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1. Introduction

The explicit form of Green'’s functions for elliptic boundary value problems is pre-
sented in many papers. For example, in the two-dimensional case, in [1], based on the
known harmonic Green’s function, Green’s functions of various biharmonic problems
are presented. The explicit form of the Green’s function in a sector for the biharmonic
and 3-harmonic equations is found in [2,3], and in [4,5], the explicit form of the Green’s
functions for the same equations in the unit ball is given. In [6,7], for the m-harmonic
equation in a ball, the Green’s function of the Dirichlet problem is constructed. In [8], based
on the integral representation of functions from the class u € C2"(D) N C?"~1(D), where
D C R" is a bounded domain with piecewise-smooth boundary, an integral representation
of the solution of the Navier problem [9-11] is also given for the m-harmonic equation
in the unit ball, and the Green’s function G}, (x, ¢) of this problem is presented. In [12],
the solvability of the Dirichlet-Riquier problem for the biharmonic equation, which in-
cludes the Dirichlet, Neumann, Navier and Riquier-Neumann problems, is investigated,
and in [13], the construction of a solution to the Neumann problem can be found. The
articles [14-18] study the Dirichlet, Neumann, and Robin problems in the upper half-plane
and in unbounded domains. Let us present some works on the construction of the Green’s
function for various boundary value problems [19-24] and works on the application of
Green's functions in problems of mechanics and physics [25-28].

Let A be the Laplace operator, and A% and A? be its third and second powers, respec-
tively. In this paper, we find a new representation of the Green’s function Gf (x, ¢) [8] of
the Navier problem for the 3-harmonic equation in the unitball S = {x € R" : |[x| < 1}:

Nu(x) = f(x), x€S5, 1)
ulas = o, Dulyg = @1, Nulys = o, )
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and, based on this representation, a solution to the Navier problem for a homogeneous
equation is obtained without explicit use of the Green’s function, as is performed in [29] for
the Dirichlet problem.

The 3-harmonic equation A3y = f(x) is an elliptic partial differential equation of the
sixth order, which is encountered in areas of continuum mechanics, linear elasticity theory,
and viscous flow problems. These are the areas where the obtained results can be applied.
For example, a plane slowly rotating the flow of a highly viscous fluid in small cavities is
modeled by the 3-harmonic equation for the stream function [30]. An iterative method for
solving a boundary value problem for the 3-harmonic equation is proposed in [31]. Note
that the accuracy of such an approximate method can be tested using the exact solutions
we obtained in this study.

This paper is organized as follows. The introduction presents the problem state-
ment and provides information on known results and methods related to the area under
study. Theorems 1 and 2 from Section 2.2 provide the necessary auxiliary results. Section 2
also presents preliminary results on elementary solutions E4(x,¢) and Eg(x, &) [29]. In
Lemmas 1 and 2 from Section 2.3, one property of the Gegenbauer polynomials C]i‘ [t] [32]
is described. Based on this property, in Section 2.4, expansions of the functions E4(x, §) and
G} (x,&) in the complete system of homogeneous harmonic polynomials {H,gi) (x)} [33]
orthogonal on 0S are found. In Theorem 4 from Section 2.5, a similar expansion is obtained
for E¢(x,¢) [5]. In Section 3, the Green’s function G{(x, §) is studied. For this purpose, in
Theorem 5 from Section 3.1, based on Lemmas 4-9, an expansion of the Green'’s function
G{(x,&) in the system {ngi) (x)} is obtained. Then, in Section 3.2, a function G/ (x,{)
is defined that has an explicit singularity E4(x, &), and in Theorem 6, it is proven that
G{(x,&) = G¢(x,¢) for n > 6. In Section 4, the biharmonic Navier problem is studied. In
Lemma 13, the Green'’s function GJ (x, ¢) is introduced, and in Theorem 7, an integral repre-
sentation of the solution to the Navier problem using G} (x, ¢) is established. In Theorem 8
from Section 4.2, a representation of the solution of the Navier problem for a homogeneous
equation is found. Based on these results, in Section 5, the 3-harmonic Navier problem
is investigated. In Theorem 9, for n > 4, an integral representation of the solution of the
Navier problem through the Green’s function G/ (x,¢) is found. Then, in Theorem 10,
the obtained solution for f = 0 is rewritten in a different form, without explicitly using
the Green’s function G/ (x, ¢). Finally, in Theorem 11, it is proved that the function u(x)
obtained in Theorem 10 is a solution of the Navier problem for all # > 2. The directions for
further development of this research are outlined in the Conclusion section.

2. Preliminary Results
2.1. Notation and Terminology

For further presentation, some preliminary information is necessary. In [4], an elemen-
tary solution E4(x, ) of the biharmonic equation is introduced as follows:

1 i -
W|x—§4 , n>4,n=3,
Ealv) = —ginlx =2l n=4, (3)
[x =GP

1 (Injx—¢|—-1), n=2,
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and in [5], an elementary solution E¢(x, ¢) for the 3-harmonic equation is defined as

x —gle"
2-4(n=2)(n - 4)(n - 6)’ n>3n# 4,6,
——Injx —¢|, n=6,
_ ] 64
Ee(x,§) = |x_§‘2(1n|x—§\_§) L 4)
v gp oo
_xéf (nflx—g-3), n=2

In addition, in these papers, the Green’s functions G4(x, ¢) and Gg(x, ¢) corresponding
to the Dirichlet problems in S are found. If we denote E}, (x, ) = Ex (l%\’ \x\(j) , then the
Green’s function Gg(x, ¢) has the form

R

Gol,2) = Eo(x,) ~ E3(x,0) — 3 L L gy
1(xP =12 (157 -1)* .

1 1 T B, 6

where E»(x,&) = |x — &>~/ (n — 2) is an elementary solution of the Laplace equation

defined by A.V. Bitsadze [34]. In [8] (Lemma 2.1), the elementary functions Ex(x, ) are
defined for a natural k > 2 (for k = 2 and k = 3, see above), and it is proved that for x # ¢,
the equalities are true:

AgEg(x,6) = —Ex2(x,¢), AgEz(x,8) =0. (6)

Note that the elementary solutions E4(x,§) and Eg(x, {) are very similar to the fun-
damental solutions used by S.L. Sobolev [35], but are not equal to them. In the paper [36]
(Theorem 2), it is established (the Green’s function is designated as G} (x, ), since in some
papers the Navier problem is called the Riquier problem [37,38]) that the Green’s function
of the Navier problem for the biharmonic equation can be found by the equality

Gi(x,¢) = win/SGz(x,y)Gz(y,C) dy,

where Gy(x, ) = Ex(x,{) — E5(x, ) is the well-known Green’s function of the Dirichlet
problem for the Laplace equation [34], and wy, is the area of the unit sphere. In [8], the
following definition of the Green’s function G}, (x,¢) is given.

Definition 1. A symmetric function of the form G5, (x,&) = Exm(x, &) + &, (X, ), where
g5 (x, &) is an m-harmonic function in the variables x,¢ € S, such that the following equalities
are true:

Gl (%,8) lzeas = BeGhy(%,8)lgcas = - = AF Gy (%,8)|geas =0, x €S,
is called the Green’s function of the Navier problem for the m-harmonic equation.

2.2. Auxiliary Results

The following statement has been proven ([8], Theorem 4.1).

Theorem 1. The function G}, (x,¢) for & # x € S, defined recursively by the equality

n 1 n
Gi(x,8) = o [ Ghu 2(x )Gy D)y, m>2,



Mathematics 2025, 13, 1630

4 of 30

where G5 (x,y) = Ga(x,y) is the Green’s function of the Dirichlet problem (m = 1), is the Green’s
function of the Navier problem for the m-harmonic equation in S. The Green’s function G}, (x, )
has continuous derivatives with respect to & in S for x € S, x # € and is symmetric.

Based on Theorem 1, the function G/ (x, ¢) has the form

Go(x,) = o [ GixwGay,8)dy. ”)

The singularity nature of the function G/ (x, ¢) is not clearly visible here; therefore, in
accordance with Definition 1, we give another representation of the Green’s function.

In [8] (Theorem 4.2), an integral representation of the solution of the Navier problem
for the m-harmonic equation is obtained. For m = 3, this result can be written as follows:

Theorem 2. The function u € C®(S) N C>(S), which is a solution to Navier roblem (1)-(2), can be
represented as

%i&jl 02(8) ds;

/G6x§ &)dé, xeS. (8)

u) = L [ 2D gy %m@)

If o9 € C(3S), ¢1,92 € C'T¢(3S) (e > 0) and f € C'(S), then the function u(x)
determined from (8) is a solution of Navier roblem (1)-(2).

