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Abstract


Bipartite graphs are widely used for modelling various real-world scenarios characterized with binary relations, such as, scholarly articles recommendation with author-paper relations, and product recommendation with user-product relations. Particularly, maximum butterfly as a special cohesive subgraph of bipartite graphs, is playing an critical role in many promising application such as recommendation systems and research groups detection. Enumerating maximal butterfly has been proved to be a NP-hard and suffers time and space complexity. To conquer this challenge, this paper pioneers a novel problem called maximal butterfly generators search (MBGS) for facilitating the detection of maximal butterflies. The MBGS problem is to find a subgraph  B  of G such that maximize the number of butterflies in  B  and it is mathematically proved to NP-Hard. To address this problem, an equivalence relation theorem between maximum butterfly generator and maximum butterfly concept is presented. Furthermore, an effective MBGS search algorithm is proposed. Extensive experiments on real-world networks with ground-truth communities and interesting case studies validated the effectiveness and efficiency of our MBGS model and algorithm.
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1. Introduction


As an abstraction of complex relationships in data, graph models have been widely used in various fields, such as social networks, recommendation system, and bioinformatics. Such graph data contains many dense substructures. From these graphs, it is found that these dense substructures, such as clique, biclique, and k-cores are an advanced subgraph models in the field of graph data mining and network analysis.



In various real-world applications, bipartite networks are ideally suited for representing the interaction between two different types of entities [1,2,3]. Many graph data mining tasks, such as relevant grammar learning, data compression, role mining based on role access control, process operation scheduling can be modelled as a problem on mining maximal bicliques [4,5]. However, there exists a more interesting subgraph called maximum butterfly generator which can derive more butterflies (or bicliques). In bipartite networks, searching maximum butterfly generators has many potential applications. Here, there are four important motivating scenarios on recommendation systems, research groups detection, protein sequence motifs identification and anomaly detection in e-commerce networks.



	
(Recommendation Systems) In the recommendation systems, a bipartite network model is used to characterize the interactions between users and items. In such a model, the items a certain user likes can represent the user’s interests and buying trends. Then, finding all the maximum butterfly generators is to find the largest range of common interest for various user combinations, which is also very helpful in predicting users’ purchase intentions.



	
(Research Groups Detection) In academic social networks, the authors and research papers are regarded as two disjoint sets and can be modeled with a bipartite network. By calculating the bipartite clustering coefficient, which is proportional to the number of butterflies, the butterfly can aid in the discovery of co-authorship in an author-paper network [6,7,8]. Therefore, finding the maximum butterfly generators can facilitate the identification of butterflies and further achieve the research groups detection.



	
(Protein Sequence Motifs Identification) In the field of biological science, a protein sequence motif, signature, or consensus pattern is often embedded within the sequences of a same protein family. By identifying protein sequence motifs, an unknown sequence can be rapidly classified into its predicted protein families for further biological and medical analysis [9,10]. In practice, butterfly-like protein sequence motifs can better characterize the interaction between proteins and regulate the sequences of genome. Particulary, finding a maximum butterfly generator is able to accurately assist us finding the common functionalities of protein and regulating the immune systems [11].



	
(Anomaly detection in e-commerce networks) In e-commerce platforms like eBay and Alibaba, bipartite graphs are utilized to illustrate the connections between consumers and their purchased items. A notable pattern emerges when a substantial number of customers collectively buy a specific set of products, raising suspicions that these transactions might be manipulated. This manipulation often involves online vendors employing crowdsourcing services to artificially inflate product visibility through click farming activities [12]. These dubious transaction patterns can effectively be mapped onto maximal bicliques within the graph structure, as depicted in Figure 1. Consequently, if a swift algorithm for Maximum Bipartite Edge (MBE) detection exists, capable of pinpointing all such maximal bicliques within the network, it would greatly enhance the capability to identify and investigate potentially fraudulent groups of buyers and sellers.






The above four motivating scenarios can be well addressed by modelling them as a novel scientific problem of maximum butterfly generators search (MBGS) in a bipartite network. Concretely, the MBGS problem aims to search all butterfly generators which can maximize the number of butterflies. To the best of our knowledge, there is no exact research work on maximum butterfly generators identification from bipartite networks. However, two pieces of the closest studies on maximum biclique search [4] and butterfly-core community search [13] over bipartite networks have been conducted. Specifically, the maximum biclique search problem aims to find the maximum biclique (i.e., biclique with the maximum size) that satisfies the conditions of nodes at left side nodes and right side exceed two given threshold parameters. This problem is also proved as NP-Hard problem. To this end, a progressive bounding framework that tries to address the problem on multiple considerably smaller bipartite graphs rather than solving it directly on the original bipartite network. Different from maximum biclique search problem, our problem focuses on maximizing the number of butterflies contained by the bicliques. Recently, Dong et al. [13] investigated a novel butterfly-core community (BCC) search issue over a labelled graph. The problem’s NP-hardness and non-approximability were theoretically proven. They presented a two-approximation approach for BCC search to deal with it effectively. To further enhance performance, a fast local approach L2p-BCC was developed for calculating query distances and identifying leader pairs.



This work mainly investigate the maximum butterfly generator search in bipartite networks. The major contributions of this paper are summarized as follows.



	
(Novel Problem Formulation) Inspired by some motivating scenarios on bipartite network based recommendation system and research groups detection, we formulate a novel problem on maximum butterfly generators search (MBGS) in bipartite networks. Given a bipartite network G, the MBGS problem is to find a subgraph  B  of G such that maximize the number of butterflies in  B . This problem is mathematically proved to NP-Hard.



	
(Equivalence Between MBGS and Maximum Butterfly Concepts Detection) To figure out the relation between maximum butterfly generator and formal concepts and further to construct the searching index for maximum butterfly generators from bipartite networks, a significant theorem on equivalence relation between maximum butterfly generator and maximum butterfly concept is presented. That is to say, once a bipartite network G is given, the maximum butterfly generators existing in G exactly match with the maximum butterfly concepts in the formal concept lattice of G. The formal proof is also provided.



