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Abstract: We consider the family of λ connections ∇(λ) on a statistical manifold M equipped
with a pair of conjugate connections ∇ = ∇(1) and ∇∗ = ∇(−1), where the λ connection is
defined as ∇(λ) = 1+λ

2 ∇+ 1−λ
2 ∇∗. This paper develops expressions for the vertical and

horizontal distributions on the tangent bundle of the statistical manifold (M, g,∇(λ)) and
introduces the concept of λ-adapted frames. We also derive the Levi–Civita connection
CG∇̂(λ)

of the tangent bundle TM, which is equipped with the Cheeger Gromoll-type

metric CGg. We study the statistical structure (CGg, CG∇(λ)
) on the tangent bundle TM,

which is naturally induced from the statistical manifold (M, g,∇(λ)) . By introducing a
para-holomorphic structure on the statistical manifold (M, g,∇(λ)) , we construct a para-
Hermitian structure on the tangent bundle TM and examine its integrability. Finally, we
present the conditions under which these bundles admit a para-holomorphic structure.

Keywords: statistical manifolds; para-holomorphic structures; Cheeger Gromoll metric
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1. Introduction
In the 1980s, the notion of statistical structure was introduced and began to play an

important role in building a very effective branch called information geometry, which is
a combination of differential geometry and statistics. In fact, information geometry joins
fundamental differential geometry tools like connection, metric and curvature to statistical
models and makes it possible to describe statistical objects as geometric ones. Describing
statistical spaces using geometry helps us better understand statistical behaviors. A detailed
introduction to information geometry can be found in [1]. Its applications could be found in
various fields of science such as in statistical inference, time series, linear systems, quantum
systems, image processing, physics, computer scince and machine learning; see [2–4].

Let Θ be an open subset of Rn, and let Ω be a sample space with parameter
θ = (θ1, · · · , θn). The set of probability density functions

S = {p(x; θ) :
∫

Ω
p(x; θ) = 1, p(x; θ) > 0, θ ∈ Θ ⊆ Rn},

is known as a statistical model. For a given statistical model S, the Fisher information
matrix g(θ) = [gij(θ)] is defined as

gij(θ) :=
∫

Ω
∂iℓθ∂jℓθ p(x; θ)dx = Ep[∂iℓθ∂jℓθ ], (1)
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where ℓθ = ℓ(x; θ) := logp(x; θ), ∂i := ∂
∂θi , and Ep[ f ] is the expectation of f (x) with

respect to p(x; θ). When equipped with the Fisher information matrix, S forms a statisti-
cal manifold.

Historically, Fisher introduced Equation (1) in 1920 as a mathematical measure of
information (see [5]). It has been established that if the metric tensor g is positive-definite
and its components converge to real values, then (S, g) defines a Riemannian manifold,
where g is referred to as the Fisher metric. Later, in [6], C. R. Rao introduced a geometric
framework for the space of probability distributions by using the Fisher information metric
to define a Riemannian distance.

Using the Fisher metric g, Amari’s λ connection ∇(λ) for any λ ∈ R with respect to
p(x; θ) is expressed in terms of the Christoffel symbols as

Γ(λ)
ij,k = g(∇(λ)

∂i
∂j, ∂k) := Ep[(∂i∂jℓθ +

1 − λ

2
∂iℓθ∂jℓθ)(∂kℓθ)]. (2)

This affine connection plays a fundamental role in information geometry, providing a
differential geometric framework for statistical inference. Different choices of λ lead to dis-
tinct structures, such as dual λ connections, which are central to statistical estimation theory
and machine learning. In particular, the case λ = 1 corresponds to the Amari–Chentsov
connection, while λ = −1 defines its conjugate connection [7,8].

In 1985, Amari studied the statistical manifolds from the point of view of information
geometry, and he gave a new description of the statistical distributions by using the
obtained geometric structures. In Amari’s definition, a statistical manifold is a triple
(M, g,∇) consisting of a smooth manifold M, a non-degenerate metric g on it and a torsion-
free connection ∇ with the property that ∇g is symmetric [9]. An alternative definition of a
statistical manifold was given by H. Furuhata and I. Hasegawa in [10]. They described it as a
(pseudo-)Riemannian manifold equipped with a pair of torsion-free conjugate connections.
Earlier studies on pairs of connections that are compatible with a g structure can be traced
back to the work of Cruceanu and Miron in [11].

The relationship between an affine connection and different geometric structures
such as a pseudo-Riemannian metric, a non-degenerate two-form, and a bundle iso-
morphism has been studied in various settings. A well-known example is the case
of almost (para-)Hermitian manifolds (M, g, L), where the 2-form ω is defined by
ω(X, Y) = g(LX, Y). In [12], Fei and Zhang showed that if the connection ∇ satisfies the
Codazzi condition with respect to both the metric g and the structure L, then the manifold
carries a (para-)Kähler structure. They introduced the concept of Codazzi-(para-)Kähler
manifolds as a generalization of (para-)Kähler statistical manifolds. Later, in [13], this study
was extended to connections with torsion. The authors explored torsion couplings between
such connections and the pair (g, L) on almost (para-)Hermitian manifolds. They proved
that (∇, L) is torsion-coupled if and only if ∇ is (para-)holomorphic and L is integrable.
Statistical geometry on almost anti-Hermitian (or Norden) manifolds has also been devel-
oped. In [14,15], Salimov and Turanli introduced anti-Kähler-Codazzi manifolds. In [16],
Etayo and coauthors showed that Kähler–Codazzi manifolds reduce to Kähler manifolds
within all four types of (α, ε)-geometry. Vílcu introduced para-Kähler-like statistical mani-
folds in [17] and showed that if they have constant curvature in the sense of Kurose, their
statistical structure becomes Hessian. For further developments in statistical geometry,
see [18–22].

The tangent bundle of a differentiable manifold plays a crucial role in various areas of
differential geometry, mathematical physics, and information geometry. Understanding
the geometry of tangent bundles provides deep insights into the intrinsic and extrinsic
properties of the base manifold. One of the fundamental approaches in this context is the
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study of natural metrics, which extend the geometric structure of the base manifold to
its tangent bundle. Among these, the Cheeger Gromoll metric has attracted significant
attention due to its ability to capture the underlying geometry of tangent bundles in a
natural and meaningful way.

The Cheeger Gromoll metric was originally introduced in the context of Riemannian
geometry by Cheeger and Gromoll [23] and later explicitly formulated on tangent bundles
by Musso and Tricerri [24]. This metric, along with other natural metrics such as the Sasaki
metric and Kaluza–Klein metric, has been extensively studied in relation to curvature prop-
erties, geodesics, and holonomy structures. While these studies have provided valuable
insights into the geometry of tangent bundles in Riemannian settings, the extension of the
Cheeger Gromoll metric to statistical manifolds remains largely unexplored.

Additionally, statistical structures on tangent bundles have been studied in recent
works such as [25,26], adding new insights to the field.

This paper aims to extend the study of the Cheeger Gromoll metric to statistical mani-
folds. By conducting this study, we provide a new perspective on the interaction between
natural metrics and statistical structures, offering deeper insights into how geometric prop-
erties evolve when a manifold is endowed with both a metric and a statistical connection.
This work serves as a bridge between differential geometry and information geometry,
enabling further exploration of geometric frameworks in statistical inference, machine
learning, and quantum information theory.

The paper is organized as follows: In Section 2, we provide a brief overview of fun-
damental concepts related to statistical manifolds. In Section 3, we introduce the vertical
and horizontal distributions on the tangent bundle of a statistical manifold (M, g,∇) and
present the notion of λ-adapted frames. Additionally, we define the Cheeger Gromoll-type
metric CGg with respect to these adapted frames. In Section 4, we derive the Levi–Civita
connection CG∇̂ associated with the Cheeger Gromoll metric and compute its components
in the adapted frame setting. In Section 5, we extend the discussion to the statistical struc-
ture of the tangent bundle (TM, CGg, CG∇), which is naturally induced by the statistical
manifold (M, g,∇(λ)). In Section 6, we shift our focus to para-holomorphic structures
on statistical manifolds. We construct a para-Hermitian structure on the tangent bundle
of a para-holomorphic statistical manifold and examine its integrability conditions. In
fact, by introducing a para-holomorphic structure on the statistical manifold (M, g,∇(λ)),
we construct a para-Hermitian structure on the tangent bundle TM. We then investi-
gate its integrability and establish the conditions under which these bundles admit a
para-holomorphic structure.

2. Statistical Manifolds
Let M be an n-dimensional manifold and (U, xi), i = 1, . . . , n, be a local chart around

a point p ∈ U. Given the coordinates (xi) on M, the local frame on the tangent space Tp M
is given by the vector fields ∂

∂xi |p.
Consider an affine connection ∇ and a pseudo-Riemannian metric g on the mani-

fold M.

(I) The affine connection ∇∗ on M, defined by

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇∗
XZ),

is called the (conjugate) dual connection of ∇ with respect to g, for any X, Y, Z ∈ ℑ1
0(M),

where ℑ1
0(M) denotes a set of vector fields on the manifold.

(II) The affine connection ∇ is called a Codazzi connection if the cubic tensor field C = ∇g
is totally symmetric. That is, the Codazzi equations hold:
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(∇X g)(Y, Z) = (∇Yg)(X, Z), (= (∇Zg)(X, Y)), ∀X, Y, Z ∈ ℑ1
0(M). (3)

In local coordinates, the equations for the cubic tensor field C take the following form:

(∇∂i
g)(∂j, ∂k) = ∂ig(∂j, ∂k)− g(∇∂i

∂j, ∂k)− g(∂j,∇∂i
∂k) = C(∂i, ∂j, ∂k), (4)

hence

Cijk = ∂kgij − Γh
ikgjh − Γh

jkgih, Cijk = Cjik = Ckij, (5)

where ∂i =
∂

∂xi and Γi
jk’s are the Christoffel symbols of the Codazzi connection ∇.

(III) The triplet (M, g,∇) is called a statistical manifold if ∇ is a statistical connection,
i.e., a torsion-free Codazzi connection. In particular, it is known that if the cubic
tensor field C vanishes, a torsion-free Codazzi connection ∇ reduces to the Levi–Civita
connection ∇̂.

