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Abstract: We consider the family of A connections V(%) on a statistical manifold M equipped
with a pair of conjugate connections V = V(1) and V* = V(~1), where the A connection is
defined as V) = %V + %V*. This paper develops expressions for the vertical and
horizontal distributions on the tangent bundle of the statistical manifold (M, g, V(V)) and
introduces the concept of A-adapted frames. We also derive the Levi—Civita connection

CG@W of the tangent bundle TM, which is equipped with the Cheeger Gromoll-type

metric “Cg. We study the statistical structure (“Cg, CGV(A)) on the tangent bundle TM,
which is naturally induced from the statistical manifold (M, g, V")) . By introducing a
para-holomorphic structure on the statistical manifold (M, g, V(M) , we construct a para-
Hermitian structure on the tangent bundle TM and examine its integrability. Finally, we
present the conditions under which these bundles admit a para-holomorphic structure.
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1. Introduction

In the 1980s, the notion of statistical structure was introduced and began to play an
important role in building a very effective branch called information geometry, which is
a combination of differential geometry and statistics. In fact, information geometry joins
fundamental differential geometry tools like connection, metric and curvature to statistical
models and makes it possible to describe statistical objects as geometric ones. Describing
statistical spaces using geometry helps us better understand statistical behaviors. A detailed
introduction to information geometry can be found in [1]. Its applications could be found in
various fields of science such as in statistical inference, time series, linear systems, quantum
systems, image processing, physics, computer scince and machine learning; see [2—4].

Let ® be an open subset of R”, and let (2 be a sample space with parameter
0 = (6',---,0m). The set of probability density functions

SZ{P(x;G):/Qp(x;G):l, p(x;0) >0, 6 € ® CR"},

is known as a statistical model. For a given statistical model S, the Fisher information
matrix g(6) = [g;;(0)] is defined as

g1](9) = /Qaifgajﬁgp(x; Q)dx = Ep [aifgajfg], (1)
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where ¢y = ((x;0) := logp(x;0), 0; := %, and E,[f] is the expectation of f(x) with
respect to p(x;0). When equipped with the Fisher information matrix, S forms a statisti-
cal manifold.

Historically, Fisher introduced Equation (1) in 1920 as a mathematical measure of
information (see [5]). It has been established that if the metric tensor g is positive-definite
and its components converge to real values, then (S, g) defines a Riemannian manifold,
where g is referred to as the Fisher metric. Later, in [6], C. R. Rao introduced a geometric
framework for the space of probability distributions by using the Fisher information metric
to define a Riemannian distance.

Using the Fisher metric g, Amari’s A connection V(*) for any A € R with respect to
p(x;0) is expressed in terms of the Christoffel symbols as

I — o (v W3 30) = E (39000 4+ 250,39,
ijk — g(vai a]/ak) T EP[(alaJEG + Talﬁga]%)(ak@)]. 2)

This affine connection plays a fundamental role in information geometry, providing a
differential geometric framework for statistical inference. Different choices of A lead to dis-
tinct structures, such as dual A connections, which are central to statistical estimation theory
and machine learning. In particular, the case A = 1 corresponds to the Amari-Chentsov
connection, while A = —1 defines its conjugate connection [7,8].

In 1985, Amari studied the statistical manifolds from the point of view of information
geometry, and he gave a new description of the statistical distributions by using the
obtained geometric structures. In Amari’s definition, a statistical manifold is a triple
(M, g, V) consisting of a smooth manifold M, a non-degenerate metric g on it and a torsion-
free connection V with the property that Vg is symmetric [9]. An alternative definition of a
statistical manifold was given by H. Furuhata and I. Hasegawa in [10]. They described it as a
(pseudo-)Riemannian manifold equipped with a pair of torsion-free conjugate connections.
Earlier studies on pairs of connections that are compatible with a g structure can be traced
back to the work of Cruceanu and Miron in [11].

The relationship between an affine connection and different geometric structures
such as a pseudo-Riemannian metric, a non-degenerate two-form, and a bundle iso-
morphism has been studied in various settings. A well-known example is the case
of almost (para-)Hermitian manifolds (M, g,L), where the 2-form w is defined by
w(X,Y) = g(LX,Y). In [12], Fei and Zhang showed that if the connection V satisfies the
Codazzi condition with respect to both the metric g and the structure L, then the manifold
carries a (para-)Kédhler structure. They introduced the concept of Codazzi-(para-)Kéhler
manifolds as a generalization of (para-)Kahler statistical manifolds. Later, in [13], this study
was extended to connections with torsion. The authors explored torsion couplings between
such connections and the pair (g, L) on almost (para-)Hermitian manifolds. They proved
that (V, L) is torsion-coupled if and only if V is (para-)holomorphic and L is integrable.
Statistical geometry on almost anti-Hermitian (or Norden) manifolds has also been devel-
oped. In [14,15], Salimov and Turanli introduced anti-Kéhler-Codazzi manifolds. In [16],
Etayo and coauthors showed that Kdhler-Codazzi manifolds reduce to Kéhler manifolds
within all four types of («, ¢)-geometry. Vilcu introduced para-Kéahler-like statistical mani-
folds in [17] and showed that if they have constant curvature in the sense of Kurose, their
statistical structure becomes Hessian. For further developments in statistical geometry,
see [18-22].

The tangent bundle of a differentiable manifold plays a crucial role in various areas of
differential geometry, mathematical physics, and information geometry. Understanding
the geometry of tangent bundles provides deep insights into the intrinsic and extrinsic
properties of the base manifold. One of the fundamental approaches in this context is the
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study of natural metrics, which extend the geometric structure of the base manifold to
its tangent bundle. Among these, the Cheeger Gromoll metric has attracted significant
attention due to its ability to capture the underlying geometry of tangent bundles in a
natural and meaningful way.

The Cheeger Gromoll metric was originally introduced in the context of Riemannian
geometry by Cheeger and Gromoll [23] and later explicitly formulated on tangent bundles
by Musso and Tricerri [24]. This metric, along with other natural metrics such as the Sasaki
metric and Kaluza—Klein metric, has been extensively studied in relation to curvature prop-
erties, geodesics, and holonomy structures. While these studies have provided valuable
insights into the geometry of tangent bundles in Riemannian settings, the extension of the
Cheeger Gromoll metric to statistical manifolds remains largely unexplored.

Additionally, statistical structures on tangent bundles have been studied in recent
works such as [25,26], adding new insights to the field.

This paper aims to extend the study of the Cheeger Gromoll metric to statistical mani-
folds. By conducting this study, we provide a new perspective on the interaction between
natural metrics and statistical structures, offering deeper insights into how geometric prop-
erties evolve when a manifold is endowed with both a metric and a statistical connection.
This work serves as a bridge between differential geometry and information geometry,
enabling further exploration of geometric frameworks in statistical inference, machine
learning, and quantum information theory.

