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Abstract: We study an elliptic quasilinear fractional problem with fractional Neumann
boundary conditions, proving an existence and multiplicity result without assuming the
classical Ambrosetti-Rabinowitz condition. Improving previous results, we also provide
the weak formulation of solutions without regularity assumptions and we provide an
example, even in the linear case, for which no regularity can indeed be assumed.
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1. Introduction

The aim of this paper is to study quasilinear problems driven by mixed operators with
fractional Neumann boundary conditions. More precisely, we consider the operator

L= —abp+B(—A); 1)

Here, a, > 0,5 € (0,1), p > 1, A, is the classical p—Laplacian, acting as Apu :=
div(|Du|P~2Du), and (—A)3 is the fractional p-Laplacian, namely

(~8)j() = Cusp PV [ futo) = ) Ty ®

Here, PV stands for the Cauchy principal value and the constant Cy s ;,, defined as

25—1 ps+p+N—-2
st (22

aN/2T(1—s)

CN,s,p =

is the usual normalization constant for (—A)j, (see [1] for more details), but its value will
not play a role in our analysis.

The operator in (1) acts on a bounded open subset O C RN with a smooth boundary
of class CL.

Mixed operators of the form (1) have raised increasing interest in recent years, mainly
in the Hilbert setting (namely, when p = 2), but the quasilinear case has also been the object
of several results about existence, multiplicity, and qualitative properties of solutions, both
in the elliptic and in the parabolic case. The list of references being huge, we just quote
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some very recent ones and their related bibliography, [2-16]. We also refer to [17], where a
more general superposition of local and nonlocal operators is considered.

As for the boundary conditions, we combine the operator in (1) with the so-called
(«, B)-Neumann conditions, introduced in [18] for p = 2 and in [19] for general p. These
conditions are made of two contributions. The first one corresponds to the local part and is
defined on 9Q), while the second corresponds to the nonlocal part and is defined on RN \ O,

namely
(a, B)-Neumann conditions: rgz;z;ﬁ L ;f;ﬂii\; \ Q, .
Here,
Aoph(s) = Crinp [ () = ”(y)wm dy, xeRV\Q, (4)

is the nonlocal normal p—derivative, or fractional p—Neumann boundary condition and describes
the natural Neumann boundary condition in the presence of the fractional p—Laplacian.
It was introduced in [20,21] as an extension of the notion of nonlocal normal derivative
introduced in [22] for the fractional Laplacian, i.e., for p = 2. Nonlocal Neumann conditions
have been treated recently, for instance in [23-31], as they imply a number of mathematical
advantages that different conditions do not permit, see [22].

From (3) it is clear that the name (&, )-Neumann conditions is related to the fact that
they consider both the local part and the nonlocal part of the operator in (1).

From now on, for the sake of simplicity, we will set Cn s, = 1.

In this framework, we are interested in dealing with problems of type

—alpu+ B(—=A)ju = f(x,u) in Q, )
with («, B)-homogeneous Neumann conditions.

More precisely, we start in Section 2, giving the definition of the suitable functional
space to study problems such as (5). We also recall the nonlocal counterpart of the diver-
gence theorem and the integration by parts formula stated in [20,21]. However, we give
these results in a more general setting, and we also give an example to better explain why
such a generalization is needed. In particular, we consider the linear case in dimension 1,
showing that, in some cases, solutions cannot be differentiable in the whole space, see
Example 1. Moreover, we give the definition of weak solutions and some properties that
they satisfy.

We give our main results in Sections 3 and 4. In the former, under a suitable hypothesis,
we give an L™ estimate for weak solutions; namely, we prove that they are bounded in the
whole of RN. In this case, the proof mainly relies on a suitable choice of test functions and
an iteration argument.

In Section 4, we deal with a superlinear problem in the presence of a source term, which
does not satisfy the so-called Ambrosetti-Rabinowitz condition. In particular, we prove the
existence of two nontrivial weak solutions, which do not change signs. Here, the strategy is
to apply a Mountain Pass argument to suitable truncated functionals. Moreover, the absence
of the Ambrosetti-Rabinowitz condition makes it harder to prove a compactness property
for such functionals, as they do not satisfy the Palais-Smale condition. To overcome this
difficulty, we prove that these functionals satisfy the Cerami condition. After that, by using
the Mountain Pass Theorem with the Cerami condition, we prove the existence of one
nontrivial solution for problem (5).

As far as we know, these are the first results in the quasilinear case for operators of
this type.
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Finally, in Appendix A we give the details on the results stated in Example 1 of
Section 2.

2. Functional Setting

In this section, we give the correct framework in order to study the operator in (1)
with («, B)-Neumann conditions. First, we introduce the norm

. B[ lux) —u()l
||ue||P .—zx/Q\Dqux—i—E//dexdy—i-/n|u(x)|pdx,
where @ = (Q x Q) U (Q x (RN \ Q)) U ((RN\ Q) x Q). Thus, we can define the space
Xopi=1u: RN 5 R : |jul| < +oo}.