2.3. Elementary Solutions E4(x, ) and Eg(x, )

We investigate the elementary solution Eg(x, &) for n > 6. Denote by C;'[t] the Gegen-
bauer polynomial of degree k. It can be represented in the form ([32], p. 177)

[k/2] m
v D)W,
Gl = 2 it 2m)!

(1)<, 9)

where (A)y = A(A+1)...(A+k—1) aside from (A)g = 1. It is not difficult to calculate
that C}[t] = 1 and

0 _1\0
Cll= % ( 10)!1(!)01

m=0

(2t)! = 2At.

In what follows, we assume that C;}[t] =0ifk<0.For || =1, x| <1l,and m > 2,
the following representation is true [4]:

= Y () et

where (x, {) denotes the scalar product in R". If we take here m = n — 4, then for n > 6,

- glor = 3 () e (10)

k=0

we obtain

Lemma 1. If n > 6 and || = 1, the following function C”/2 3 le )} |x|¥ is a 3-harmonic
polynomial of degree k € Ny on x.
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Proof. Using the representation (9) of the Gegenbauer polynomials, we can write

x k/2] (q\m n/2 —
Clr(z/ZB[(M/éc)Nx'k:m;O( 13n!gk/22m5)’)k ml ’2m( x g))k 2m _

A —6,2);
_ m..|2m k—2m
Z k 2 ) | | (x/ C) 7

where (1,2); = n(n+2)...(n+ 2k — 2) is the generalized Pochhammer symbol with the
convention (1,2)g = 1. From here, we can see that it is a polynomial of degree k with
respect to x. Using the equalities

A(x,§)" = m(m—1)[&(x,6)" 2, Al =202 +n—2)|x* 2,
it is not difficult to see that
Alx|? (x, &)™ = m(m — 1)|E|x % (x, )" 2 4+ 21(2] + n — 2 4 2m) | x| 2 (x, &)™,
It follows that

Alx[? (2, &)F72m = (k — 2m) (k — 2m — 1) |&|?[x|*™ (x, &)F 22
+ 2m(2k — 2m + n — 2)|x|*" 2 (x, &)k,

Taking into account the obtained equality, we have

CH/Z 3[( )} |x|k —A Ig] — 6, Z)k m|x|2m(x C)k—Zm
|x|” 2m ” k 2m)! ’

[k/Zfl]
W2 iy —6,2),
= L Gunk—2m- 2!

[k/2] (=1)"(n —6,2)k_mi1
(2m — 2)11(k — 2m)!

&2 P (x, )22

|x|2m72(x, (;:)kfzm

m=1

N (—1)" (1= 6,2)c
R D e T o)
k/2-1) (_1ym
_ (_1) (Vl—62) m m m—
=(eF =1 2, (Zm)!!(k—zm—kz) " €72

m=

|x|2m—2 (x, g)k—Zm

W& ()™ (n—6,2)i
B (2m)!1(k — 2m — 2)!

[k/2-1] (=1)™(n —4,2)f—m—2
(2m)!1(k —2m — 2)!

— —4(n—6)C1/22 [(ﬁg)] |x[F2.

To obtain the last line of these equalities, the following equality is used:

|x|2m (X, é—)k—Zm—Z

|x|2m (x’ g)k72m72

n/2— X [k/2] —1)"(n — 4,2 o . e
() It = L i e 22,

m=




Mathematics 2025, 13, 1630

6 of 30

which follows from [4] (Lemma 3.3). Since for |¢| = 1, the polynomial C}"/*~2[ (x/|x|, &)]|x[¥
is biharmonic ([4], Lemma 3.3), then the polynomial C}/?73[(x/|x|, &)]|x|¥ is 3-harmonic.
Thus, the lemma is proven. [

Lemma 2. Let n > 6 and k € Ny. The following equality holds:

n—=6

n/2-3
Ci 1) = 2k+n—6

£ (G220 = /3721 1)
Proof. First, suppose that k > 2. The following equalities are valid:
Cn/272m _ Cn/272m

_[lf —1)"(n—4,2) m gk—2m [k/zil] (_1)”1(11_4'2)](_”1_21*72’”72

@m)!(k —2m)! = (2m)!1(k —2m —2)!
:[k/Z] (=1)"(n —4,2)_ m k— 2m k/ZZ —1)" (1 =~ 4, 2) - L ph—2m
= 2m)!(k —2m)! (2m — 2)!(k — 2m)!
_2%k+n—6 ["/Zz} (—=1)"(n *6/2)k—mtk—2m n wtk
n—6 = (2m)(k—2m) K

The last term can be transformed to the form

(7’1—4,2)ktk o 2k+n—6 (n—6,2)ktk
k! - n—6 k! ’

which means

k/2
Ckn/Z—Z[t] - CZK%_z[t] :2k+ n—6 [Z} (_1)m(n — 6,2)](,"1 tk—2m

n—6 = (2m)!l(k—2m)!
. 2k+n—6 n/2-3
E— Ce [£].
This implies equality (11). If we assume, as noted above, that C’i/zzfl [t] = 0 and

C"271[t] = 0, then the equality (11) is also true for k = 0 (the values C}[t] and C}[t] have
been calculated above): C1/273[t] = 1 = Z—:gcg/zfz[t]. For k =1, (11) is also true:

C1/27301) =2(n/2 - 3)t = (n— 6)t = %(m —4)t
:21%( /2 —2)t = 2176@1/2 21y,
The lemma is proven. [
2.4. Expansions of Functions E4(x, &) and G} (x,¢)
Let {H," ( (i) :i=1,...,h, k € Ng} be a complete system of homogeneous harmonic

polynomials of degree k € Ny that are orthogonal on 9S (see, for example, [33]), and
normalized so that [,¢ (H (Z)(ﬁ)) dsz = wy, where hy = 2122 (K123 for > 2 (y = 2
for n = 2) is the dimension of the basis of homogeneous harmonic polynomials of degree k.

Consider the following symmetric harmonic polynomials:
o 110 () 1)
Hi(x,8) =Y H(x)H" (%), ke No.

i=1

Note that for k = 0, we have hy = 1 and H(()l)(x) =1, and also H(x, &) = Hi(E, x).
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1. Expansion of E4(x,¢). In [4] (Theorem 4.1), for || < |x| < 1, the following
representations of elementary solutions are obtained:

0 |x| (2k+n—2)

Bax) = Y g Hlod), (1>2) 12
1 ‘x‘f(2k+n72) |x|2 |§|2
Ea(x,¢) = T2 2ktn—2 <2k+n4_2k+n>Hk(x’€)’ (n>4). (13

Moreover, in the case of |x| < || < 1, the variables x and ¢ must be swapped
under the summation sign. The series written above converge uniformly in x and ¢ when
|¢| < a < |x|. Let us denote

|x|_(2k+”_2)H]Ei)(x) .
2k+n—2

o) (x,8) =

Remark 1. In the notation CD,(CZi) (x, &), the harmonic polynomials H]Ei) (&) from the complete system
of orthogonal harmonic polynomials are multiplied by the Kelvin transform of the same polynomials
K[ngl)] (x) = |x] —(2"*”_2)ng1) (x), but with respect to the variable x. In the representation of the
function Ey(x, ) for || < |x|, the functions CDI(C,ZZ.) (x,&) are summed over all values of k € Ny and
i= 1,...,hk, i.L’.,

=Y 0% (x,0).
k,i

It is clear that @é%l)(x, ¢) = Ex(x,0) - 1. In the case of n = 2, the value of CID(%) (x,8) is
undefined. However, as shown in [4] (Lemma 3.1), instead of this term, we should take the function
~In|x| = Ey(x,0) and set @} (x,&) = —In x| - 1

Next, we consider the structure of the representation of the function E4(x, ¢) from (13).
If we denote

x| () - Q)

(41) _
P (x,6) = 202k+n—2)(2%k+n—4) ’
—@2k+n-2) gDy 72
q>,(<i’2)(x,é‘)=|x| o () - [S1FH(©)

2(2k+n—2)(2k+n) ’

then for |¢| < |x| and n > 4, we obtain the equality

Ey(x,&) = Y (@) (x,8) — o) (x,0)).

ki

Remark 2. It can be noted that all the functions @ (x &) have singularities at x = 0 and they
are biharmonic in x # 0, and with respect to the varzable ¢, they are biharmonic polynomials and

A (x,8) =~ (v,8), AP (x,8) =0,

(14)
41 42 2

By (x,8) =0, 80 (x,8) = o (x,0)
It is clear that the function <I> (x &) is biharmonic in x and harmonic in §, and the function

4,2
@y

@4 (x,0) = E4(x,0) - 1, @57 (x,8) = —AcEa(x,0)[E]? = Ex(x,0)[>

(x, &) is harmonic in x and bzhurmomc in ¢; thus, the equality (14) is satisfied. In addition,
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If n = 4, then the function CD(()41’1) (x,0) is not defined and it is necessary, according to the

second line of (3), to set @é%il) (x,&) = Eq(x,0) = —% In |x| - 1. In this case, all equalities (14) are
preserved. It then remains only to check the case when k = 0:

41 1 x| 2 2
Al (x,0) = ~Acr il = T = 0, 0)
where it is taken into account that Hél) = 1. The function CD(()41’2) (x,&) does not change.