The paper is organized as follows: In Section 2, we provide a brief overview of fun-
damental concepts related to statistical manifolds. In Section 3, we introduce the vertical
and horizontal distributions on the tangent bundle of a statistical manifold (M, g, V) and
present the notion of A-adapted frames. Additionally, we define the Cheeger Gromoll-type
metric ©C ¢ with respect to these adapted frames. In Section 4, we derive the Levi-Civita
connection €V associated with the Cheeger Gromoll metric and compute its components
in the adapted frame setting. In Section 5, we extend the discussion to the statistical struc-
ture of the tangent bundle (TM, “©g, €4V, which is naturally induced by the statistical
manifold (M, g, VIV)). In Section 6, we shift our focus to para-holomorphic structures
on statistical manifolds. We construct a para-Hermitian structure on the tangent bundle
of a para-holomorphic statistical manifold and examine its integrability conditions. In
fact, by introducing a para-holomorphic structure on the statistical manifold (M, g, v ),
we construct a para-Hermitian structure on the tangent bundle TM. We then investi-
gate its integrability and establish the conditions under which these bundles admit a
para-holomorphic structure.

2. Statistical Manifolds

Let M be an n-dimensional manifold and (U, xi), i=1,...,n, bealocal chart around
a point p € U. Given the coordinates (x') on M, the local frame on the tangent space T,M
is given by the vector fields % |p-

Consider an affine connection V and a pseudo-Riemannian metric g on the mani-
fold M.

()  The affine connection V* on M, defined by
Xg(Y,2) = g(VxY, Z) +g(Y, VxZ),

is called the (conjugate) dual connection of V with respect to g, forany X, Y, Z € I} (M),

where S} (M) denotes a set of vector fields on the manifold.

(I) The affine connection V is called a Codazzi connection if the cubic tensor field C = Vg
is totally symmetric. That is, the Codazzi equations hold:
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(Vxe)(Y,2) = (Vyg)(X,2),  (=(Vz8)(X,Y)),VX,Y,Z € 3{(M). 3)
In local coordinates, the equations for the cubic tensor field C take the following form:
(V,8)(9j,0k) = 9;8(9;,0x) — §(V5,0;,9k) — g(9j, Va,0x) = C(9;,9;, ), 4)

hence
Cijk = 0kgij — Thgin — F;lkgih/ Ciik = Cjik = Cyij, ®)
where 0; = % and F;.k’s are the Christoffel symbols of the Codazzi connection V.
(IIT) The triplet (M, g, V) is called a statistical manifold if V is a statistical connection,
i.e., a torsion-free Codazzi connection. In particular, it is known that if the cubic

tensor field C vanishes, a torsion-free Codazzi connection V reduces to the Levi-Civita
connection V.

Consider the one-parameter family of connections given by the convex combination
of the torsion-free dual connections V and V7, i.e.,

v = %v + %v*, AER

This connection, referred to as the A connection, plays a central role in the study of
statistical manifolds, as it provides a natural framework to generalize dual connections.
From the above equation, we can derive the following relation

Xg(Y,2) = g(V{'Y,2) + (v, v Vz), (6)

which demonstrates that the connections V(*) and V(~*) are dual A connections.
Several particular values of A are of distinguished importance. Setting A = —1,1 in (6)
gives the following two fundamental connections

vl =y, v = v,

In addition, setting A = 0 results in the Levi-Civita connection V associated with the
metric g, as shown by

v = %(v +VH)=V.
Next, the covariant derivative of the metric ¢ with respect to V(*) is defined as
(V) (Y, Z) = cM(X,Y,Z),

forany X,Y,Z € %6(M) In local coordinates, the components of C (A) (95, Bj, ) =C i(j?) are
given by

A A)r A)r
Ci = digje — T3 g~ T g )

This expression reveals how the covariant derivative depends on the connection
(A)
ij
AC(X,Y,Z), showing that the term C (M) scales linearly with A. Thus, (M, g, V(A)) is a
statistical manifold for all A € RR.

coefficients, I';,”", and the metric components. Moreover, we observe that C (A) (X,Y,72) =
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Remark 1. For a statistical structure (g, VN), we define the tensor field K by
1 .
KxY = X(vg?)y —VxY), VX, YeSIM), A#£o. 8)
Thus, K € 33(M) satisfies the following properties:
KxY =KyX, g(KxY,Z)=g(Y,KxZ). )

Conversely, for a given Riemannian metric g, if a tensor field K € I3 (M) satisfies the last equations,
then the pair (VN = ¥ + AK, g) defines a statistical structure on M.

The skewness tensor C can be used to introduce the A connection as follows:
& 1
3(VY,Z) = g(VxY, Z) - FCV (XY, Z).

For every statistical manifold (M, g, V1)), there exists a naturally associated symmet-
ric trilinear form C(V),

Conversely, let (M, g,C ()‘)) be a semi-Riemannian manifold with symmetric trilinear
form CW). Then, define the tensor field A of type (1,2) by

S(AAX)Y,Z) = cM(X,Y, Z), (10)

and a linear connection V) by
v =¥ - %A. (11)

Then, V(1) is torsion-free and satisfies V%) g=C (), Hence, the triplet (M, g, V(A))
becomes a statistical manifold.

It is noteworthy that by considering K = —%A, the two approaches described
above coincide.

3. A-Adapted Frames

Let VY be a A connection on M and let TM be the tangent bundle of M with the
natural projection 7 : TM — M. If we consider 7, : TTM — TM, then the tangent bundle
TTM of TM splits into the A-horizontal and A-vertical subspaces HTM and VTM with

respect to V(1)

TTM = HTM & VTM, (12)

where the A-vertical distribution VTM = kert, and the A-horizontal distribution on TM is
a complementary distribution HTM for VTM on TTM. Namely, a system of local coordi-
nates (U, x), in the neighborhood U, induces a system of local coordinates (77~ (U), x',y),

where x’ and y' represent the position and direction of a point on TM, respectively. Let
(M)k

I

affine connection V(Y. Then

, with indices i, j, k running over the range 1, . .., 1, be the Christoffel symbols of the

) d 0
2w = 2 pWk 2
(5xi> o Y T ayk’

and aiyl in u, span the spaces H, TM and V,,TM, respectively.
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We define (5( ) = = (5; 2 and 9; = a% Then, {(51.(M,8;} forms the A-adapted local field
of frames of TM. Let {dx’, (6y')V)} be the dual basis of {51.(A), d;}, where
(6y" )M = dx' + y’l"gg)idxk

For any X € 33(M), we denote by X (and VX = VX, respectively) the A-
horizontal lift (and the A-vertical lift, respectively) of X to TM. According to (8) and the

above expressions, considering K(9;,9;) = K;ja,, it can be seen that ;") has the following

local expression
)\ ~
s =& — Ay KLy,

where §; = 9; — yff{;a,; and fj’k are the Christoffel symbols of the Levi-Civita connection v.
Thus, the horizontal lift % X of X to TM is obtained by

XM =HZ - AVK(X,y), (13)

where X is the horizontal lift of X with respect to the Levi-Civita connection V, K(-,) is
the (1,1) tensor field induced by y given by K(X,y) = VX — ﬁyX and VK(X,y) is the
vertical lift of K(X, y).