We observe that, setting

_J, gy : |u(x) —u(y)lP
X—{u.R —R:uelf(Q)and dexdy<+oo ,

we can write X, g = W'#(Q) N X. Then, it is not hard to see that X, g is an uniformly
convex Banach space. Moreover, if

N .
p*: I\?ifp lfp<N,
+o0o ifp >N,

we have that the embedding of X, g in L"(Q) is compact for every r € [1, p*).
Now, we recall the analogous of the divergence theorem and of the integration by
parts formula for the nonlocal case:

Proposition 1. Let u : RN — R be such that u € C*(Q) and
(—A)5u € LY(Q).

Assume that the function

QOx RN\ Q)3 (x,y) — [u(x) — u(@)P~ belongs to L' (Q2 x (RN \ Q).

=y
Then,
/Q(—A);udx = —/RN\Q N pu dx. (6)

Proposition 2. Let u,v : RN — R be such that u,v € C*(Q) and

1) =) (00 ~0)) o1

Q3 (x,y)— gV

Assume, also, that
(—A)juv e L)

and that the function

RN\ Q) x Q3 (x,y) — |”(x);_”§/y|l>v|ip3”(x) belongs to L (RN \ Q) x Q).
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Then,

1

L () — u(y)) (o(x) ~ o(y))
3 fon 1) P2 dxdy

EENTAE

= /Q o(—A)judx + /RN\Q v N pudx.

(7)

A few comments on Propositions 1 and 2 are mandatory. These results were first
given in [20] (Theorem 6.3), where u and v are assumed to be in the Schwartz space S(RV).
They are also stated in [21] (Propositions 2.5 and 2.6) for any # and v bounded and of class
C%(RN).

However, these regularity assumptions on # and v may be too much as solutions of
problem (5) may not even be of class C! (RN) as we will show in the forthcoming Example 1.
For this reason, in a similar fashion to [32] (Lemmas 5.1 and 5.2), which cover the case p = 2,
we give Propositions 1 and 2 in a more general setting. We stress that our assumptions are
enough to guarantee that the integrals in (6) and (7) are finite. Moreover, the proofs remain
the same.

Next, we give an example of a solution for problem (5), which is not of class C! (RN)
when s € (0,1/2]. For more details, see Appendix A.

Example 1. Let N =1, p =2and Q = (—1,1). We start defining u : (—1,1) — Roas
u(x) = x(x = 1)%(x +1)2
Clearly,

lim u'(x) = lim u'(x) = 0.
im0 = Jim )

Then, defining for every x > 1

/1 yy =12 +1)?
g (x) - 1 (x _y)1+25
Bl . 1 dy 7

we can extend u in R as

—gs(—x) x < —1
u(x) =< x(x—1)2%(x+1)?2? -1<x<1
gs(x) x> 1.

We note that by extending u in this way, we have u € C(R) and Au(x) = 0 for any x €
R\ [=1,1]. In addition,

Iim #'(x) = lim u/(x)=
Jm w(x) = lim w(x)

O ik
(9}
NI —
N

9}
m
—~
N—

~
—_
~—
<

sou & CH(R) ifs € (0,1/2].
On the other hand, computing u” (x) and (—A)Su(x) in (—1,1) (see also [33] for more details
on the computation of (—A)*u(x)), we can define

fo(x) := —u"(x) + (—A) u(x).
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In this way, we have that u is a solution of

—u"(x) + (=A)*u(x) = fs(x) x€(-L1),
u'(x) =0 xe{-1,1},
Ssu =0 x€R\[-1,1],

where fs € L1 for any q > 1 (see Appendix A).
We also stress that, even if s € (0,1/2], u satisfies the hypotheses of Proposition 1. This is in
agreement with the computation

/ 11(—A)su(x) dx = 0.

The integration by parts formula in Proposition 2 leads to the definition of weak
solutions, which shows that X, g is the natural space for problems ruled by the operator
in (1). We remark that we give the definition of weak solutions and the next two results in
the case of non homogeneous boundary conditions. In this case, the functional space that
we consider is

X . {u:RN SRl + [ hedot [ guds GR}
wp a0 RN\
Definition 1. Let f € L' (Q), g € LY (RN \ Q) and h € L1(dQ)). We say that u € Xi’g isa

weak solution of
—abpu+B(=B)ju=f(x) inQ,

BNspu =g n RN\ Q, 8)
|Du|P=29 = on 9Q),
whenever
B Jp(u(x) —u(y))(v(x) —v(y))

zx/ Du - Dvdx + dxdy
Q

2 Jr2N\(CcO)2 |x — y|N+ps
— [ fodx+ [ modos [ d
/va x o vdo RN\ﬁgv X

h
for every v € Xi’ﬁ, where

©)

Jp(u(x) = u(y)) := |u(x) — u(y)|P~2(u(x) — u(y)).
Now, we give a sort of maximum principle for weak solutions of (8).

Proposition 3. Let f € LV (Q), g € LY(RN\ Q), and h € L' (3Q)). Let u € Xﬁg be a weak
solution of (8) with f > 0, g > 0and h > 0. Then, u is constant.

