situation independently. With less vigilance, all
might be combined with the hope that the inconsistencies will only add to the overall noise
without creating bias.

Despite the wide use of either fully independent analyses or naive pooling of datasets,
there remains a methodological gap in approaches that can rigorously accommodate partial
or structured agreement across quasi-replicate datasets. Current models rarely offer a
flexible mechanism to express known or hypothesized relationships such as parameter
equality, ordering, or bounded variation across repeated experiments. In this paper, we
address this gap by introducing a Bayesian hierarchical framework that explicitly encodes
these structured relationships through carefully designed priors. While hierarchical models
are well established, our contribution lies in the use of flexible domain-informed priors to
help bridge the spectrum between full replication and complete independence, thereby
providing a principled middle ground that is often lacking in practice.

In this paper, a modelling approach is adopted within a hierarchical Bayesian frame-
work (for example, see [3,4]) to incorporate suspected differences between repeats. In
addition to allowing for inferential differences between repeats, this analysis can help to
identify the effects of these difference, thereby leading to additional insights.

The primary objectives of this study are as follows: (i) to develop a hierarchical
Bayesian framework for modeling quasi-replicate datasets with structured parameter
relationships; (ii) to demonstrate the proposed framework on real experimental data,
specifically a set of electron microscope autoradiography studies; and (iii) to evaluate how
different assumptions about inter-dataset relationships influence inference and model fit.

The proposed framework offers several key benefits: first, it allows analysts to incor-
porate domain knowledge about expected parameter similarities or differences; second, it
supports partial pooling through prior specifications; finally, it provides a coherent proba-
bilistic foundation for dealing with complex and non-identically-distributed experimental
data, making it applicable across the wide range of scientific fields where quasi-replication
is common.

2. Modelling of Quasi-Replicates
2.1. General

Suppose that an experiment is comprised of M replicated sub-experiments with the
aim of investigating the distributions of some variable of interest Y. For each replicate, a
separate dataset is recorded; these datasets are then combined to provide the full set of
measurement y = {yj : j = 1, . . . , M} = {yij : i = 1, . . . , nj; j = 1, . . . , M}, where nj is the
sample size for replicate j and there is no assumption that the sizes are constant across
replicates. Further, we assume that measurements of q other variables X = {X1, . . . , Xq}
are also recorded for each replicate, leading to additional data denoted x = {xij : i =

1, q; j = 1 . . . , M}. The variation in these values prevents them from being true replicates
and causes systematic patterns in the measurements. The modelling of such systematic
patterns is a main theme of this paper. For each replicate, the same flexible continuous
distribution family f (y|·) is considered, which depends on a set of parameters denoted
θ = {θk : k = 1, . . . , p}, and consequently on the density family f (x|θ). Clearly, it is
possible to simply combine the measurements from each replicate and obtain a single set of
parameter estimates. On the other hand, an initial analysis might be performed on each
replicate with the cautious approach of checking for consistency before combining. The
theme of this paper is to consider the situation where some of the experimental conditions
are not constant between replicates, either by design or by chance. In particular, in the
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scenario where lack of consistency is suspected or has already been confirmed but where it
is also expected that the relationships between estimated parameters from the replicates will
have some structure, we shall refer to the sub-experiments as quasi-replicates. This creates
duplicated sets of related parameters, as illustrated in Table 1. It is necessary to discuss
collections of the parameters related to a single sub-experiment, that is, a row in Table 1;
hence, Θ = {θj• : j = 1, . . . , M}, where for j = 1, . . . , M we have θj• = {θjk : k = 1, . . . , p}.
Similarly, for the equivalent parameters across all sub-experiments, that is, a column in
Table 1, we have Θ = {θ•k : j = 1, . . . , M}, where θ•k = {θjk : j = 1, . . . , M} for k = 1, . . . , p.
Thus, θj• are parameters for a single sub-experiment, whereas θ•k are parameters across
all sub-experiments. For more details—see Supplementary Materials.

Table 1. Parameters and their relationships with likelihood and prior distributions.

Parameter

Sa
m

pl
e

1 2 . . . p yj Likelihood

1 θ11 θ12 . . . θ1p y1 L1(y1|θ1•)
2 θ21 θ22 . . . θ2p y2 L2(y2|θ2•)
...

...
...

...
...

M θM1 θM2 . . . θMp yM LM(yM|θM•)

Prior π(θ•1) π(θ•2) . . . π(θ•p)

2.2. Bayesian Modelling

In this paper, a Bayesian approach is taken to modelling the relationships between
parameters from the quasi-replicates. We use the definitions of likelihood and prior distri-
bution provided later in this section. For general background to Bayesian modelling, see
[3,5–8], among others. We adopt a Bayesian approach in this paper due to its flexibility in
incorporating prior knowledge and robustness in handling uncertainty, especially in set-
tings with limited or noisy data, which is often the case with quasi-replicates. The Bayesian
framework allows for formal combination of prior beliefs and observed data through the
posterior distribution. Key assumptions include the specification of prior distributions,
chosen here to reflect weakly informative beliefs where applicable, and the structure of the
likelihood, which assumes conditional independence across quasi-replicates. These choices
are further detailed in Table 1.

Furthermore, the Bayesian framework is inherently flexible and can be extended to ac-
commodate missing data by treating unobserved values as additional unknowns within the
model. This allows inference to proceed without discarding incomplete observations, pro-
vided an appropriate model of missingness is specified. Furthermore, the use of hierarchical
priors in our model helps to address unobserved heterogeneity across quasi-replicates by
allowing for variation in parameter estimates while still enabling information sharing.
More sophisticated forms of heterogeneity, such as latent class structures, could also be
integrated within this framework in future work.