	
(Evaluation) Extensive experiments are conducted on four benchmark datasets for revealing a quantitative relationship between the number of maximum butterfly generators and frequency of maximum butterfly concepts. Experimentally, as the number of maximum butterfly generators increases, the frequency of maximum butterfly concepts decreases in general. Importantly, the maximum butterfly generators can be obtained if and only if when    |   L  M B C    |    or    |   R  M B C    |    equals 2.






The rest of this paper is organized as follows. Section 2 overviews the related work on maximum bicliques enumeration and butterfly counting in bipartite networks. The preliminaries and problem definition are provided in Section 3. Section 4 gives a baseline algorithm for searching maximum butterfly generators. The equivalence between butterfly generator and formal concepts is presented in Section 5. Section 6 develops the MBGS search algorithm. The experimental results are reported and analysed in Section 7. Finally, Section 8 concludes this paper.




2. Related Work


In this section, we review the existing work on maximum biclique enumeration and butterfly counting in bipartite networks.



2.1. Maximum Biclique Enumeration


As a dense subgraph structure in graph theory, the biclique witnessed a long history in graph mining and also has many research achievements. Practically, many graph data mining tasks rely on maximum biclique enumeration, and the valued applications include user review [14], context-free grammar learning [15], role mining based on role access control [16], process operation scheduling [17], and recommendation [18]. Generally, the existing approaches can be categorized three types (1) exhaustive method; (2) graph expansion method; (3) frequent item mining method.



The most intuitive way is to list all possible bicliques and check their sizes. In addition to this problem, some works attempt to add restrictions, such as arboricity [19], the maximum bipartite graph degree [20], the smallest biclique size [21], and the quality factor value [22] to reduce the search scope. Zhang et al., adopted the bipartite structure [23] to perform in-depth search with pruning optimization. Another type of existing approaches relies on the graph expansion. Makino et al. [24] transformed bipartite graph into general graph by adding edges to the original two parts of the bipartite graph. In this way, the problem is transformed to maximum biclique enumeration problem. However, this expansion operation greatly increases the scale of the data volume and does not make good use of the structure of bipartite graph. Therefore, these methods are neither practical nor extensible. Interestingly, our problem also can be modeled as frequent item mining problem since there exists a mapping between frequent items and maximum bicliques.



Shahinpour et al. [25] proposed an integer programming model to detect the maximum bicliques from bipartite networks. However, their approach is not scalable for handling large bipartite networks. To overcome this shortage, Lyu [4] developed a progressive bounding framework which aims to solve the problem on several much smaller bipartite graphs. Recent work [26] considered the balanced property on the basis of biclique, and investigated the maximum balanced biclique search in bipartite networks. Yao et al. [27] formulated the concept of similar-biclique which is a special biclique where all vertices from a designated side are similar to each other and developed a backtracking algorithm MSBE to enumerate all similar-bicliques. Wang et al. [28] explored the problem of maximal  θ -bicliques enumeration on large signed bipartite graphs, and further presented a branch-and-bound framework, termed MSiBE, which enumerates all maximal  θ -bicliques in a depth-first manner. Besides, several effective optimizations are developed to improve the performance of MSiBE. This novel problem can be viewed as a special case of MBGS problem when the cardinality of disjoint sets has equal size.




2.2. Butterfly Counting in Bipartite Networks


Butterfly, a key cohesive structure of   2 × 2   biclique, plays an important role in the bipartite networks analytics [29,30,31]. Butterfly counting is attracting much attention from many researchers in the fields of graph mining and social network analysis [8]. Sanei et al. [32] adopted randomized techniques to provide solutions for exact butterfly counting and approximation. To optimize the butterfly counting, Wang et al. [7] presented e a vertex-priority-based butterfly counting algorithm BFC-VP which can effectively handle high-degree vertices. They also proposed the cache-aware butterfly counting algorithm BFC-VP++ which improves the CPU cache performance of BFC-VP with two cache-aware strategies. Shi et al. [33] developed a framework ParButterfly that produces new parallel algorithms for the following problems on processing butterflies: global counting, per-vertex counting, per-edge counting, vertex peeling, and wing decomposition. Wang et al. [34] developed an I/O-efficient algorithm, called semi-witnessing algorithm for counting butterfly on hierarchical memory. Practically, the butterfly counting in bipartite networks is widely used in the field of communication networks. For example, frequency assignment problem can be well addressed with butterfly structures [35]. While our MBGS search problem aim at finding a maximum biclique with large number of butterflies via butterfly counting process.





3. Preliminaries and Problem Definition


This section firstly reviews the fundamental concepts including bipartite graph, biclique and butterfly; further, we introduce a novel concept of butterfly generator; then, the problem formulation on maximum butterfly generator search in bipartite networks is provided.



Definition 1.

(Bipartite Graph) A bipartite graph is represented as G =   ( V , E )  , where V denotes a vertex set which can be partitioned into two sets L and R such that V =   L ∪ R   and   L ∩ R   = ∅; E indicates the edge set, i.e.,   E ⊆ L × R  .





Definition 2.

(Biclique) Given a bipartite graph G =   ( V , E )   =   ( L ∪ R , E )  , a biclique C is defined as a complete bipartite subgraph of G. That is to say,   ∀ u ∈ L ( C )   and   ∀ v ∈ R ( C )  , we have   ( u , v ) ∈ E ( C )  . Note that   L ( C )  ,   R ( C )   and   E ( C )   refer to the two disjoint sets of C and edge set of C, respectively.





Definition 3.

(Butterfly) Given a bipartite graph G =   ( V , E )   =   ( L ∪ R , E )  , a butterfly B is a special 2 × 2 biclique in which four vertices   { a , b , x , y } ⊂ V   where   a , b ∈ L   and   x , y ∈ R   such that edges   ( a , x )  ,   ( a , y )  ,   ( b , x )  , and   ( b , y )   all exist in E.





With the above basic concepts, the butterfly generator is newly defined for paving the way of the problem formulation on maximum butterfly generator search in this work.



Definition 4.