Proof. First, we notice that v = 1 belongs to ng So, using it as a test function in (9), we

0< d:—/hd—/ dx < 0.
—/Qfx 20 7 .RN\ﬁgx_

Hence, f = 0a.e. in Q and ¢ = 0 a.e. in RN \ Q). Now, taking v = u as a test function in (9),

obtain

we obtain )
[ ) )l
RAN\(CO)?  [x —y[N TP

so u must be constant. [
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The next result states that, if u is a weak solution of (8), then the nonlocal bound-
ary condition in RN \ Q) is satisfied almost everywhere, as in related classical results for
local operators.

Theorem 1. Let u € Xg’h

by be a weak solution of (8). Then, BN pu = g a.e. in RN\ Q.

Proof. First, we take v € Xig such that v = 0in Q) as a test function in (9), obtaining

Lomsots==5 [ Lo |x_ T‘éﬁi”@) dyds

LB Tp( ()o(x)
/RN\Q/ 2L |x y|N+ps dydx

_ —u(y))o(y)
__ﬁ/ /RN\Q |x—y|N+F’S aydx

_ Jp(u(x) —u(y))
=P fona® / |x |N+ps axdy

=P Jeva o(y)Aspu(y) dy.

Therefore,

/]Rw\ﬁ(ﬁ%pu(@ —g(x))v(x)dx =0

forevery v € X Ix /5’ which is 0 in Q. In particular, this is true for every v € C°(RN \ Q),
and, so, A pu(x) = g(x) ae. inRN\ Q. O

3. L* Estimate

In this section, we give a boundedness result for weak solutions. First, it is useful to
introduce the following notation for the norm in W*(Q), namely

el oy = (“/QIDuPdH/QIMIde)

Clearly, this norm is equivalent to the usual norm in W7 (Q).
The main result of this section is stated as follows.

Theorem 2. Let N > 3, f € L1(Q) with q > N/p and af # 0. If u is a weak solution of

—alpu+ B(—A)ju + lulP~2u = f(x) inQ, (10)
with (a, B) — Neumann conditions,
then, u € L®(RN) and
1
el oo vy < CULf Niagay + 1 o)) (11)

for some constant C > 0.

Proof. If the weak solution u is identically zero, we have nothing to prove. Otherwise, we
take 6 € (0,1) and set

il = ou and f= 0 pilf (12)
||uHLﬁ*(Q) + Hf”L‘I(Q) HuHLP*(Q) + HfHL‘i(Q) '




Mathematics 2025, 13, 85

7 of 23

(if N < p, we replace p* with any number larger than p by the usual Sobolev embedding

theorems, see e.g., [34]). With this definition, we find that i is a weak solution of

{—aApa +B(=Aa+ AP 2i=f inQ,
with («, B) — Neumann conditions.
For every k € N, we define ¢, :=1 — 27k
U= —c,  wi = (vr)+ = max{v, 0}, Uy := HwkHZP* Q"
From the Dominated Convergence Theorem, we have
lim Uy = fim [l ) = 17— 1)

— P

Moreover, for k = 0, we have wy = (vg)+ = 1y, and, so,

/p*

. p/p* . p
frd P — 7P S|P P
U </Qw0 (x)dx> (/Qu+ (x)dx> < ||u||Lp*(Q) < oP.

Now, we can use w1 as a test function in (13), obtaining

« /Q |Dii|P~2Dii - Dwy,q dx

p Jp(#(x) — a(y)) (Wir1 (%) — W11 ()
+ 2 //RZN\(CQ)z ’ X — y%lﬂ,s kel dxdy

+ / i|P~ 2wy, dx = / Fwyy1 dx.
0 I k+1 o fWiia
We note that, for a.e. x,y € RV, simple algebraic reasoning shows that

|k 1 (%) = W1 (WP = [(0p41) + (%) = (Op1)+ W) [P
<J(Ops1)+ (%) = (k1) + W) P2((

=|we1 () = W ()72 (Wi (%) = Wi (1)) (8 (x) = A(y)),

so that, being that wy,1 = @ — c;11 where @ > ¢;;1, we have

JREC RO RSSOy
Q

|x —y|Ntws

_ P
o [[ e = gy
o) |x_y‘N+ps

Moreover,

/ \Dﬁ|p’2Dﬁ-Dwk+1dx:/
Q Q

N{a>cei1}

and
ﬁpzflw dX——/ ﬁp2ﬁﬁ—c dx>/wp dx.
/Q‘ | k+1 (51} | ‘ ( k+1) a k+1

By using (18)—(20) in (16), we obtain

o Dw pdx—i—/wp dx</ Fr., 1 dx.
/Q| k+1| o k+1 = Qf k+1

Ukt 1)+ (%) = (Uk1)+ () (Or41 (%) — w1 (y))

(13)

(14)

(15)

(16)

(17)

(18)

\Di|P~2Dii - Doy, dx = /Q IDwy.q|Pdx (19)

(20)