The individual likelihood and log-likelihood functions for single dataset j with model
parameters θj• are provided by

Lj(yj|θj•) =
nj

∏
i=1

f (yij|θj•),

and

lj(yj|θj•) = log Lj(yj|θj•) =
nj

∑
i=1

log f (yij|θj•).
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The likelihood of the full dataset with model parameters Θ = {θj•, . . . , j = 1, . . . , M}, which
can also be re-written in terms of the individual dataset likelihood functions, is provided by

L(y|Θ) = L(y|Θ = (θ1, . . . , θM)) (1)

=
M

∏
j=1

nj

∏
i=1

f (yij|θj) =
M

∏
j=1

Lj(yj|θj), (2)

that is, by the product of the terms in the right-hand column of Table 1.
The known subjective information about relationships between model parameters,

such as the expected similarity, ordering, or bounded variation, is formally encoded through
the prior distributions. These priors include parameters that control the degree of agreement
between datasets. Importantly, by placing hyper-priors on these parameters, the model
can learn the appropriate level of pooling or separation from the data itself, thereby
balancing prior knowledge with empirical evidence. This approach improves model
flexibility, mitigates the risks of over- or under-pooling, and supports automatic data-driven
regularization. It is a common approach to include one or two hierarchical layers into
the modelling, after which additional layers would contribute little to the final estimation
process but would contribute to the problem complexity and computation overhead.

Let the prior distribution of the model parameters Θ be denoted as π(Θ|Υ), with
the prior parameter set Υ = {υk : k = 1, . . . , p} and with Υ modelled according to
π(Υ|γ). In this paper, we assume that the hyperparameters γ which govern the strength or
structure of prior beliefs are fixed (possibly informed by preliminary analysis or domain
expertise) rather than treated as random and estimated from the data. This choice simplifies
computation and model interpretation, but also limits the model’s ability to adapt to
the data in cases where the choice of γ is uncertain or subjective. Alternative versions
of the model could incorporate hyper-priors on γ to enable full Bayesian learning and
automatic tuning.

In what follows, it is assumed that the prior information about each parameter is
independent of all other parameters but that there is some relationship between values of
the same parameter which are in different datasets; hence,

π(Θ|Υ) =
p

∏
k=1

π(θ•k|υk),

that is, the product of all the terms in the bottom margin of Table 1. As a simplification, the
hyper-prior distributions are taken to depend on a common hyperparameter γ as

π(Υ|γ) =
p

∏
k=1

π(υk|γ),

that is, there is a single hyper-prior parameter γ which controls all the hyper-prior dis-
tributions, although these distributions may including scaling of the variable to achieve
approximate equanimity.

Examples of potential prior models include:
1. No prior information, θ•k ∼ Unif.
2. Shrinkage to zero, θ•k | υk ∼ N(0, υ2

k).
3. Shrinkage to a common mean, θ•k | θ̄•k′ , υk ∼ N(θ̄•k′ , υ2

k), where θ̄•k′ is the mean of θ•k

with θ•k excluded.
4. Smoothing of ordered parameters, θk | θk−1, υk ∼ N(θk−1, υ2

k) for k = 2, . . . , p.
5. Covariate regression, θk | βk, υk ∼ N(θ̄ + βk(xk − x̄), υ2

k).
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Finally, the prior variance parameters are modelled by exponential distributions
υk ∼ Exp(γ), which promotes closer relationships between the parameters of the prior
parameters. A diagram illustrating the hierarchical structure is provided in Figure 1.

In all of the above, the normal distribution can be replaced by a Laplace distribution,
which converts shrinkage and ridge regression to thresholding via LASSO (for an example,
see [9]). In Sections 2 and 5, the Laplace distribution is used throughout.

In the prior model example case (5), the introduced regression parameters β = (β1, β2, . . . , βr)
may be subject to further hierarchical modelling using models such as those above with ad-
ditional variance parameters, resulting in the set of prior variance parameters, referred to as
Υ = (υ1, υ2, . . . , υp, υp+1, . . . , υp+r). Finally, the prior variance parameters are modelled by ex-
ponential distributions υk ∼ Exp(γ), which promotes closer relationships between the prior
parameters. When helpful, let the set of all hyper-parameters υ combined with β be denoted as
φ = {υ, β} = {φ1, φ2, . . . , φK}.

Figure 1. Hierarchical model structure.

As a full statistical description of the model, the likelihood and priors are brought
together to form the posterior distribution, which is the focus for inference:

p(Θ, Υ|y) = p(y|Θ)× p(Θ|Υ)× p(Υ|γ)× p(y).

Then, the above form provides

p(Θ, Υ|y) ∝
m

∏
i=1

ni

∏
j=1

f (yi,j|Θj)×
m

∏
i=1

p

∏
k=1

p(Θi,k|υk)×
p

∏
k=1

p(υk|γ).

In Section 3, Case 3 above is again considered as a general approach to quasi-replicate
modelling. In addition, we consider a combination of the above cases as an example of the
use of high-level prior information where specific practical knowledge of each parameter is
taken into account. In the next section, the background to autoradiographic line-spread
data collection and modelling is used as an example, as this forms the motivation for the
detailed prior modelling examples and is analysed in Section 5.
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2.3. Estimation via MCMC

Both the full posterior distribution p(Θ, Υ | y) and the marginal posterior distribution
p(Θ | y) with the hyper-prior parameters integrated out are multivariate and highly com-
plex distributions. This is particularly true if we move away from normal distributions and
when the prior distributions take on varying forms. Any explicit solution for posterior pa-
rameter estimates is impossible, and numerical optimization does not easily allow for more
general inference beyond point estimation. Hence, in this paper we use a standard Markov
Monte Carlo algorithm to collect correlated samples from the posterior distribution. These
samples can then be summarised to perform varied inference. The implemented MCMC
algorithm is based on standard single-parameter updates and random walk updates. For
details of MCMC methods for Bayesian inference, see [8,10–13], among others. Proposed
parameter values which are outside the parameter space are immediately rejected. Proposal
variance is automatically adjusted during the burn-in period to reduce the time taken to
declare equilibrium and reduce chain autocorrelation (see for example [14,15]). Run lengths
were set to substantially exceed the minimum sample size calculations based on integrated
autocorrelation (see for example [16]). Various summary numerical and graphical outputs
are then produced, as described in Section 5. All computations were performed in [17],
and script files for all results are available from the authors.