Hypothesis 1. For n = 4, the following equality holds:

Ei(x,8) = —Infxl -1— 2l 2L + 2‘ Bl LTG5l PYAP
Al T Ty 2 2k+2 \ 2k 2k+4) K\

Note that the functions qDIE 7/ (x,&) and CI:',(< 7 (x,¢) also depend on the dimension 7, but
in order not to complicate the calculations, this dependence is not explicitly indicated, but it
must be kept in mind. Similarly, it is also easy to assume a formula for representing E4(x, Q)
for n = 2. In this case, it is necessary to define the functions d?o 1 (x é),® )(x ¢) and

CID( (x,&). From the third line of (3), we find CI>((J/1 (x,8) = E4(x,0) = |x|2%, since by
(6), we have qu)o 1 (x (: )=—Inlx| = CD[%) (x,&), where @81) (x,¢) was already defined
above. Obv1ously, (x ¢) = —In|x| as in the case of Ep(x,¢). To find <I> ( ,C),
we note that q)l,i (x, g) = x|~ ZHli) (x)Hl(i) (¢). Further, taking into account the homo-
geneity of the harmonic polynomials Hl(i) (x), we write Ay In |x|H1(i) (x) = 2|x|’2H1(i) (x),
and therefore,

Axg Inlx HY (0)H (@) = 515 72H () H (@) = o7 (x,0).
Therefore, to satisfy the equality (14) for k = 1, we should set

1 i i
O (x,¢) = — In|xlHY (x)H (€)

Hypothesis 2. For n = 2, the following equality holds:

In|x| -1 1 1 x|72|¢]?
Ea(r ) =P 1ol 31 - (Gl + P Y

S S 4

1¢ | |x
+§k§2 2k <2k—2_2k+2>Hk(x/<:).

If |x| < |&] < 1, then the variables & and x on the right must be swapped.

2. Expansion of G} (x,§). From (12) for n > 2 and |¢| < |x| < 1, the following
equalities hold:
—(k-2) )
Ex(x,8) =), ﬁﬂk(x/‘:)/ E;(x,¢) = Z 6), (15)

k=0 =

and therefore, it is not difficult to obtain equality:

Ga(x, &) = Ex(x,&) — E(x,€) = Z“” Hi(x,©).
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Further, from Theorem 1, it follows that the Green’s function G (x,&) is defined as

GH(x, &) = win/SGz(x,y)Gz(y,é) dy.

Based on the decomposition (12), taking into account the notation k = 2k + n, which
allows us to write formulas in a more concise form, it is easy to prove the following statement.

Theorem 3. Forn > 4and |G| < |x| < 1, the expansion below holds

o [y (k—4) _ X2 = x|~ (k=2) _
Ghx 0 =5 1 <(|1<|4)(1<21) ) (|1<| - : |(1<2)1< . |‘32> Helx,6). - (16)

k=0
where k = 2k + n is applied to shorten the notation. If |x| < |&| < 1, then the variables ¢ and x

under the sum sign must be swapped.

The representation (16) is useful for finding integrals of the form [; G} (x,&)|&|™
H({) d¢ with the function G} (x, {) as the kernel, where H({) is some harmonic polyno-
mial [36].

2.5. Expansion of the Elementary Solution Eg(x, &)
Now, we are ready to find the expansion of the function E¢(x, §) in the omplete system

of harmonic polynomials: {H,Ei) (x):i=1,..., 4 k€ No}.

Theorem 4. For the function E¢(x, ) with n > 6 and |x| < ||, the following expansion holds:

1§ |§\*<H>( gt 2P Ix
(

Ea(x/C)ng; k-2 \(k—6)(k—4) (k—4k k(k+2

)M e). a7)

If || < |x|, then the corresponding formula can be obtained from (17) by interchanging the
variables x and ¢ under the summation sign on the right.

Proof. Consider the 3-harmonic polynomial C}"/*~*[(x/|x|, &)]|x|¥ from Lemma 1. We
transform it using (11) from Lemma 2:

G2 () [t

o= G (G- e (- A

To perform this, first, we transform Cg/ 272[(x/|x],&)]|x|*. We use the equality
from [4] (Lemma 3.4)

[ s Gt - ()]

and [4] (Theorem 4.1)

_ -2
G (/1] 6)]xlF = 5 M, ),

which are true for |¢| = 1 and |x| < 1. We then have

Ciz/Z—Z[(i,g)]‘x‘k (n—4,2)z( Hi(x,¢) _|x|2Hk—2(x/§))'

x| T 2k+n—4\2k+n-2 2k+n—6
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Now, we can transform the equality (18) to the form

Ckn/2—3{<ilg)}|x|k n—6 (”—4,2)2( Hi(x,6)

- M)
| x| 2k+n—62k+n—4\2k+n—-2 2k+n—-6

_ n—=6 (7’1 74/2)2 (|x|2Hk—2(er) _ |X|4 7_[16—4(%/(’7{) )
2k+n—62k+n—38 2k+n—=6 2k+n—10/"

= |x?

For brevity, we denote k = 2k + n. Let us calculate the coefficient at |x|?H_»(x, &):

(1’1*6,2)3 1 1 - 2(1’176,2)3
- (k—6)2 (k—4 k—8)_7(k—8,2)3

and so, in the end, we have

n/2-3[( % k_ (n—62)3, 2(n—-62)3 (n—6,2)3 4
cr [(|x‘,§)}|x| e L e e R ST

where it is necessary to take into account that #(x,¢) = 0 when k < 0. Using the obtained
equality, from (10), when |¢| = 1 and |x| < 1, we obtain

& s x & (1-6,2)s
k=gt = G (&)= Ltz )
© 2(n—6,2 © (n—6,2

—|X|zgwﬂkz(x,é) + |X|4k§,1 ((1?10’2))33%4(3@6)

(n— S 1 2xP |x* ;
= 6’2)3]§)((k—6,2)3 k—42); (kfz,z)g)ﬂk( 8)

Let us remove the constraint |§| = 1, but assume that |x| < |¢|. In this case, |x/|¢|| < 1
and |&/|¢]| = 1, and therefore,

gl
— | x| (2k+1—6) 1 2P/, Ix*lgl
=(n 6’2)3,;()'5' ’ ((k—6,2)3 (k —4,2); + (k—z,2)3>H"("’€)

e P e VO [ M £ 1 & [x*
=24 =625 ) (Cem ~ ®on2s * wozs) D)

= gl = o

x £‘6—n
14

_|_

Hence, taking into account the definition (4) of the function E4(x, &) for n > 6 and the
notation (k — 6,2)3 = (k — 6)(k — 4)(k — 2), k = 2k + n, we obtain the representation (17).

For the final proof of this theorem, we note that in the following equality (see [4],
Theorem 4.1):

n

G (00)] = gy, el = Ixl =1,

on the basis of which the proof is carried out, variables x and ¢ are equal in rights. Therefore,
if we swap them, then in deriving the formula for E¢(x, ) on condition || < |x|, we obtain
(17), in which the variables x and ¢ are interchanged. The theorem is thus proven. O

3. Green’s Function G/ (x, )

Green’s function G[(x,¢) was defined earlier in (7). To transform it, we prove the
following statement.
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Lemma 3. The polynomials Hy(x, ) have the property

1 _ 0, k #m,
W /as Hi(x, ) Hm (v, E) dsy = {Hk(ng)/ k—m

Proof. Indeed, the equalities below are true

1 L g B ) )
o s e Pt ydsy = o [ S O G ) ) ) @) dsy

j=1
he hy (i) () 1 (i) 0]
=L L H @ H @) - [ H () Hi (y)dsy
i=1j=1 "

_ 0’ k#ml
v HO (0 HD (8) = He(x,0), k=m,

since, by orthogonality on 95 of the system of polynomials {ngi) (x):i=1,..., 4, ke No},
we have

1

» - L, k=mi=j
o HY (y)HY (y)ds, = {

S 0, otherwise.
The lemma is proved. [
3.1. Expansion of G} (x,¢)

Let us formulate a theorem on the expansion of G/ (x, {) into a series.

Theorem 5. For n > 6and |§| # |x| < 1, the representation is valid:

G (x,8) = Ee(x,¢) — Eg(x,¢)

(x* = D(E* -1
8

Hi(x,¢) (P -D(5P-1) & HilxQ)
(k—2,2)5 2 Z (k —4)k?’ (19)

agk:

+

k=0

where k = 2k + n.