Consider the one-parameter family of connections given by the convex combination
of the torsion-free dual connections ∇ and ∇∗, i.e.,

∇(λ) =
1 + λ

2
∇+

1 − λ

2
∇∗, λ ∈ R.

This connection, referred to as the λ connection, plays a central role in the study of
statistical manifolds, as it provides a natural framework to generalize dual connections.

From the above equation, we can derive the following relation

Xg(Y, Z) = g(∇(λ)
X Y, Z) + g(Y,∇(−λ)

X Z), (6)

which demonstrates that the connections ∇(λ) and ∇(−λ) are dual λ connections.
Several particular values of λ are of distinguished importance. Setting λ = −1, 1 in (6)

gives the following two fundamental connections

∇(−1) = ∇∗, ∇(1) = ∇.

In addition, setting λ = 0 results in the Levi–Civita connection ∇̂ associated with the
metric g, as shown by

∇(0) =
1
2
(∇+∇∗) = ∇̂.

Next, the covariant derivative of the metric g with respect to ∇(λ) is defined as

(∇(λ)
X g)(Y, Z) = C(λ)(X, Y, Z),

for any X, Y, Z ∈ ℑ1
0(M). In local coordinates, the components of C(λ)(∂i, ∂j, ∂k) = C(λ)

ijk are
given by

C(λ)
ijk = ∂igjk − Γ(λ)r

ij grk − Γ(λ)r
ik gjr. (7)

This expression reveals how the covariant derivative depends on the connection
coefficients, Γ(λ)r

ij , and the metric components. Moreover, we observe that C(λ)(X, Y, Z) =

λC(X, Y, Z), showing that the term C(λ) scales linearly with λ. Thus, (M, g,∇(λ)) is a
statistical manifold for all λ ∈ R.



Mathematics 2025, 13, 1735 5 of 24

Remark 1. For a statistical structure (g,∇(λ)), we define the tensor field K by

KXY =
1
λ
(∇(λ)

X Y − ∇̂XY), ∀X, Y ∈ ℑ1
0(M), λ ̸= 0. (8)

Thus, K ∈ ℑ1
2(M) satisfies the following properties:

KXY = KYX, g(KXY, Z) = g(Y, KXZ). (9)

Conversely, for a given Riemannian metric g, if a tensor field K ∈ ℑ1
2(M) satisfies the last equations,

then the pair (∇(λ) = ∇̂+ λK, g) defines a statistical structure on M.

The skewness tensor C can be used to introduce the λ connection as follows:

g(∇(λ)
X Y, Z) = g(∇̂XY, Z)− 1

2
C(λ)(X, Y, Z).

For every statistical manifold (M, g,∇(λ)), there exists a naturally associated symmet-
ric trilinear form C(λ).

Conversely, let (M, g, C(λ)) be a semi-Riemannian manifold with symmetric trilinear
form C(λ). Then, define the tensor field A of type (1, 2) by

g(λA(X)Y, Z) = C(λ)(X, Y, Z), (10)

and a linear connection ∇(λ) by

∇(λ) = ∇̂ − λ

2
A. (11)

Then, ∇(λ) is torsion-free and satisfies ∇(λ)g = C(λ). Hence, the triplet (M, g,∇(λ))

becomes a statistical manifold.
It is noteworthy that by considering K = − 1

2 A, the two approaches described
above coincide.

3. λ-Adapted Frames
Let ∇(λ) be a λ connection on M and let TM be the tangent bundle of M with the

natural projection π : TM → M. If we consider π∗ : TTM → TM, then the tangent bundle
TTM of TM splits into the λ-horizontal and λ-vertical subspaces HTM and VTM with
respect to ∇(λ):

TTM = HTM ⊕ VTM, (12)

where the λ-vertical distribution VTM = kerπ∗ and the λ-horizontal distribution on TM is
a complementary distribution HTM for VTM on TTM. Namely, a system of local coordi-
nates (U, xi), in the neighborhood U, induces a system of local coordinates (π−1(U), xi, yi),
where xi and yi represent the position and direction of a point on TM, respectively. Let
Γ(λ)k

ij , with indices i, j, k running over the range 1, . . . , n, be the Christoffel symbols of the

affine connection ∇(λ). Then

(
δ

δxi )
(λ) =

∂

∂xi − yrΓ(λ)k
ir

∂

∂yk ,

and ∂
∂yi in u, span the spaces HuTM and VuTM, respectively.
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We define δ
(λ)
i = ( δ

δxi )
(λ) and ∂ī =

∂
∂yi . Then, {δ

(λ)
i , ∂ī} forms the λ-adapted local field

of frames of TM. Let {dxi, (δyi)(λ)} be the dual basis of {δ
(λ)
i , ∂ī}, where

(δyi)(λ) = dxi + yrΓ(λ)i
rk dxk.

For any X ∈ ℑ1
0(M), we denote by HX(λ) (and VX(λ) = VX, respectively) the λ-

horizontal lift (and the λ-vertical lift, respectively) of X to TM. According to (8) and the
above expressions, considering K(∂i, ∂j) = Kr

ij∂r, it can be seen that δi
(λ) has the following

local expression
δ
(λ)
i = δ̂i − λyrKk

ir∂k̄,

where δ̂i = ∂i − yrΓ̂k
ir∂k̄ and Γ̂i

jk are the Christoffel symbols of the Levi–Civita connection ∇̂.

Thus, the horizontal lift HX of X to TM is obtained by

HX(λ) = HX̂ − λ VK(X, y), (13)

where HX̂ is the horizontal lift of X with respect to the Levi–Civita connection ∇̂, K(·, y) is
the (1, 1) tensor field induced by y given by K(X, y) = ∇yX − ∇̂yX and VK(X, y) is the
vertical lift of K(X, y).

If y ∈ TM, the energy density associated with y on TM is defined as

τ = yiyjgij.

Lemma 1. Let (M, g,∇(λ)) be a statistical manifold. Then, the following statements hold:

∂k̄(τ) = 2yk, δ
(λ)
k (τ) = yiyjC(λ)

ijk , (14)

where yk = yrgrk.

Proof. Since the metric g depends only on (xh), we have

∂k̄(τ) = ∂k̄(y
iyjgij) = yjgkj + yigki = 2yk.

Additionally, we can express

δ
(λ)
k (τ) = δ

(λ)
k (yiyjgij) = δ

(λ)
k (yi)yjgij + yiδ

(λ)
k (yj)gij + yiyj∂k(gij).

On the other hand, we know
δ
(λ)
k yi = −yrΓ(λ)i

kr .

From the two previous equations, it follows that

δ
(λ)
k (τ) = yiyj(∇(λ)

∂k
g)(∂i, ∂j) = yiyjC(λ)

ijk .

For a λ connection ∇(λ), the λ-curvature tensor R∇(λ)
is given by

R∇(λ)
(X, Y)Z = ∇(λ)

X ∇(λ)
Y Z −∇(λ)

Y ∇(λ)
X Z −∇(λ)

[X,Y]Z,
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for any X, Y, Z ∈ ℑ1
0(M). We denote R∇(λ)

by R(λ) for simplicity. Locally, the components
of the curvature tensor are determined by

R(λ)r
ijk = ∂iΓ

(λ)r
jk − ∂jΓ

(λ)r
ik + Γ(λ)r

im Γ(λ)m
jk − Γ(λ)r

jm Γ(λ)m
ik , (15)

where R(λ)(∂i, ∂j)∂k = R(λ)r
ijk ∂r. A statistical manifold is said to be λ flat if its λ curvature

tensor vanishes.
According to (15), the following relations hold

R(λ)
ijkl = −R(λ)

jikl , (16)

R(λ)
ijkl = −R(−λ)

ijlk , (17)

R(λ)r
ijk + R(λ)r

jki + R(λ)r
kij = 0, (18)

where R(λ)
ijkl = grl R

(λ)r
ijk . By multiplying both sides of relation (17) by ylyk and noting that k

and l are summation indices, the following result is obtained:

ylykR(λ)
ijlk = −ylykR(−λ)

ijkl = −ylykR(−λ)
ijlk .

Therefore, the following identity holds

ylyk(R(λ)
ijlk + R(−λ)

ijlk ) = 0. (19)

In particular, for the Levi–Civita connection ∇̂, the above equation simplifies to

ylykR̂ijlk = 0.

The Lie bracket of the λ-adapted frame of TM satisfies the following relations

[δ
(λ)
i , δ

(λ)
j ] = −yl R

(λ)k
ijl ∂k̄, [δ

(λ)
i , ∂ j̄] = Γ(λ)k

ij ∂k̄, [∂ī, ∂ j̄] = 0. (20)

4. The Levi–Civita Connection on a Statistical Manifold with the Cheeger
Gromoll Metric

Let (M, g,∇(λ)) be a statistical manifold. The Cheeger Gromoll metric CGg on the
tangent bundle TM is a natural lift of the metric g given by

CGg(p,y)(
HX(λ), HY(λ)) = gp(X, Y),

CGg(p,y)(
VX, HY(λ)) = 0,

CGg(p,y)(
VX, VY) = 1

α{gp(X, Y) + gp(X, y)gp(Y, y)},

(21)
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where X, Y ∈ ℑ1
0(M) and α = 1 + τ. Applying (13), it is straightforward to see that CGg

can be expressed as follows:

CGg(p,y)(
HX̂, HŶ) = gp(X, Y) +

λ2

α
{gp(K(X, y), K(Y, y)) + gp(K(X, y), y)gp(K(Y, y), y)},

CGg(p,y)(
HX̂, V Ŷ) =

λ

α
{gp(K(X, y), Y) + gp(K(X, y), y)gp(Y, y)},

CGg(p,y)(
V X̂, V Ŷ) =

1
α
{gp(X, Y) + gp(X, y)gp(Y, y)}.

The matrix representation of CGg with respect to the adapted frame {δ
(λ)
i , ∂ī} is given by

CGg =

(
CGgij

CGgi j̄
CGgī j

CGgī j̄

)
=

(
gij 0
0 1

α (gij + yiyj)

)
.