(Butterfly Generator) Given a bipartite graph G =   ( V , E )   =   ( L ∪ R , E )  , a butterfly generator is a subgraph of G denoted as   B ⊆ G  , i.e.,  B  =   (  V ′  ,  E ′  )   =   (  L ′  ∪  R ′  ,  E ′  )  ,    L ′  ⊆ L ,  R ′  ⊆ R   and    E ′  ⊆ E  . It can be defined as a set of butterflies where   ∀ a , b ∈  L ′    and   ∀ x , y ∈  R ′    such that edges   ( a , x )  ,   ( a , y )  ,   ( b , x )  , and   ( b , y )   all exist in   E ′  .





Problem 1.

(MBGS Problem) Let G =   ( V , E )   be a bipartite network. The maximum butterfly generator search is the problem of finding a subgraph  B  =   (  V ′  ,  E ′  )   =   (  L ′  ∪  R ′  ,  E ′  )   of G such that  B  is a butterfly generator and maximizes the number of butterflies. The MBGS problem is formulated as follows:




	
Input: A bipartite network G =   ( V , E )  ;



	
Output: A maximum butterfly generator  B ;



	
Constraint:


   m a x  {      |   L ′   |   2    ×      |   R ′   |   2    }   



(1)














Clearly,        |   L ′   |   2    ×      |   R ′   |   2      indicates the number of butterflies covered by  B , denoted as N. Here,       |   L ′   |   2     and       |   R ′   |   2     denote the number of combinations of selecting 2 vertices from sets   L ′   and   R ′  , respectively.



To better illustrate the working process of our problem, an example of a bipartite network and its maximum butterfly generator is provided.



Example 1.

Figure 1a shows a bipartite network G =   ( V , E )   =   ( L ∪ R , E )   with L indicating the vertices set   {  u 1  ,  u 2  , … ,  u 7  }   and R indicating the vertices set   {  v 1  ,  v 2  , … ,  v 6  }  .



According to Definition 4, we can find many butterfly generators in G, for example,   {  {  u 4  ,  u 5  }  ,  {  v 2  ,  v 3  ,  v 4  ,  v 5  }  }   is called a butterfly generator (as shown in Figure 1b) since any two vertices from   L ′   and   R ′   can form a butterfly. However, different butterfly generator can derive different number of butterflies. For instance, butterfly generator   {  {  u 4  ,  u 5  }  ,  {  v 2  ,  v 3  ,  v 4  ,  v 5  }  }   can derive      2 2    ×    4 2      = 6 butterflies while butterfly generator   {  {  u 3  ,  u 4  ,  u 5  ,  u 6  }  ,  {  v 2  ,  v 3  ,  v 4  ,  v 5  }  }   (as shown in Figure 1c) can derive      4 2    ×    4 2      = 36 butterflies. That is to say, the butterfly generator in Figure 1c corresponds to a maximum butterfly generator since there exists no other butterfly generator can derive more butterflies than it.





Theorem 1.

The hardness of MBGS problem is NP-Hard.





Proof. 

The MGBS problem is NP-Hard, which can be proved following by the NP-Hardness of maximum biclique enumeration [23,36]. In fact, it is not easy to find a polynomial time algorithm to address the maximum biclique problem with a promising approximation ratio [37,38]. Since MBGS is equivalent to finding the maximum biclique from bipartite networks, the hardness of MBGS is thus NP-Hard. □






4. A Baseline Algorithm


Since the problem addressed in this paper is very new, the existing baseline algorithm is not available directly. We attempt to present a baseline algorithm by extending the existing branch-and-bound algorithm [23,39] which is use to list all maximal bicliques by pruning non-maximal candidates from the search space. Specifically, the baseline algorithm for MBGS problem can be developed by adding some pruning rules to the branch-and-bound algorithm.



First, let us revisit the working principle of the branch-and-bound algorithm. It proceeds as follows: a partial biclique C is maintained and the vertices are recursively added to   R ( C )  . When   R ( C )   is determined, then   L ( C )   can be simply computed as the set of common neighbors of all vertices in   R ( C )  .


  L ( C ) = { u | ( u , v ) ∈ E , ∀ v ∈ R ( C ) }  



(2)







To calculate the biclique, we just need to examine   R ( C )  . The key to lowering the cost is to remove the unnecessary vertices to be added to   R ( C )   based on this concept.



The baseline algorithm   M B C ( G , C )   (as shown in Algorithm 1) works as follows. The algorithm takes a bipartite network G and an initial biclique C as the inputs; First, it initializes   C *   as C (Line 1), invokes the BranchBound procedure to update   C *   and return   C *   as the answer (Lines 2–3). The recursive approach BranchBound contains four parameters   U , V ,  C V   , and   X V   which are initialised as L, Ø, R and Ø, respectively. Note that a tripe   ( U , V , U × V )   refers to a partial biclique;   C V   is the set of candidate vertices that might be added to V, whereas   X V   denotes the set of vertices that have already been utilised and should be removed from V. If   ( U , V , U × V )   is greater than the current   C *   and meets the threshold restrictions, BranchBound updates it with   ( U , V , U × V )   (Lines 4–6). After that, it expands V by iteratively adding vertex   v ∈  C V    (Lines 7–8). Then, by picking the vertices from U that are neighbours of v,   U ′   can be updated.   V ′   is made up of vertices from V, v, and   C V   that are neighbours of all vertices in   U ′  .   X V ′   covers all vertices in   X V   by omitting the vertices with number of neighbours in   U ′   no bigger than U;   C V ′   includes all vertices in   C V   by eliminating the vertices in   V ′   as well as the vertices with number of neighbours in   U ′   no larger than U (Lines 9–12). To make BranchBound algorithm applicable to our problem, the following pruning rules are applied (Lines 13–14).