Mathematics 2025, 13, 85

8 of 23
Then, by the Sobolev inequality,
p* p/p’ ~
Uer = (f ol dx) < Cllwkallfpy < [ wenfdn @
for some C > 0. Moreover, by definition, vy 1 < vy, and, so
Wiy < W (22)
We note that
o B 1 1 1 1 B 1 1
W1 = (0= cp1)+ = |7 — +2k+1 +?—? L Uk‘f'zkﬁ—? /
and, consequently,
1
(1 > 0) = {or1 >0} = {a> o )
We also note that
* *
« P p
———1>p"— —1=p-1
p q p N/p P
As a consequence,
T—p*(p*—p*—1>l< P (24)
q p—1
and we also observe that .
4
T> —— I >1
A simple computation shows that

1 1 1

—+—-+==1. 25
oty 25)

With (25) in mind, we can use the generalized Holder Inequality with exponents p*, g, and
7, and, together with (23) and the definition of Uy, 1, we have

Fldx = / Fld
/ka+1|f\ x {5050} Wry1|f] dx

< gy lwrsall e (o) 1Q N {wrga > OFMT

1
Qﬂ{wk>2k+1}

1/t
2— p 1/p [ 5p*(k+1) p*
< ll 2F w
Hf” ( Qﬂ{wk> k+1} k )

< chul/rul ',

1/t
< Hf”L HwkHLP Q)

(26)

for some C; > 0. We define the exponent

1 p*
Yi= -t
p pT
and observe that, from (24),

v > 1. (27)
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Now, from (21) and (26), we have
U < CIUJ

By iterating, from (27), we find

(k+1)k7k K1

U <C 2 7 UG
Then, if we take ¢ sufficiently small in (15), we can conclude that

lim Uy = 0,

k—r00

and, recalling (14), we obtain
~ p _
||(u_1)+HLp*(Q) 70’

hence, it < 1. So, from (12),

ull; e o +
sy < 1l o Illacey o)

for every x € Q).
A similar argument can be made for —u. Clearly, setting

i= —ou and f=-— 0 pilf
el + o) Wl @y o )

it follows that i is a weak solution of

{—zxApu' +B(=A)a+alf2i=f inQ,

with («, B) — Neumann conditions.

Reasoning as above, we can conclude that # < 1, hence

ol ey + 1oy
—u(x) < 3

for every x € Q. This, together with (28), implies that

|,y oy +
()] < [l (0)5 1 f1lLa() 29)

for every x € Q).
On the other hand, using u as a test function in (10) and recalling (25), we obtain

|7 :zx/ |Duv’dx+/ ul? dx
B u(x) —u(y)[?
<zx/ |DulP dx + = // —y |N+ps dxdy+/()|u\pdx

:/Qufdx

< Jull e ey sy |1

WLr(Q
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From this last inequality and the Sobolev inequality, we can deduce

ull? 2 < Call fllaay
LF* (Q)

for some C; > 0. Using this in (29), we obtain
%1
[ull () < Calll fllaa) + HfHqu(Q))
for some C3 > 0. From Theorem 1, we easily obtain .45 ,u = 0 a.e. in RN\ O, which implies
Ju(x) — u(y)["?u(y)
/ |x _ |N+ps dy

u(x) —u(y)|"?
/ |x_ |N+ps dy

(30)

so that
u(x)| < [Ju]l oy, x € RN\ G, (31)

see also [21]. This concludes the proof. 0

4. A Superlinear Problem Without the Ambrosetti-Rabinowitz Condition

In this section, we consider the problem

{ocApu+[3(A)§,u+ [ulP=2u = f(x,u) inQ, 32)

with (a, B)-Neumann conditions,

where f : Q) x R — R is a Carathéodory function such that f(x,0) = 0 for almost every
x € Q). In addition, we assume the following hypotheses taken from [21] as improvements
of those in [35,36]:

(f1) thereexista € L1(Q),a > 0, withg € ((p*)’,p),c > 0and r € (p, p*), such that
f Qe )] < a(x) +

fora.e. x € Qandforallt € R;
(f2) denoting F(x,t) fo x,0) do, we have

Am e T

uniformly for a.e. x € ();
(f3) if o(x,t) = f(x,t)t — pF(x,t), then there exist § > 1 and g* € L'(Q), B* > 0, such
that
o(x,t) < 00(x,t) + B*

forae.xe Qandall0<t; <tort, <t <0;

(fa)
flxt)

(50 P2t

uniformly for a.e. x € Q).
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Definition 2. Let u € X, g. With the same assumptions on f as above, we say that u is a weak
solution of (32) if

o [ 1D D Doy £ [ B M o) g,

=y

—i—/ ulP~2uv dx ——/ X, u)vdx
Q| | Qf( )
for every v € X, p.

Following this definition, we have that any critical point of the C! functional I : Xap —
R, defined as

I(u) = ;nunp ~ [ FGxu)ax

is a weak solution of (32).