If y € TM, the energy density associated with y on TM is defined as

T=y'y 8ij-
Lemma 1. Let (M, g, VV)) be a statistical manifold. Then, the following statements hold:
() =2y, &V (v) =yiyicly, (14)
where Y = Y’ gy
Proof. Since the metric ¢ depends only on (x*), we have
Op(T) = (y'y'gij) = ¥gh + Y8k = e
Additionally, we can express
A A A) iy i (M) i
5 (v) = oM (yigy) = o7 gy + v (V) gy + vy au(gy).

On the other hand, we know

5]£A)yi — 7y71"](<i‘)1 .

From the two previous equations, it follows that
A i A A
5 (1) = vy (V5))(8:,0) = y y]C,(,k)
O

For a A connection VY, the A-curvature tensor RVY is given by

v _ vy V() ()
RY(x,v)z =VPIvPz-vIvPz - i) 7,
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forany X,Y,Z € S}(M). We denote RVY by RW for simplicity. Locally, the components
of the curvature tensor are determined by

MNr _ o5 pW)r W, pWrpM)m_ p(A)rp(A)m
Ry = air].k -0l + 1, L A b (15)
where R (9;, 0;)0 = R(/\)YBr. A statistical manifold is said to be A flat if its A curvature

ijk
tensor vanishes.
According to (15), the following relations hold

A) A)
Rz(jkl = _R]('ikl’ (16)
A) —A)
Rz(jkl = _Rz(jlk / (17)
R+ RG) + R =0, (18)

where Rl(]/]\cg = grlRl(]f)()r. By multiplying both sides of relation (17) by y'y/* and noting that k

and / are summation indices, the following result is obtained:

LkpA) 1 kp(=A) _ 1 kp(=A)
Yy R =-Yyy Ry =-vy Rz(jlk :

Therefore, the following identity holds
s R+ RGM) =0, (19)
In particular, for the Levi-Civita connection V, the above equation simplifies to
]/lykR\ijlk =0.
The Lie bracket of the A-adapted frame of TM satisfies the following relations

") k
0,60 = —y'Ri%a, (8,07 =T oy, (o507 = 0. (20)
4. The Levi—Civita Connection on a Statistical Manifold with the Cheeger

Gromoll Metric

Let (M, g, VM) be a statistical manifold. The Cheeger Gromoll metric g on the
tangent bundle TM is a natural lift of the metric g given by

CGg(p,y) (HX(A)/ 'Hy(/\)) = gP(X/ Y),

(21)
CGg(p,y) (VX, Hy() ) =0,

COgo (VX YY) = Hgp(X,Y) + g5(X,1)gp (Y, 1)},
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where X, Y € $3(M) and &« = 1+ 7. Applying (13), it is straightforward to see that “Cg
can be expressed as follows:

2
C8py (X HY) = g, (X,Y) + {8y (K(X,9), K(Y, ) + 8y (K(X, ), ¥)8p (K(Y, ), 1)},
€Oy (TXVY) = *{gp( (X,9),Y) +8p(K(X,y),y)8p(Y,y)},

S 1
C8p ("EYY) = —{8p(X,Y) + 8p(X, y)gp (Y, )}

The matrix representation of ““g with respect to the adapted frame {Jf)\), o; } is given by

ch: CGgij chi 8&ij 0 )
Cg g 0 (gij+viv))

This matrix has the following inverse

e CGoij  CGgif g 0
(rg) T = CGolj  CGoif "o agi—yiy )
where g;; and '/ are the local covariant and contravariant components of ¢ on M.

Let GV denote the Levi-Civita connectione of the Cheeger Gromoll metric “Cg. The
explicit expression for €V can be obtained from the following well-known formula

2°6g(“OVxY, Z) =X “g(Y,2) +Y “C4(X,2) - Z “g(X,Y) (22)
+ (2, [X,Y]) = “Cg(Y,[X, Z)) - “Cg(X,[Y,Z)),

forany X,Y,Z € x(TM). A direct computation using (20) and (21) leads to the following
theorem:

Theorem 1. Let (M, g, VN) be a statistical manifold and let €V be the Levi-Civita connection
of the tangent bundle TM equipped with the Cheeger Gromoll metric °Cg. Then, CCV satisfies the
following expressions:

1 .
w0 =Q5a = Sy REas, €OV )9y = Pal + (1) + Pjas,

6Tz, Psa( ) 4 PS5, CCT,y,0; = sléjas(“ + 8505,

i
i

where the coefficients are given by

=Ty Legi

ijk 8
P 5 = zyerkr)l a8’
e 0 @
S5 = *8 “(ymy! Ck(ﬁfzccgff - Clgji) ~uyC Y G,
s 1+«

Sj= a2 Si¥ + az Yy — (yiéf +y;07).
Example 1. We consider the normal distribution manifold, which is defined as

(x

1 }4)2
M = {p(x,p,0)[p(x, u,0) = N exp{— M ER 0 >0}}
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1
ﬁr

CcG
811 =

CG

1
812 = &ylyZI

Hence, M may be viewed as a 2-dimensional manifold with (u,c) as a coordinate system. The
Fisher metric of M is described by

Lo
g=1< L | (24)
0 =
The components F of the A connection V) on M are given by
n2  1T—=A a1 A+ a2 2A+1
I = 5 [y =Ty =~ P Iy = o’ (25)

while the other independent components are zero. From the above equations and (7), it follows that

2A
ﬁ/

A A A A A A A
C1(11) =0, 61(21) = Cl(lz) = Cén) = Cizz) = C2(12) = C2(21) =0, Cz(zz) - 3' (26)

which implies that (M, g, VM) is a statistical manifold. Applying (21), we obtain the Cheeger
Gromoll metric ©C g associated with the Fisher metric (24) as follows

11 12
CCgrr = +yiy1),  Cgm = a( 2 +y2y2), (27)

o o2

Cngz = 2
cG, _CG._ _CG
2= ""8&1= &1

NI

The A-curvature tensor RY) of V) is determined by

1-22

A2 -1
202 ’