Proof. Let |{| < |x| < 1; then, since the integral from (7) has integrable singularities at
y = ¢ and y = x, we write

2] oy
Ge(x,¢) = f/Gwszy, dy—(/ / /x|>p dp

X — | Gi(x,09)Ga(py, &) dsy = I + I, + I3.
Wn JaS
Taking into account the equality Gy(y,¢) = Ex2(y, &) — E; (v, ), we divide each of the
integrals I; into two more parts. We denote by I; ; and [; ; the parts of the integral I; in which
instead of Gy(y,¢), we first take the function E;(y, ), and then the function —E;(y, &),
respectively. We interrupt the proof of the theorem and present auxiliary lemmas. O

To prove the following lemmas, we use (15), (16), and Lemma 3. To perform this, we
note that the power series in these formulas converge uniformly in x and ¢ for |¢| < a < |x|
([4], Theorem 4.1), and therefore, they can be integrated term by term. In all the lemmas in
the section below, we assume that n > 6 and |&| < |x| < 1.
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Lemma 4. For the function I 1(x, ), the following representation is valid:

o0 |~ (k—4) MRS
11,1<x,g>ziz< i+ B D |¢|4> g,

k=0

Proof. First, by Lemma 3, we calculate the inner integral in I; 1 (x, ¢). Since |y| < [¢] <
|x|, then

|x| (k—4) -1

win /as Gi (x, py)E2(py, &)dsy = /as 2 Z (M

2_1 (k-2) _1 (m—2)
+(|1)<C|—2)1<(|X|(k 2)k e )P (%) Z Ié‘l Ty P (v f)

18 (0 1 21 |x|-<k-2>f1 .\ 210
EZ ( K—4 -+ PR v b e AL
Then, for the entire integral I1 1 (x, ), we have
L et W Sk S it WP U [
Z/ < (k—4) -+ P e ) K o R
1

) i e
Hk<x,5>—2k§<”‘(k R . e |¢|4>(71f"_("2')§)k,

from which the assertion of the lemma follows. The lemma is proved. O

Lemma 5. For the function I 5(x, &), the following representation is valid:
11,2 (x/ g)

0 —(k—4) _ -
_ _% Z<x(k_4)k 1|ér|kJr |x | |€|k |x|~( (k+2) |§|k+2> /(}-lik(—z%g

k=0

Proof. Similar to the proof of Lemma 4 for the inner integral in I; ,, we write

1 X
—— [ Gi(x,0y)E5(py, ¢)dsy

Wy Jas
A e T W e PANR
’E ’ < k=2 T k—2k  k—2k ° )x—2 %)

Then, for the entire integral I1 5(x, {), we have

Lp(x,8)
= R (a0 1 P et 1 o) H(x, )
=- - d
k_zo/o 2 ( (k—4) X k)% k-2

2)
-2) _ H,(x,
— _ Z (x ) |(;r|k | | |ér|k |x| (k+2) | |k+2) (kk(x ’;)2,

from which the assertion of the lemma follows. The lemma is proved. [
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Lemma 6. For the function I 1(x,¢), the following representation is valid:

IZl(xrg)
1 z ((Ixi e SN 1) L O Y e M |¢|4) Hi(x,§)
k —4) Kk 2 Kk 4 (k—2)2°

Proof. Note that in the integral I, 1 (x, {), the inequalities |¢| < |y| < |x| are true. For the

inner integral I 1 (x, ¢), taking into account Lemma 3, we write

x|tk 1

1
n Jos CE G PYIE2l0Y, )dsy = - /3522<(k4)(k—2)

Y V=
L ('x' i 2)+('1f':ﬁ(— A 1p2> 2 0,0
Then, for the entire integral I, 1(x, ¢), we have
Z/|x< = )k _21) o (1|<xf2_)21kp_ - (|k - 22))2;1)p )dek(x"f)
5 (( o L 1) O R FSLE '5'4>Hk<x, o,

from which the statement of the lemma follows. The lemma is proved. O

+

Lemma 7. For the function Ip(x, ), the following representation is valid:

00 (k—4) _ 2
Iaalx,8) = §2<(""k e ) (<~ )

x| (F2) — [x[* a2 |§|k+z)m< x,8)

k(k+2) k(k+2) (k —2)%
Proof. Similar to the proof of Lemma 6 for the inner integral in I ,, we write

L x
—— [ Gi(x.ov)E3 oy, 2)ds,

Wy JoS
_ 1 o ok |x|7(k74) -1 |x|> —1 B |x|~ (k-2) _
- Ekg)p <(k—4)(k—2)2 * (k —2)2k (k—2)k P Hi(x,6)-

Then, for the entire integral I 5, we have

Ly(x é‘)

+ (k 2)21( (k 2)21( P ) dPHk(x/(:)

(2 “)—1 2 =1 e — g
- Z(( k-4 = k >(k_2)2k
||~ (k=2) — 1 |x[k+2 — |g|k+2
T (k-2)%k (k+2) Hi(x,€),

< k4)‘1 e N e
1
2
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from which the assertion of the lemma follows if we multiply the last two fractions in the
outer bracket and take out the common factor. The lemma is proved. [

Lemma 8. For the function I31(x,¢), the following representation is valid:

Y e O B O
Ba(x¢) z,{%( k=4 T 4 T (k—4k
T— x> |x® 2(k=2)\) Hi(x,8)

T (k_(k—4)k))(k—2)2'

Proof. Note that in the integral I3 (x, &), the inequalities |¢| < |x| < |y| < 1 are true. For
the inner integral I3 1 (x, {), taking into account Lemma 3, we write

1 ; -(k-4) _1q P2 -1
Jn/as Cix.py)Expy, E)dsy = /as < Hk-2)  (k-2)k
NGRS VINPAR = m
(k—2)k |X| Hk XY m;o ) P Hm(y;é{)

T it WY et S (. ottt TP VB
_Zk;()p <(k—4)(k—2)+(k—2)k (k—2)k ™ ) Se=5 Hr(x, 8.
Then, for the entire integral I3 (x, ), we have

(k— 5)7 3 _ —(k=3) _ Hi(x,
I31(x,8) = Z/x|< — +P . p_p . p|x|2>dp (kk(_xz?_
| — (k-5) ps p~(k=3) 1 |x|? Hi(x,8)
ik, ( A e e TR R D) L =

°°<|x| 0 -1 1 x| x? x| "*9)

3L

245 6)(k—4) 4k (k—4)k
L (P 20k 2)y) e
2 k (k—4)k/ ) (k—2)%
The lemma is proved. O
Lemma 9. For the function I35 (x,¢), the following representation is valid:
132(x ¢)
1 Z IXI4 SN et SN Gl . U (ﬁ _ 2(k—2) ) Hi(x,€)
) k(k +2) 2k k k (k—4)k/ ) (k—2)%

Proof. Similar to Lemma 8 for the inner integral in I35 (x, {), we write

1 n *
- o |, Gi G v Es oy 2)dsy
1 & o 2 p kD, -1 1 x| M, 8)
2,;)p ( DTk kN~ +((k—4) ) (k—2)2
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and therefore, for the entire integral I35, we have

Ia(x,6)

_ 1&g P pth p SifxP o 2(k-2) Hi(x,¢)
- 2,{20/<(1<—4)Jr K _kx2+pk1(k_(k—4)k)>dp(kk—2)2

- IXI“—1 IXI“”—1 2= Jxf* | fx* =1 xP 2(k=2) | Hi(x, )
k(k+2) kT k (T_(k_z;)k) (k—2)2°

M

The lemma is proved. O

Continuation of the Proof of Theorem 5. To find the expansion of the function G/ (x, &)
in a series, it is necessary to add the found values of the integrals I;; and I;», i = 1,2,3. We
obtain a rather cumbersome expression, and therefore, we first exclude some terms.

Let us calculate the sum of the coefficients of the terms containing |&|¥ 5 (kk Z)Z)k’ which

arein Iy 5 and Ip5:

B S e S et SN E Gl

(k—4) K (k—4) PR

Similar calculations show that the sums of the coefficients of the terms containing the

expressions |¢|*+2 zsz(’;@k , |x|k e 2’)‘:2)1( and |x|*+2 zzilixz’)g)k are also equal to zero. Next,
we calculate the sum of the coefficients of the terms containing |x|~(~¢) %, which are
in 12,1 and 13’12
U 1 1 k-2
2(k—4) 4k (k—6)(k—4) (k—4)k 4(k—06)(k—4)
The sum of the coefficients of |x|~ (k=4 ?E/’k(x’%) that are in I;; and I is equal to
— (k(;2)4|)§lf , and the sum of the coefficients of \x\ (k-2) 7'(11"(( 2)) that are in I;; and Ip; is

equal to ; k +2 |¢|*. Adding up all the integrals I; j(x, ¢), we find

3 2
Gé X, '::: ZZL]
i=1j-1
(o) xR g2y (2 jgpd

x|~ o0
2 Z ( —6,2)3 2(k—4,2); * 2(k—2,2)3 )Hk(xlf)wL Y Fe(x, &) H(x,8),

k=0

where the function Fi(x, §) denotes the sum of the terms of the obtained series containing
Hi(x, &), but not containing the powers of |x| and |¢| depending on k—they still need to be
calculated. Note that in accordance with (17) and the notation k = 2k + n, the sum of the
fractions in the expression above gives the function Eg(x, {) from Theorem 4 for n > 6 and
|¢| < |x|, and therefore, we obtain

Gy (x,€) = Es(x,&) + ), Fi(x, &) Hy(x, §). (20)
k=0
Next, we denote the coefficients of |¢ |427? 2 and | \2 5 (k 5 )2 as by and by, respectively.