Proposition 4. Setting A(u) = |ul|?, the functional A" : X, g — X, g satisfies the (S) property,
that is, for every sequence (uy )y such that uy — uin X, g asn — oo and

lim (A" (uy), un — u) =0,

n—o0

there holds

tim | = [Ju]l.
Proof. Clearly, A is weakly lower semicontinuous in X, g, so that
Au) < llﬂlolng(un). (33)
On the other hand, A is convex and, so,
A(u) > Aun) + (A (un), un — u),
which, passing to the limit, gives

A(u) > limsup A(uy). (34)

n—oo

Thus, combining (33) and (34), we obtain

Au) = r}l_r}rgo A(uy)

as desired. O

We have the following result.

Theorem 3. If hypotheses (f1)-(fs) hold, then problem (32) has two nontrivial constant sign
solutions.

In order to prove Theorem 3, we introduce the functionals

1
I (u zfup—/Fx,u dx,
+(u) , el = ECxu)
where 1 := max{u,0} and u_ := max{—u, 0} denote the classical positive and negative

parts of u, respectively.
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Now, we want to prove that both I+ satisfy the Cerami condition, (C) for short,
which states that any sequence (uy)n in X, g such that (I (uy))n is bounded and (1 +
lttn||) I (un) — 0 as n — oo, admits a convergent subsequence.

Proposition 5. Under the assumptions of Theorem 3, the functionals I+ satisfy the (C) condition.

Proof. We give the proof for I, the proof for I_ being analogous.
Let (uy)y in X, g be such that

| L (un)| < My (35)
for some M; > O0and alln > 1, and
(14 [Jun )1 (un) — 0in X; 5 as n — oo, (36)
From (36), we have
eqh

I' (u)h| < —2—
‘+( ”) |71+||“n”

forevery h € X,X,ﬁ and with ¢, — 0 as n — oo, thatis

a/Q\Dunlf’*lDumtherg// Ip(un(x)—un(y))(h(X)—h(y))dxdy

|x, |N+ps

el (37)
—|—/ |y [P~ unhdx—/f (up)+)hdx| < _m.
Taking h = (u,)— in (37), we obtain
B ([ Tp(un(x) = un(y))((un)-(x) — ()~ (y))
rx/Q|D(un)_|de+E//Q [ — gV dxdy o)

< ép

+/Q|(un)_|r’dx

Observing that, similarly to (17), we have

| (un)— (x) = () = (|7 < Jp(utn (x) = un(y)) () - (x) = (un) - (), (39)

thus, from (38), we obtain
([ () [P < en,

and, so,
(un)— — 0in X, gasn — co. (40)

Now, taking = (u,)+ in (37), we obtain

—DC/Q|D(Mn)+|de—§//Q Jp(un(x) — un(y)) ((un) + (x) = (un)+(y)) dxdy

|xiy‘N+ps

. 41)
= [l dx+ [ £ ) ) dx < e,

From (35), we have

u u
/|Dun|”dx+ﬁ// | ”x_ |N1ps) dxdy

—0—/|un|pdx—p/ +)dx < pM;
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for My > 0 and n > 1, which, together with (38), gives
|x _ |N+ps
(42)
+/|un |pdx—p/ +)dx < My
for some M, > 0 and all n > 1. Adding (41) to (42), we obtain
/f(xl(un) (un) dx—P/ Ydx < M3
Q
for some M3 > 0 and all n > 1, that is
/ o(x, (un)4) dx < Ms. (43)
Q

Now, we want to prove that ((u,)+), is bounded in X, p, and, for this, we argue by
contradiction. Passing to a subsequence if necessary, we assume that ||(u,)| — oo as
n — oo. Defining v, = (un)+ /|| (4n)+ ||, we can assume that

yn — yin X, g and y, — yin L7(Q) (44)

for every q € [p, p*) and for some y > 0.
First, we treat the case y # 0. We define the set

Z(y) ={xeQ: y(x) =0},
so that |\ Z(y)| > 0 and (u,)4+ — oo fora.e. x € Q\ Z(y) as n — oo. By hypothesis (f2),

we have
fim £ @)+ () o FC () 1 ()

L T - S i e TR L

for almost every x € (3 \ Z(y). On the other hand, by Fatou’s Lemma

lim inf M dx < liminf w dx,
a n=ee [ ()4 ||P n—eo Jo o |[(un)4]|?
which leads to P, (1) ()
. x, (uy
lim —dx—+oo 45
e Jo () [P 45)
From (35), we have
7 [ FGe, (). (30) e <

foralln > 1.
Recalling that ||u,[[P < 2P71(|| (un)+||P + || (n)—||7), from (40), we obtain

2r—1
)7 4 EG () ) e < M

for some My > 0. Dividing by || (u,)+||?,

2 F () (), My
T S T
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Passing to the limit, we have

p—1
limsup F(X, (u'fl)Jr(x)) dx < 2 ,

n—oco JQ H(un)-i-Hp p

which is in contradiction with (45), and this concludes the case y # 0.
Now, we deal with the case y = 0. We consider the continuous functions ¢, : [0,1] —
R, defined as ¢y, (t) = I (t(un)+) with t € [0,1] and n > 1. So, we can define t, such that