	Algorithm 1   M B C ( G , C )  : A Baseline Algorithm



	
	  1:

	
Input:  Bipartite network G and initial biclique C




	  2:

	
Output:  The maximum butterfly generator  B 




	  3:

	
  B ← C  ;




	  4:

	
BranchBound(  L , ∅ , R , ∅  );




	  5:

	
return  B ;




	  6:

	
Procedure BranchBound(  U , V ,  C V  ,  X V   )




	  7:

	
if   | V | ≥ 2   and       | U |  2    ×     | V |  2    >  | B |   




	  8:

	
  B ← ( U , V , U × V )  




	  9:

	
while    C V  ≠ ∅  




	10:

	
   v *  ←  C V  . p o p  ( )   




	11:

	
   U ′  ←  { u ∈ U |  ( u ,  v *  )  ∈ E }   




	12:

	
   V ′  ← V ∪  {  v *  }  ∪  { v ∈  C V  |  U ′  ⊆ N  ( v , G )  }   




	13:

	
   C V ′   ← { v ∈   C V   | |   U ′  ∩ N  ( v , G )   |   ≥ 2 }   




	14:

	
   X V ′   ← { v ∈   X V   | |   U ′  ∩ N  ( v , G )   |   ≥ 2 }   




	15:

	
if    |   U ′   |   ≥ 2    and    |   V ′   | + |   C V ′   |   ≥ 2    and        |   U ′   |   2    ×      |   V ′   |   2    >  | B |    and   ∄ v ∈  X V    s.t.    U ′  ⊆ N  ( v , G )    then




	16:

	
BranchBound(   U ′  ,  V ′  ,  C V ′  ,  X V ′   )




	17:

	
   X V  ←  X V  ∪  {  v *  }   














	
The size of   U ′   and   V ′   should be greater than 2;



	
The number of butterflies included in the biclique   C *  , i.e.,        |   U ′   |   2    ×      |   V ′   |   2      should be maximized.






We add v to   X V   after finding bicliques with v (Line 15). The baseline algorithm   M B C ( G , C )   (as shown in Algorithm 1) works as follows. The algorithm takes a bipartite network G and an initial biclique C as the inputs; First, it initializes   C *   as C (Line 1), invokes the BranchBound procedure to update   C *   and return   C *   as the answer (Lines 2–3). The recursive approach BranchBound contains four parameters   U , V ,  C V   , and   X V   which are initialised as   L , ∅ , R   and ∅, respectively. Note that a tripe   ( U , V , U × V )   refers to a partial biclique;   C V   is the set of candidate vertices that might be added to V, whereas   X V   denotes the set of vertices that have already been utilised and should be removed from V. If   ( U , V , U × V )   is greater than the current   C *   and meets the threshold restrictions, BranchBound updates it with   ( U , V , U × V )   (Lines 4–6). After that, it expands V by iteratively adding vertex   v ∈  C V    (Lines 7–8). Then, by picking the vertices from U that are neighbours of v,   U ′   can be updated.   V ′   is made up of vertices from V, v, and   C V   that are neighbours of all vertices in   U ′  .   X V ′   covers all vertices in   X V   by omitting the vertices with number of neighbours in   U ′   no bigger than U;   C V ′   includes all vertices in   C V   by eliminating the vertices in   V ′   as well as the vertices with number of neighbours in   U ′   no larger than U (Lines 9–12). To make BranchBound algorithm applicable to our problem, the following pruning rules are applied (Lines 13–14).



	
The size of   U ′   and   V ′   should be greater than 2;



	
The number of butterflies included in the biclique   C *  , i.e.,        |   U ′   |   2    ×      |   V ′   |   2      should be maximized.






We add v to   X V   after finding bicliques with v (Line 15).




5. On Equivalence Between Butterfly Generator and Formal Concepts


In this section, we mainly explore an equivalence relation between butterfly generator and formal concepts extracted from the concept lattice of bipartite networks.



To obtain the formal concepts from the concept lattice of a given bipartite network G =   ( V , E )   =   ( L ∪ R , E )  , we similarly follow the technical solutions [40,41] to construct the formal context   K ( G )   =   ( L , R , I )   by considering the nodes in L as objects and the nodes in R as attributes. Formally, the construction of formal context of a given bipartite network G can be implemented with the following matrix, i.e.,   K ( G ) ≡ M  .


  M =       m  i j   = 1     i f   (  u i  ,  v j  )  ∈ E ∩  u i  ∈ L ∩  v j  ∈ R ∩ i ≠ j        m  i j   = 0     o t h e r w i s e       



(3)







The biggest difference between the formal context of a bipartite network and the formal context of a social network is that there is no binary relationship between the nodes in L or R in the   K ( G )  .



By using the concept lattice generation algorithm [40,41], the corresponding concept lattice for the formal context of a bipartite graph G, termed   L ( K ( G ) )  , can be easily built. Importantly, we introduce a new type of concept, called butterfly concept, for characterizing multiple butterfly structures in bipartite networks and further assisting the identification of maximum butterfly generator.



Definition 5.

(Butterfly Concept) For a formal context of a given bipartite network G, i.e.,   K ( G )   =   ( L , R , I )  , if a pair   ( X , B )   satisfies   X ↑   = B,   B ↓   = X,   | X | ≥ 2   and   | B | ≥ 2  , then the pair   ( X , B )   is a butterfly concept, where X is called the extent of butterfly concept, and B is called the intent of butterfly concept. Moreover, let   B C ( K ( G ) )   be the set of all butterfly concepts with respect to the formal context   K ( G )  .





Definition 6.

(Maximum Butterfly Concept) For a formal context of a given bipartite network G, i.e.,   K ( G )   =   ( L , R , I )  , if a pair   ( X , B )   is a maximum butterfly concept, then it satisfies the following constraints:




	
  ( X , B )   is a butterfly concept, i.e.,   X ↑   = B,   B ↓   = X,   | X | ≥ 2   and   | B | ≥ 2  .



	
  ( X , B )   includes the largest number of butterflies, i.e.,       | X |  2    ×     | B |  2      is the largest value.








We denote   M B C ( K ( G ) )   be the set of all maximum butterfly concepts with respect to the formal context   K ( G )  .





Example 2.

Continue with Example 1, we can construct the following formal context (see Table 1) of the above bipartite network G according to Equation (2).



Clearly, there exists no connection between nodes within L and R in Table 1.



According to concept lattice generation algorithm, the concept lattice can be obtained as shown in Figure 2.