3. Modelling I-125 Line-Spread Data
3.1. Background to Autoradiography

Autoradiography, in particular electron microscope autoradiography, is a technique
used in cellular and molecular biology for the quantitative study of large molecules such
as proteins, hormones, and pesticides. For some recent uses, see for example [18–20].
Autoradiography can be used to track the progress of metabolic processes through the
localisation of radioactive tracer molecules. In contrast to other radioactive emission
imaging methods such as gamma camera imaging, SPECT, and PET (see [21]), the detector
system is a simple photographic film which is placed in contact with the study material. The
number of radioactive events is usually small and they can sometimes be recorded at some
considerable distance from their origin, making the problem a classical linear inverse problem
which has exactly the same structure as gamma camera imaging, SPECT, and PET. The
key requirement to solving the resulting estimation problem is detailed knowledge of the
distribution of the distance between a radioactive event and its origin. To investigate this
distribution, which depends on experimental conditions, separate controlled calibration
experiments are performed using a radioactive line source; hence, the resulting collection
of measurements of distance from the line source to the recorded locations is known as
line-source data. Statistical models can be fitted to these datasets, and the resulting model
parameters can then be used in other autoradiographic studies. A review of previously
used statistical models can be found in [22], where the authors proposed an improved
modelling approach that was subsequently studied in [22]. For the data considered in these
two works, see [23]. The data were derived from 18 calibration experiments performed
using line sources with thickness ranging from about 0.4 µm to about 0.7 µm. It is thought
that this thickness helps to control the amount of spread in the line-source data. In addition,
the authors recorded is the length of the line source, which varied from 834 µm to 1565 µm.
These two sets of additional data are be denoted as x1 = {x1j : j = 1, . . . , M} and x2 = {x2j :
j = 1, . . . , M}, respectively. The model from [22] is described in the next section, which
motivates the quasi-replicate models considered in Section 4 and subsequently analysed in
Section 5.
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3.2. Mixture Model Based on Student’s t Distribution Components

It is reasonable to assume that both the distance travelled by emitted particles and
their subsequent chances of being recorded in the photographic layer are related to their
energy. Certain radioactive isotopes emit particles in distinct energy bands; for Iodine-125
in particular, there are three bands: 0–1 keV, 3.0–3.6 keV, and 22.7–34.6 keV, in proportions
0.52, 0.42, and 0.06, respectively, which suggests that a three-part mixture model could
be appropriate. In [22], the authors proposed the use a mixture model with Student’s t
distribution components; for example, see [24] for further details of general-purpose robust
modelling using the distribution of Student’s t value. Further, folding and truncation of
the distributions can be used to accommodate the measurement regime, while a uniform
component can be used to describe recordings due to background radiation. In [22], the
authors found that at most two Student’s t distribution components are needed to describe
experimental data. This model is described below.

The basis of the model uses the following form of the Student’s t distribution with
location and scale parameters:

g(x|ν, σ, µ) =
Γ(ν)

√
π Γ(ν − 1

2 )

σν−1

(σ2 + (x − µ)2/ν)
ν , (3)

with ∞ < x, µ < ∞; ν > 1/2, σ > 0, the parameter ν defines the degrees of freedom
(do f = 2ν − 1), σ is a scale parameter, and µ is a location parameter. In particular, it is
expected that ν and σ will depend on the energy of the emitted particles and that µ will
describe any systematic measurement error due to misidentifying the exact location of the
line source.

Now, let the probability density function f (x) describe the horizontal distance x from
a recorded event to the line source, where the measured distances are recorded without
signs and only over the range (0, T). Further, a proportion π of the recorded events is
caused by homogeneous background sources, giving rise to a uniform distribution on
(0, T); hence, the appropriate form for the distribution of observed events is

f (x|Θ) = π
1
T
+(1 − π)

(
ω

g(x; µ, ν1, σ1) + g(−x; µ, ν1, σ1)

G(T; µ, ν1, σ1)− G(−T; µ, ν1, σ1)

+(1 − ω)
g(x; µ, ν2, σ2) + g(−x; µ, ν2, σ2)

G(T; µ, ν2, σ2)− G(−T; µ, ν2, σ2)

)
,

where G(.) is the cumulative distribution function corresponding to g(.). The full parameter
set Θ contains three parameters which do not depend on the component: a background
proportion π, a weight ω, and a location µ. In addition, there are two pairs of parameters
(ν1, σ1) and (ν2, σ2). This results in a total of p = 7 model parameters, referred to as
Θ = (θ1, θ2, . . . , θp) when convenient.

4. Prior Models for Quasi-Replicates
4.1. Agreement Model

There are many possible forms that prior information might take; here, two differing
approaches are described and then applied to the data in Section 5. The first is the most
general, and can easily be applied to any replicate and quasi-replicate situation. It simply
assumes that the values of a given parameter for each sub-experiment are drawn from a
common distribution, such as a Laplace distribution, with unknown mean and variability. As
the variability grows larger, the individual estimates tend toward those from independent
estimation, while as the variability tends to zero, the parameter estimate tends toward a
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common estimate. For ease of estimation, rather than estimating common mean and variability
parameters, we consider a conditional distribution approach.

In particular, in the data application considered here, we define the following:

θk − θ̄k′ | θ̄k′
indep∼ Laplace(0, υk) k = 1, . . . , p

where the notation θ̄k′ refers to the mean of the parameters across sub-experiments with θk

excluded. The variability parameters after scaling are modelled by a common exponential
distribution υk/δk ∼ Exp(γ), with γ fixed after some initial experimentation. The scaling
values will also be fixed during experiments; here, the exact value is not relevant, as it is
only necessary to achieve approximate equity in the influence of the hyper-prior on the
variability parameters.

