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Abstract: This paper addresses Noether’s problem for p-groups G, having an abelian
normal subgroup of index p, under the condition G¥ = {g? : g € G} < Z(G)—the center
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understanding of p-groups and their representations.
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1. Introduction

Let K be a field and G be a finite group which acts on the rational function field
K(x(g) : § € G) by K-automorphisms defined by g - x(h) = x(gh) for any g,h € G.
Noether’s problem then asks whether the fixed field K(G) = K(x(g) : ¢ € G)C is rational
(=purely transcendental) over K. It is related to the inverse Galois problem, to the existence
of generic G-Galois extensions over k, and to the existence of versal G-torsors over k-rational
field extensions (see [1,2] and ([3], 33.1, p. 86)). Noether’s problem for abelian groups was
studied extensively by Swan, Voskresenskii, Endo, Miyata and Lenstra, etc. Fischer’s
theorem is a starting point for investigating Noether’s problem for finite abelian groups
in general.

Theorem 1 (Fischer ([2], Theorem 6.1)). Let G be a finite abelian group of exponent e. Assume
that (i) either char K = 0 or char K > 0 with char K { e, and (ii) K contains a primitive e-th root of
unity. Then, K(G) is rational over K.

Swan’s paper [2] also gives a survey of many results related to Noether’s problem
for abelian groups. It is considered that, although not completely, Noether’s problem for
abelian groups is largely solved. On the other hand, the systematic study of Noether’s
problem for non-abelian groups is a more difficult process, and it is far from complete.
Typically, each group is investigated individually and the answer depends on the generators
and relations in the group. Naturally, the next stage is the investigation of Noether’s
problem for metabelian groups.

Our goal is to find the answer for a special class of metabelian groups. Namely, we
consider p-groups G, having an abelian normal subgroup of index p, under the condition
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GF = {g" : g € G} < Z(G)—the center of G. Since there is no known classification of these
groups, we also prove several classification theorems. This is a very large class of groups.
For example, all non-abelian groups of orders p> and p* are of this type. The reader can use
James'’ classification [4] to see which groups of orders p° and p® are also of this type.

Let us proceed with a short summary of the known results for metabelian groups
related to the groups we are going to discuss. Saltman [5] found examples of metabelian
groups G of order p? such that C(V)C is not stably rational over C. His main method was
an application of the unramified cohomology group H2,(C(V)®,Q/Z) as an obstruction.
Bogomolov [6] proved that H2,(C(V)®,Q/Z) is canonically isomorphic to

By(G) = [ ker{resd : H*(G,Q/Z) — H*(A,Q/Z)}
A

where A runs over all the bicyclic subgroups of G (a group A is called bicyclic if A is either
a cyclic group or a direct product of two cyclic groups). The group By(G) is a subgroup of
the Schur multiplier H?(G, Q/Z), and Kunyavskii [7] called it the Bogomolov multiplier of G.
Thus, the vanishing of the Bogomolov multiplier is an obstruction to Noether’s problem.
It is worth mentioning that the vanishing of the Bogomolov multiplier is not a sufficient
condition for the positive answer to Noether’s problem, as is shown in [8].

Definition 1. We say that G is an AEC group if G has an abelian normal subgroup H such that
the quotient group G/ H is cyclic, or equivalently, G is an abelian extension of a cyclic group; i.e.,
we have the exact sequence 1l - H — G — C,, — 1 for some cyclic group Cy,.

Bogomolov ([6], Lemma 4.9) proved that if G is an AEC group, then By(G) = 0. On
the other hand, Noether’s problem for such groups is still far from being solved. However,
a number of partial results have been obtained recently. We list several of them.

Theorem 2 (Kang [9], Theorem 1.5). Let G be a metacyclic p-group with exponent p*, and let K
be any field such that (i) char K = p, or (ii) char K # p and K contains a primitive p°-th root of
unity. Then, K(G) is rational over K.

Theorem 3 (Haeuslein [10]). Let K be a field and G be a finite group. Assume that (i) G contains
an abelian normal subgroup H so that G/H is cyclic of prime order p, (ii) Z[C,] is a unique
factorization domain, and (iii) {pe € K where e is the exponent of G. If G — GL(V) is any
finite-dimensional linear representation of G over K, then K(V)© is rational over K.