(A)2
R =

121 —

(M1 _
122 =

Substituting (26) and (27) into (23), we find
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1 1 ! 2
Qh = 20 Q=0 =0%= — Py, = —2P}, = —2Z7 <(/\ -1) (4<y2> - )ufz>),
Py = —2P}; = —% (‘72 (/\2 A 2) +2(A-1) (y1)2>/ Py = % ((“ —-2) - Zyu/l)ylyz,
Py = % (“;'2 (1+my') - Zylylyzyz) Py = % (a?(1+y20%) —2029%9"y"),
P = % (e =2) = 2y22) "y, Py = % (wo? —y'y" —42?) (1 +w1y),
Bem (5 ) o) (). sh= (G ew) 1)
St = ﬁ (i (012 + ylyl) (v +a2?) —1- 2y1y1>, 812 = % (iywlyzyz - w),
Sk = % (imyz (ylyl + 43/2y2) — 4y’ - yzyl)/ Sy = i% ((i - 1) + iyzy2> vy,
S5 = ﬁ (i <022 + yzyz) (v'y' +ayPy?) —4- 8y2y2>, St = ﬁ (02(1 —a)+ (yl)z)yl,
S%z = S%i = ﬁ ((yl)Z — th)yZ, 5%2 = ﬁ (02(1 +a)+ 2(}/2)2)]/1,
St = a21(74 (02(1 )t (y1)2>y2, St =53 = a21(,4 (2(y2)2 - Wz> v
% = a22(74 (‘72(1 —a) +2<y2)2)y2, Qh=Qn=0Qh=Q =Pj=P, =P, =0

Thus, the corresponding Levi—Civita connection satisfies the following relations

& A A
09 e = Gl

~

CGV A)§§/\) _ Q%z(s(/\),

G
_ N N AZ—1 1— A2
Ccvégmé "= ol - oz V= '
A2—1 .,  1-A%
202
(A)2

< A A i 5
€OV = Plyoy + Proy") + Phor + (1) + Pl)ay,

& A A
CGV5§A>5§ '= bV +

- A A PTRES >
CGV#)BZ = Phoy” + PHofY + (1" + Ply)a; + Phoy,

= A A Al 1 2
Ccvaé“ai = Pyof) + ol + (05 + Py + Prdy,

\V; A A 1 A)2 5
OV s = Ppoy) + Phyoy") + Py + (T + PRy)as,
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Cl(ll) = —2Mfs,

pl _PZ
1 2
Pl =P}

and
CGE_ 5(A) _ p1 5(4) 2 5(A) 1 b
CGS (/\) _ 1 (A) 2 (/\) 1 2
A A p)
CGV 5( ) 5( )—I—P1225( )—I—P11282+ 2282,
CGS_ 5(A) _ p1 5(4) 2 (M) 1 P2

CCTa,91 = ShotM + 526tV + sLag + 53,95,

CCTa,03 = COV5,01 = Shyot™ + 53,6 + sLa; + 52,05,
& A

CCTa,95 = Skyot™ + 53,0 ) + 55,37 + 52,95,

Example 2. We equip M = R? with the pseudo-Riemannian metric
g = dx! @ dx® + dx® @ dx!,

where (x1, x?) denotes the standard coordinate system, and {%, a%z} represent the associated
vector fields. For the functions f; = f;(x!,x?) withi =1,--- ,4 on R?, define (1,2)-tensor field

K— Kf] 2 @dx! @dxl,i,j,1 = 1,2 on R? as follows:

K%l = K%z = K%l = f1/ K%z = K%l = K%z = f2/ K%l = f3/ K%z = f4-

Thus, K satisfies (9). Setting V< )8 = Va dj + AKy,0;, we obtain the following Christoffel symbols:

M1 (A)2

rgl) r(A) _rA)z_)\f r§’2‘> _r( _rgz =AM, T}/ =Afs, ng =Afy.
It follows

A A A
ey =chl =cltl = —2af, ¢y =cly =) = —21f, Ch) = —2Afu.

Therefore, (R?
- (M)
obtain R iik

,2, VW) forms a statistical manifold. Now, suppose f = fo = 0. Using (15), we

=0,i,7,kr=1,2except

A A A
Rgzl = _)‘sz = Rizng Rgz%l = Ad1fa, Rgziz = —Ad2fs.
According to (23), we obtain
— 0 fsy (1 +y'y?) + s + Afsfay?), Ph=—Af1" e —y'?) +a),
81f4y2(1+y1y2) 32f3_(y1) —Afafay'), le':*a/\f4(y1y2(“*}/1y2)+’X)r
 PL=YL ) P= ARG Sh=AR0 - A6,
L= GEARGR P B, Sl — 50207,
: S%i=—ﬁ?»f4(y2)4r s, =SFAAER? Sh=1Gy'y -2y sh=5Y,
S%i 2,,(2 Af3( )2/ S2, = 2/\f3( 1) 5%2—1;7’?1/2/ S%Q: 1;“32“]/1
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From (22) and the above equations, the Levi—Civita connection on T M satisfies

7

CG@(SM)(S%/\) = CG?(S?)(%A) =0

A A
OV = SRy —afurt)ar + 5 @afay' — Afsfiy)oy
A
CGV5<A>5§ = —*(/\fsﬂﬂ/1 = 01fay)o1 — 5 (Oafsy’ = Afsfay*)9s
OV 1 = SN 4 PLar 4 (12 4 p2)a,,
felels, _ (A 1 2
V(;;A)az = P11251 '+ Plyo; + Phdy,
_ o )
CGV(S(A)E)i = P275( ) + leiai + Pzziaj,
A A)l 1 7
O jds = P P + (T + PL)a; + PLas,

cc %i(s{” = P}i(s?) + PLa; + P4,

CCTa,05") = P46 + PLa; + P,

C6Ta,60" = PLeM + PLa; + P,

CCTa,05") = P46 + PLa; + Ps,

CCTa,91 = Sk + 5268V + sLag + 53,95,

6,05 = 5ot 4 523680 4 sLoay + 53,0, = €6V, a5,
CCVa,05 = S0\ 4 53365M) + 51,91 + 52,95

5. Statistical Structures on (TM, “Cg)

Assuming the Riemannian manifold (TM, ““¢) induced by the statistical manifold

(M, g, VM), we define a new connection on TM by €6V : x(TM) x x(TM) — x(TM)

with the coefficients CGF](BAC)A that are

CGV( ) ( ) — CGFZ(]A)k(SIEA) +CGFZ(jA)I‘<aI_c’ CGV(A)a — CGr( )k 5( )+CGFZ(]3\)7<81_C,
- 2
ccv(/\)é(/\) CGFI%A)k(;(A) +ccrl£j2\)ka_ 29