4.2. Structural Model

In the case of the autoradiographic experiments used as illustration in the paper, there
is far more detailed structural prior knowledge about each parameter and collections of
parameters. In contrast to the previous agreement on prior distributions, this information
can be coded specifically; hence, the modelling moves from a general model to a specific
one, as with non-parametric and parametric modelling. In this section, a modelling strategy
will unfold with the resulting relationship between parameters illustrated in Figure 2
which will be described at the end of the section. When purely considering the correlation
between independently estimated parameter values and the thickness and length of the
line sources, those most likely to have regression relationships are ω with thickness and
µ with length. When using the information about the energy distributions and physical
properties of the radioactive materials, however, the following set of prior distributions
is considered, taking the parameters in turn. Recall that the thickness and length of the
line sources for sub-experiment M are recorded in variables x1 = {x1j : j = 1, . . . , M} and
x2 = {x2j : j = 1, . . . , M}, respectively.

Figure 2. Hierarchical model structure for the structural model.
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The first parameter π quantifies the proportion of recorded events due to back-
ground radiation. This might be assumed to be constant for all experiments with
πk|υπ ∼ Laplace(µπ , υπ). Alternatively, it is possible that, for experiments with greater
line-source thickness, the wish to collect sufficient radiative emissions might lead to a
longer data collection window, and consequently to a higher proportion of background
events. If we assume a linear relationship, then this would suggest the model used here,
provided by

πk | π̄k′ , βπ , υπ∼Laplace∗(π̄k′ + βπ(x1k − x̄1), υπ),

for πk ∈ [0, 1), with the value πk = 1 excluded to avoid identifiability issues with the
parameters in the Student’s t components. This of course reduces to the above case when
βπ = 0; also, the notation Laplace∗ indicates that the distribution here and below may
involve truncation to renormalise the usual distribution taking into account the required
given parameter range.

We expect the location parameter µ to be small, and it is reasonable to assume that it
follows a symmetric distribution; hence, µk | υµ ∼ Laplace(0, υµ) is appropriate. However,
prompted by the correlation with length seen in [22], we can also consider

µk | µ̄k′ , βµ, υµ∼Laplace∗(µ̄k′ + βµ(x2k − x̄2), υµ),

for µk ∈ [0, ∞). This of course reduces to the above case when βµ = 0.
From the earlier discussion, it is expected that the relative proportions of recorded

lower-energy and higher-energy emissions will depend on the thickness. Rather than
assuming some parametric form, we only assume that they vary smoothly; hence,

ω[k] | ω[k−1], γω ∼ Laplace∗(ω[k−1], υω),

for ω[k] ∈ (0, 1), where ω[k], etc., refer to the k-th value in a list of weight values ordered by
line-source thickness.

As there is no information about the most likely values of the power parameter
in the two Student’s t components, it is assumed that they should be equal across sub-
experiments, since there is no change in the governing physics. Hence, taking the power
parameter in the two Student’s t components together, we choose the models

ν1k | ν̄1k′ , υν1 ∼ Laplace∗(ν̄1k′ , υν1),

ν2k | ν̄2k′ , υν2 ∼ Laplace∗(ν̄2k′ , υν2),

for ν1k, ν1k ∈ (0.5, ∞). These are the same as in the above agreement model, and state that
the set of power parameter values have a common mean.

Only the two scale parameters in the Student’s t distribution remain; again, modelling
them as having a common mean would be appropriate with σ1k|σ1k′ , υσ1k ∼ Laplace∗(σ1k′ , υσ1)

and σ2k|σ2k′ , υσ2k ∼ Laplace∗(σ1k′ , υσ2). Alternately, taking into account that the spread of
the Student’s t components might be expected to increase with the line-source thickness,
we can consider

σ1k | βσ1 , σ̄1k′ , υσ1 ∼ Laplace∗(σ̄1k′ + βσ1(x1k − x̄1), υσ1),

σ2k | βσ2 , σ̄2k′ , υσ2 ∼ Laplace∗(σ̄2k′ + βσ2(x1k − x̄1), υσ2),

for σ1k, σ1k ∈ (0, ∞).
This modelling introduces an extra two regression parameters βπ and βµ, modelled as

βπ | υβπ
∼ Laplace∗(0, υβπ

), βµ | υβµ
∼ Laplace∗(0, υβµ

),
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along with a further two parameters βσ1 and βσ2 which might be equal and as such could
be modelled to have a common mean, that is,

βσ1 | βσ2 , υβσ1
∼ Laplace∗(βσ2 , υβσ1

),

and
βσ2 | βσ1 , υβσ2

∼ Laplace∗(βσ1 , υβσ2
),

where for consistency we use υβσ
= υβσ1

= υβσ2
.

Let the collection of structural parameters be denoted as Θ = {π, µ, ω, ν1, σ1, ν2, σ2, βπ, βµ,
βσ1 , βσ2} = {θk : k = 1, . . . , p = 11. Further, let the set of variance parameters be denoted as
Υ = {υπ , υµ, υω, υν1 , υσ1 , υν2 , υσ2 , υβπ

, υβµ
, υβσ

} = {υk : k = 1, . . . , r = 10}. As above, these
variance parameters are modelled by exponential distributions υk/δk ∼ Exp(γ), with γ

fixed after some initial experimentation.

5. Numerical Results
5.1. Independent and Combined Estimation

As baseline results for later comparison, we consider using the MCMC approach
to estimate parameters for each quasi-replicate independently. This leads to 18 sets of
model parameters, with each set estimated from a single dataset. Figure 3 shows selected
results arranged in pairs within rows. The left-hand side of each pair contains all 18 traces,
showing the progress of the sampled values through the MCMC iterations. The right-hand
side shows 18 boxplots of the collection of values, with one for each dataset. The horizontal
axis contains the 18 datasets ordered by line-source thickness. Then, going from left to right
then top to bottom, the pairs are π, µ, ω, the posterior density, ν1, σ1, ν2, and finally σ2.

The trace plots in Figure 3 demonstrate rapid convergence to equilibrium, good
mixing within the sample, and low autocorrelation; these comments are also confirmed by
numerical summaries.