$n (tn) = tren[(?,)ﬁ dn (t) (46)

1
Now, if A > 0, we set v, := (pA)Py, € X p- From (44), v, — 0 in L1(Q) for all
g € [1, p*). Performing some integration, from (f;), we have

‘/QP(x,vn(x))dx

g/Qa(x)|vn(x)|dx+c/0|vn(x)vdx

for some C > 0, which implies that

lim [ F(x,vu,(x))dx =0. (47)

n—eoo JO)

1
Since ||(un)+|| — oo, there exists ny > 1 such that (pA)? /|| (ux)+| € (0,1) for all

n > ng. Then, from (46),
(pA)
pultn) = (|<un>+||)

==

for all n > ny. So,

L (tu(ua)+) 2 L ((pA)Py) = Myl = [ Flx, (1)) .

Then, (47) implies that
Ly (tn(un)+) = AlynllP +0(1),

and, since A is arbitrary, we have
lim I (ty(un)+) = +oo. (48)

n—oo

We observe that 0 < t, (1, )+ < (un)4 forall n > 1; so, from (f3), we know that

/Q(T(x,tn(un)+) dx < 00 (x, (uy)+)dx+ ||| (49)
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for all n > 1. Clearly, I (0) = 0. In addition, by (38), we have

1+<<un>+>=;/QDun|de;/Qm(un)ﬂdx

1

it () = n ()7
dxd
p //{x,yGQ:u(x)>O,u(y)>o} |x — y|N+ps xay

1 () () = (o)1

p //{x,yeQ:u(x)SO,u(y)SO} |x - ]/|N+ps
2 10+ () + () WP

p //{x,yeQ:u(x)>O,u(y)§O} |x - ]/lN-H)S

2 [ () + (%) + ()= ()P
=1 7 dxdy +o(1
+(Mn) p //{x,yEQ:u(x)>0,u(y)§0} |x — ]/|N+ps xay + O( )

< Iy (ity) +0(1)

where 0(1) — 0 as n — 0. By (35), we obtain that I ((u,)+) < My for some My > 0 and
all n € N. Together with (48), this implies that t, € (0,1) for all n > ny > ng. Since t, is a
maximum point, we have

0= tn%(tn)
4 [ Tttt 5) = bl o 5) = )0

|x_y‘N+ps

—i-tx/ﬂ|Dtn(un)+|pdx+/0|tn(un)+]pdx—/()f(x,tn(un)+)tn(un)+dx.
As in (17), we have

[t (1n) () — ta(un)+(y)]P < ]p(tn”n(x) — tuttn () (bn (un) + (%) — tn(n)+ (),

so that
()17 = [ £ b)) (00) i < 0. (50)

Adding (50) to (49), we obtain

ItaCu) 17 = p [ FCetaCin) ) dx <0 [ ol (u)y) dx+ 1B,
that is
pL(tan) ) <0 [ o, (na) ) dx+ 1B 1.

Hence, from (48), we obtain

lim o(x, (1y)4) dx = +o0. (51)

n—00

By combining (43) and (51), we obtain a contradiction, which concludes the case y = 0.
In conclusion, we have proved that ((u,)+ ) is bounded in X, g, and from (40), we
know that (1, ), is bounded in X,,p- Then, we can assume

up — uin X, g and u, — u in L1(Q) (52)
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with g € [1, p*) and for some u € X, g. Taking h = u, — u in (37), we have

([ [|P = a/Q |Duy|P~2Duy, - Dudx — g//g Jp (14 () —|x”n_(z|)l)\](fp(sx) —u)) dxdy

: . (53)
— /Q | |P 2 upu dx — /Qf(x, (up)+)(uy —u)dx = gy.

From (f1) and (52), we know that

lim /Q |f(x, (un)+)(tty —u)|dx = 0.

n—o0

Passing to the limit in (53), we obtain

s (ol =& [ 2000) 0 O)00) 200D

=N

—oc/ |Dun\p*2Dun-Dudx—/ |un|p2unudx) =0.
Q (@)

The (S) property, see Proposition 4, implies that |[u,| — |u||; so, from the uniform
convexity of X, 5 (as 1 < p < o), we know that u, — uin X,z asn — co. Then, I
satisfies the (C) condition, which concludes the proof. [

We can now give the proof of Theorem 3.

Proof of Theorem 3. We want to apply the Mountain Pass Theorem to I;. From
Proposition 5, we know that I satisfies the (C) condition, so we only have to verify
the geometric conditions.