( 5 ccv( )aT ccrlg]})k5(?»)+ccrg»)ka_

k k’

where CGFgLC)A are smooth functions on TM and the indices A, B, C range over

{1,...,n,1,...,7}.
Lemma 2. The connection “6V'") on TM is torsion-free if and only if the following relations hold:

Ak M)k
CGF(] )k ccr](i ) ) l( )k CGF(.Z. )_ _ yrRz(]r) )
ccrl(]})k _ ccr]giA)k, CGFI(] )k CGF(/\)k _ Fl(j )k ) (29)
ccrlg]})k _ CGr](_iA)k, CGI-'I(] )k CGI-'](Z )k

Proof. Using (20) and the symmetry property of “®V(*), we have
Ceoy ) s() _ceyg) 5() _154) 5(4) (A)k
V{sw&j - Véwéi =[o; ,0; ] =—y'R; o,

i ijr
i
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which gives us the first two relations in the statements. Similarly, since
CGv( /\) a CGVE(;\)§I()\) — [5()\),6]‘] — F(-A)ka]‘{,
]
we obtain the second line of relations. Finally, observing that

A A
CGvgl,)aj—CGVa]fa?) =[0;,0 =0,

we derive the third line of relations. This completes the proof. O

Lemma 3. Let (M, g, VW) be a statistical manifold. Then, (TM,Cg, CVM) is a statistical
manifold if and only if (29) holds along with the following equations:

CGF(?})r CGF( )

(i) 9igjk — 0j8ki = S —

A)r
(ii) CGF( )gr] CGr](k) =y Rz(]l) ,

g}’l/

(”1) &(_ymylc( ) g]k+cl(]k) _|_y ]/kc( )+ymyjc(/\)) — CGF}%;\)T,CGg]r CGI'( )g”,

iml ijm ikm

ccr( )TCG ccr( )FCG

. 24«
() —5—(8iYj — 8jYi) = 7~ 8

Proof. We begin by examining the expression for the covariant derivative of the metric

A) (A A A
(A)ch)((;]( )15]£ )) = gk — ccrl(j )rgrk _ CGrEk )rgrj~

(o956, o) = OV ), o)
]

1

we deduce condition (i). From

(COV 1 C8) (61, 0) = (COV 1 CCg) (61, 3y,
]

i

it follows

_CGyT CG cGrr _CGyT CG CGpr

8k —

Furthermore, using the identity

&Sjr = 8k — jk8ir:

CGr(M)F _ cor(MF _ (Mr
;" = L = sz]l ’

we deduce condition (ii). To derive condition (iii), apply Formula (14) to

A A)F A)F
(CGV[S(A)CGg)(a]T, ) = (55 )chﬁ( _ ccrl(j )7 Cog . — (:Grl(I2 )rccgﬁ'

i

This yields
1 A A A A
(“°v 5 “C8)(0;,9) =~ (_ymylci(ml) “Cgi + Cz'(jk) + ymykci(jm) + "yl
A A)F
_CGr ](l )rccgrk ceri )rccgﬁ'

Therefore, from

(CGVajCGg) ((5(/\),8—) _ _cGrrce

cG
i % I 8 — F( r

gl’r‘/
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and
A
(COV 1, 8)(37,95) = (OV5, ) (6", 9y),

A 1
1

we conclude (iii). Finally, to establish condition (iv), we compute
2 D7 N
(“OV5,“C8)(0,0p) = =2y g + (gqyk + gakyj) — O CC gy — T CCg
By using the Codazzi equation
(“CV5,°C8)(85,0F) = (“°V.“2)(9;,9),

we have (iv). O

Now, let (M, g, V(A)) be a statistical manifold and C) be the cubic tensor field of VM)
with the coefficients
(A) _ (Mh (A)h
Ciie’ = 98ij — Ui &jn — T Gin-

We consider the horizontal lift *C(") of CM). Then, we have

C( )(51()‘), ( ) ak) C( )((5(/\),8],5()\)) C(/\) (a;,&(/\) 5()\)) _ V(C(/\)(ai/ a],,ak)) VCI(JQ) Cz(]y o,
Het >(55”,a],ak) =MW (3,6, ap) = MW (@;,0;,00)) = Vel = ¢l o,
HeM (M, 6V, 6 = 0 =M™ (@;,9;,3p).

We define the tensor field A := AA of type (1,2) on TM by
CCe(AM(X)Y,Z) ="cM(X,Y,Z), VX, Y,Ze x(TM). (30)

Using the above equation, the coefficient of A") can be written with respect to
{51-“), d;} as follows:

T A A A A)s i A A
AW = AVSD L AV, AN (EW)o; = AP + AV,
AW @o) = AN + A, AW (@79 = AV + AL ;s ?

(31)

As CW) is symmetric, AW (X) is also symmetric with respect to €Cg.
Considering the Levi-Civita connection CC¥ on TM, we define a linear connection ¢V

oy = €6y — %AW. (32)

Then, €V is torsion free and satisfies CCV(}) CGg = Ho (),
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Using Theorem 1 and the last equation, we obtain

ccvt(s?;) 6V — gy s 7%( RS 4 AV,
CGVE?})a]T:( " %Aff)s)(ss“) + (Y + P %AEJ-MS)BS,

O =By~ AL+ (B~ A0
Covsa; =(55— 5 AL )6 1 s

Next, we apply the above explanations to the following:

Theorem 2. Let (M, g, VM) be a statistical manifold with the cubic tensor field C\Y). Then,
(TM, Cg, CGV(A)) is a statistical manifold where 6™ is determined by (32).