For the boxplot of π, most samples have at least slightly positive skew, though perhaps
#3 and #7 have negative skew, with these also having the highest posterior median. The
boxes are all narrow, indicating precise estimates. The posterior medians range from about
0.05 to 0.35, with no obvious dependence on thickness.
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Figure 3. Cont.
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Figure 3. Output from independent estimation for the parameters, (a): shows the monitoring estimate
of π, (b): shows the boxplots of π, most samples have at least slightly positive skew and the highest
posterior median, (c): shows the monitoring estimate of µ, for 18 data, (d): shows the boxplots of
µ, all have positive skew with posterior medians between 0.20 and 0.05, (e): shows the monitoring
estimate of ω, (f): shows the boxplots for ω, where the posterior medians between 0.30 and 0.55
with narrow, (g): shows the monitoring estimate of ν1, (h): shows the boxplots for ν1, the posterior
medians between 20 and 30, (i): shows the monitoring estimate of σ1, (j): shows the boxplots for
σ1, the posterior medians between 5 and 14, (k): shows the monitoring estimate of ν2, (l): shows
the boxplots for ν2, the posterior medians excess of 60, (m): show the monitoring estimate of σ2 and
(n): shows the boxplots for σ2, the posterior medians between 1.00 and 0.50.

For µ, all have positive skew with posterior medians between 0.2 and (generally) 0.05,
with the exception of #18, which has a posterior median of about 0.9. There is a slight increase
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in these values with thickness. All sample have considerable box width and similarly large
distance between the whiskers, indicating that the estimates may be unreliable.

The boxplots for ω show posterior medians between 0.3 and 0.55 with narrow boxes,
indicating precise estimation. There appears to be a slight increase in the estimates with
line source thickness.

For v1, values across nearly the full allowed range appear with very positive skew
distributions. Most posterior medians are between 20 and 30, although those for #1, #13,
and #14 are considerably lower. Given that this parameter controls the degrees of freedom
in the Student’s t distribution, these results indicate that most are very close to being well
approximated by a Gaussian distribution, with the clear exceptions of #1, #13, and #14.
Generally, the posterior variability is high.

For σ1, there is wide variability between the posterior medians, ranging from 5 to 14;
although the whiskers are far apart, the box widths are narrow, suggesting reliable estimation.

There is great uniformity in the boxplots for ν2, with all having posterior medians in
excess of 60; in fact, no box is below the neighbourhood of 35. This strongly suggests that
this second Student’s t component could be replaced by a Gaussian term, as was concluded
in [22], where the authors used maximum likelihood estimation.

Finally, for σ2, there is no clear pattern in the posterior means, which range from 0.5 to
1.0. Again, the boxes are relatively narrow compared to the distance between whiskers.

Next, we consider the simultaneous estimation of a single set of parameters to all
18 datasets, which treats them as proper replicates. Figure 4 shows results from the MCMC
estimation, following a similar layout as Figure 3 but with only a single trace and boxplot
for each parameter. The posterior medial values are provided in Table 2. Although all trace
plot indicate adequate convergence, they clearly show greater autocorrelation with sample
size calculations, indicating that 1000 is the minimum sample size here.
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Figure 4. Estimation of the parameters from combined datasets, (a): shows result of π, from MCMC
estimation for a single data, (b): shows the boxplot with posterior median equals 0.09, (c): shows
result of µ, from MCMC estimation for a single data, (d): shows the boxplot with posterior median
equals 0.23, (e): shows result of ω, from MCMC estimation for a single data, (f): shows the boxplot
with posterior median equals 0.49, (g): shows result of ν1, from MCMC estimation for a single data,
(h): shows the boxplot with posterior median equals 1.14, (i): shows result of σ1, from MCMC
estimation for a single data, (j): shows the boxplot with posterior median equals 7.06, (k): shows
result of ν2, from MCMC estimation for a single data, (l): shows the boxplot with posterior median
equals 47.20 and (m): shows result of σ2, from MCMC estimation for a single data and (n): shows the
boxplot with posterior median equals 0.78.

Table 2. Parameter estimation with datasets combined, showing posterior median and 95%
credible interval.

π̂ µ̂ ω̂

0.09 0.23 0.49
(0.06, 0.12) (0.01, 0.49) (0.45, 0.53)

ν̂1 σ̂1 ν̂2 σ̂2

1.14 7.06 47.20 0.78
(0.88, 1.55) (5.98, 8.09) (5.19, 95.8) (0.62, 0.86)
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The posterior median for π is about 0.09 (posterior interval (0.08, 0.10)). This is a good
typical value compared to the individual estimates, although it does hide several higher
individual values. For µ, the combined data posterior median is 0.30 (0.16, 0.42), which is
in good agreement with some of individual estimates but is not very representative of many
of the cases with higher thickness. The combined posterior mean for ω is 0.48 (0.47, 0.50),
which passes through the range of individual estimates and hides the slight increase in ω̂

with line source thickness.
The combined posterior median for the degrees of freedom of the first Student’s t

component is 1.14 (1.02, 1.30), which is dramatically different compared to the majority
of the individual estimates. For σ1, the combined estimate is 7.13 (6.71, 7.62), which is
generally lower than the mode of the individual estimates.

For the second Student’s t component, the estimate of ν2 is 32.97 (9.47, 65.36), strongly
indicating that a Gaussian component is appropriate for the combined data. For σ2, the
posterior median is 0.76 (0.68, 0.80), which is within the range of individual estimates.

Before moving on, we again consider the combined parameter estimates in Table 2
along with the physical information discussed in Section 3.2. The estimate appears to be
around 10%, but with variations between quasi-replicates. There is no discernible pattern
as the line-source thickness increases. There seems to be a small error associated with
locating the position of the line source in the recorded microscope images.

Very interestingly, the two Student’s t components have weightings of 0.48 and 0.52,
corresponding to a wide-tailed component and a narrow-spread component, respectively.
Although the physical considerations indicate a three-part mixture, the highest energy com-
ponent only accounts for 6% of radioactive emissions, and as suh could easily be merged
with the mid-energy component. This would lead to proportions of 0.48 higher-energy
emissions with longer range and 0.52 low-energy emissions with shorter range. Hence, the
model estimates and physics are in excellent agreement, providing high confidence in the
results and leading to interpretable conclusions.