This matrix has the following inverse

(CGg)−1 =

(
CGgij CGgi j̄

CGgī j CGgī j̄

)
=

(
gij 0
0 αgij − yiyj

)
,

where gij and gij are the local covariant and contravariant components of g on M.
Let CG∇̂ denote the Levi–Civita connectione of the Cheeger Gromoll metric CGg. The

explicit expression for CG∇̂ can be obtained from the following well-known formula

2CGg(CG∇̂X̄Ȳ, Z̄) =X̄ CGg(Ȳ, Z̄) + Ȳ CGg(X̄, Z̄)− Z̄ CGg(X̄, Ȳ) (22)

+ CGg(Z̄, [X̄, Ȳ])− CGg(Ȳ, [X̄, Z̄])− CGg(X̄, [Ȳ, Z̄]),

for any X̄, Ȳ, Z̄ ∈ χ(TM). A direct computation using (20) and (21) leads to the following
theorem:

Theorem 1. Let (M, g,∇(λ)) be a statistical manifold and let CG∇̂ be the Levi–Civita connection
of the tangent bundle TM equipped with the Cheeger Gromoll metric CGg. Then, CG∇̂ satisfies the
following expressions:

CG∇̂
δ
(λ)
i

δ
(λ)
j =Qs

ijδ
(λ)
s − 1

2
yl R(λ)s

ijl ∂s̄, CG∇̂
δ
(λ)
i

∂ j̄ = Ps
ij̄δ

(λ)
s + (Γ(λ)s

ij + Ps̄
i j̄)∂s̄,

CG∇̂∂ī
δ
(λ)
j =Ps

jīδ
(λ)
s + Ps̄

jī∂s̄, CG∇̂∂ī
∂ j̄ = Ss

ī j̄δ
(λ)
s + Ss̄

ī j̄∂s̄,

where the coefficients are given by

Qs
ij = Γ(λ)s

ij +
1
2
C(λ)

ijk gks,

Ps
ij̄ =

1
2

yrR(λ)l
ikr

CGg j̄l̄ g
ks,

Ps̄
i j̄ =

1
2α

(yjyrC(λ)
ikr

CGgk̄s̄ − ylyrC(λ)
irl δs

j + αC(λ)
ijk gks), (23)

Ss
ī j̄ =

1
2α

gks(ymylC(λ)
kml

CGgī j̄ − C(λ)
kji − yiyrC(λ)

kjr − yjyrC(λ)
kir
)
,

Ss̄
ī j̄ =

1 + α

α2 gijys +
1
α2 yiyjys − 1

α
(yiδ

s
j + yjδ

s
i ).

Example 1. We consider the normal distribution manifold, which is defined as

M = {p(x, µ, σ)|p(x, µ, σ) =
1√
2πσ

exp{− (x − µ)2

2σ2 , µ ∈ R, σ > 0}}.
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Hence, M may be viewed as a 2-dimensional manifold with (µ, σ) as a coordinate system. The
Fisher metric of M is described by

g =

(
1

σ2 0
0 2

σ2

)
. (24)

The components Γ(λ)k
ij of the λ connection ∇(λ) on M are given by

Γ(λ)2
11 =

1 − λ

2σ
, Γ(λ)1

12 = Γ(λ)1
21 = −λ + 1

σ
, Γ(λ)2

22 = −2λ + 1
σ

, (25)

while the other independent components are zero. From the above equations and (7), it follows that

C(λ)
111 = 0, C(λ)

121 = C(λ)
112 = C(λ)

211 =
2λ

σ3 , C(λ)
122 = C(λ)

212 = C(λ)
221 = 0, C(λ)

222 =
8λ

σ3 , (26)

which implies that (M, g,∇(λ)) is a statistical manifold. Applying (21), we obtain the Cheeger
Gromoll metric CGg associated with the Fisher metric (24) as follows

CGg11 =
1
σ2 , CGg22 =

2
σ2 , CGg1̄1̄ =

1
α
(

1
σ2 + y1y1), CGg2̄2̄ =

1
α
(

2
σ2 + y2y2), (27)

CGg1̄2̄ =
1
α

y1y2, CGg12 = CGg11̄ = CGg12̄ = CGg21̄ = CGg22̄ = 0.

The λ-curvature tensor R(λ) of ∇(λ) is determined by

R(λ)2
121 =

1 − λ2

2σ2 , R(λ)1
122 =

λ2 − 1
σ2 .

Substituting (26) and (27) into (23), we find
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Q2
11 =

1
2σ

, Q1
12 = Q1

21 = Q2
22 = − 1

σ
, P1

22̄ = −2P2
12̄ = − y1

2ασ4

(
(λ − 1)

(
4
(

y2
)2

− λσ2
))

,

P1
21̄ = −2P2

11̄ = − y2

2ασ4

(
σ2
(

λ2 + λ − 2
)
+ 2(λ − 1)

(
y1
)2
)

, P1̄
11̄ =

λ

ασ3

(
(α − 2)− 2y1y1

)
y1y2,

P2̄
11̄ =

λ

ασ3

(
ασ2

2

(
1 + y1y1

)
− 2y1y1y2y2

)
, P1̄

12̄ =
λ

ασ3

(
ασ2
(

1 + y2y2
)
− 2y2y2y1y1

)
,

P2̄
12̄ =

λ

ασ3

(
(α − 2)− 2y2y2

)
y1y2, P1̄

21̄ =
λ

ασ3

(
ασ2 − y1y1 − 4y2y2

)(
1 + y1y1

)
,

P2̄
21̄ =

λ

ασ3

(
4
(

ασ2

2
− y2y2

)
− y1y1

)
y1y2, P1̄

22̄ =
λ

ασ3

((
ασ2 − y1y1

)
− 4y2y2

)
y1y2,

P2̄
22̄ =

λ

ασ3

(
4
(

ασ2

2
− y2y2

)
− y1y1

)(
1 + y2y2

)
, S1

1̄1̄ =
2λ

ασ3

(
1
α

(
1 + y1y1

)
− 1
)

y1y2,

S2
1̄1̄ =

λ

2ασ

(
1
α

(
1
σ2 + y1y1

)(
y1y1 + 4y2y2

)
− 1 − 2y1y1

)
, S1

1̄2̄ =
λ

ασ

(
2
α

y1y1y2y2 − α

)
,

S2
1̄2̄ =

λ

2ασ

(
1
α

y1y2

(
y1y1 + 4y2y2

)
− 4y1y2 − y2y1

)
, S1

2̄2̄ =
2λ

ασ

((
1
α
− 1
)
+

1
α

y2y2
)

y2y1,

S2
2̄2̄ =

λ

2ασ

(
1
α

(
2
σ2 + y2y2

)(
y1y1 + 4y2y2

)
− 4 − 8y2y2

)
, S1̄

1̄1̄ =
1

α2σ4

(
σ2(1 − α) +

(
y1
)2
)

y1,

S1̄
1̄2̄ = S1̄

2̄1̄ =
2

α2σ4

((
y1
)2

− ασ2
)

y2, S1̄
2̄2̄ =

2
α2σ4

(
σ2(1 + α) + 2

(
y2
)2
)

y1,

S2̄
1̄1̄ =

1
α2σ4

(
σ2(1 + α) +

(
y1
)2
)

y2, S2̄
1̄2̄ = S2̄

2̄1̄ =
1

α2σ4

(
2
(

y2
)2

− ασ2
)

y1,

S2̄
2̄2̄ =

2
α2σ4

(
σ2(1 − α) + 2

(
y2
)2
)

y2, Q1
11 = Q1

22 = Q2
12 = Q2

21 = P1
11̄ = P1

12̄ = P2
22̄ = 0.

Thus, the corresponding Levi–Civita connection satisfies the following relations

CG∇̂
δ
(λ)
1

δ
(λ)
1 = Q2

11δ
(λ)
2 ,

CG∇̂
δ
(λ)
2

δ
(λ)
2 = Q2

22δ
(λ)
2 ,

CG∇̂
δ
(λ)
1

δ
(λ)
2 = Q1

12δ
(λ)
1 − λ2 − 1

2σ2 y2∂1̄ −
1 − λ2

4σ2 y1∂2̄,

CG∇̂
δ
(λ)
2

δ
(λ)
1 = Q1

21δ
(λ)
1 +

λ2 − 1
2σ2 y2∂1̄ +

1 − λ2

4σ2 y1∂2̄,

CG∇̂
δ
(λ)
1

∂1̄ = P1
11̄δ

(λ)
1 + P2

11̄δ
(λ)
2 + P1̄

11̄∂1̄ + (Γ(λ)2
11 + P2̄

11̄)∂2̄,

CG∇̂
δ
(λ)
1

∂2̄ = P1
12̄δ

(λ)
1 + P2

12̄δ
(λ)
2 + (Γ(λ)1

12 + P1̄
12̄)∂1̄ + P2̄

12̄∂2̄,

CG∇̂
δ
(λ)
2

∂1̄ = P1
21̄δ

(λ)
1 + P2

21̄δ
(λ)
2 + (Γ(λ)1

21 + P1̄
21̄)∂1̄ + P2̄

21̄∂2̄,

CG∇̂
δ
(λ)
2

∂2̄ = P1
22̄δ

(λ)
1 + P2

22̄δ
(λ)
2 + P1̄

22̄∂1̄ + (Γ(λ)2
22 + P2̄

22̄)∂2̄,
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and

CG∇̂∂1̄
δ
(λ)
1 = P1

11̄δ
(λ)
1 + P2

11̄δ
(λ)
2 + P1̄

11̄∂1̄ + P2̄
11̄∂2̄,

CG∇̂∂1̄
δ
(λ)
2 = P1

21̄δ
(λ)
1 + P2

21̄δ
(λ)
2 + P1̄

21̄∂1̄ + P2̄
21̄∂2̄,

CG∇̂∂2̄
δ
(λ)
1 = P1

12̄δ
(λ)
1 + P2

12̄δ
(λ)
2 + P1̄

12̄∂2̄ + P2̄
12̄∂2̄,

CG∇̂∂2̄
δ
(λ)
2 = P1

22̄δ
(λ)
1 + P2

22̄δ
(λ)
2 + P1̄

22̄∂1̄ + P2̄
22̄∂2̄,

CG∇̂∂1̄
∂1̄ = S1

1̄1̄δ
(λ)
1 + S2

1̄1̄δ
(λ)
2 + S1̄

1̄1̄∂1̄ + S2̄
1̄1̄∂2̄,

CG∇̂∂1̄
∂2̄ = CG∇̂∂2̄

∂1̄ = S1
1̄2̄δ

(λ)
1 + S2

1̄2̄δ
(λ)
2 + S1̄

1̄2̄∂1̄ + S2̄
1̄2̄∂2̄,

CG∇̂∂2̄
∂2̄ = S1

2̄2̄δ
(λ)
1 + S2

2̄2̄δ
(λ)
2 + S1̄

2̄2̄∂1̄ + S2̄
2̄2̄∂2̄.