From (f1) and (f4), for every € > 0, there exists C; such that

H%ﬂS§HW+QM’

fora.e. x € Qand all t € R. Then,

1 €
> —|lull” - ;IIMIIﬁ — Cellul;

> 1—£C1

[[u]]P = Colfu]®

for some Cy, C; > 0. From this, we obtain that, if ||u|| = p is small enough, then

inf I+(M) > 0.
l[ull=p

Now, we take u € Xu,p with u > 0and t > 0; then,

p n
IAW=%WW—Afmme

= illu\l” —tP/ PO t) 1 gy
p o |[tulf

By Fatou’s Lemma,

lim inf F(x, tu) u? dx < liminf Flx, tu)

P
O t—o |tu| t—oo JO |tu|p wh dx,
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so, from (f,), we know that

lim/ Mu"’alx:—l-oo.
t—o0 JO) |tu|]ﬂ
Then,

lim I (tu) = —

fimy L () = e

therefore, there exists e € X, g such that |[e|| > p and I (e) < 0.
Now, we can apply the Mountain Pass Theorem (see, e.g., [37]) to I} and obtain a
nontrivial critical point u. In particular, we have

=a/Q|Duf|”der§//Q Ip(u(X)—u(y))(uf(X)—uf(y))dxdy

|x_y|N+ps

—|—/Q\u_|”dx—/0f(x,u+)u_dx
:uc/Q|Du_\pdx+§//Q ]p(u(x)—u(y))(u—(x)—u—(y))dxdy

|x_y|N+ps
+/ lu_|P dx.
Q

By (39), we have

u—(x) —u— ()" < Jp(u(x) —u(y))(u-(x) —u—(y)),

so that
0> [lu_|?,

and, thus, u_ = 0. Then, I, (1) = I(u), and, so, u > 0 is a solution of (32). Arguing in the
same way for I_, we can find a nontrivial negative solution of (32). [
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Appendix A. Details of Example 1

In this appendix, we give more details on the computations of Example 1. Thus, as in
Example 1, welet N =1,p =2,and Q = (—1,1) and defineu : (—1,1) — Ras

u(x) = x(x —1)%(x + 1)
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Clearly,

li "(x) = i "(x) = 0.
Jim, w0 = Jim w' )

Then, in agreement with (30), for every x > 1, we define

yly *1 Py +1)?
/ 1+25

/1 dy (A1)
1 (x _ y)1+23
Let us compute the integrals above. First,
1
— [(x )T - (x4t 1)1—7} ify #£1
/ Nrer (A2)
1 (x—y) x+1
log ify =1
x—1
In order to compute
/ Y-ty 2y ty,
l+25
we use the identity
1 n
=L L
/ (x—y)r 4y = (x — dy X (x —
1 (A3)

n— 1 n—k—1 1
_ k Yy n/ d]/
= A .
L /,1 G-y 1YY LGy

When s # 1/2, by using (A3) (multiple times if needed), we obtain

1 1 1
y _ / dy / dy
dy = —
Limgmst == Lamge L ey

1 3 1 1

y _ dy / dy

/71 (x —y)i+> dy = /71 (x —y)=—2 +3x ) (x —y)>1
1 g 1 d

2,2 Yy 3/ y

e e e
and
1 5 1 1 1
y dy / dy 2/ dy
AV . _
/71 (x—yyrr= Y /71 (x —y)=—4 +5x 1 (x— )3 10x L (x—y)E2

1 d 1 d 1 d
1 3/ Y _ 4/ Y 5/ y
P Ly T LeeyE T Ly
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Accordingly, by (A2), we can compute both the integrals in (A1) to obtain

C 2s(x=1)F(x4+1)® 1
8s(x) = (x+1)% — (x —1)2 {_ 5—2s

+ % ((x F1) — (x— 1)4—25)

(@ +1)°% = (x—1)"2)

10x2 -2 N _
o F (<x+1)3 25_<x_1>3 25)
" 10x3 — 6x (( + 1)2_25 —(x— 1)2—25) (A
2—2s \\* X
5x% —6x* +1 1-2s 1-2s
-2 = ((x+1) —(x—1) )
B ¥ —2x3 +x

When s = 1/2, by (A2) and (A3), we obtain

x+1
x—1"

2 1
g%(x) = 5x° — —8x3 + 3

L 452
3 3 X 2(5x 11x* +7x° — 1) log

Thus, we can extend u in R as

—gs(—x) x<—1
u(x) =qx(x—17>%x+1)?%? -1<x<1
gs(x) x>1

so that, by construction, #5u(x) = 0 forany x € R\ [-1,1].
We observe that, extending u in this way, we have u € C(R), which is in agreement
with [22] (Prosition 5.2). Moreover, one can compute
lim gs(x) =0,
|x|—=c0

which is in agreement with [22] (Proposition 3.13), that is, u(x) at infinity tends to its
integral mean in (—1,1), namely

lim u(x) = %/l u(x)dx =0.