5.2. Conditional Estimation of Agreement Model with Fixed υ

This section considers estimation using the agreement model for a range of fixed
υ parameters. To permit the prior distribution variances to be controlled by a sin-
gle underlying variable, which allows for more intuitive graphical displays, prelimi-
nary experiments were performed to determine a scaling relating a single parameter
υ to the set of parameters: υ = {υπ , υµ, υω, υν1 , υσ1 , υν2 , υσ2}. In particular, the scaling
υ = δυ with δ = {60, 15, 25, 0.4, 0.5, 0.1, 15} was used. Then, Figure 5 plots the changes in
θ̂ = {π̂, µ̂, ω̂, ν̂1, σ̂1, ν̂2, σ̂2} as υ is varied. The aim of this scaling is to demonstrate that a
single parameter influences the individual estimates in a similar way.

Figure 5 shows the pattern of changes in the posterior estimates of the 18 × 7 model
parameters, that is, a set of parameters for each quasi-replicate, in this case where prior
distributions on each parameter promote agreement with the level of agreement controlled
by the parameter υ. The grey-shaded envelopes around the lines indicate the point-wise
95% credible intervals for each estimate calculated using the percentiles of the relevant
MCMC sample. The separate credible intervals are superimposed on top of each other;
hence, the darker shading indicates values which are in many credible intervals.
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Figure 5. Cont.
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Figure 5. Conditional estimates of the parameters from agreement model for given agreement pa-
rameter υ, (a): shows the results of estimating the parameter, π, and the posterior credible intervals
are narrow, (b): shows the results of estimating the parameter, µ, and the posterior credible inter-
vals are very wide, (c): shows the results of estimating the parameter, ω, and there is symmetric
convergence of all estimates towards the combined posterior median as υ increases, (d): shows
the results of estimating the parameter, ν1, and the large high range of estimation then strongly
indicating non-Gaussian components, (e): shows the results of estimating the parameter, σ1, and a
more complex pattern, (f): shows the results of estimating the parameter, ν2, and all have very wide
credible intervals and (g): shows the results of estimating the parameter, σ2, and smooth changes in
the estimates.

For the estimates of π in (a), some potential sub-grouping forms around υ = 1, with
high agreement after υ = 2 with only #3 and #7. In all cases, the posterior credible intervals
are narrow.

For the estimates of µ in (b), the posterior credible intervals are very wide and are
almost coincident for all cases. There appears to be some grouping structure, and it is
noticeable that the agreement estimates are much lower than the individual estimates.

For the estimates of ω in (c), there is symmetric convergence of all estimates towards
the combined posterior median as υ increases.

For the estimates of ν̂1 in (d), the large and generally high range of estimation for the
component degrees of freedom is dramatically reduced, strongly indicating non-Gaussian
components for all cases after a very low value of υ.

The estimates of σ1 in (e) show a more complex pattern, with some estimates changing
direction as υ increases.

For the estimates of ν2 (f), all have very wide credible intervals, but also have very
similar values for all υ. The estimates are dramatically reduced from the Gaussian terms
for the individual estimation to more borderline Student’s t/Gaussian degrees of freedom
for the higher values of υ.

Finally, the estimates of σ2 in (g) show smooth changes in the estimates as υ changes,
with all estimates moving towards a central estimate for large υ.

5.3. Full Estimation of Agreement Model

The results in the previous section have shown some interesting patterns and inter-
pretations; clearly, the results change dramatically as the prior distribution parameter
changes. In this section, we consider automatic estimation of the set of these parameters.
In Section 4.1, a common hyper-prior distribution was suggest for each υk; however, as
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introduced during the estimation in the previous section, a scaling is now be used to
provide similar effect from the common hyper-prior distribution on each υk. Here, we use
υk/δk ∼ Exp(γ), which is analogous to the scaling υk = δkυ in the previous section.

Summaries of the output from the MCMC algorithm are shown in Figure 6 for the
estimation of υ and in Figure 7 for the corresponding estimation of θ.

Variability parameter
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5
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Figure 6. Posterior summary for prior variability parameters, υ, in the full agreement model.
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Figure 7. Posterior summary parameters in the full agreement model, (a): shows the boxplots of
the posterior medians of the parameter, π, (b): shows the boxplots of the posterior medians of the
parameter, µ, (c): shows the boxplots of the posterior medians of the parameter, ω, (d): shows the
boxplots of the posterior medians of the parameter, ν1, (e): shows the boxplots of the posterior
medians of the parameter, σ1, (f): shows the boxplots of the posterior medians of the parameter, ν2

and (g): shows the boxplots of the posterior medians of the parameter, σ2.
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The posterior samples for υ are shown as box plots in Figure 6. The posterior medians
are lowest for υπ , υµ and highest for υσ1 . All distributions possess positive skew. While
the posterior variabilities are similar, those for υπ and υµ are slightly smaller and those
for υν1 and υσ1 are slightly higher. The posterior samples for θ are shown as box plots in
Figure 7. There is no apparent pattern. The posterior medians and variabilities for π in
(a) are larger for #3 and #7 and slightly lower for #11. For µ in (b), #18 has a far higher
median and variability, while all the others have similar medians and variabilities. For the
component weighting parameter ω, there is a slight increase with thickness from left to
right. The spreads are reasonably similar and the distributions are symmetric.

For ν1 in (d), all distributions have very positive skew with medians below 10, indicat-
ing that Student’s t distributions are appropriate for all. There is substantial variation in σ1.
For ν2, all posterior medians and box widths are almost identical, indicating a Gaussian
second component. There is substantial variability for σ2, with #18 having a much higher
posterior variability than the others.

When comparing these results with those of the individual estimation (Figure 3), it is
clear that the posterior medians are now more similar, with more symmetric distributions
having smaller posterior variability. For the estimates of µ, the posterior variability is much
reduced, though #18 is still an extreme case. Similarly, the posterior distribution for ω has
reduced variability.

There is a very marked change in the posterior estimations for ν1. The box widths are
generally reduced to about one-quarter of the independent estimation widths, and even in
these the whiskers stretch to almost the full allowable range.

For the estimates of σ1, the distributions are again more compact, with a slight reduc-
tion in the posterior median values.