Example 2. We equip M = R2 with the pseudo-Riemannian metric

g = dx1 ⊗ dx2 + dx2 ⊗ dx1,

where (x1, x2) denotes the standard coordinate system, and { ∂
∂x1 , ∂

∂x2 } represent the associated
vector fields. For the functions fi = fi(x1, x2) with i = 1, · · · , 4 on R2, define (1, 2)-tensor field
K = Kl

ij
∂

∂xl ⊗ dxi ⊗ dxj, i, j, l = 1, 2 on R2 as follows:

K1
11 = K2

12 = K2
21 = f1, K1

12 = K1
21 = K2

22 = f2, K2
11 = f3, K1

22 = f4.

Thus, K satisfies (9). Setting ∇(λ)
∂i

∂j := ∇̂∂i
∂j + λK∂i

∂j, we obtain the following Christoffel symbols:

Γ(λ)1
11 = Γ(λ)2

12 = Γ(λ)2
21 = λ f1, Γ(λ)1

12 = Γ(λ)1
21 = Γ(λ)2

22 = λ f2, Γ(λ)2
11 = λ f3, Γ(λ)1

22 = λ f4.

It follows

C(λ)
111 = −2λ f3, C(λ)

112 = C(λ)
121 = C(λ)

211 = −2λ f1, C(λ)
122 = C(λ)

212 = C(λ)
221 = −2λ f2, C(λ)

222 = −2λ f4.

Therefore, (R2, g,∇(λ)) forms a statistical manifold. Now, suppose f1 = f2 = 0. Using (15), we
obtain R(λ)r

ijk = 0, i, j, k, r = 1, 2 except

R(λ)1
121 = −λ2 f3 f4 = −R(λ)2

122 , R(λ)1
122 = λ∂1 f4, R(λ)2

121 = −λ∂2 f3.

According to (23), we obtain

P1
11̄=−P2

21̄=
λ
2α

(
− ∂2 f3y1(1 + y1y2) + ∂1 f4(y2)3 + λ f3 f4y2), P2̄

11̄=− 1
α λ f3

(
y1y2(α − y1y2) + α

)
,

P1
12̄=−P2

22̄=
λ
2α

(
∂1 f4y2(1 + y1y2)− ∂2 f3(y1)3 − λ f3 f4y1), P1̄

22̄=− 1
α λ f4

(
y1y2(α − y1y2) + α

)
,

P2̄
21̄=

1
α λ f4(y2)4, P2̄

12̄=
1−α
2α λ f3(y1)2, P1̄

21̄=
1−α
2α λ f4(y2)2, S2

1̄1̄=λ f3(1 − 1
α2 (y1)2(y2)2),

P1̄
12̄=

1
α λ f3(y1)4, P1̄

11̄=
1+α
2α λ f3(y1)2, P2̄

22̄=
1+α
2α λ f4(y2)2, S1

2̄2̄=λ f4(1 − 1
α2 (y1)2(y2)2),

S2̄
1̄1̄=

1
α2 (y2)3, S1

1̄1̄=− 1
α2 λ f4(y2)4, S1

1̄2̄=
α−1
2α2 λ f4(y2)2, S1̄

1̄1̄=
1
α (

1
α y1y2 − 2)y2, S1̄

1̄2̄=
1+α
2α2 y1,

S1̄
2̄2̄=

1
α2 (y1)3, S2

1̄2̄=
α−1
2α2 λ f3(y1)2, S2

2̄2̄=− 1
α2 λ f3(y1)4, S2̄

1̄2̄=
1+α
2α2 y2, S2̄

2̄2̄=− 1+3α
2α2 y1.
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From (22) and the above equations, the Levi–Civita connection on TM satisfies

CG∇̂
δ
(λ)
1

δ
(λ)
1 = CG∇̂

δ
(λ)
2

δ
(λ)
2 = 0,

CG∇̂
δ
(λ)
1

δ
(λ)
2 =

λ

2
(λ f3 f4y1 − ∂1 f4y2)∂1̄ +

λ

2
(∂2 f3y1 − λ f3 f4y2)∂2̄,

CG∇̂
δ
(λ)
2

δ
(λ)
1 = −λ

2
(λ f3 f4y1 − ∂1 f4y2)∂1̄ −

λ

2
(∂2 f3y1 − λ f3 f4y2)∂2̄,

CG∇̂
δ
(λ)
1

∂1̄ = P1
11̄δ

(λ)
1 + P1̄

11̄∂1̄ + (Γ(λ)2
11 + P2̄

11̄)∂2̄,

CG∇̂
δ
(λ)
1

∂2̄ = P1
12̄δ

(λ)
1 + P1̄

12̄∂1̄ + P2̄
12̄∂2̄,

CG∇̂
δ
(λ)
2

∂1̄ = P2
21̄δ

(λ)
2 + P1̄

21̄∂1̄ + P2̄
21̄∂2̄,

CG∇̂
δ
(λ)
2

∂2̄ = P2
22̄δ

(λ)
2 + (Γ(λ)1

22 + P1̄
22̄)∂1̄ + P2̄

22̄∂2̄,

CG∇̂∂1̄
δ
(λ)
1 = P1

11̄δ
(λ)
1 + P1̄

11̄∂1̄ + P2̄
11̄∂2̄,

CG∇̂∂1̄
δ
(λ)
2 = P2

21̄δ
(λ)
2 + P1̄

21̄∂1̄ + P2̄
21̄∂2̄,

CG∇̂∂2̄
δ
(λ)
1 = P1

12̄δ
(λ)
1 + P1̄

12̄∂1̄ + P2̄
12̄∂2̄,

CG∇̂∂2̄
δ
(λ)
2 = P2

22̄δ
(λ)
2 + P1̄

22̄∂1̄ + P2̄
22̄∂2̄,

CG∇̂∂1̄
∂1̄ = S1

1̄1̄δ
(λ)
1 + S2

1̄1̄δ
(λ)
2 + S1̄

1̄1̄∂1̄ + S2̄
1̄1̄∂2̄,

CG∇̂∂1̄
∂2̄ = S1

1̄2̄δ
(λ)
1 + S2

1̄2̄δ
(λ)
2 + S1̄

1̄2̄∂1̄ + S2̄
1̄2̄∂2̄ = CG∇̂∂2̄

∂1̄,

CG∇̂∂2̄
∂2̄ = S1

2̄2̄δ
(λ)
1 + S2

2̄2̄δ
(λ)
2 + S1̄

2̄2̄∂1̄ + S2̄
2̄2̄∂2̄.

5. Statistical Structures on (TM, CGg)
Assuming the Riemannian manifold (TM, CGg) induced by the statistical manifold

(M, g,∇(λ)), we define a new connection on TM by CG∇(λ) : χ(TM)× χ(TM) → χ(TM)

with the coefficients CGΓ(λ)A
BC that are


CG∇(λ)

δ
(λ)
i

δ
(λ)
j = CGΓ(λ)k

ij δ
(λ)
k + CGΓ(λ)k̄

ij ∂k̄, CG∇(λ)

δ
(λ)
i

∂ j̄ =
CGΓ(λ)k

ij̄ δ
(λ)
k + CGΓ(λ)k̄

i j̄ ∂k̄,

CG∇(λ)
∂ī

δ
(λ)
j = CGΓ(λ)k

īj δ
(λ)
k + CGΓ(λ)k̄

īj ∂k̄, CG∇(λ)
∂ī

∂ j̄ =
CGΓ(λ)k

ī j̄ δ
(λ)
k + CGΓ(λ)k̄

ī j̄ ∂k̄,
(28)

where CGΓ(λ)A
BC are smooth functions on TM and the indices A, B, C range over

{1, . . . , n, 1̄, . . . , n̄}.

Lemma 2. The connection CG∇(λ) on TM is torsion-free if and only if the following relations hold:
CGΓ(λ)k

ij = CGΓ(λ)k
ji , CGΓ(λ)k̄

ij − CGΓ(λ)k̄
ji = −yrR(λ)k

ijr ,
CGΓ(λ)k

ij̄ = CGΓ(λ)k
j̄i , CGΓ(λ)k̄

i j̄ − CGΓ(λ)k̄
j̄i = Γ(λ)k

ij ,
CGΓ(λ)k

ī j̄ = CGΓ(λ)k
j̄ī , CGΓ(λ)k̄

ī j̄ = CGΓ(λ)k̄
j̄ī .

(29)

Proof. Using (20) and the symmetry property of CG∇(λ), we have

CG∇(λ)

δ
(λ)
i

δ
(λ)
j − CG∇(λ)

δ
(λ)
j

δ
(λ)
i =[δ

(λ)
i , δ

(λ)
j ] = −yrR(λ)k

ijr ∂k̄,
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which gives us the first two relations in the statements. Similarly, since

CG∇(λ)

δ
(λ)
i

∂ j̄ − CG∇(λ)
∂ j̄

δ
(λ)
i = [δ

(λ)
i , ∂ j̄] = Γ(λ)k

ij ∂k̄,

we obtain the second line of relations. Finally, observing that

CG∇(λ)
∂ī

∂ j̄ − CG∇∂ j̄
∂
(λ)

ī =[∂ī, ∂ j̄] = 0,

we derive the third line of relations. This completes the proof.