[x| =00 -1

However, computing the first derivative of gs(x), we see that

+oo s € (O,%),

lim u'(x) = lim u'(x) =44

1
x—1+t x——1- 2
0 se(

95}

~

/1)/

N|—

sou ¢ CY(R)ifs € (0, 3].
Now, we compute u”(x) and (—A)*u(x) for any x € (—1,1). Indeed,

u”(x) = 20x° — 12x
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for any x € (—1,1). Moreover,
+o00 u
(=4 PV/ |1+2s Yy
_ x(x—l) (124 g(-y)
= x — y[i+2s y
(A5)
X(x =12 (x+1)2 —y(y —1)*(y+1)
+PV/ e dy
Tl —1DAx+1)2 — g (y)
+/1 x — y[I+2s dy.
To compute
— 2 _ —_1)2 2
PV/ (x —1)%(x+1) 1y(y 1)%(y+1) dy
‘x —_ y| +2s
we take € > 0 small enough and consider, separately, the integrals
x—¢ _1)2 2 _ _1)2 2
/ x(x —1)°(x+1) %y D +17,, (A6)
-1 (y —x)t+2
" U - 12417~ gy - D2y + 1)
/ vy dy. (A7)
e G—y)hi=

Exploiting (A2) and (A3), we can compute the integrals in (A6) and (A7). Then, adding
them up and taking the limit for ¢ — 0, (A5) becomes

(8 u(x) = g [+ 052 — (1 - 02
-2 ixzs [(1 T+t (1 x)‘HS}
+ 12"_27252 (14372 = (1—x)>2]
R e (A8)
5xt —6x2 +1

+ A [ - -0
+/+°° x(x—1)%(x+1)2 —gs(y)d

o — y[T+2s y
Tx(x—1)? x+1) +gs(—y)
+/ y[1+2s dy

for s # 1/2, while

(—A)2u(x) = —8x% + 23—0x + (5x* —6x* + 1) log 1 J_”;

too 2(x = 12(x+172 = g, ()
+/ pp—E y (A9)

~1x(x =12 (x+1)? + 81 (-y)
v/ = yP

dy.
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With (A8) and (A9) in mind, we can define, for any s € (0,1) and x € (—1,1),
fs(x) := —20x3 4+ 12x + (—A)*u(x).
As a consequence, we have that u is a solution of

—u'(x) + (=A)u(x) = fs(x) xe(=L1),
u'(x) =0 xe{-1,1},
Hsu =0 xeR\[-1,1].
Notice that, in this setting, such a problem corresponds to (5) witha = = 1.

Now, we want to check that fs(x) € L1((—1,1)) for any g > 1. First, the non-integral
part of fs(x) is bounded in (—1,1). Thus, we claim that

/*‘” x(x = 1)*(x +1)* — gs(y)
1 |x_y‘1+25

dy belongs to L1((—1,1)) for any g > 1. (A10)
To this aim, we fix ¢ > 0. We recall that, since A;u = 0in R\ [—1, 1], we have
[ullpoo(my < llullzeo((0,1)) < o0

Thus, recalling (31) and (A1), we obtain

£ x(x = 12+ 12— (1) w1
< o0 = N1 A.
/ ty| < 2Nullimeey [ rgrem

te |x — y[t+2s 1te

u (e}

= M(l _ x+€)72s

H”||L°°(R)
ST
Therefore,
Ll e =12 (x + 1) —gs(y) | [ oo () !
< T VI .
/—1 /1+s |x — y|1+2s dy| dx <2 525 <+ (A11)

On the other hand, if y € (1,1 + ¢), we have

18s(y)| < cely —1)%

for some ¢, > 0. Indeed, for this estimate, it is enough to note that 5y* — 6y*> + 1 =
(y—1)(y+1)(5y*> — 1) and y° — 2> +y = y(y — 1)2(y + 1)?, so that all the functions in
square brackets in (A4) are bounded when y € (1,1+¢). As a consequence, for every
x € (—1,1), we have

! €X(x—1)2(x+1)2—gs(y) 2 o [T 1 J
d < xl(x x
/1 |x—y|lJrzs y‘ _l |( 1) ( 1) /1 (y—x)lJrzs Y

€ _1)\2s
+ Ce /;1+ mdy =: 1(x) + L(x).

First, we clearly have

] (x — 1)%(x + 1)2
2s

Li(x) = [(1-2)" —(1—x+e) %]
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which is bounded in (—1,1), and, so, I; € L9((—1,1)) for any g4 > 1. Moreover, since
x € (—1,1), we have

h(x) < /1”5 ((V"”

y— x)l+25

2s
dy = c¢(log(1 —x+¢) —log(1l —x)).

Recalling the inequality
la+b|7 <2771(|a|7 4 |b|7) foranya,b € R, (A12)
we obtain that, for any g > 1,
/jl [L(x)|Tdx < ¢y /711(|10g(1 —x+¢€)|T+|log(1—x)|7) dx < 400,

for some ¢; = c3(s,4,¢€) > 0.
Combining the integrability of I; and I, with (A12), we obtain
1
L

for every g > 1 and for some c3 = c3(s, g, ¢). Finally, (A11) and (A13), together with (A12),
imply the claim in (A10).

q 1
dx < cs / (R ()7 + |B(x)]7) dx < +oo (A13)

[ 1R ),
1 -1

|x_y‘1+25

A similar argument shows that

/*1 x(x —1)*(x +1)% + gs(=y)

PR dy belongs to L1((—1,1)) for any g > 1.

This concludes the proof that f;(x) € L1((—1,1)) for any g > 1.
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