For ν2 in (f), the medians and variabilities are reduced; however, all indicate values of
ν̂2 corresponding to Gaussian components.

Finally, the extreme nature of #18 is still evident for σ2, with reductions in posterior
variability and median for most cases.

Figure 8 shows the estimated correlations between all parameter estimates and over
all quasi-replicates represented as an image. The image is subdivided into 7 blocks, each
representing a parameter as indicated along the axes. Each block contains an 18 × 18
depiction of correlations across datasets.

Here, dark red and dark blue represent substantial correlations; in order to avoid
the main diagonal dominating the graph, these values have been set to zero, and as such
appear in pale green.

It is clear that there are not very many substantial values when taking into account
that the graph represents 7875 correlations. The only pattern of note is the strong negative
correlation between µ and σ2. A speculative explanation for this is that a larger value of µ

results in a more broadly folded distribution; a small value of the spread parameter might
compensate for this, and there could be a larger effect for the generally narrow Gaussian
second component.
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Figure 8. Model diagnostics, showing correlations between parameter estimates with estimation of υ

from the agreement model.

5.4. Leave-One-Out Model Diagnostics

In this subsection, we consider the global influence of each quasi-replicate in order
to further investigate the structure of the quasi-replicates. In particular, a version of the
generalised Cook distance [25,26] can be defined by

CDk =
(
Θ̂k′ − Θ̂

)TΣ−1(Θ̂k′ − Θ̂
)
,

where Θ̂k′ are the estimated parameters with quasi-replicate k fitted separately, Θ̂ are the
estimated parameters using all data, and Σ is the covariance of the parameters which
will be replaced by an estimated covariance matrix. Large values of CDk indicate that
quasi-replicate k has a substantial influence on the estimation.

An alternative measure is based on the case-deletion likelihood distance, which we
call the case-deletion posterior distance, defined as follows:

PDk = 2
(

p(Θ̂k′ |y)− p(Θ̂|y)
)

.

For both measures, large values indicate substantial influence from the specified quasi-
replicate, which might indicate that factors not taken into account or not recorded as part
of the dataset are relevant to the modelling.

Figure 9 shows an example of the MCMC algorithm output for the agreement model
estimation with quasi-replicate #18 left out. This means that the parameters in case #18 are
estimated independently while the agreement priors for the remaining quasi-replicates are
included. Although the corresponding estimates of π and σ2 are well within the range of
those for the other sets, the estimates for ν1 and ν2 are distant; for µ, ω, and σ2, the estimates
are near the edge of the range.
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Figure 9. Cont.
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Figure 9. Example of leave-one-out parameter estimation, (a): shows the boxplots of the MCMC
algorithm output for the agreement model estimation of the parameter, π, the posterior medians
between 0.30 and 2.7, (b): shows the boxplots of the MCMC algorithm output for the agreement
model estimation of the parameter, µ, the posterior medians between 0.50 and 0.80, (c): shows the
boxplots of the MCMC algorithm output for the agreement model estimation of the parameter, ω, the
posterior medians between 0.34 and 0.47, (d): shows the boxplots of the MCMC algorithm output
for the agreement model estimation of the parameter, ν1, the posterior medians between 0.20 and
30, (e): shows the boxplots of the MCMC algorithm output for the agreement model estimation of
the parameter, σ1, the posterior medians between 7 and 11, from the agreement model, showing
model diagnostics with #18 removed, (f): shows the boxplots of the MCMC algorithm output for
the agreement model estimation of the parameter, ν2, the posterior medians between 50 and 70 and
(g): shows the boxplots of the MCMC algorithm output for the agreement model estimation of the
parameter, σ2, the posterior medians between 0.60 and 1.20, from the agreement model, showing
model diagnostics with #18 removed.

The Cook’s distance-based measures are shown in Figure 10. In (a), it appears that
#4, #6, #10, #12, and #18 are potentially influential based in CDk, whereas in (b) #6, #7, #9,
#12, and #18 have the higher values of PDk. Taking these together, we might conclude that
cases #6, #12, and #18 should be examined further in order to confirm whether or not there
are potential concerns. To make this into a more automatic procedure, datasets with CD
and PD values above the corresponding upper quartile have been highlighted, revealing
that cases #6, #12, and #18 are the only cases which meet this combined criterion.
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Figure 10. Cont.
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Figure 10. Agreement model, showing model diagnostics based on leave-one-out parameter esti-
mation, dark red and dark blue represent substantial correlations, (a): shows results of parameters
estimation using CDk for 18 datasets, it appears that #4, #6, #10, #12, and #18 are potentially influential,
(b): shows results of parameters estimation using PDk for 18 datasets, #6, #7, #9, #12, and #18 have
the higher values.

5.5. Full Estimation of Structural Model

The model described in Section 4.2 is now fitted to the 18 quasi-replicate datasets.
Boxplots of the MCMC samples for the collection of structural parameters Θ =

{π, µ, ω, ν1, σ1, ν2, σ2, βπ , βµ, βσ1 , βσ2} are shown in Figure 11 for the variance parame-
ters Υ = {υπ , υµ, υω, υν1 , υσ1 , υν2 , υσ2 , υβπ

, υβµ
, υβσ

} in Figure 12. The four newly intro-
duced regression parameters βπ , βµ, βσ1 , and βσ2 are used to create the corresponding
model regression terms ∆π = βπ(x1 − x̄1), ∆µ = βµ(x2 − x̄2), ∆σ1 = βσ1(x1 − x̄1), and
∆σ2 = βσ2(x1 − x̄1), shown in Figure 13.

In addition, a summary of the regression parameter estimation is provided in Table 3.

Table 3. Regression parameter estimation in structural model.

Parameter β̂ 95% CI

βπ −0.0009 (−0.1016, 0.0444)
βµ 0.0000 (−0.0003, 0.0003)
βσ1 1.0495 (−0.0971, 1.9406)
βσ2 1.0383 (−0.0937, 1.9403)

The estimations of the prior variability parameters in Figure 12 have been split into
two, with the ranges of the values grouped into two sets.