From Lemmas 4 and 6, we find

k-2 k-2

_ k-2 (k—2)2 k—2| 2
2(k —4)k

(k2 — _ _
(M=% = - ~ 2
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Let us denote the coefficients of |x|4 e 2))2 and \Jc|22 = 2))2, independent of ||, as a4
and ay, accordingly. From Lemmas 6-9, we find

11 1 1 11 1 1 k-2
2k THCT K- Tk(kr2) 4k 2k Tak—4) 2k dk(k+2)
R T S S T S-S B - )

2k—4) 2k T k(k—4) 2k T (k—dk T2k & (k—dK

a, =

From Lemmas 8 and 9, we obtain coefficients of 7'([" (8 )) that do not depend on |x]|

and ||

B 1 1 k-2 1 1 2(k —2)
W= T 6 (k—4)  ak  (k—4dk d(k-4) k(k+2) (k-4
o (k—2)? k-2 (k —2)
Tk T 2)  A(k-6)(k_4)

Thus, taking into account the calculated coefficients, we obtain

F(od) = (- gopag 61t + el = i - el
Go22 o oD ko2 (ko2) e
k—4)12 k4K k(k+2) 4(k—6)(k—4)/2(k_2)

VO[S O 4 L i

=5(- Akt 2e T o k2
_ 1 )”Hk(x,é)
ik—6)k—4/) k—2)

If we now take into account that, according to (17), the following equality is true:

1 1 R E1*x]* N\ He(x, &)
Es(x¢) = 22< —6)(k—4) 2(k—4)k+4k(k+2)>(k—2)’
and also m + ﬁ = (kk i then we have

Fi(x,8) = —[Eg(x, )k

1184 x[* = Jg]* = |x* +1 11g12)x[* = [g]* = x> +1
*3 (k —2)k(k +2) He(x.6) =35 (k —4)k2 (%, €)
g (Jx*=1)(1g]* = 1) He(x, &) (xP=1)(E]* —1) Hp(x, )
= B (x Ol + 8 (1<kf2,2)3 - 2 (kk— 1)K’

where

[ES(x,€)] =1( ~ el
OAVSIk T o \a(k—6)(k—4) 2(k—4)k ' 4k(k+2)

[4NEdN )Hk(xfé)
(k-2)

denotes the k-th coefficient of (H "(x)i) in the series expansion of Ef (x, {). Substituting the
found value of the function Fy(x, £) into (20), we obtain (19).

If the inequality |x| < |¢| < 1is true for the variables x, §, then repeating the calcula-
tions performed for the function G¢(x, {), we arrive at Formula (19), in the right-hand side
of which the variables x and ¢ must be swapped due to the symmetry of the representations
of the elementary solutions E¢(x, {) and E4(x, ) used in the proof. However, the right-hand
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side of Formula (19) is symmetric with respect to x and ¢, and therefore, the result will be
the same expression. The theorem is proved. [

3.2. Green’s Function G} (x,¢)

Let us transform the result of Theorem 5, namely, express the harmonic functions
included in (19) and presented in the form of series through the elementary solutions. We
will now obtain a formula similar to (5) for the Green’s function G (x, ¢). For this, we need
the following operators, which we will be applied to the harmonic in S functions:

Lol@) = [ ot at, Av@) = 3 6o, O
k=1

where « > 0, and the functions v({) are differentiable in S. It is easy to see that for « < 0,
the operator [,u(&) can be applied to the functions v(¢) if v(&) = O(|x[¥), x — 0, and
a + k > 0, since in this case, the improper integral I,v({) converges.

Lemma 10. The equalities below are satisfied:
(Ag +a)Lo(§) = 0(8),  Lu(Ag +a)o(§) =0(F), Lalpv(§) = Igluv(E)-

Proof. Using integration by parts and taking into account that « > 0, we obtain
! a—1 Ly a—1 ! /i
Alio(E) :Ag/o o(tE)t* 1 dt = /0 Y tGvg (tE)tdt = /O (v(t&))jt" dt
k=1

x|l ! a—1
—o(t8)t |071x./0 o) dE = 0(2) — alo(©).

If we now move al,v(&) to the left side of the equality, we obtain the first equality of
the lemma. Similarly, we obtain the second equality of the lemma from the equality

e a—1 ! /0
LAg(E) = | ) it (tE)et i = | (@t@)ieat = (&) — alio(@).

It is easy to see that for « # B,

1 1 1
LIgo(E) = I /0 o(t8) P~ dt = /0 71 /O o(tte) P dt de
1 s 1 1
:/ T“*ﬁ”/ o(s&)sP1 dsdT:/ 0(56)55*1/ P drds
0 0 0

S

= /01 U(Sg)sﬁllojsaﬁﬁ ds = acl‘B /01 U(sg)(sﬁ*1 — s“il) ds
1

= gl W@, @

where the substitution tT = s is made under the integral. From here, we obtain the third
equality of the lemma

1 1
x—f B—ua

which is obviously true for « = B. The lemma is proved. [

I,xllgv(ff) =

(I,B —I)v(8) =

(In — Iﬁ)v(g) = Iﬁlocv(é()r

Remark 3. If we denote by I, the operator I, but applied to the function E}(x, &) by the variable
x, then due to the fact that this function has symmetric arguments E3(x,) = (1 —2x-¢ +
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|x|?|&|?)>7"/ (n — 2), it does not matter by which variable the operator I, is applied, i.., the
equalities are true:

1 1 1 1 7
LeE3 (x,8) = /0 E3 (x, t8) %1 dit = /0 E3(tx, &)~V dt = [.E5(x,©).

Definition 2. Let us define the function G'(x, &) for n > 4 and x # & by the equality

4 4
G2 (x,8) = Es(x,8) ~ Byl ) + L= DEE=0 )
2 2
_ (A ?é'é' 1)(1%_2“%)1%15;@,@). (22)

The form of the function G/'(x, §) is somewhat similar to the function from (5).
Theorem 6. Forn > 6and x # & € S, the equality G (x,§) = Gl (x, &) holds.

Proof. Let n > 6 and || < |x| < 1, then the equality (19) is true. Let us transform the

series from the second line of (19). Consider the harmonic function Y 37 ?l-fk(Z 2)) It is easy

to check that

1 :ZHk(xré’)
k+n/2 k 7

Ingk(xl g) = ‘/Ol Hk(x/ g)tk+n/2_ldt = Hk(xr (:) (23)

and therefore,

Hi(x, Q)

1
ZI%HI%Hk(x'g) = k(k+2)

Consequently, taking into account (15) and the uniform convergence of the series for
|| < a < |x|, we obtain

PG SR {1 M S (C1Y)
lg)(k—2/2)3 _kgo(k—Z)k(k—i—Z 4; 2115 (k- 2)
1 H 1
=11zl ; (kk(x 26)) plynlyEs(x8).
Hi(x,8)

To transform the harmonic function } ;- , we use the equality

(k—4)kZ’

1 _ 1( 1 n 1 )
(k—4)k2 2\(k—2)k? = (k—4)(k—-2)k/’
from which the following is obtained:

Z (’Hk(X,C) 1 ( Z (Hk(xfg) + Z ( Hi(x,§) )

~ (k—4)K2  2\Z (k-2)k2 = (k—4)(k—2)k/

Considering that n > 6 and similarly to what was executed above, we find

Hi(x,6) _ 1 Hi(xG) Hi(v o) 1, Hi(x )
(k—2)k2 47 k-2 ' (k—4)(k—2)k 42722 k-2’

Nl

and therefore, using the uniform convergence of the series for |¢| < a < |x|, we obtain

- Hk(x C 1 2 S 1 - Hk(X,C) _ 1 *
2 4 (k —4)k2 =l Z +§I%—ZI% E k-2 © g(ll%,ﬁ%ﬂgEz(%C)-
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If we substitute the expressions found for the series into (19), we obtain the right-hand
side of (22), i.e., Gf(x,8) = GZ(x,G). If [x| < |¢| < 1, then, due to the symmetry of (19)
acting in the same way as above, we obtain the equality (22), but the operators I, need
to be applied to the variable x. However, according to Remark 3, by changing x to ¢ in
the integral, we obtain the same result. Finally, for |x| = |¢|, but x # ¢, the equality
GZ(x,8) = G/ (x,¢) is preserved due to the continuity of the functions included in it for
x # ¢ € S. The theorem is proved. O

Remark 4. Note that the function G} (x,¢) is defined for n > 2, but G} (x,¢) for n > 4.