Lemma 3. Let (M, g,∇(λ)) be a statistical manifold. Then, (TM, CGg, CG∇(λ)) is a statistical
manifold if and only if (29) holds along with the following equations:

(i) ∂igjk − ∂jgki =
CGΓ(λ)r

ki grj − CGΓ(λ)r
kj gri,

(ii) CGΓ(λ)r
ik̄ grj − CGΓ(λ)r

jk̄ gri = yl R(λ)r
ijl ,

(iii)
1
α
(−ymylC(λ)

iml
CGg j̄k̄ + C(λ)

ijk + ymykC
(λ)
ijm + ymyjC

(λ)
ikm) =

CGΓ(λ)r̄
k̄i

CGg j̄r̄ − CGΓ(λ)r
j̄k̄ gri,

(iv)
2 + α

α2 (gkiyj − gkjyi) =
CGΓ(λ)r̄

īk̄
CGgr̄ j̄ − CGΓ(λ)r̄

j̄k̄
CGgr̄ī.

Proof. We begin by examining the expression for the covariant derivative of the metric

(CG∇(λ)

δ
(λ)
i

CGg)(δ(λ)j , δ
(λ)
k ) = ∂igjk − CGΓ(λ)r

ij grk − CGΓ(λ)r
ik grj.

By interchanging the indices i and j in this equation, and applying the Codazzi equations

(CG∇(λ)

δ
(λ)
i

CGg)(δ(λ)j , δ
(λ)
k ) = (CG∇(λ)

δ
(λ)
j

CGg)(δ(λ)i , δ
(λ)
k ),

we deduce condition (i). From

(CG∇
δ
(λ)
i

CGg)(δ(λ)j , ∂k̄) = (CG∇
δ
(λ)
j

CGg)(δ(λ)i , ∂k̄),

it follows
−CGΓr̄

ij
CGgr̄k̄ −

CGΓr
ik̄gjr = −CGΓr̄

ji
CGgr̄k̄ −

CGΓr
jk̄gir.

Furthermore, using the identity

CGΓ(λ)r̄
ij − CGΓ(λ)r̄

ji = −yl R(λ)r
ijl ,

we deduce condition (ii). To derive condition (iii), apply Formula (14) to

(CG∇
δ
(λ)
i

CGg)(∂ j̄, ∂k̄) = δ
(λ)
i

CGg j̄k̄ −
CGΓ(λ)r̄

i j̄
CGgr̄k̄ −

CGΓ(λ)r̄
ik̄

CGg j̄r̄.

This yields

(CG∇
δ
(λ)
i

CGg)(∂ j̄, ∂k̄) =
1
α
(−ymylC(λ)

iml
CGg j̄k̄ + C(λ)

ijk + ymykC
(λ)
ijm + ymyjC

(λ)
ikm)

− CGΓ(λ)r̄
j̄i

CGgr̄k̄ −
CGΓ(λ)r̄

k̄i
CGg j̄r̄.

Therefore, from

(CG∇∂ j̄
CGg)(δ(λ)i , ∂k̄) = −CGΓ(λ)r̄

j̄i
CGgr̄k̄ −

CGΓ(λ)r
j̄k̄ gir,
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and
(CG∇

δ
(λ)
i

CGg)(∂ j̄, ∂k̄) = (CG∇∂ j̄
CGg)(δ(λ)i , ∂k̄),

we conclude (iii). Finally, to establish condition (iv), we compute

(CG∇∂ī
CGg)(∂ j̄, ∂k̄) = − 2

α
yi

CGg j̄k̄ +
1
α
(gijyk + gikyj)− CGΓ(λ)r̄

ī j̄
CGgr̄k̄ −

CGΓ(λ)r̄
īk̄

CGgr̄ j̄.

By using the Codazzi equation

(CG∇∂ī
CGg)(∂ j̄, ∂k̄) = (CG∇∂ j̄

CGg)(∂ī, ∂k̄),

we have (iv).

Now, let (M, g,∇(λ)) be a statistical manifold and C(λ) be the cubic tensor field of ∇(λ)

with the coefficients
C(λ)

ijk = ∂kgij − Γ(λ)h
ik gjh − Γ(λ)h

jk gih.

We consider the horizontal lift HC(λ) of C(λ). Then, we have

HC(λ)(δ
(λ)
i , δ

(λ)
j , ∂k̄) =

HC(λ)(δ
(λ)
i , ∂ j̄, δ

(λ)
k ) = HC(λ)(∂ī, δ

(λ)
j , δ

(λ)
k ) = V (C(λ)(∂i, ∂j, ∂k)) =

VC(λ)
ijk = C(λ)

ijk ◦ π,

HC(λ)(δ
(λ)
i , ∂ j̄, ∂k̄) =

HC(λ)(∂ī, δ
(λ)
j , ∂k̄) =

HC(λ)(∂ī, ∂ j̄, δ
(λ)
k ) = VC(λ)

ijk = C(λ)
ijk ◦ π,

HC(λ)(δ
(λ)
i , δ

(λ)
j , δ

(λ)
k ) = 0 = HC(λ)(∂ī, ∂ j̄, ∂k̄).

We define the tensor field Ā(λ) := λĀ of type (1, 2) on TM by

CGg(Ā(λ)(X̄)Ȳ, Z̄) = HC(λ)(X̄, Ȳ, Z̄), ∀X̄, Ȳ, Z̄ ∈ χ(TM). (30)

Using the above equation, the coefficient of Ā(λ) can be written with respect to
{δ

(λ)
i , ∂ī} as follows:

Ā(λ)(δ
(λ)
i )δ

(λ)
j = Ā(λ)s

ij δ
(λ)
s + Ā(λ)s̄

ij ∂s̄, Ā(λ)(δ
(λ)
i )∂ j̄ = Ā(λ)s

ij̄ δ
(λ)
s + Ā(λ)s̄

i j̄ ∂s̄,

Ā(λ)(∂ī)δ
(λ)
j = Ā(λ)s

īj δ
(λ)
s + Ā(λ)s̄

ī j ∂s̄, Ā(λ)(∂ī)∂ j̄ = Ā(λ)s
ī j̄ δ

(λ)
s + Ā(λ)s̄

ī j̄ ∂s̄,

whereĀ(λ)s̄
ij = (αgrs − yrys)C(λ)

ijr , Ā(λ)s
ij̄ = gsrC(λ)

ijr , Ā(λ)s̄
i j̄ = (αgrs − yrys)C(λ)

ijr , Ā(λ)s
ij = 0,

Ā(λ)s̄
ī j = (αgrs − yrys)C(λ)

jir , Ā(λ)s
īj = gsrC(λ)

jir , Ā(λ)s
ī j̄ = gsrC(λ)

ijr , Ā(λ)s̄
ī j̄ = 0.

(31)

As C(λ) is symmetric, Ā(λ)(X̄) is also symmetric with respect to CGg.
Considering the Levi–Civita connection CG∇̂ on TM, we define a linear connection CG∇̄

by
CG∇̄(λ) = CG∇̂ − 1

2
Ā(λ). (32)

Then, CG∇̄ is torsion free and satisfies CG∇̄(λ) CGg = HC(λ).
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Using Theorem 1 and the last equation, we obtain

CG∇̄(λ)

δ
(λ)
i

δ
(λ)
j =Qs

ijδ
(λ)
s − 1

2
(yl R(λ)s

ijl + Ā(λ)s̄
ij )∂s̄,

CG∇̄(λ)

δ
(λ)
i

∂ j̄ =(Ps
ij̄ −

1
2

Ā(λ)s
ij̄ )δ

(λ)
s + (Γ(λ)s

ij + Ps̄
i j̄ −

1
2

Ā(λ)s̄
i j̄ )∂s̄,

CG∇̄(λ)
∂ī

δ
(λ)
j =(Ps

jī −
1
2

Ā(λ)s
īj )δ

(λ)
s + (Ps̄

jī −
1
2

Ā(λ)s̄
ī j )∂s̄,

CG∇̄(λ)
∂ī

∂ j̄ =(Ss
ī j̄ −

1
2

Ā(λ)s
ī j̄ )δ

(λ)
s + Ss̄

ī j̄∂s̄.

Next, we apply the above explanations to the following:

Theorem 2. Let (M, g,∇(λ)) be a statistical manifold with the cubic tensor field C(λ). Then,

(TM, CGg, CG∇̄(λ)
) is a statistical manifold where CG∇̄(λ) is determined by (32).

Example 3. We consider the statistical manifold (R2, g,∇(λ)) in Example 2. According to (32),
the following apply:

CG∇̄(λ)

δ
(λ)
1

δ
(λ)
1 = −1

2
Ā(λ)1̄

11 ∂1̄ −
1
2

Ā(λ)2̄
11 ∂2̄,

CG∇̄(λ)

δ
(λ)
2

δ
(λ)
2 = −1

2
Ā(λ)1̄

22 ∂1̄ −
1
2

Ā(λ)2̄
22 ∂2̄,

CG∇̄(λ)

δ
(λ)
1

δ
(λ)
2 =

λ

2
(λ f3 f4y1 − ∂1 f4y2)∂1̄ +

λ

2
(∂2 f3y1 − λ f3 f4y2)∂2̄,

CG∇̄(λ)

δ
(λ)
2

δ
(λ)
1 = −λ

2
(λ f3 f4y1 − ∂1 f4y2)∂1̄ −

λ

2
(∂2 f3y1 − λ f3 f4y2)∂2̄,

CG∇̄(λ)

δ
(λ)
1

∂1̄ = P1
11̄δ

(λ)
1 − 1

2
Ā(λ)2

11̄ δ
(λ)
2 + (P1̄

11̄ −
1
2

Ā(λ)1̄
11̄ )∂1̄ + (Γ(λ)2

11 + P2̄
11̄ −

1
2

Ā(λ)2̄
11̄ )∂2̄,

CG∇̄(λ)

δ
(λ)
1

∂2̄ = P1
12̄δ

(λ)
1 + P1̄

12̄∂1̄ + P2̄
12̄∂2̄,

CG∇̄(λ)