Example 3. We consider the statistical manifold (R2, g, VM) in Example 2. According to (32),
the following apply:

ool = Ay~ Ay,

covie - S Y e

OIS Aafar! — anfu)ds+ 5 @afor’ — Afafu)os

CGV;E%%A) = %()\faﬁﬂ/ — 91 fay%)d; %(aZfsl/ ~ Afsfay?)os

Ccvi?))ai Plot) — AN 1 (P — ZAN )y —|—(1"§’1\)2+P121 A,

CGV?&% = Lo + Pl + Phay,
1

= (A
o a; = Pt + PLa; + Phay,

52
v 1 1. 1 1 - -
Coviinas = 5 A% + Pl + (0" + Pl - 3 ALy + (0 - 5440,
=(A) (A 1 (A 1o 1 om
Cova ) = Plhoy” — S AN Y 4 (Ph - S AR a1+ (P - 5 AN Yas,

=(A) (A A
COVa, o = P3s} )+leiai + P33,

cGeM () _ ( 150 | p2 s pl 1 a0 2 1zmn2
Va, % _§A22 01+ Ppdy 4 (P — §A22 )91 + (P3; §A22 )02,
_ 1 i 5

Ccvg?)ai = shotV + (s - 2 et + sk + shay,
= (1) A A 1 =

€65, 0 = Shor") + 5300 + 5Ly + 550, = €©9,,9,,

- 1.
COVS, 05 = (S — 5 AR + 5het) + shoy + 5,05,
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where
AV =oafylyt, AR = oA —yly?),  AD = -2 fu(a -y,
AGR =y, AR =AY = -oap, A =AY =gyl
A2 = A0 = g —yly?), AR = AD = —2af,
AT = A0 = oafa—yly?),  AR? = ADP = 2af2,
AN = oaf, AR = —2af,
A A AR AR A A A= AR
ALY = A = A= AQ? = ALY =AY = AL = Ao

The last equations satisfy (31). Also, an easy computation shows that CGCDS//;Z, =0,0,8,7v=12,
except

CGs(A) _ cGsA) _ e CGAN) _ CGAA) _ CGAA)

Cill) - Cl(il - Cl(li) - 2/\f’ Ci(il) - C'I(li - Clii) - _2/\f3/

cGsA) _ccsA) _ cGa(A) CcGAA) _ cGAA) AN
) = SoeQ) = 00 = 2nf,, OCg) = <Oel = O = 21,

where CGC_B%ZY = (GVE?)CGg) (ep, ey ) with respect to the A-adapted frame {eg} = {510), d;}. So,
(TR?,CCg, €GNV M) is q statistical manifold. Hence, Theorem 2 holds.

6. Para-Holomorphic Statistical Structure on (TM, “Cg)

An almost product structure F on a differentiable manifold M is a (1, 1)-tensor field
satisfying F? = Id. The pair (M, F) is called an almost product manifold. An almost para-
complex manifold is an almost product manifold (M, F) such that the two eigenbundles
T+*M and T~ M, corresponding to the eigenvalues +1 and —1 of F, respectively, have the
same rank. (Note that the dimension of an almost para-complex manifold must be even.)
The Nijenhuis tensor N of an almost para-complex structure F is defined by

Ne(X,Y) = [FX,FY] — FIFX,Y] — F[X,FY] + [X,Y], VX, Y € S}(M).

An almost para-complex structure F is called a para-complex structure if Nr = 0,
and a manifold M endowed with such a structure is called a para-complex manifold. A
para-Hermitian manifold (M, g, F) is a para-complex manifold (M, F) endowed with a
pseudo-Riemannian metric g such that g is compatible with the para-complex structure F,
that is
g(FX,FY) = —g(X,Y), VX, Y e 3H(M).

The fundamental two-form () of the para-Hermitian manifold (M, ¢, F) is the skew-
symmetric tensor field defined by

Q(X,Y) = g(X, FY).

A para-Kihler manifold (M, g, F) is a para-Hermitian manifold where the fundamental
2-form Q) is closed, meaning dQ) = 0.

Definition 1. A triple (g, V), F) is called a A-para-holomorphic statistical structure on M if
(g, VM) is a statistical structure, (g, F) is a para-Kihler structure on M and

KxFY +FKxY =0, VX, Y € S3(M), (33)
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where K is given by (8).

Given a vector field X = X'9;, the (1,1)-tensor field F defined by F9; = Fij dj and
the tensor K as Ka,.aj = K;ja, in a neighborhood U C M, the conditions for a A-para-
holomorphic structure on the manifold M can be expressed locally as follows:

Mr _ M) w(A) _ »(A) pipk _ sk pkp -
l"ij = Fﬂ ’ Cijk = Cjik ; Fi F] = (Si, Fi F]k = _gij/ Qz] = Fji/
A 0
0iFij + 9jFix + okFji = 0, FKj, = —Ki,F, rfj - Ffj = AK, (34)
EP9(FS) — F"a(ES) — 3i(FI)E; + 9;(EP)E}y = 0,
where Fj = F].’ grk- The above equations imply that Fj; = —F;, establishing the skew-

symmetry of F.

Example 4. In Example 2, we consider the statistical manifold (R?, g, V) with the para-complex
structure defined by Fo, = 01 and FO, = —0,, which implies F} = 1, F3 = —1. The condition (33)
holds if and only if K}, = K3, = 0, i.e., fi = fo = 0. It is straightforward to verify that the
relations in (34) are satisfied. Therefore, (g, VM, F) constitutes a A-para-holomorphic statistical
structure on R2.

6.1. The Almost Product Structure F, .

Let (M, g, VM), F) be a A-para-holomorphic statistical manifold. Define F.. as atensor
field of type (1,1) on TM, which is given by the following;:

|

where X € %é(M ),y € TM and a,b, g, s are differentiable real functions with respect to 7.

c("X) =aV(FX) —bg(X,Fy) Vy,

c(VX) = g M(FX) —sg(X,y) *(Fy), )

T

It is easy to show that Fgc = Id if and only if the coefficients satisfy the following
relations:
aq=1, sa(a+7h)—b=0.

Thus, locally, based on the equations above, the almost para-complex structure F.. on
T M can be written as

A
Feg (51‘( )) = (aF] — by'Fiy")or, 36)
A
Fee (07) = (%Fir - a(ﬁ%b)yﬂ/llz[rwr( )-
6.2. The Nijenhuis Tensor of F..
Let NFcc be the Nijenhuis tensor of F.., which is defined as
NFCG (X’ Y) = {FCGX’ FCGY] — Fee [FCGX/ Y] —Fee [X/ FCGY] + [X/ Y]/ (37)

forany X, Y € S3(TM). The structure F., is said to be integrable if and only if N; F. =0
Proposition 1. The almost para-complex structure F. defined in (35) is integrable if and only if

N (X, %y)=0, VX,Y e 35(M).

CG
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Proof. Assume that N, Fee (HX,HY) = 0, and we will show that N Foo = 0. First, observe
that since FCZG = Id, thus (37) implies

Ne.. (X F M) = —FoNe (X, 7Y) =0, VXY € S5(M),

/7 CG

Applying this result and (35), we obtain the equation
aNe ("X, V(FY)) = bg(Y, Fy)Ne _ (*X,Yy) =0, VXY € §(M),y € TM.  (38)
Substituting Y by y in the above equation, we have
aNg_ ("X, V(Fy)) = bg(y, Fy)Nr_ (X, Vy) =0, VX € 35(M),y € TM.
Since ¢(y, Fy) = 0 and a # 0, the last equation yields
Nr.. (*X,Y(Fy)) =0, VX e $(M),yeTM.
Substituting y with Fy in (38) and using the above equation, we deduce that
Ne. (X V(FY)) =0, VXY € 3p(M).
Finally, replacing Y with FY in the above equation, we obtain

Ne. ("x,YY)=0, VXY e 3H(M).