Theorem 4 (Hajja [11]). Let K be a field and G be a finite group. Assume that (i) G contains an
abelian normal subgroup H so that G/ H is cyclic of order n, (ii) Z[(4] is a unique factorization
domain, and (iii) K is algebraically closed with charK = 0. If G — GL(V') is any finite-dimensional
linear representation of G over K, then K(V)© is rational over K.

Theorem 5 ([12], Theorem 1.4). Let K be a field and G be a finite group. Assume that (i) G
contains an abelian normal subgroup H so that G/ H is cyclic of order n, (ii) Z[(,] is a unique
factorization domain, and (iii) {, € K where e is the exponent of G. If G — GL(V) is any
finite-dimensional linear representation of G over K, then K(V)G is rational over K.

Note that those integers n for which Z[{,] is a unique factorization domain are deter-
mined by Masley and Montgomery.
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Theorem 6 (Masley and Montgomery [13]). Z[(,] is a unique factorization domain if
and only if 1 < n < 22, or n = 24,25,26,27,28,30,32,33, 34,35, 36, 38,40, 42,45, 48,
50, 54, 60, 66,70, 84, 90.

Therefore, Theorem 5 holds only for primes p such that 1 < p < 19. Recently, the first
author of the present paper gave a positive answer to Noether’s problem for a specific class
of AEC p-groups.

Theorem 7 (Michailov [14], Theorem 1.8). Let G be a group of order p" for n > 2 with an
abelian subgroup H of order p"~', and let G be of exponent p°. Choose any « € G such that a
generates G/H, i.e., « ¢ H,aP € H. Denote H(p) = {h € H: h? = 1,h ¢ HP}, and assume
that [H(p), ] C H(p) U{1}. Denote by G(; = [G, G(j_1)] the lower central series for i > 1 and
G(o) = G. Let the p-th lower central subgroup G, be trivial. Assume that (i) char K = p > 0, or
(ii) char K # p and K contains a primitive p°-th root of unity. Then K(G) is rational over K.

In the main result of this paper we will show that the condition [H(p),«] C H(p) U {1}
can be dropped. More generally, in Section 4 we prove the following.

Theorem 8. For any prime p, let G be an AEC p-group such that G¥ = {g¥ : ¢ € G} < Z(G).
Denote by p° the exponent of G. Assume that (i) char K = p > 0, or (ii) char K # p and K contains
a primitive p~th root of unity. Then, K(G) is rational over K.

The main idea to prove our results is to find a faithful G-subspace W of the regular
representation space Py K - x(g) and to show that WG is rational over K. The subspace
W is obtained as an induced representation from H. Then, by various linearization methods,
we reduce the problem to verifying some combinatorial identities.

In order to find a suitable faithful G-subspace W, we need a ‘rough’ classification of
all p-groups G = (H, «), where H is a normal abelian subgroup and a” € H, under the
assumption that the p-th lower central series G,y is trivial, or equivalently (according to
Lemma 3), G? < Z(G). This classification is performed in Section 2.

Standing notations. Let us introduce some notations which will be used henceforth:

The cyclic group of order n we denote by C,.

The subgroups G(g) = G and G(;) = [G, G(;_1)] for i > 1 are called the lower central
series of G.

G = (H,w), where H is an abelian normal subgroup of G and " € H.

HY ={h? :h € H}.

H(p)={he H:h" =1,h ¢ HF}.

Z(p)={heH:hW =1h¢ H(p)}.

For any B € H, define Ng(B) = (¢ *pa* : 0 < x < p — 1), the normalizer of (B) in G.

2. On the Classification of AEC p-Groups

Bender determined in an old paper [15] some basic formulas and properties concerning
the p-groups G, having an abelian normal subgroup H of index p. We have not been made
aware of a more thorough examination of these groups since then. Our goal in this section is
to make a characterization of this class of p-groups with the additional condition G(,) = {1}.
This is achieved in terms of the ways in which we can decompose H into a direct product
of groups that are either normal in G or normal modulo Z(p).

As is well known, every abelian group decomposes as a direct product of cyclic groups.
The problem is that not every one of them is normal in G. Thus, our goal turns out to
be a description of the possible normalizers of these cyclic groups in G. Although this
characterization is not a strict classification in terms of generators and relations, it still
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provides, in our view, enough information both for clarifying the structure of these groups
from a group-theoretic point of view, and for solving Noether’s problem.