Obviously, 9 butterfly concepts (the nodes depicted in both red and blue) could be extracted from the above concept lattice   L ( K ( G ) )  . There exists only one formal concept   (  {  u 1  ,  u 2  , … ,  u 7  }  ,  {  v 3  }  )   which is not a butterfly concept due to the intent of this formal concept is less than 2.





Based on the basic definition of butterfly concept, the following proposition can be derived.



Proposition 1.

For a formal context of a given bipartite network G, i.e.,   K ( G )   =   ( L , R , I )  , the number of butterflies generated by an extracted butterfly concept   ( X , B )   from   L ( K ( G ) )   equals       | X |  2    ×     | B |  2     .





Proof. 

Since   ( X , B )   is a butterfly concept, for   ∀ x ∈ X   and   ∀ a ∈ B  , there exist the relations   ( x , a ) ∈ I  . It implies that the nodes from X and B can form multiple butterflies. Due to   | X | ≥   2 and   | B | ≥   2, the number of butterflies generated from   ( X , B )   can be regarded as a two-stage combination of two nodes extracted from L and R, i.e., N =       | X |  2    ×     | B |  2     . □





Proposition 2.

Given a formal context of a given bipartite network G, i.e.,   K ( G )   =   ( L , R , I )   and a butterfly concept   ( X , B )   where   | X |   =   | B |   = 2, then the nodes in X and B form a biclique.





Proof. 

Similar with the Proposition 1, a butterfly concept   ( X , B )   corresponds a butterfly generator which only includes one butterfly when   | X |   =   | B |   = 2. This butterfly is a special   2 × 2   biclique. □





Proposition 3.

Given a formal context of a given bipartite network G, i.e.,   K ( G )   =   ( L , R , I )  , the number of butterfly concepts is less than 3/2 ×    2   | d × | L | | R | | + 1    −  1.





Proof. 

Since the bound of the number of formal concepts in the formal context   K ( G )   =   ( L , R , I )   is less than 3/2 ×    2   | d × | L | | R | | + 1    − 1   [42], and the butterfly concepts are the subset of formal concepts, thus the number of butterfly concepts is less than 3/2 ×    2   | d × | L | | R | | + 1    − 1  . □





Let us take Figure 2 as an illustrative example, the number of butterflies generated from the butterfly concepts are labeled in the diagram. For instance, considering the butterfly concepts   (  {  u 1  ,  u 2  ,  u 3  ,  u 4  }  ,  {  v 1  ,  v 2  ,  v 3  }  )   and   (  {  u 3  ,  u 4  ,  u 5  ,  u 6  }  ,  {  v 2  ,  v 3  ,  v 4  ,  v 5  }  )   (blue node in Figure 2), the number of butterflies generated from them are 18 and 36, respectively. Apparently, the butterfly concept   (  {  u 3  ,  u 4  ,  u 5  ,  u 6  }  ,  {  v 2  ,  v 3  ,  v 4  ,  v 5  }  )   can generate the largest number of butterflies compared to other concepts. For the convenience of the following description, we call this special butterfly concept the maximum butterfly concept. Therefore, the maximum butterfly concept is viewed as the maximum butterfly generator which contains the butterflies as much as possible. Inspired by this intuition, an equivalence between maximum butterfly generator and maximum butterfly concept is presented as follows.



Theorem 2.

Given a bipartite network G, the MBGS problem is equivalent to finding the maximum butterfly concepts from   L ( K ( G ) )  .





Proof. 

Let   P  M B G S    be the maximum butterfly generators search problem and   P  m b c    be the problem on finding the maximum butterfly concepts from   L ( K ( G ) )  . Formally, it is expressed as    P  M G B S   ≡  P  m b c    . Therefore, we need to prove it toward two directions: (1)    P  M B G S   ⇒  P  m b c    ; (2)    P  M B G S   ⇐  P  m b c    .




	(1) 

	
(   P  M B G S   ⇒  P  m b c    ): Given a bipartite network G, a maximum butterfly generator contains nodes sets    L ′  ⊂ L   and    R ′  ⊂ R  , for   ∀  u i  ∈  L ′    and   ∀  v j  ∈  R ′   , there exists an edge between them. Since a maximum butterfly generator is sub-bipartite network  B  including multiple butterflies, we can easily construct a formal context according to Equation (2). Obviously, the formal context of a maximum butterfly generator is a matrix of ones. We can extract a special butterfly concept    (  L ′  ,  R ′  )  ∈ B C  ( K  ( G )  )    based on this formal context, which maximize the value of        |   L ′   |   2    ×      |   R ′   |   2     . Note that, this special concept is actually a maximum butterfly concept. Hence,    P  M B G S   ⇒  P  m b c     holds.




	(2) 

	
(   P  M B G S   ⇐  P  m b c    ): Due to Definition 5, the set of butterfly concepts is represented as   B C ( K ( G ) )   =   {  (  X i  ,  B i  )  | i = 1 , 2 ł d o t s , r }   and r is the number of butterfly concepts with respect to the formal context   K ( G )  . Here,   (  X i  ,  B i  )   is the   i  t h    butterfly concept, especially among the butterfly concepts, there exist maximum butterfly concepts which have the largest value of        |   X m   |   2    ×      |   B m   |   2     . Due to    (  X m  ,  B m  )  ∈ M B C  ( K  ( G )  )    is one of maximum butterfly concepts, it implies that the nodes in   X m   are connected with the nodes in   B m  . Therefore, we can obtain a maximum butterfly generator based on the links between   X m   and   B m  . Consequently,    P  M B G S   ⇐  P  m b c     holds.









Until now, we have already proved that    P  M B G S   ⇒  P  m b c     and    P  M B G S   ⇐  P  m b c    , thus    P  M G B S   ≡  P  m b c    . □






6. The Proposed MBGS Search Algorithm


Based on the equivalence between maximum butterfly generators and maximum butterfly concepts, this section mainly presents the MBGS search algorithm. First, the implementation steps for MBGS search is discussed. Then, the corresponding pseudocode is provided.