δ
(λ)
2

∂1̄ = P2
21̄δ

(λ)
2 + P1̄

21̄∂1̄ + P2̄
21̄∂2̄,

CG∇̄(λ)

δ
(λ)
2

∂2̄ = −1
2

Ā(λ)1
22̄ δ

(λ)
1 + P2

22̄δ
(λ)
2 + (Γ(λ)1

22 + P1̄
22̄ −

1
2

Ā(λ)1̄
22̄ )∂1̄ + (P2̄

22̄ −
1
2

Ā(λ)2̄
22̄ )∂2̄,

CG∇̄(λ)
∂1̄

δ
(λ)
1 = P1

11̄δ
(λ)
1 − 1

2
Ā(λ)2

1̄1 δ
(λ)
2 + (P1̄

11̄ −
1
2

Ā(λ)1̄
1̄1 )∂1̄ + (P2̄

11̄ −
1
2

Ā(λ)2̄
1̄1 )∂2̄,

CG∇̄(λ)
∂1̄

δ
(λ)
2 = P2

21̄δ
(λ)
2 + P1̄

21̄∂1̄ + P2̄
21̄∂2̄,

CG∇̄(λ)
∂2̄

δ
(λ)
1 = P1

12̄δ
(λ)
1 + P1̄

12̄∂1̄ + P2̄
12̄∂2̄,

CG∇̄(λ)
∂2̄

δ
(λ)
2 = −1

2
Ā(λ)1

2̄2 δ
(λ)
1 + P2

22̄δ
(λ)
2 + (P1̄

22̄ −
1
2

Ā(λ)1̄
2̄2 )∂1̄ + (P2̄

22̄ −
1
2

Ā(λ)2̄
2̄2 )∂2̄,

CG∇̄(λ)
∂1̄

∂1̄ = S1
1̄1̄δ

(λ)
1 + (S2

1̄1̄ −
1
2

Ā(λ)2
1̄1̄ )δ

(λ)
2 + S1̄

1̄1̄∂1̄ + S2̄
1̄1̄∂2̄,

CG∇̄(λ)
∂1̄

∂2̄ = S1
1̄2̄δ

(λ)
1 + S2

1̄2̄δ
(λ)
2 + S1̄

1̄2̄∂1̄ + S2̄
1̄2̄∂2̄ = CG∇̄∂2̄

∂1̄,

CG∇̄(λ)
∂2̄

∂2̄ = (S1
2̄2̄ −

1
2

Ā(λ)1
2̄2̄ )δ

(λ)
1 + S2

2̄2̄δ
(λ)
2 + S1̄

2̄2̄∂1̄ + S2̄
2̄2̄∂2̄,
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where

Ā(λ)1̄
11 = 2λ f3y1y1, Ā(λ)2̄

11 = −2λ f3(α − y1y2), Ā(λ)1̄
22 = −2λ f4(α − y1y2),

Ā(λ)2̄
22 = 2λ f4y2y2, Ā(λ)2

11̄ = Ā(λ)2
1̄1 = −2λ f3, Ā(λ)1̄

11̄ = Ā(λ)1̄
1̄1 = 2λ f3y1y1,

Ā(λ)2̄
11̄ = Ā(λ)2̄

1̄1 = −2λ f3(α − y1y2), Ā(λ)1
22̄ = Ā(λ)1

2̄2 = −2λ f4,

Ā(λ)1̄
22̄ = Ā(λ)1̄

2̄2 = −2λ f4(α − y1y2), Ā(λ)2̄
22̄ = Ā(λ)2̄

2̄2 = 2λ f4y2y2,

Ā(λ)2
1̄1̄ = −2λ f3, Ā(λ)1

2̄2̄ = −2λ f4,

Ā(λ)1
12 = Ā(λ)1

21 = Ā(λ)2
12 = Ā(λ)2

21 = Ā(λ)1
12̄ = Ā(λ)1

2̄1 = Ā(λ)2
12̄ = Ā(λ)2

2̄1 = 0,

Ā(λ)1
1̄2 = Ā(λ)1

21̄ = Ā(λ)2
1̄2 = Ā(λ)2

21̄ = Ā(λ)1
1̄2̄ = Ā(λ)1

2̄1̄ = Ā(λ)2
1̄2̄ = Ā(λ)2

2̄1̄ = 0.

The last equations satisfy (31). Also, an easy computation shows that CGC̄(λ)
αβγ = 0, α, β, γ = 1, 2,

except

CGC̄(λ)
1̄11 = CGC̄(λ)

11̄1 = CGC̄(λ)
111̄ = −2λ f3, CGC̄(λ)

1̄1̄1 = CGC̄(λ)
1̄11̄ = CGC̄(λ)

11̄1̄ = −2λ f3,

CGC̄(λ)
2̄22 = CGC̄(λ)

22̄2 = CGC̄(λ)
222̄ = −2λ f4, CGC̄(λ)

2̄2̄2 = CGC̄(λ)
2̄22̄ = CGC̄(λ)

22̄2̄ = −2λ f4,

where CGC̄(λ)
αβγ = (G∇(λ)

eα
CGg)(eβ, eγ) with respect to the λ-adapted frame {eβ} = {δ

(λ)
i , ∂ī}. So,

(TR2, CGg, CG∇(λ)) is a statistical manifold. Hence, Theorem 2 holds.

6. Para-Holomorphic Statistical Structure on (T M, CGg)
An almost product structure F on a differentiable manifold M is a (1, 1)-tensor field

satisfying F2 = Id. The pair (M, F) is called an almost product manifold. An almost para-
complex manifold is an almost product manifold (M, F) such that the two eigenbundles
T+M and T−M, corresponding to the eigenvalues +1 and −1 of F, respectively, have the
same rank. (Note that the dimension of an almost para-complex manifold must be even.)
The Nijenhuis tensor NF of an almost para-complex structure F is defined by

NF(X, Y) = [FX, FY]− F[FX, Y]− F[X, FY] + [X, Y], ∀X, Y ∈ ℑ1
0(M).

An almost para-complex structure F is called a para-complex structure if NF = 0,
and a manifold M endowed with such a structure is called a para-complex manifold. A
para-Hermitian manifold (M, g, F) is a para-complex manifold (M, F) endowed with a
pseudo-Riemannian metric g such that g is compatible with the para-complex structure F,
that is

g(FX, FY) = −g(X, Y), ∀X, Y ∈ ℑ1
0(M).

The fundamental two-form Ω of the para-Hermitian manifold (M, g, F) is the skew-
symmetric tensor field defined by

Ω(X, Y) = g(X, FY).

A para-Kähler manifold (M, g, F) is a para-Hermitian manifold where the fundamental
2-form Ω is closed, meaning dΩ = 0.

Definition 1. A triple (g,∇(λ), F) is called a λ-para-holomorphic statistical structure on M if
(g,∇(λ)) is a statistical structure, (g, F) is a para-Kähler structure on M and

KX FY + FKXY = 0, ∀X, Y ∈ ℑ1
0(M), (33)
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where K is given by (8).

Given a vector field X = Xi∂i, the (1, 1)-tensor field F defined by F∂i = Fj
i ∂j and

the tensor K as K∂i
∂j = Kr

ij∂r in a neighborhood U ⊂ M, the conditions for a λ-para-
holomorphic structure on the manifold M can be expressed locally as follows:

Γ(λ)r
ij = Γ(λ)r

ji , C(λ)
ijk = C(λ)

jik , Fj
i Fk

j = δk
i , Fk

i Fjk = −gij, Ωij = Fji,

∂iFkj + ∂jFik + ∂kFji = 0, Fr
j Ks

ir = −Kr
ijF

s
r , Γ(λ)r

ij − Γ(0)r
ij = λK,

Fm
i ∂m(Fs

j )− Fm
j ∂m(Fs

i )− ∂i(Fm
j )Fs

m + ∂j(Fm
i )Fs

m = 0,

(34)

where Fjk = Fr
j grk. The above equations imply that Fjk = −Fkj, establishing the skew-

symmetry of F.

Example 4. In Example 2, we consider the statistical manifold (R2, g,∇(λ)) with the para-complex
structure defined by F∂1 = ∂1 and F∂2 = −∂2, which implies F1

1 = 1, F2
2 = −1. The condition (33)

holds if and only if K1
11 = K2

22 = 0, i.e., f1 = f2 = 0. It is straightforward to verify that the
relations in (34) are satisfied. Therefore, (g,∇(λ), F) constitutes a λ-para-holomorphic statistical
structure on R2.

6.1. The Almost Product Structure FCG

Let (M, g,∇(λ), F) be a λ-para-holomorphic statistical manifold. Define FCG as a tensor
field of type (1, 1) on TM, which is given by the following:FCG (

HX) = a V (FX)− bg(X, Fy) Vy,

FCG (
VX) = q H(FX)− sg(X, y) H(Fy),

(35)

where X ∈ ℑ1
0(M), y ∈ TM and a, b, q, s are differentiable real functions with respect to τ.

It is easy to show that F2
CG

= Id if and only if the coefficients satisfy the following
relations:

aq = 1, sa(a + τb)− b = 0.

Thus, locally, based on the equations above, the almost para-complex structure FCG on
TM can be written as FCG (δ

(λ)
i ) = (aFr

i − byl Fliyr)∂r̄,

FCG (∂ī) = ( 1
a Fr

i −
b

a(a+τb)yiyl Fr
l )δ

(λ)
r .

(36)

6.2. The Nijenhuis Tensor of FCG

Let NFCG
be the Nijenhuis tensor of FCG , which is defined as

NFCG
(X̄, Ȳ) = [FCG X̄, FCG Ȳ]− FCG [FCG X̄, Ȳ]− FCG [X̄, FCG Ȳ] + [X̄, Ȳ], (37)

for any X̄, Ȳ ∈ ℑ1
0(TM). The structure FCG is said to be integrable if and only if NFCG

= 0.

Proposition 1. The almost para-complex structure FCG defined in (35) is integrable if and only if

NFCG
(HX, HY) = 0, ∀X, Y ∈ ℑ1

0(M).
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Proof. Assume that NFCG
(HX, HY) = 0, and we will show that NFCG

= 0. First, observe
that since F2

CG
= Id, thus (37) implies

NFCG
(HX, FCG

HY) = −FCG NFCG
(HX, HY) = 0, ∀X, Y ∈ ℑ1

0(M).