CG

By similar reasoning, we also obtain

N (YX,YY)=0, VX, Y¢e 3§(M).

CG

Therefore, we have shown that all components of the Nijenhuis tensor vanish:

Ne (XP,YH) = Ne_ (X, YY) = Np__(XV, YY) =0, VX, Y€ 5(M),

CG

which leads to Nr_ . = 0. The converse is straightforward. [

Proposition 2. The Nijenhuis tensor Ng__ can be written with respect to {(51.“), 95} as follows

Nio (0,67")) = {(F; = asye' B)) (V5 FF = V3 B + b(q = ) (V3 By = V5 Ry S

CG

+ (0'q = Tb's = a's) (Cl Fyj — Chon E)YY"y Y F +a'q(Clnd} — Cld) )y ol

()
+y'{ (24 (a + Tb) — ab) (Fy F{ — FyFY) — Ry * }s.
Proof. By the direct computations, we obtain the following

[Fo0V, Fb™] = (200’ +270'b — ab) (FyFf — FyE)y'as,

and

M, PN = —{(F = asyny' B (VY E = v

A A r A
FCG[FCG‘Si( )"S]( )]"'Fcc[éi rFecf; :Fi Fj)—l—b(q—Ts)(Véi)ij

m, r s A) ¢s A) cs\, m A
Eay ™y ' +a'q(ClN) s — el ssyymykasih.

A A A
- Véj "Ry Y E + (Vg — tb's — a's) (C} )Frj ~chy k% — Cikm©;

ikm jkm

Applying these results along with (20) in (37), we conclude the assertion. [J
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Corollary 1. The structure F_ is integrable if and only if the following conditions hold

1

(F = asyny' F{) (V3 Ef = V5B + b(g = 1) (V) By = V5 By E
m.,,r A S S
+ (0'q — Tb's — a's) (Cly Fyj — Cho )Yy y Y Ff +a q(C](kn)ﬁz — Cind "y
and
y*((2d'(a + Tb) — ab) (FF; — FyFY) — R;3°) = 0.

Additionally, the para-complex structure (““g, F...) is a para-Hermitian structure on
the tangent bundle TM, i.e.,

CCg(Fee (MX), Feo (M) = =5 ("X, 7Y) = —g(X,Y),

77 CG

/7 CG

CCg(Fee (VX), Foo (VY)) = =05 (VX, YY) = —i(g(X, Y) +g(X,u)g(Y,u)),

if and only if the following conditions are satisfied

a* =a, (a+71b)*+b(2a+7b) = 0. (39)
From (39), it follows
o= vEFL, po-YTHEL (40)
or
a=—-vt+1, b= @

6.3. Para-Kiihler Form Q)

Considering the para-Hermitian manifold (TM, “Cg, F_..), we define the fundamental
2-form, para-Kéhler form Q). of TM as follows

O (X,Y) =CCg(X,F..Y), VX Y€x(TM).
The para-Kéhler form Q) with respect to {4 1.(/\), d;} is given by

QCG(

oM,6M) =0 = 0, (9;,9),

A 1 A
Qcc(éi( )’a]T) - (EFU +S]/]']/ F’i) = _QCG (8]7,51.( ))'

Applying (35), we perform direct calculations and obtain the following results for the
exterior derivative of ()

cc(97,07,0¢) =0,

i’ ]/
1 1 1
d0cs (0", 67, 6") = y" R (= i+ sy Fi) + y" R (S Fy + sy By) +y" R (= Fir + sy i),

1
d0g (6,6, 0g) =~ (V5 Fi = ViV E) + (V3 By = ViV Ry +(Cl B — ¢ By

a L0 A r A r
+ LTZ(Cj(mi)’Fik B Ci(mt)‘ij)ymy +s ( ](mzPll o Ci(mr)‘Flj)ykylymy ’
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and

A 24’
dQc. (51‘( )rajr ) =(—5 — 8) (Eijyx — Firy).
Corollary 2. The para-Kihler form Q) is closed if and only if the following conditions hold:

N om r 1 m s 1 m r 1
(i) "R, (= Fer + 59y Fi) + "Ry (= Fyr + syry' Fy) + y" R\ (- Fy + sy Fi) =0,

(if)

a L A A A
+ ;(C](mzplk - Cz(mi)'F]k)ymyr + S,(Cj(mzpli - Ci(mi)'Flj)ykylymyr =0,

(V5 Fic = Vi E) + (Vg By = V5

Q|-

)Flj>yk]/l + S(C]-(;Q)in - Cl-(k)‘r) Fj)y'y'

20
(iii) (72 —8)(Fijyx — Fixy;) = 0.
Theorem 3. Let (M, g, V"), F) be a A-para-holomorphic statistical manifold. Then, (TM,“Cg, F..)

is a para-Kihler manifold if and only if the conditions stated in Corollaries 1 and 2 are satisfied and

vV 1+1
a==+vVt+1, b::FL.

T

Remark 2. Consider the statistical manifold (R2, g, V), F) introduced in Example 4. The almost
para-complex structure F_ . on the tangent bundle of this manifold is defined as follows:

o

cOM) = (a+ oy o + 01720y, Foo(68Y) = —b(y")?0r — (a + by'y)dy,
25()\) E (/\)
2 7

. (31) = (7 = syiy)o™M + syry w0 (33) = —syay' 6 + (—q+ syay?)oV.

-

According to Corollary 1, the structure F_ is integrable if and only if the following conditions
are satisfied

DA+ [(Vg —tb's —d's)y'y* +d'qA fa(y?)* = 0,
b'q —tb's — a's)A fu(y?)* + [(b'g — Tb's — a's)yly? + dqlAfs(y')? = 0,
2d'(a +tb) —ab)y' = —A?fafay' + A01(fa)y?,

2d'(a + Tb) — ab)y* = —A2fafsy* + A0z (f3)y'.

(V'qg—tb's—a's)Afa(y
( Afaly (1)
(
(

Additionally, from Corollary 2, the para-Kihler form Q.. of the para-Hermitian manifold
(TR?,CCg, .. ) is closed if and only if the following conditions hold

(—s+ Z—; - ylyzsl))\fe)(yl)z - SIAf4(y2)4 =0,
(=s+ % =y A [P — AR =0, (42)
(5= 2y =0=(s— 2y

Here,aq = 1and s = a(Tbbr) Therefore, the statistical manifold (TR?,Cg, F_.) is a para-Kihler
manifold if and only if (39), (41) and (42) are satisfied.