6.1. Implementation Framework


Figure 3 shows an implementation framework for MBGS search in bipartite networks. It is compose of 5 modules, i.e., (1) input module with a given bipartite network; (2) a formal context construction module; (3) concept lattice generation module; (4) maximum butterfly concepts identification module; (5) maximum butterfly generators search module. The detailed working process is elaborated as follows.



	Step 1:

	
We construct the formal context   K ( G )   for a given bipartite network G =   ( L ∪ R , E )   by considering the nodes in L as the objects and the nodes in R as the attributes. There exists a binary relation I between the node    u i  ∈ L   and the node    v j  ∈ R   if they are connected each other.




	Step 2:

	
Based on the formal context constructed in Step 1, we then obtain the concept lattice   L ( K ( G ) )   by using the concept lattice generation algorithms.




	Step 3:

	
We filter out the formal concepts (i.e., butterfly concepts) which can satisfy Definition 5. Among the extracted butterfly concepts, we further select the maximum butterfly concepts which can maximize the coverage of butterflies.




	Step 4:

	
Based on Theorem 2, we can use the extracted maximum butterfly concepts to interpret the maximum butterfly generators.








6.2. An Illustrative Example


To help readers to better understand the working process of our proposed algorithm, this section is devoted to presenting an illustrative example on bipartite network of user-movie rating.



Example 3.

Figure 4 shows a simple bipartite network about user-movie rating network G. Clearly, it has 3 users and 6 movies.



Obviously, L =   {  U 1  ,  U 2  ,  U 3  }  , and R =   {  M 1  ,  M 2  ,  M 3  ,  M 4  ,  M 5  ,  M 6  }  .



According to Step 2, the corresponding concept lattice for Figure 4 can be constructed as shown in Figure 5.



It is easily to known that there exists one maximum butterfly concept, i.e.,   (  {  U 1  ,  U 2  ,  U 3  }  ,  {  M 2  ,  M 3  ,  M 4  ,  M 5  }  )   according to Step 3.



With the Step 4, the maximum butterfly generator is equivalent to maximum butterfly concept. That is to say, the maximum butter generator is   (  {  U 1  ,  U 2  ,  U 3  }  ,  {  M 2  ,  M 3  ,  M 4  ,  M 5  }  )  .






6.3. Algorithm Description


In Algorithm 2, it takes a bipartite network   G = ( V , E ) = ( L ∪ R , E )   as the input and the set of maximum butterfly generators  B  as the output; Line 1 initializes the variable of maximum butterfly generator  B , the set of Butterfly Concept Lattice  L  and a temporary variable max; Line 4 gets the butterfly concept lattice  L  by the input   G = ( V , E )   and Algorithm 3; Lines 5–8 calculate the number of butterflies covered by  B  and store it in the variable   t e m p N u m  ; Lines 9–11 compare the temporary maximum number of butterfly generator   m a x   with each number of butterfly generators in  L , then keeping the maximum number of butterfly covered by  B  and the maximum butterfly generator  B ; Finally, the maximum butterfly generator  B  is returned at Line 12.






	Algorithm 2 The Maximum Butterfly Generators Search Algorithm



	
	  1:

	
Input:   A bipartite network   G = ( V , E )  




	  2:

	
Output:   A set of maximum butterfly generators  B 




	  3:

	
Initialize set   B = ∅  , set   L = ∅  ,   m a x = 0  ;




	  4:

	
begin




	  5:

	
     L ←  ButterflyConcept ( G )   ;




	  6:

	
   for each   b c ∈ L :  




	  7:

	
        e l ← b c . e x t e n t . l e n g t h  ;




	  8:

	
        i l ← b c . i n t e n t . l e n g t h  ;




	  9:

	
        t e m p N u m ←    e l ∗ ( e l − 1 ) ∗ i l ( i l − 1 )  4    ;




	10:

	
      if   t e m p N u m > m a x  :




	11:

	
           m a x ← t e m p N u m  ;




	12:

	
           B ← b c  ;




	13:

	
   return  B ;




	14:

	
end














In Algorithm 3, it takes a bipartite network   G = ( V , E ) = ( L ∪ R , E )   as the input and the butterfly concept lattice  L  as the output; Line 3 initializes the set of butterfly concept lattice  L , a 2-dimensional array D, a set of ExtendSet   E S  ; Lines 5–10 to construct the formal context   K ( G ) = ( L , R , I )   of the bipartite network G, and store it in D; Lines 11–16 generate the butterfly concept lattice  L  by the formal concept analysis algorithm with the formal context K; Line 17 returns the  L .






	Algorithm 3 ButterflyConcept(G): The Algorithm of Generating Butterfly Concept Lattice



	
	  1:

	
Input:   A bipartite network   G = ( V , E ) = ( L ∪ R , I )  




	  2:

	
Output:   Butterfly concept lattice  L 




	  3:

	
Initialize set   L = ∅  , 2-dimensional array D, Extent set   E S  ;




	  4:

	
begin




	  5:

	
   for each    u i  ∈ L :  




	  6:

	
      for each    v j  ∈ R :  




	  7:

	
         if   (  u i  ,  v j  ) ∈ I   and    u i  ≠  v j  :  




	  8:

	
              D  [  u i  ]   [  v j  ]  ← 1  ;




	  9:

	
         else:




	10:

	
              D  [  u i  ]   [  v j  ]  ← 0  ;




	11:

	
   for each   v L i s t N u m   in   R . l e n g t h  :




	12:

	
        v L i s t ← D [ ] [ v l i s t N u m ]  ;




	13:

	
        E S ← v L i s  t ↓  ∪ E S  ;




	14:

	
   for each   e x t e n t   in   E S  :




	15:

	
        i n t e n t ← e x t e n  t ↑   




	16:

	
        L ← ( e x t e n t , i n t e n t ) ∪ L  




	17:

	
   return  L 




	18:

	
end














Time complexity: Since Algorithm 3 is a part of Algorithm 2, in order to compute the time complexity of Algorithm 2, we need to calculate the time complexity of Algorithm 3 first. The operation ↓ and ↑ in Algorithm 3 are intersection operations, the time complexity of intersection is   O (  n 2  )  , so the time complexity of Algorithm 3 is   O  (  n 2  )  + O  (  n 3  )  + O  (  n 3  )  = O  (  n 3  )   . Therefore, the time complexity of Algorithm 2 is   O  (  n 3  )  + O  ( n )  = O  (  n 3  )   .