4. Biharmonic Navier Problem

The biharmonic Navier problem has the form

Nu(x) = f(x), x €S, ulss = o, Du,g = ¢1. (24)
Let us study the properties of the Green'’s function G} (x, ¢) of this problem.

4.1. Green’s Function GJ (x,¢)

Lemma 11. Let ¢(t) and v(x) be some twice differentiable functions for t € [0,1) and x € S,
respectively. Then, the following equality holds:

A(e(|x)o(x)) = 4(1xPe" (1x*) + ¢ (Ix*) (A +1n/2))o(x) + (|x[*) v (x).  (25)

Proof. It is easy to verify the validity of the following equalities:

(pl(sf)o(x) =o()agxf?)+2 1 LI 2 o)
=(Bg(|x[) + 49/ (Ix) A+ p([x[*)A)o(x).
If we now use another equality, i.e.,

d
oy 009 (%)) =2 1 (/%) + 220 (2P)
1

=1

n
o(|x[?) =2

i=1
(" 2 2 112

= 4(59/(IxP) + x[29" (|1x2)),

then we immediately obtain (25). The lemma is proved. [

Corollary 1. For x,¢ € S, the following equality is true:

A (9122 Es(x,0))
= (412" (212) + ¢ (182) (21 + 47¢)) B3y (x,8) — |x P (|2[2)E3_(x,8).  (26)

Proof. Let us use (25) for v(¢) = Ej,(x,{) and take into account the equality AzES, (x,¢) =
— \x\2E§k72(x, ¢), which can easily be obtained from (6). Then, we obtain (26). O

Lemma 12. The biharmonic function E}(x, ) for n > 4 satisfies the equality

E{(o8) = 3 (Iy—a — [¥2IEPTy ) B3 (. 0). 7)
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Proof. Let |¢| < |x| < 1. From (23), it follows that

Iy (0 8) = S0 D), Ty o Hel,8) = 1oy el ),

and therefore, since E3 (x,¢) = Y02 Hl’i(ff) , then from (13), we find

Fi(x,8) = }ﬁ(mk”)) PP EGR) = L e ey

k=0

ePIeR 31 O = (1 B3 02) - PP Ei ),

from which (27) follows. For |¢| < |x| < 1, due to the symmetry of the variables x and ¢ in
the functions Ej (x, ¢) and E; (x, {), we obtain the same formula, but in which the operators
I, are applied to the variable x. Due to Remark 3, we can again pass to the variable ¢, i.e.,
we have (27). If |¢| = |x|, then due to the continuity of the functions included in (27), both
on the left-hand and right-hand sides of this equality, it is preserved in this case as well.
The lemma is proved. O

Similarly to the function G/ (x, ¢) from Definition 2, we introduce the function G} (x, ¢).
Lemma 13. The biharmonic function for ¢ # x € S,

2 2
G} (x,0) = Ex(x8) ~ By, 8) ~ P EE T By ), 2

has the property AzGJ (x,8) = —Ga(x, (), where Go(x, ¢) is the Green’s function of the harmonic
Dirichlet problem in S. The function G (x, ) is symmetric and Gy (x,&)|zcas = 0 for x € S.

Proof. From (6), it is easy to obtain the equalities

Ag(Ea(x,8) — Ef(x,8)) = — Ea(x, &) + |x*E5 (x,)
=~ Ex(x,8) + E3(x, &) + (I = DE3 (%, 8).

Using Lemma 11 with 0(¢) = Iz E5(x,¢) and ¢(f) = (t —1)/2, and then applying
Lemma 10, we obtain

&> —
A
)

L1y E5)(x,8) = 2(Ag + 2 ) (I3 E3) (x,8) = 2E5 (5, 8).

Thus, in the end, we find

MGy (x,6) = —E2(x,) + E3(x,8) + (|x* = DE3(x,€) — (|x|* = E3(x,) = —Ga(x,0).

Since the function E}(x,¢) is symmetric, it follows from the form of the function
G} (x,¢) that for its symmetry, it is sufficient to verify that only the function (I 1 E3 )(x,¢) is
symmetric. To perform this, note that the function E3 (x, t¢) is a function of the argument
|x/|x] — ,and for t > 0, the equality |x/|x| — = |tx/|tx| — |tx|¢] is true, which
means E3 (x, t¢) = E; (tx, ). Further, since

|/ |x] = |x[tg] = (1 —2x- (8) + |x*[t5]*) /% = |¢/1&] -

)(x,8) = (1 E5)(E, x) follows.

we then obtain Ej(x,t5) = E3(¢,tx), from which (15 E3)(x
¢) = 0. The lemma is proved O

Since E4(x,&) = Ej(x,§), & € S, then G (x,{)|zcas
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Theorem 7. The function u € C*(S) N C3(S), which is a solution to the Navier problem for the
biharmonic Equation (24), can be represented as
o 1 an(x, 5) agZ(x, ‘:) 1 n
u(x) = wn Jas _T%(‘:) + T?l(g) dsg + (7,1/594 (x, &) f(&)dg.  (29)
If o € C(3S), 1 € C1%(3S) (e > 0) and f € CY(S), then the function u(x) found from
(29) is a solution to the Navier problem for the biharmonic equation.

Proof. From Lemma 13, taking into account that E4(x,{)|zcas = Ej(x,¢)|zcas and the
properties of the Green'’s function G;(x, §), it follows that

Gy (x,8)lecas =0, AzGL(x,8)|zcas = —Ga(x, &) |zeas = 0.

Therefore, in accordance with Definition 1, the biharmonic function g;; (x,&) taken
from (28) for ¢ # x € S has a singularity of the elementary solution type E4(x, () for { = x,
which is the Green’s function of the Navier problem for the biharmonic equation in S.
Therefore, similarly to the proof of [8], Theorem 4.2, we can obtain

u(x)
0A:Gl (x, G (x,
= L[ WBED eyt v - [ B aer L [ roseac

Since by Lemma 13, we have AzG} (x,¢) = —Ga(x, &), then (29) follows. The theorem
is proved. O

Remark 5. Using Theorem 3 and the representations (12) and (13), we can prove that for n > 4,
we have G§ (x,&) = G} (x,§).

4.2. Another Representation of the Solution

The solution (29) of the Navier problem for a homogeneous biharmonic equation
obtained from Theorem 7 can be written in another, simpler form, without using the
function Gj (x, ). Since (29) contains normal derivatives, the following auxiliary statement
is necessary.

Lemma 14. Let ¢(t) be some function differentiable at t > 0, then

Aclo(x — &) — p(lx/1x] — 1%1E) ecas = —(xP — HEEZED) g9

T x =& leeas

Proof. Taking into account the homogeneity of the operator A and the equality
A(uv) = vAu + uAv, it is easy to obtain that

Aegll—) = T e -2 g i) = - ) L2

¢ (|x/[x] = ¢lx[])

Agg(|x/|x] = ¢lx|]) = (=20 g+ |22

2fx/ |x| = |x[¢]
GPxP—x-¢
= o/ (o Jxl — el £ e
Therefore, since |ﬁ —¢lx|| = |x —¢| for ¢ € 9S, and subtracting (32) from (31), we

obtain (30). The lemma is proved. O
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Theorem 8. The solution (29) of the biharmonic Navier problem for f = 0, n > 2, and ¢q
@1 € C(0S) can be represented in the form

x?—1

u(x) = ug(x) + 1

Ty (x), (33)
where the harmonic in S functions uy(x) satisfy the conditions uy|ys = @y fork =0,1.
Proof. The equality (29) for f = 0 contains two terms. We transform each of them sepa-

rately. Since G} (x,¢) = G4 (x,¢), then from the properties of the Green’s function of the
Dirichlet problem G(x, {), it follows that

1 [ 9G5(x,9) _
"oy /as Tq’o(g) dsg = up(x).
Since ag"fa(j’é) = A¢Gy(x,8) on dS, let us transform the function AzGJ (x,{)[3s. From
(28), we find

2 _
NG (x,0) = Ae(Eal8) ~ By 8) — oA (6P - D1 ED (1, 0). 39

Let us calculate the first term from the right side of the resulting equality.