To help visualise the regression terms in the model, consider Figure 13. In these
plots, the solid line shows the posterior median slope, that is, using β̂π along with the
region created by considering all slopes within the 95% credible interval. In (a), showing
∆π = βπ(x1 − x̄1), although there is a slight negative relationship of π with line source
thickness after taking into account the credible region, this can be considered insignificant.
The situation shown in (b) for ∆µ = βµ(x2 − x̄2) is even more extreme, and the possible
relationship between µ and line source length can be dismissed. In (c) and (d), showing
∆σ1 = βσ1(x1 − x̄1) and ∆σ2 = βσ2(x1 − x̄1), respectively, the situation is in dramatic
contrast. Both show clear positive relationships between the Student’s t component spread
parameters of σ1 and σ2 with the line source thickness. This highlights an added advantage
of the structural model. Boxplots of the MCMC samples for the collection of structural
parameters Θ = {βπ , βµ, βσ1 , βσ2} are shown in Figure 14. Figure 15 shows the pair-wise
correlations between all model parameters, including the newly introduced regression
parameters. There are very similar patterns amongst the parameters common between
the structural and agreement models–see also Figure 8. For the correlations involving
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the regression parameters, there are high values of βµ and µ and between βσ1 and σ1,
and between βσ2 and σ2—but no pattern of these with σ1. There is also a very high
positive correlation between βσ1 and βσ2—perhaps it would have been possible to use a
single regression parameter to quantify the change in the two spread parameters with line
source thickness.
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Figure 11. Cont.
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Figure 11. Parameter estimates (a): shows the boxplots of the parameter estimation, π, the posterior
medians between 0.09 and 0.21, (b): shows the boxplots of the parameter estimation, µ, the posterior
medians between 0.25 and 0.40, (c): shows the boxplots of the parameter estimation, ω, the posterior
medians between 0.30 and 0.50 and (d): shows the boxplots of the parameter estimation, ν1, the
posterior medians between 0.09 and 8, from the structural model, (e): shows the boxplots of the
parameter estimation, σ1, the posterior medians between 6 and 10, (f): shows the boxplots of the
parameter estimation, ν2, the posterior medians equal 50 and (g): shows the boxplots of the parameter
estimation, σ2, the posterior medians between 0.60 and 1.10, from the structural model.
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Figure 12. Prior variability estimates from the structural model, shows the variance parameters,
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Figure 13. Regression relationships from the structural model estimate and 50% credible region, the
solid line shows the posterior median slope, (a): shows the result of the regression, ∆π , (Thickness),
(b): shows the result of the regression, ∆µ, (Length), (c): shows the result of the regression, ∆σ1 ,
(Thickness) and (d): shows the result of the regression, ∆σ2 , (Thickness).
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Figure 14. Regression estimates from the structural model, (a): shows the boxpolts of the MCMC
samples for the collection of structural parameter, βπ , (b): shows the boxpolts of the MCMC samples
for the collection of structural parameter, βµ, (c): shows the boxpolts of the MCMC samples for the
collection of structural parameter, βσ1 and (d): shows the boxpolts of the MCMC samples for the
collection of structural parameter, βσ2 .
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Figure 15. Correlation map between parameter estimates from the structural model.

5.6. Leave-One-Out Model Diagnostics

Figure 16 shows an example of MCMC algorithm diagnostic output for structural model
estimation. From both (a) and (b), it appears that #11, #15, and #18 are potentially influential
based on the combined CDk and PDk criterion; hence, these should be examined further.
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Figure 16. Model diagnostics, showing leave-one-out parameter estimation from the structural model
dark red and dark blue represent substantial correlations, which are potentially influential based on
the combined (a): CDk and (b): PDk criterion.
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6. Discussion
A general framework for the analysis of quasi-replicate data has been presented

and then illustrated with measurements from a set of calibration experiments created
to investigate autoradiographic image spread. The first of the proposed new models
can be widely applied without modification. The parameters are treated equally; across
quasi-replicates, they are assumed to come from a distribution with common mean and
variability. These variabilities are in turn modelled, allowing for full posterior estimation.
It is important to note that the assumption of a common mean and variability across quasi-
replicates implies that the underlying generative processes are homogeneous. While this
enables information sharing and stabilizes parameter estimation in low-data settings, it may
mask meaningful variation if unobserved heterogeneity exists. If the assumption does not
hold, model performance may degrade and extensions to include hierarchical or mixture
components could be warranted. In this study, posterior predictive checks supported the
adequacy of the assumption; however, its appropriateness should be carefully evaluated
in other contexts. Markov chain Monte Carlo methods were used throughout this paper,
with the implemented algorithms being applicable for other applications without major
modification. The second proposed model is much more specific to the autoradiographic
application. The prior distributions used for the model parameters were motivated by
physical considerations, but are intended to illustrate the required steps in the approach
and can be adapted for other applications. Our detailed analysis of the quasi-replicates
from the autoradiographic image spread calibration experiment demonstrate the usefulness
of such models in revealing features which are not apparent from previous work on the
same data. More importantly, they demonstrate how such modelling might be applied
elsewhere, showing that the proposed models can be included in the applied statistics
toolbox as well as being more generally useful.

7. Conclusions
This paper presents a general Bayesian framework for the analysis of quasi-replicate

data, with applications illustrated through autoradiographic image spread calibration
experiments. The first proposed model is broadly applicable, treating parameters equally
across quasi-replicates while assuming a common mean and variability. Although this
assumption simplifies estimation and enables information sharing in settings with lim-
ited data, it may obscure important heterogeneity when underlying processes are not
homogeneous. While posterior predictive checks in this study supported the assumption’s
adequacy, future applications should carefully assess its validity and consider hierarchical
or mixture model extensions if necessary.

The second model was tailored for the autoradiographic application. Using physically
motivated priors, this model demonstrates how Bayesian methods can reveal previously
overlooked features of data. The generalizable nature of this framework along with its
implementation via Markov chain Monte Carlo methods underscores its potential for
broader use in various scientific and engineering fields. This work highlights the value of
Bayesian modelling in advancing the analysis of quasi-replicate data, paving the way for
more robust and adaptable applications in the future.
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