7. Experiments


In this section, we conduct experiments to evaluate our proposed MBGS search model and algorithms. Then, a case study is investigated for demonstrating the usefulness of this research.



7.1. Datasets


In the experiments, four different sizes of benchmark datasets of bipartite networks are used for evaluation of MBGS search model and algorithms. The selection of datasets was meticulously curated to ensure diversity in sources, relevance to the problem domain, and varying sizes and complexities to comprehensively evaluate the algorithm’s performance. Each dataset was chosen based on its ability to represent real-world scenarios. The descriptions of the benchmark datasets are as follows.



	
Dataset 1: The membership information of corporate executive officers in social organisations such as clubs and boards is stored in this bipartite network (https://schochastics.github.io/networkdata/reference/brunson_club_membership.html, accessed on 28 December 2024). Statistically, 25 Persons are shown on the left, while 15 social organisations are represented on the right. The presence of an edge between a person and a social organisation indicates that the individual is a member.



	
Dataset 2: This bipartite network provides information on 136 persons who were members of five organisations prior to the American Revolution (http://konect.cc/networks/brunson_revolution/, accessed on 28 December 2024). The list contains celebrities such as Paul Revere, an American activist. Persons are represented on the left, while organisations are shown on the right. The existence of an edge between a person and an organisation indicates that the individual was a member of the latter.



	
Dataset 3: This is the Bislama Wiktionary’s bipartite edit network (http://konect.cc/networks/edit-biwiktionary/, accessed on 28 December 2024). It provides edit events that connect people and pages from the Bislama Wiktionary. Each edit is represented by an edge. Each edit’s timestamp is included in the dataset.



	
Dataset 4: This is the bipartite edit network of the Chinese (Min Nan) Wikibooks (http://konect.cc/networks/edit-zh_min_nanwikibooks/, accessed on 28 December 2024). It contains users and pages from the Chinese (Min Nan) Wikibooks, connected by edit events. Each edge represents an edit. The dataset includes the timestamp of each edit.







7.2. Comparison System


In this section, we mainly present some existing baseline algorithms for performance comparison.



	
Baseline: As we introduced earlier, a baseline algorithm is derived by extending and adding some pruning rules to the existing branch-and-bound algorithm [23,39].



	
MSiBE*: This algorithm is a revised version of MSiBE [28] which is built over a branch-and-bound framework by adding some pruning rules.



	
MBGS: This is our algorithm proposed in this paper. The core idea is to utilize the equivalence between the maximum butterfly generator and the maximum butterfly concept.







7.3. Evaluation Results


7.3.1. Correction Between the Number of Maximum Butterfly Generators and Maximum Butterfly Concepts


Table 2 presents the statistics on number of detected butterfly concepts, maximum butterfly concepts, and maximum butterfly generators for four benchmark datasets. Interestingly, only one maximum butterfly generator can be detected from these datasets. And, the distribution diagrams for N are shown in Figure 6. Obviously, as the number of maximum butterfly generators increases, the frequency of maximum butterfly concepts decreases in general.



Figure 7 shows the detected maximum butterfly generators under four beachmark datasets. It is easily find out that then the maximum butterfly generators can be obtained iff when    |   L  M B C    |    or    |   R  M B C    |    equals 2.




7.3.2. Efficiency Evaluation


This article focuses on the efficiency improvement, thus we here compare our algorithm MBGS with the existing baseline algorithms.



As can be seen from Figure 8, our proposed algorithm MBGS significantly reduce the running time compared to Baseline and MBiSE* algorithms under four benchmark datasets. Therefore, it is concluded that MBGS is an efficient solution for enumerating the maximum butterfly generators from bipartite networks.





7.4. Case Study


To illustrate the usefulness of our proposed problem, we adopt the benchmark bipartite network dataset called Davis Southern women social network which is a dataset collected by Davis and a colleague in the 1930s (Wolfram Research, Davis Southern Women Social Network” from the Wolfram Data Repository (2019)). It is composed of 18 Southern women L =   { 1 , 2 , … , 18 }   and 14 social events R =   { a , b , … , n }  , its representation of bipartite network is denoted as G =   ( L ∪ R , E )  . As shown in Figure 9, the relations between women and social events imply that the observed attendance at 14 social events by 18 Southern women.



Step 1: We take the nodes in L and R as the objects and attributes respectively to construct the formal context of bipartite network G according to their interactions, i.e.,   K ( G )  , as shown in Table 3. Note that, the blank in Table 3 indicates there exists no attendance at a certain social event by a certain women.



Step 2: By using the concept lattice generation algorithm [40,41], the corresponding concept lattice for the formal context of bipartite graph G constructed in Step 1, termed   L ( K ( G ) )  , can be easily built as shown in Figure 10. The concept lattice contains 65 formal concepts in which 16 formal concepts are non-butterfly concepts that cannot be the butterfly generator since the cardinality of L or R is less than 2. That is to say, we can obtain 49 formal concepts could be the butterfly generators.



Particularly, the formal concept ♯36, i.e.,   ( { 1 , 2 , 3 , 4 , 6 } , { c , e , f , g } )   is a maximum butterfly concept according to Definition 5 since it is able to derive      5 2    ×    4 2      = 60 butterflies from formal concept ♯36. Compared to other formal concepts, the formal concept ♯36 can maximize the number of derived butterflies.



Regarding all the butterfly generators, we plot the frequency distribution diagram for N value as shown in Figure 11. As can be seen from Figure 11, a majority of butterfly generators can cover the butterflies around 20. For example, there exist 9 butterfly generators which can derive 15 butterflies. Note that only one butterfly generator (maximum butterfly generator) can cover 60 butterflies in the case study.