Example 5. We consider the para-Hermitian manifold (TR2,CCg, F_ ) induced by A-para-
holomorphic statistical manifold (M, g, V), F) in Remark 2 witha = /T + 1and b = —@.
According to the third part of (42), we conclude s = 27‘;’ In this case, (T +1)y/1+ 7 = —1,and
this is a contradiction. Thus, this manifold does not admit a para-Kihler structure.
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6.4. Para-Holomorphic Statistical Structure on the Statistical Manifold (TM,Cg, GV M)

Now, we study the holomorphic conditions for statistical connections on a tangent
bundle with Cheeger Gromoll metric “Cg. For this aim, for the statistical structure
(C6VW),CCg), we define the difference tensor field “°K as

1

/\ - A~
A(ccvg_( )Y . CGVX

CCK(X,Y) = ), VX, Y € x(TM), (43)

where A # 0. Denoting the coefficients “CK by “CK#.., we have

A) (A A i
CGK((51§ ),5]( )) ZCGKZ(;IE )+CGK§‘312/
CGK(él(/\),a]T

X )
CCK(07,97) = KoY + CCKEay.

_ CGypks(A) | CGrky.

From (43), we obtain

CGK((SZ(A),(SJ(A)) — l(CGv(/\/\)

i

A A
CGK((S( ),af) _ 7(CGV((5.(A)8.
CG _ 2 (CGgWM)
K(97,07) = £ (*7V5, 79
Applying Theorem 1 and (28) to the above equations, the following holds:

CGps _ 1/CG(A)s CGys _ 1(CGrA)5 | 1. 1p(A)s
K = x (5T = Q) Kij = x(CT 7 + 2y Ry ™),
A s )3 A 5
CoKs. = (T —ps), CORS = (T — (i P, @)
CGps _ 1/CG(A)s CGps _ 1/CGr(A)E 5
K= 2 (F0157 = S5), K= 2 (0157 = S5).

We conduct a thorough investigation of the holomorphic conditions for the family of
connections C¢VM), where (C6V(*), CC g) constitutes a statistical structure on the tangent
bundle equipped with the Cheeger Gromoll metric “Gg. To rigorously establish these
conditions, we systematically examine the fundamental equation

COKF. Y+ F..(°KgY) =0, VX, Y € x(TM). (45)

Using (36) and (44) in (45), we compute the following

A A 1 A 1 b
Ky (Fed)") + Feg (K ) =3 ((aP; = by Fgy ) (T = B + (s — Loy B

A 1 A A 1 A)s
(O + zlez(jl)m)>55( '3 ((aFf = by Fgy) (T

— (T 4 ) + (aFj, — by By (O™ — ;-7)) s,

1 1 b 1 b

cG . cG N _ oy cGp(A)s ips 9 !

K, (Fe05) + Fe (77 Kp,05) =3 <<aFjr 7H(Q+Tb)]/]y F)(-°T 5??)+(apfn a(a+Tb)ym]/ F)
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1 b

cG cG N2 (ter Ay (CGT(A)s s s I s
K (Pcca])+FCG( Kéi(/\)a]) )L<(61F] a(a+Tb)y]yFl)( rzr 1r)+(aFm a(a+Tb)ymyFl)
cepMm _ em oy s L L 1 b
( 1_'1.]7 (Fi]' +P,‘j )))‘SS +)\<({1F] a(a—FTb)y]yFl)
S 1 m
(OISR + (0B = by ) (COT " — 22 )3,
1 1 b
Ok, (Feg0)™) + Foo (COKa0M) =+ ((aFf = by Fgy ) (T = S5) + (B = Sy E)
A A 7 A 1 . ; A)3
(G — (r" + P >>)5§ '+ 2 ((aF]- — by Fy") (T

B S?f)

+ (aFs, — by} Foy) (ST

m _
pﬂ)>as.

Theorem 4. Let (M, g, V, F) be a holomorphic statistical manifold. Then, (TM, CG <, Gy, F.)
is a holomorphic statistical manifold if and only if the conditions from Theorem 3 are satisfied

and moreover,

r_pokp r(CGr(A)s _ ps 1 s cps (CG (M) (A)m
(aFf — by Fyy") (T3 ™ = Pp) + (ZFy — a(H ey BT 2y 'Riy"™) =0,
(g]—"].” _ bkuk],yr)(CGrg\)s' _ (F(A)s i Ps ) + (aFs, — b]/kam]/S)(CGF _or ) 0,
1, b Ipry (CGr(N)s _ gs 1 b CepMm _ cmy _
(GH -~ a(a+ b)Y )P = S5) + (OB = mymy )T = 55) =0,
1, b v A5 o5 m_ om
(G = sy TR = 85) & (B, — by o) (T = 5p1) = 0,
]. b Als 1 b A)m 77
(EF]T _ D) yjylFlr)(CGfgr )5 _ 2)+ (= F,% (T TD) ymy : )(CGF( )it (rz(j m pir]g)) —0,
1 b s 1
GF = st DT 4 Sy RED) 4 (@ — by By) (T — ) =,
v g okp oy (CGr(A)s s 1 s b cpsy(CGpMm _ (A)m my)
(aF]- by Fijy ) I Si7)+<apm a(a—l—Tb)ymy E)( r]'{ (Tﬁ +Pji)) =0,
(aff = by*Fy") (COT = 85) + (aB, — by*Fy™) (T — P = 0.

7. Conclusions

In this paper, we explored the geometric properties of the family of A connections

on a statistical manifold (M, g, V(*)) and extended these structures to the tangent bundle

TM. By deriving explicit expressions for the vertical and horizontal distributions, we

introduced the concept of A-adapted frames, providing a natural framework for studying

the induced statistical structure (“Cg, CGV(A)) on TM equipped with the Cheeger Gromoll-

type metric. Furthermore, by incorporating a para-holomorphic structure on (M, g, VM),

we constructed a para-Hermitian structure on TM and investigated its integrability.

These results have several practical applications. The A connections are important tools

in information geometry, where they help model learning processes and statistical inference.

The Cheeger Gromoll metric extension gives new ways to describe large and complex

parameter spaces, such as those that appear in deep learning and optimization problems.

The para-Hermitian and para-holomorphic structures introduced in this work can

also help understand the hidden symmetries and geometric flows in machine learning

models. This could lead to better training algorithms, improved generalization, and new
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ideas in areas like manifold learning, representation learning, information theory, and even
quantum machine learning.

In the future, the methods developed here could be used to design geometry-aware
machine learning algorithms or study more complex data spaces in statistics and artificial
intelligence. We believe that connecting differential geometry with modern data science
will continue to create exciting new research directions.
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