Applying this result and (35), we obtain the equation

aNFCG
(HX, V (FY))− bg(Y, Fy)NFCG

(HX, Vy) = 0, ∀X, Y ∈ ℑ1
0(M), y ∈ TM. (38)

Substituting Y by y in the above equation, we have

aNFCG
(HX, V (Fy))− bg(y, Fy)NFCG

(HX, Vy) = 0, ∀X ∈ ℑ1
0(M), y ∈ TM.

Since g(y, Fy) = 0 and a ̸= 0, the last equation yields

NFCG
(HX, V (Fy)) = 0, ∀X ∈ ℑ1

0(M), y ∈ TM.

Substituting y with Fy in (38) and using the above equation, we deduce that

NFCG
(HX, V (FY)) = 0, ∀X, Y ∈ ℑ1

0(M).

Finally, replacing Y with FY in the above equation, we obtain

NFCG
(HX, VY) = 0, ∀X, Y ∈ ℑ1

0(M).

By similar reasoning, we also obtain

NFCG
(VX, VY) = 0, ∀X, Y ∈ ℑ1

0(M).

Therefore, we have shown that all components of the Nijenhuis tensor vanish:

NFCG
(XH, YH) = NFCG

(XH, YV ) = NFCG
(XV , YV ) = 0, ∀X, Y ∈ ℑ1

0(M),

which leads to NFCG
= 0. The converse is straightforward.

Proposition 2. The Nijenhuis tensor NFCG
can be written with respect to {δ

(λ)
i , ∂ī} as follows

NFCG
(δ

(λ)
i , δ

(λ)
j ) = {(Fs

r − asyryl Fs
l )(∇

(λ)
∂j

Fr
i −∇(λ)

∂i
Fr

j ) + b(q − τs)(∇(λ)
∂i

Fl j −∇(λ)
∂j

Fli)ylyrFs
r

+ (b′q − τb′s − a′s)(C(λ)
ikmFrj − C(λ)

jkmFri)ykymyryl Fs
l + a′q(C(λ)

jkmδs
i − C(λ)

ikmδs
j )y

myk}δ
(λ)
s

+ yl{(2a′(a + τb)− ab)(Fil Fs
j − Fjl Fs

i )− R
(λ)s
ijl }∂s̄.

Proof. By the direct computations, we obtain the following

[FCG δ
(λ)
i , FCG δ

(λ)
j ] = (2aa′ + 2τa′b − ab)(Fil Fs

j − Fjl Fs
i )y

l∂s̄,

and

FCG [FCG δ
(λ)
i , δ

(λ)
j ] + FCG [δ

(λ)
i , FCG δ

(λ)
j ] = −{(Fs

r − asyryl Fs
l )(∇

(λ)
∂j

Fr
i −∇(λ)

∂i
Fr

j ) + b(q − τs)(∇(λ)
∂i

Fkj

−∇(λ)
∂j

Fki)ykyrFs
r + (b′q − τb′s − a′s)(C(λ)

ikmFrj − C(λ)
jkmFri)ykymyryl Fs

l + a′q(C(λ)
jkmδs

i − C(λ)
ikmδs

j )y
myk}δ

(λ)
s .

Applying these results along with (20) in (37), we conclude the assertion.
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Corollary 1. The structure FCG is integrable if and only if the following conditions hold

(Fs
r − asyryl Fs

l )(∇
(λ)
∂j

Fr
i −∇(λ)

∂i
Fr

j ) + b(q − τs)(∇(λ)
∂i

Fkj −∇(λ)
∂j

Fki)ykyrFs
r

+ (b′q − τb′s − a′s)(C(λ)
ikmFrj − C(λ)

jkmFri)ykymyryl Fs
l + a′q(C(λ)

jkmδs
i − C(λ)

ikmδs
j )y

myk = 0,

and

yk((2a′(a + τb)− ab)(FikFs
j − FjkFs

i )− R
(λ)s
ijk ) = 0.

Additionally, the para-complex structure (CGg, FCG ) is a para-Hermitian structure on
the tangent bundle TM, i.e.,

CGg(FCG (
HX), FCG (

HY)) = −CGg(HX, HY) = −g(X, Y),

CGg(FCG (
VX), FCG (

VY)) = −CGg(VX, VY) = − 1
α
(g(X, Y) + g(X, u)g(Y, u)),

if and only if the following conditions are satisfied

a2 =α, (a + τb)2 + b(2a + τb) = 0. (39)

From (39), it follows

a =
√

τ + 1, b = −
√

τ + 1 ± 1
τ

, (40)

or

a = −
√

τ + 1, b =

√
τ + 1 ± 1

τ
.

6.3. Para-Kähler Form ΩCG

Considering the para-Hermitian manifold (TM, CGg, FCG ), we define the fundamental
2-form, para-Kähler form ΩCG of TM as follows

ΩCG (X̄, Ȳ) = CGg(X̄, FCG Ȳ), ∀X̄, Ȳ ∈ χ(TM).

The para-Kähler form ΩCG with respect to {δ
(λ)
i , ∂ī} is given by

ΩCG (δ
(λ)
i , δ

(λ)
j ) =0 = ΩCG (∂ī, ∂ j̄),

ΩCG (δ
(λ)
i , ∂ j̄) =− (

1
a

Fij + syjyl Fli) = −ΩCG (∂ j̄, δ
(λ)
i ).

Applying (35), we perform direct calculations and obtain the following results for the
exterior derivative of ΩCG :

dΩCG (∂ī, ∂ j̄, ∂k̄) = 0,

dΩCG (δ
(λ)
i , δ

(λ)
j , δ

(λ)
k ) = ymR(λ)r

ijm (
1
a

Fkr + syryl Flk) + ymR(λ)r
kim (

1
a

Fjr + syryl Fl j) + ymR(λ)r
jkm (

1
a

Fir + syryl Fli),

dΩCG (δ
(λ)
i , δ

(λ)
j , ∂k̄) =

1
a
(∇(λ)

∂j
Fik −∇(λ)

∂i
Fjk) + s(∇(λ)

∂j
Fli −∇(λ)

∂i
Fl j)ykyl + s(C(λ)

jkr Fli − C(λ)
ikr Fl j)yryl

+
a′

a2 (C
(λ)
jmr Fik − C(λ)

imr Fjk)ymyr + s′(C(λ)
jmr Fli − C(λ)

imr Fl j)ykylymyr,
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and

dΩCG (δ
(λ)
i , ∂ j̄, ∂k̄) =(

2a′

a2 − s)(Fijyk − Fikyj).

Corollary 2. The para-Kähler form ΩCG is closed if and only if the following conditions hold:

(i) ymR(λ)r
ijm (

1
a

Fkr + syryl Flk) + ymR(λ)r
kim (

1
a

Fjr + syryl Fl j) + ymR(λ)r
jkm (

1
a

Fir + syryl Fli) = 0,

(ii)
1
a
(∇(λ)

∂j
Fik −∇(λ)

∂i
Fjk) + s(∇(λ)

∂j
Fli −∇(λ)

∂i
Fl j)ykyl + s(C(λ)

jkr Fli − C(λ)
ikr Fl j)yryl

+
a′

a2 (C
(λ)
jmr Fik − C(λ)

imr Fjk)ymyr + s′(C(λ)
jmr Fli − C(λ)

imr Fl j)ykylymyr = 0,

(iii) (
2a′

a2 − s)(Fijyk − Fikyj) = 0.

Theorem 3. Let (M, g,∇(λ), F) be a λ-para-holomorphic statistical manifold. Then, (TM, CGg, FCG )

is a para-Kähler manifold if and only if the conditions stated in Corollaries 1 and 2 are satisfied and

a = ±
√

τ + 1, b = ∓
√

τ + 1 ± 1
τ

.

Remark 2. Consider the statistical manifold (R2, g,∇(λ), F) introduced in Example 4. The almost
para-complex structure FCG on the tangent bundle of this manifold is defined as follows:

FCG (δ
(λ)
1 ) = (a + by1y2)∂1̄ + b(y2)2∂2̄, FCG (δ

(λ)
2 ) = −b(y1)2∂1̄ − (a + by1y2)∂2̄,

FCG (∂1̄) = (q − sy1y1)δ
(λ)
1 + sy1y2δ

(λ)
2 , FCG (∂2̄) = −sy2y1δ

(λ)
1 + (−q + sy2y2)δ

(λ)
2 .

According to Corollary 1, the structure FCG is integrable if and only if the following conditions
are satisfied

(b′q − τb′s − a′s)λ f3(y1)4 + [(b′q − τb′s − a′s)y1y2 + a′q]λ f4(y2)2 = 0,

(b′q − τb′s − a′s)λ f4(y2)4 + [(b′q − τb′s − a′s)y1y2 + a′q]λ f3(y1)2 = 0,

(2a′(a + τb)− ab)y1 = −λ2 f3 f4y1 + λ∂1( f4)y2,

(2a′(a + τb)− ab)y2 = −λ2 f3 f4y2 + λ∂2( f3)y1.

(41)

Additionally, from Corollary 2, the para-Kähler form ΩCG of the para-Hermitian manifold
(TR2, CGg, FCG ) is closed if and only if the following conditions hold

(−s + a′
a2 − y1y2s′)λ f3(y1)2 − s′λ f4(y2)4 = 0,

(−s + a′
a2 − y1y2s′)λ f4(y2)2 − s′λ f3(y1)4 = 0,

(s − 2a′
a2 )y1 = 0 = (s − 2a′

a2 )y2.

(42)

Here, aq = 1 and s = b
a(a+bτ)

. Therefore, the statistical manifold (TR2, CGg, FCG ) is a para-Kähler
manifold if and only if (39), (41) and (42) are satisfied.