(1) Let n # 2,4. Then, taking into account (3), and by Lemma 14 for ¢(t) = AL

H#-n

we get

x — &>
2(n—2) lzeas

x> -1

Ag(Ea(x,8) — Ex(x,8))leeas = (Jx> 1) =

E3(x,8)|zeas-

(2) If n = 4, then, again taking into account (3), by Lemma 14 with ¢(t) = —% Int, we
obtain the same equality

2 _
Ag(Ea(x,)  E{(x,8) geas = 51x — 82 o122 — 1) = EELEs (2o

Now, we calculate the second term from (34) without the factor depending on |x|

Ag (18P = 1)(InE3)(x,8)) lecas = 2151 (I3 E3) (%, &) [zcas = 2(I3 E3) (x,§)
and in total, we obtain

-1
AT}t Dlgcas = X (B3 (1,0) — (13E) (x,0) ecas.

Let us transform the function w(x,§) = E;(x,{) — (I% E5)(x,&). By Lemma 10,
we have

w(x,8) = (Ag + 5) (ny2E3) (6,8) — (I3E)(x,8) = (Ag + 5 — 1)1y E3 (x,0),

and using Remark 3, we write

w(x, &) = '/0'1 (A +n/2— DE(bx, 1> 1dt = Iy (Ag +n/2 — 1)E5(x,).
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In accordance with (32) for ¢(t) = ;Z%, we find
(2Ag +n = 2)E3 (x,8)zeas
o 2xP-2x¢ 1—2x-§+yx\2| o 1—x? |
x/|x] = &lx|[* ~ |x/|x[ = glx|[* €995 [x/[x| — glax| | 605"

At the same time, according to (30), and also for ¢(t) = %, we obtain
* 1-— |X|2
Ang(xlé)‘gEaS = AQ(EZ(?C,@') - Ez(x/‘:))|§eas = _ngeag

Comparing the equalities obtained above, we are convinced that the following equality
is true:

(2A¢ +1n—=2)E3(x,6)|zcas = —AeGa(x, &) |zcas, (35)

and therefore, when ¢ € 95,

1 /1 _ 1.
w(x,§) =—3 /0 AgGo(tx, )" hdt = — 2 1 Ga(x, ).

From here, recalling the notation for w(x, ¢), we obtain

n |X|2—1 |x|2_1 ! n/2—1
NG5 (%, 8)lgeas = —5—w(x,6)lzeas = —— /OAng(fx,C)f dt|zeas.

Thus, the second integral from (29) for f = 0 and n > 2 has the form

1 " ag" , 2_1 1 1 i
W7n~/85 %%(C) dsg = 7%@/35/0 AgGo(tx, E)E/ > Ldt gy (8) ds;

_ xP-1

4 /01 (- win /595 AgGa(tx, &)1 (&) dsg ) /2.

From here, using the properties of the Green function G;(x, ¢) of the Dirichlet problem,
we obtain

1 9G5(x¢) Cfx2-1 gt P Y
Jn/asT%(C)ng— 1 /Oul(tx)t dt = S Ly (x).

Thus, when f = 0, the equality (29) is transformed to (33). The theorem is proved. O

Remark 6. It is easy to verify directly that in the case of n = 2, the equality (33) also defines a
solution to the Navier problem for a homogeneous equation.

5. Triharmonic Navier Problem
In Theorem 6, in the case of n > 6, the equality G/'(x,§) = Gg(x, {) is established,
but the function G/ (x, {) from (22) is defined for n > 4. Therefore, it is necessary to verify

that all the properties of the Green’s function of the Navier problem are fulfilled for the
function G (x, ).

Theorem 9. The function G (x,¢), defined for x # ¢ € S and n > 4 from the equality (22)

is 3-harmonic in { # x € S, satisfying the equalities AzG{ (x,¢) = —GJ (x,E), Aégg(x, ¢) =
Ga(x,&); and, for x € S, the following conditions are set on the boundary:

G (x,8)|zeas = DeGE (%, 8) |zeas = DFGE (%, 8) |zeas = 0. (36)



Mathematics 2025, 13, 1630 24 of 30

To represent the solution of Navier roblem (1)-(2) from the class u € C°(S) N C>(S), the
following equality is valid:

uw) = = [ (- g D oy BB ) i,

- [awar@d xes. @)

Proof. To prove the equality (36), we establish that the equality A:G¢ (x,8) = —GJ (x,¢)
holds for x # ¢ € S. In this case, by virtue of Lemma 13, the remaining equalities follow
from it. Therefore, in accordance with Definition 1, the function G/ (x,¢) from (22), which
has a singularity of the elementary solution type Eg(x, {) for { = x, is the Green’s function
of the Navier problem for the 3-harmonic equation in S. Therefore, by [8] (Theorem 4.2),
the integral representation (37) similar to (8) is true for the solution u(x).

In the equality (22), we introduce the notation

(Ix* = 1)(Ig* = 1)

01(x,8) = Es(x,8) — Eg(x,8), 02(x,8) = Iyl B (x,0),

(xP-D(EP-1)
16

Then, we have G/ (x,&) = v1(x,§) + v2(x, &) + v3(x, &).
(a) From (6), it immediately follows that

(38)
‘03(9(, g) = -

(1%724“1%)1%15;(9(,(’:).

Agvr(x,§) = —Ea(x,§) + |xPEj(x,§) = —Ea(x,§) + Ej(x,&) + (|x[* = 1)Ej(x, &)

(b) Let us use Lemma 11 for ¢(t) = t* — 1 and v(¢) = Iy 113 E5(x,G). With the
notations made according to (25), taking into account Lemma 10 and the harmonicity of
v({), we obtain

|X‘4—1 4 *
Bgva(x,6) = =58 (I8 = DIy [y B3 (%, )
4_1 2 4_1 2
_ M(AHW/ZH)I%HI%EE(XIQ _ MI’%EE("’C)'

(c) Again, we use Lemma 11, but for ¢(t) =t —1and 0(¢) = (I3 5 + Iy )1z E5(x, ).
Taking into account Lemma 10 and the harmonicity of v(&), we have

2 _
peos(x,8) = — LD a2 - 1)1y + 1)1 B (1,0)
2 _ 2 _
= D (s w1y 1y 1B 0 = - P 0 v 1B ),

Summing up the obtained equalities, we find

n * |X|2 -1
802 (x,€) = —Ea(x,8) + Ej(x,8) +

X (4EZ(XI€)+ (x> + D)2 Iy E3 (%, €) — (Ig_z+1g)E§(x,§)) = —E4(x, ) + E4(x,8)

2 _ 2 _ 2 _
ML (a0 + (Pt - 1y B 0)) + PP DRy gy,

+
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Now, if we use (27), then the equality obtained above takes the form

2 _ 2 _
Aﬁgg(xlé)=—E4(x,§)+EZ;(x,§)+(|x| 1)4(|§| 1)I%E;(x,g).

Recalling (13), we have A:G¢ (x,¢) = —Gj (%, ). The theorem is proved. [

For another representation of the solution to the Navier problem, one equality
is needed.

Lemma 15. For n > 4 and n = 3, the following equality holds:

2 _
Agv1(x,8)|zcas = Ag(Ee(x,8) — Eg(x,8))|zcas = W%Ei(xf &)leeas- (39)

Proof. (a) Letn > 6, or n = 3, or n = 5; then, E¢(x, &) is found from the first line of (4).
te—n

= sy (n—h—6) Ve obtain

According to Lemma 14, for ¢(t)

o I e 2
AeEl,8) = B3 (5, eeas = 50—z gy (47 = Dl

and since by (3),
x?-1, _lg/1gl = xgl[* e
4 E4(x’§) - 8(7/1_2)(7’1_4) (‘x| _1)/

then (39) is fulfilled.

(b) Let n = 6. Then, from (4), we find E¢(x,&) = — £ In|¢ — x|, and by Lemma 14 with
¢(t) = —'9f, taking into account (3) and equalities 8(n —2)(n —4) = 64 and 4 —n = -2,
we obtain (39):

Ag(Es(x, ) — Eg(x,8))lecas

2 _qyli=al x g+

2
2
S 1 P
61 lceos 5t —2)(n—4) |

=—(x )‘geaS‘

For n = 4, the equality (39) is not satisfied. The lemma is proved. [

Let us formulate a statement generalizing Theorem 8 to the 3-harmonic problem.

Theorem 10. The solution of the Navier roblem (1)-(2), written according to (37) for f = 0 and
n > 4, can be represented in the form

x> -1 x?-1, a1

u(x) = up(x) + Inuy (x) — ( 1 Iy o I»Z,z_H)I%uz(x), (40)

where the harmonic functions uy(x) in S satisfy the conditions uy|ys = ¢y for k =0,1,2, and the
operators 1, are applied by the variable x.

The equality (40) is similar to the equality for representing the solution of the Dirichlet
problem from [29], but instead of the operators A + «, their inverse operators I, are
used here.