Step 3: As formal concept ♯36 is a maximum butterfly concept, we can easily conclude that the formal concept ♯36 corresponds a maximum butterfly generator (as shown in Figure 12) in the bipartite network G with Theorem 2.



From the above maximum butterfly generator, we know that women   { 1 , 2 , 3 , 4 , 6 }   have the common interests for participating the social events   { c , e , f , g }   since they all connected each other. Also, a potential women community   { 1 , 2 , 3 , 4 , 6 }   can be inferred.





8. Conclusions


In this paper, we studied a novel problem of maximum butterfly generators search (MBGS) in bipartite networks. Theoretically, we proved MBGS problem is NP-hardness. To address this problem, by introducing the butterfly concept, we presented an equivalence relation between butterfly generators and formal concepts extracted from the concept lattice of bipartite networks. With this equivalence, an efficient algorithm for detecting maximum butterfly generators is then developed. Extensive experiments on real-world networks with ground-truth communities and interesting case studies validated the effectiveness and efficiency of our MBGS model and algorithm. Future directions for research on Maximum Butterfly Generators Search (MBGS) in bipartite networks include optimizing the algorithm further, exploring its application to dynamic networks, and integrating it with other community detection methods. Additionally, extending MBGS to other network types and conducting extensive comparative studies will be crucial. Theoretical advancements and interdisciplinary collaborations can provide deeper insights, while practical applications in specific domains will validate its real-world utility. User-friendly tools and visualization techniques are also essential for broader adoption and understanding of MBGS.
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Figure 1. An Example of a Bipartite Network and its Maximum Butterfly Generator. (a) Bipartite Network G =   ( V , E )   =   ( L ∪ R , E )  , L =   {  u 1  ,  u 2  , … ,  u 7  }  , R =   {  v 1  ,  v 2  , … ,  v 6  }  . (b) Butterfly Generator. (c) Maximum Butterfly Generator. 
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Figure 2. Concept lattice   L ( K ( G ) )  . 
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Figure 3. An Implementation Framework of MBGS in Bipartite Networks. 
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Figure 4. A simple bipartite network about user-movie rating network. 
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Figure 5. Concept lattice   L ( K ( G ) )  . 
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Figure 6. Distribution of N Value for Various Datasets. 
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Figure 7. The Maximum Butterfly Generators in Various Datasets. 
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Figure 8. Efficiency Evaluation for Different Algorithms. 
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Figure 9. Visualization of Davis Southern Women Social Network. 
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Figure 10. Concept Lattice   L ( K ( G ) )   and Maximum Butterfly Concept of Case Study. 
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Figure 11. Distribution for N Value. 
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Figure 12. Maximum Butterfly Generator in Bipartite Network of Case Study. 
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Table 1. Formal Context of a Bipartite Network.






Table 1. Formal Context of a Bipartite Network.














	
	    v 1    
	    v 2    
	    v 3    
	    v 4    
	    v 5    
	    v 6    





	   u 1   
	1
	1
	1
	1
	0
	0



	   u 2   
	1
	1
	1
	0
	1
	0



	   u 3   
	1
	1
	1
	1
	1
	1



	   u 4   
	1
	1
	1
	1
	1
	1



	   u 5   
	0
	1
	1
	1
	1
	0



	   u 6   
	0
	1
	1
	1
	1
	0



	   u 7   
	0
	0
	1
	1
	0
	0










 





Table 2. Detected Butterfly Concepts and Maximum Butterfly Concepts.






Table 2. Detected Butterfly Concepts and Maximum Butterfly Concepts.





	Dataset
	Size (   L × R   )
	    | BC ( K ( G ) ) |    
	    | MBC ( K ( G ) ) |    
	N
	    L MBC    
	    R MBC    





	dataset 1
	25 × 15
	36
	1
	55
	{3, 5, 10, 13, 14, 15, 16, 19, 22, 24, 25}
	{1, 5}



	dataset 2
	136 × 5
	17
	1
	45
	{2, 3, 4, 8, 31, 41, 55, 84, 126, 136}
	{1, 3}



	dataset 3
	29 × 215
	63
	1
	28
	{4, 28}
	{195, 197, 199, 201, 202, 203, 204, 205}



	dataset 5
	104 × 416
	229
	1
	45
	{45, 46}
	{147, 382, 383, 384, 385, 388, 389, 390, 391, 392}










 





Table 3. Formal Context of Bipartite Network of Case Study.
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	   L ∖ R   
	a
	b
	c
	d
	e
	f
	g
	h
	i
	j
	k
	l
	m
	n





	1
	1
	1
	1
	1
	1
	1
	1
	1
	
	
	
	
	
	



	2
	1
	1
	1
	
	1
	1
	1
	
	1
	
	
	
	
	



	3
	
	1
	1
	1
	1
	1
	1
	1
	1
	
	
	
	
	



	4
	1
	
	1
	1
	1
	1
	1
	
	1
	
	
	
	
	



	5
	
	
	1
	1
	1
	
	
	
	1
	
	
	
	
	



	6
	
	
	1
	
	1
	1
	1
	
	
	
	
	
	
	



	7
	
	
	
	
	1
	1
	1
	
	1
	
	
	
	
	



	8
	
	
	
	
	
	1
	1
	1
	
	
	
	
	
	



	9
	
	
	
	
	1
	
	1
	1
	1
	
	
	
	
	



	10
	
	
	
	
	
	
	1
	1
	1
	1
	
	
	
	



	11
	
	
	
	
	
	
	1
	1
	
	1
	1
	
	
	



	12
	
	
	
	
	
	
	1
	1
	
	1
	1
	1
	1
	



	13
	
	
	
	
	
	
	1
	1
	1
	1
	1
	1
	1
	



	14
	
	
	
	
	
	1
	
	1
	1
	1
	1
	1
	1
	1



	15
	
	
	
	
	
	
	1
	
	1
	1
	1
	
	
	1



	16
	
	
	
	
	
	
	1
	1
	
	
	
	
	
	



	17
	
	
	
	
	
	
	
	1
	
	
	
	
	
	1



	18
	
	
	
	
	
	
	
	1
	
	
	
	
	
	1
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