Example 5. We consider the para-Hermitian manifold (TR2, CGg, FCG ) induced by λ-para-
holomorphic statistical manifold (M, g,∇(λ), F) in Remark 2 with a =

√
τ + 1 and b = −

√
τ+1+1

τ .
According to the third part of (42), we conclude s = 2a′

a2 . In this case, (τ + 1)
√

1 + τ = −1, and
this is a contradiction. Thus, this manifold does not admit a para-Kähler structure.
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6.4. Para-Holomorphic Statistical Structure on the Statistical Manifold (TM, CGg, CG∇(λ))

Now, we study the holomorphic conditions for statistical connections on a tangent
bundle with Cheeger Gromoll metric CGg. For this aim, for the statistical structure
(CG∇(λ), CGg), we define the difference tensor field CGK as

CGK(X̄, Ȳ) =
1
λ
(CG∇(λ)

X̄ Ȳ − CG∇̂X̄Ȳ), ∀X̄, Ȳ ∈ χ(TM), (43)

where λ ̸= 0. Denoting the coefficients CGK by CGKA
BC, we have

CGK(δ(λ)i , δ
(λ)
j ) = CGKk

ijδ
(λ)
k + CGKk̄

ij∂k̄,

CGK(δ(λ)i , ∂ j̄) =
CGKk

ij̄δ
(λ)
k + CGKk̄

i j̄∂k̄,

CGK(∂ī, ∂ j̄) =
CGKk

ī j̄δ
(λ)
k + CGKk̄

ī j̄∂k̄.

From (43), we obtain

CGK(δ(λ)i , δ
(λ)
j ) =

1
λ
(CG∇(λ)

δ
(λ)
i

δ
(λ)
j − CG∇̂

δ
(λ)
i

δ
(λ)
j ),

CGK(δ(λ)i , ∂ j̄) =
1
λ
(CG∇(λ)

δ
(λ)
i

∂ j̄ − CG∇̂
δ
(λ)
i

∂ j̄),

CGK(∂ī, ∂ j̄) =
1
λ
(CG∇(λ)

∂ī
∂ j̄ − CG∇̂∂ī

∂ j̄).

Applying Theorem 1 and (28) to the above equations, the following holds:
CGKs

ij =
1
λ (

CGΓ(λ)s
ij − Qs

ij),
CGKs̄

ij =
1
λ (

CGΓ(λ)s̄
ij + 1

2 yl R(λ)s
ijl ),

CGKs
ij̄ =

1
λ (

CGΓ(λ)s
ij̄ − Ps

ij̄),
CGKs̄

i j̄ =
1
λ (

CGΓ(λ)s̄
i j̄ − (Γ(λ)s

ij + Ps̄
i j̄)),

CGKs
ī j̄ =

1
λ (

CGΓ(λ)s
ī j̄ − Ss

ī j̄),
CGKs̄

ī j̄ =
1
λ (

CGΓ(λ)s̄
ī j̄ − Ss̄

ī j̄).

(44)

We conduct a thorough investigation of the holomorphic conditions for the family of
connections CG∇(λ), where (CG∇(λ), CGg) constitutes a statistical structure on the tangent
bundle equipped with the Cheeger Gromoll metric CGg. To rigorously establish these
conditions, we systematically examine the fundamental equation

CGKX̄ FCG Ȳ + FCG (
CGKX̄Ȳ) = 0, ∀X̄, Ȳ ∈ χ(TM). (45)

Using (36) and (44) in (45), we compute the following

CGK
δ
(λ)
i
(FCG δ

(λ)
j ) + FCG (

CGK
δ
(λ)
i

δ
(λ)
j ) =

1
λ

(
(aFr

j − bykFkjyr)(CGΓ(λ)s
ir̄ − Ps

ir̄) + (
1
a

Fs
m − b

a(a + τb)
ymycFs

c )

(CGΓ(λ)m̄
ij +

1
2

yl R(λ)m
ijl )

)
δ
(λ)
s +

1
λ

(
(aFr

j − bykFkjyr)(CGΓ(λ)s̄
ir̄

− (Γ(λ)s
ir + Ps̄

ir̄)) + (aFs
m − bykFkmys)(CGΓ(λ)m

ij − Qm
ij )

)
∂s̄,

CGK∂ī
(FCG ∂ j̄) + FCG (

CGK∂ī
∂ j̄) =

1
λ

(
(

1
a

Fr
j −

b
a(a + τb)

yjyl Fr
l )(

CGΓ(λ)s
īr̄ − Ss

īr̄) + (
1
a

Fs
m − b

a(a + τb)
ymyl Fs

l )

(CGΓ(λ)m̄
ī j̄ − Sm̄

ī j̄ )

)
δ
(λ)
s +

1
λ

(
(

1
a

Fr
j −

b
a(a + τb)

yjyl Fr
l )(

CGΓ(λ)s̄
īr̄ − Ss̄

īr̄)

+ (aFs
m − bykFkmys)(CGΓ(λ)m

īj̄ − Sm
īj̄ )

)
∂s̄,
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CGK
δ
(λ)
i
(FCG ∂ j̄) + FCG (

CGK
δ
(λ)
i

∂ j̄) =
1
λ

(
(

1
a

Fr
j −

b
a(a + τb)

yjyl Fr
l )(

CGΓ(λ)s
ir − Qs

ir) + (
1
a

Fs
m − b

a(a + τb)
ymyl Fs

l )

(CGΓ(λ)m̄
ij̄ − (Γ(λ)m

ij + Pm̄
ij̄ ))

)
δ
(λ)
s +

1
λ

(
(

1
a

Fr
j −

b
a(a + τb)

yjyl Fr
l )

(CGΓ(λ)s̄
ir +

1
2

ycR(λ)s
irc ) + (aFs

m − bykFkmys)(CGΓ(λ)m
ij̄ − Pm

ij̄ )

)
∂s̄,

CGK∂ī
(FCG δ

(λ)
j ) + FCG (

CGK∂ī
δ
(λ)
j ) =

1
λ

(
(aFr

j − bykFkjyr)(CGΓ(λ)s
īr̄ − Ss

īr̄) + (
1
a

Fs
m − b

a(a + τb)
ymycFs

c )

(CGΓ(λ)m̄
jī − (Γ(λ)m

ji + Pm̄
jī ))

)
δ
(λ)
s +

1
λ

(
(aFr

j − bykFkjyr)(CGΓ(λ)s̄
īr̄

− Ss̄
īr̄) + (aFs

m − bykFkmys)(CGΓ(λ)m
jī − Pm

jī )

)
∂s̄.

Theorem 4. Let (M, g,∇, F) be a holomorphic statistical manifold. Then, (TM, CGg, CG∇, FCG )

is a holomorphic statistical manifold if and only if the conditions from Theorem 3 are satisfied
and moreover,

(aFr
j − bykFkjyr)(CGΓ(λ)s

ir̄ − Ps
ir̄) + (

1
a

Fs
m − b

a(a + τb)
ymycFs

c )(
CGΓ(λ)m̄

ij +
1
2

yl R(λ)m
ijl ) = 0,

(aFr
j − bykFkjyr)(CGΓ(λ)s̄

ir̄ − (Γ(λ)s
ir + Ps̄

ir̄)) + (aFs
m − bykFkmys)(CGΓ(λ)m

ij − Qm
ij ) = 0,

(
1
a

Fr
j −

b
a(a + τb)

yjyl Fr
l )(

CGΓ(λ)s
īr̄ − Ss

īr̄) + (
1
a

Fs
m − b

a(a + τb)
ymyl Fs

l )(
CGΓ(λ)m̄

ī j̄ − Sm̄
ī j̄ ) = 0,

(
1
a

Fr
j −

b
a(a + τb)

yjyl Fr
l )(

CGΓ(λ)s̄
īr̄ − Ss̄

īr̄) + (aFs
m − bykFkmys)(CGΓ(λ)m

īj̄ − Sm
īj̄ ) = 0,

(
1
a

Fr
j −

b
a(a + τb)

yjyl Fr
l )(

CGΓ(λ)s
ir − Qs

ir) + (
1
a

Fs
m − b

a(a + τb)
ymyl Fs

l )(
CGΓ(λ)m̄

ij̄ − (Γ(λ)m
ij + Pm̄

ij̄ )) = 0,

(
1
a

Fr
j −

b
a(a + τb)

yjyl Fr
l )(

CGΓ(λ)s̄
ir +

1
2

ycR(λ)s
irc ) + (aFs

m − bykFkmys)(CGΓ(λ)m
ij̄ − Pm

ij̄ ) = 0,

(aFr
j − bykFkjyr)(CGΓ(λ)s

īr̄ − Ss
īr̄) + (

1
a

Fs
m − b

a(a + τb)
ymycFs

c )(
CGΓ(λ)m̄

jī − (Γ(λ)m
ji + Pm̄

jī )) = 0,

(aFr
j − bykFkjyr)(CGΓ(λ)s̄

īr̄ − Ss̄
īr̄) + (aFs

m − bykFkmys)(CGΓ(λ)m
jī − Pm

jī ) = 0.

7. Conclusions
In this paper, we explored the geometric properties of the family of λ connections

on a statistical manifold (M, g,∇(λ)) and extended these structures to the tangent bundle
TM. By deriving explicit expressions for the vertical and horizontal distributions, we
introduced the concept of λ-adapted frames, providing a natural framework for studying

the induced statistical structure (CGg, CG∇(λ)
) on TM equipped with the Cheeger Gromoll-

type metric. Furthermore, by incorporating a para-holomorphic structure on (M, g,∇(λ)),
we constructed a para-Hermitian structure on TM and investigated its integrability.

These results have several practical applications. The λ connections are important tools
in information geometry, where they help model learning processes and statistical inference.
The Cheeger Gromoll metric extension gives new ways to describe large and complex
parameter spaces, such as those that appear in deep learning and optimization problems.

The para-Hermitian and para-holomorphic structures introduced in this work can
also help understand the hidden symmetries and geometric flows in machine learning
models. This could lead to better training algorithms, improved generalization, and new
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ideas in areas like manifold learning, representation learning, information theory, and even
quantum machine learning.

In the future, the methods developed here could be used to design geometry-aware
machine learning algorithms or study more complex data spaces in statistics and artificial
intelligence. We believe that connecting differential geometry with modern data science
will continue to create exciting new research directions.
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