Proof. Letn > 4. By Theorem 8, the sum of the first two terms in the equality (37) for f =0
and n > 2 has the form

Wy

oG} (x, aG" (x, 2 _
: /HS(gza(,/xg)cﬂo(é‘Hg4a(vxg)q>1(§))ds§=uo(ac)+|x|4 1I%u1(x), (41)
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which coincides with the first two terms in (40). Therefore, it is sufficient to transform the
third integral included in (37):

oG7 (x,
=~ [ 2 ) as

Wn
where the function G/ (x, ¢) is found from (22). Similar to the proof of Theorem 8, we study
the function Aégg (x,¢) on dS. To perform this, we recall the notation (38), under which
we have

AeGp (x,6) = Agv1(x,G) + Agva(x, §) + Agvs(x, §).

Let us examine each term in this equality.
(1) Using Lemma 15 we can obtain

2_
Agv1(x,8)|zeas = Ae(Ee(x, &) — Eg(x,8))lecas = W%Ei(xrﬁﬂgeas-

By means of the equality (27) from Lemma 12, the resulting equality can be written as

x> —1 Hx[2—1 .
G In_5— |x| T Ig)Ez(x,§)|§eas

x> -1 x|*—1
=(| |16 (1'21—2+1g)—| ’16 Ig)EE(x,Cngas-

Agv1(x,¢)lecas :(|

(2) For the second term, we have

x|*—1 X
Agoa(x,2)lgeas =L AL (1~ DIy 1y B (x,0) as
o

3 In 1 In E5(x,8)zeas-

(3) Similarly, for the third term, we obtain

x[2—1 .
Ago3(x,©)lecas = — PN A (2~ 1)(ga + 1) ES () lecas
_hP-

= g (g2 + I B3 (%, §)lgeas

If we sum up the found values of Azv;(x, )35, then we obtain

x|* —1
16

AeGg(x,¢)|zeas = ( (Iy o+ 1y —2Iy 5Iy —2I3)

4
x|®—1
- | |16 (I% _21%+11%)>E;(x/€)|5685~

If we denote J; = Iy o+ 1y =21y oIy —21% and J, = Iy —ZI%HIg,then

x> -1
16

x[* -1
16

Aggg(x/(f”as = ]1E>2k(xl‘:)|35 -

J2E5(x, ) |as-

(a) Let us transform the operator J;. Using (21), we find Iy 5ly = %(I% o — I%),
and therefore,
— 2 _
Ji=Iy o+1y—Iy_o+1y =213 =2(1—Iy)I

n.
2
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Using Lemma 10. we write 1 — I = (Ag +n/2)Iy — Iy = (Ag +n/2—1)Iy, and
therefore, we have J; = (2A€ +n-2)I 5. Now, using Remark 3 and equality (35), we find

JE3 (%,8)zeas = (2A¢ +n —2)IuE3 (x,8)|zeas = — 3 AzG2(x,8)zcas-

(b) Let us transform the operator J,. Taking into account the properties of the operators
Iy and Az from Lemma 10, we can write

1
]2:1%—21%+1I :(A¢+n/2+1)1%1 _H—ZI I+1:§(2A§+n—2)1%1%+1.

n
2

NI
[N

n
2

If we now use Remark 3 and equality (35), we find

—_

* 1 — i,
2E3(%,8)lgcas = 5 (2A¢ + 1 =2) Iy Iy 1 B3 (%, &) |zecas = — 5131341 8:Ga(x, ) [zeas-

23
Given the found values of J1E; (x, ¢)|zcas and J2E; (%, &) |zcas, we can write

x> —1

A x|*—1
AgG(x,2)as = — (L2, - B

5 IA%T%H)Ang(x,C)keas-

NI

Let us calculate the integral J(x). Multiplying the resulting equality by —¢2(&)/wy,
then integrating it over { € 9dS and using the following property of Green’s function

Gz(X, g)
- [ AcGal )92 (@) ds = (),

we obtain

9G] (x,
J = [ P @a = - L [ AGax)9a(c) dee

x?—1, |xf-1. . 1

x> —1. |x[*—1, .
:_< 6 4 3 I%I%“)“zm‘

Since the operators I, in this equality act on the function u,(x) of one variable, they
can be replaced by the operators I,. Recalling (41), the right-hand side of (37) at f = 0 is
transformed to the right-hand side of (40). The theorem is proved. [J

The condition n > 4 from Theorem 10, as it turns out, is not essential.

Theorem 11. The solution of the Navier roblem (1)-(2) for the homogeneous Equation (1) for n > 2
can be written as (40). If gy € C(3S), k = 0,1,2, then u, Au, A*u € C(S), and the boundary
conditions (2) of the Navier problem are satisfied.

Proof. (1) Since, according to the conditions of the theorem, ¢, € C(dS) and k = 0,1,2,
then uy € C(S), and hence, from (40), we obtain u € C(S). Obviously, u|ys = uglas = @o.

(2) Let us find Au. Using the equality (25) from Lemma 11, and taking into account
the preservation of the harmonicity of the function by the operators I, and the properties
of the operators I, from Lemma 10, we write

1

Au(x):0+<A+g)1gul(x)_ (ZL( )
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From this, it follows that Au € C(S) and Aulys = u1lys = @1.
(3) Let us find A%u. Using the found value of Au(x), (25), and the properties of the
operators I, from Lemma 10, we write

Au(x) = A(ul(x) + |x|24— 1I%u2(x)) =0+ (A—i— g)l%uz(x) = up(x).

It follows that A%u € C(S) and A%ulys = uz|3s = @2. The theorem is proved. [

Remark 7. A slightly different form of writing the solution (40) to the Navier problem is possible
in the form

x> -1 x> —1
— 16 (I%* 5 )I%JAI%LQ(X).

This is so because |x|* — 1 = (|x|? — 1)2 +2(|x|> — 1) and Inls g +1Inyq =In.
Example 1. Consider the Navier roblem (1)-(2) with simple data:

Au(x)=1,x€S; ulys =0, Aulsys = —1, A%ulyg = 1.

Using (40), we first find fi—the solution to the Navier problem for a homogeneous equation.
Since ug = 0, u1 = —1, up = 1, then

o xP=1 |x|? —1 |x|* —1
f(x) = Ig[—l]—( = 1%—3721%“)1%[1}.

It is not difficult to see that

1 2 2
al—11 = _ n/2—1 _ _ = , _
L1 = [ (0= =2, L= =,
and that means
o x P12 xP-1 0 xt-1N  2n+1, x| —1
(x) = 2n n< 8n 16(11—1—2))_ 4n? (I 1)+8n(n+2)'

Let us find the solution uy(x) of the homogeneous Navier problem, i.e., at ¢ =0,k =0,1,2,
using (8). In [39], it is established that

1 i
— | GalxxPH (@) s =

Wy

X2 -1 6
TR

where ¢ = (21 + 2) (21 + 2k + n). Making calculations using (7), we obtain

1 n 21 11(7)
won ‘C|<1G6(x,c§)|x| H,7(¢)d¢

20+6 4 2 .

—|x +1 X 1 1 1 x| —1

( x| |x| ( _ )‘ | )Fl(l)(x).
CLkCI+1kCl+2k  C1kC0kC1k Cly1k Cok’ CokClk
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Therefore, since in our problem H(()l) (x) = 1, then taking into account that cop = 2n,
c10 = 4(n+2) cp0 = 6(n +4), we obtain

1 n
uy() = - — /m<1 G (x, &) dE
jxf6 — 1 -1 A (x2-1)

T Bn(n+2)(n+4)  16n2(n+2) 16n3(n +2)

Thus, we find the desired solution to the Navier problem, which is written in the form

2n+1

() =0(x) + y(x) = 22 (a2 - 1)
e S e O o WO R (YR
8n(n+2) 48n(n+2)(n+4) 16n2(n+2) 16n3(n+2)
It is easy to check that u|ys = 0, Aulys = —1, Aulys = 1and A3u = 1. Forn = 2,
we obtain

u(x,y) = 665  77x* 77y 4 3xt N 3x%y? N 3yt N x6 . Ryt a2 . Yo
)= 2304 T 256 256 256 128 256 2304 768 768  2304°

6. Conclusions

In this study, based on the properties of elementary solutions E¢(x, ) and E4(x, &),
a new representation of the Green’s function G/ (x,¢) of the Navier problem for the 3-
harmonic equation in a ball is obtained. Then, a representation of the solution of the Navier
problem for a homogeneous equation without explicitly using the Green’s function G/ (x, )
is found. The initiated research can be continued in two directions: constructing Green'’s
functions of other problems for the 3-harmonic equation, for example, the Dirichlet-2
problem [31], and finding a representation of the Green’s function of the Navier problem
for the polyharmonic equation.
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