Let us also point out that some results describing the normalizers up to isomorphism
are given in papers [14,16]. However, these results hold under some restrictive assumptions
such as [H(p),a] C H(p) U {1} from [14]. In this paper, we are going to assume no
additional restrictions, except G(,) = {1}. We begin with two Lemmas, which will give us
the tools we will need to calculate the normalizers and replace the initial generators of H
with ‘better” ones. Note that in the statements, we do not assume that G(,) = {1}

Lemma 1. Let p be a prime, let n > 2, and let G be a group of order p" with a normal abelian
subgroup H of order p™ 1. Then, the commutator chains are subject to the following conditions:

(1) Forany By € H,B1 & Z(G), there exist B, ..., B € H for some k > 2 such that [B;, ] =
Bjy1, where1 < j <k —1and By # 1is central. We call k the length of the commutator
chain, starting with B.

(2)  The normalizer Ng(B1) is generated by By, Ba, ..., Bx. Moreover, if G,y = {1}, then
B2, ..., By are independent, and ,Bg =...= ﬁi =1 Ifﬁ’f =1, then B1, B2, ..., Bx are
also independent.

Proof. (1) Since G is nilpotent, there exist f», ..., Bx € H for some k > 2 such that [ﬁj, a] =
Bj+1, where 1 <j <k —1and i # 1is central.

(2) We have By = [B1,a] = a %8 a’ - a7 1810 € Ng(B1), and forany x : 3 < x <k,
we make the inductive assumption that 8,1 = [B1,&* 2Jhforh € (a VB1a¥ : 0 <y <
x —3) < Ng(B1). In the following computations, we are going to use the well-known
commutator identities about multiplication rules and inverse elements, and the fact that
H is abelian. More specifically, we use the rules [x,zy] = [x,y][x, z][[x, z],y] and [xz,y] =
[x,y][[x,y],z][z, y]. Clearly, when x,z € H, the latter rule becomes [xz,y] = [x, y][z,y].

First, we have [B1,a* '] = [B1,&][B1, % 2][[B1, &% 2],a]. Further, [[B1,a" 2], 4]
[Broth™1a] = Be[hY,a] = [B1, ¥ Y[B1,«* 2] 1[B1,a]!. Hence, we can find By =
[B1,a 11 € Ng(B1), where hy = [B1,a¥ %] [Br,a] '[ha] € (@ ¥1a¥ : 0 < y <
x —2) < Ng(B1)- Since Ng(B1) is the minimal normal subgroup of G containing 1, we

obtain NG(,Bl) - <ﬁ1/ cee /:Bk>'
From [}, ] = Bj;1, it follows the well-known formula

- DB . gL
o pﬁlﬂép — ‘31,321 32 ...lgpr’ 1 :Bp+1/
where we put fiy1 = --- = Bpy1 = 1. Since a” is in H, we obtain the formula

D

p p (
By By i =1

Hence, (B - H;-‘=3 [3;’ )P = 1 for some integers a;. It is not hard to see that this identity is

impossible if the order of B, is greater than p. Indeed, from ﬁg = H;-‘::;) ﬁ;aj P it follows that

koo
g5 =185, =18,

j=4

ko
L=185a =118, ",
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Bl =B ol =[8,"""" 4l =1.

Therefore, ,Bi = ﬁ,’:_l =...= [33 = ﬁz =1

Next, if we suppose that 5, ..., By are dependent, then H — ,Ba’ = 1, where at least
two a; # 0 (mod ord(B;) = p). Denote £/ = min{i : a; # 0 (mod p)}. From ged(ay, p) =
1, it follows that we can find b, : a;by =1 (mod p), so we can express fy = H?:Hl ,Blc" for
some 0 < ¢; < p —1 and at least one ¢; # 0. Then, we have

k
Besr = [Boal = T1 B,
=012
k
Bevz = [Berra) = [T B2
=013

(1)
Bi1 = [Braa] =g Y,
Br = [Brra] = 1B, a] =1,

which is a contradiction.

Finally, assume that [31 = 1and By, ,32, ..., By are dependent. From the above ar-
gument, Bo,..., By are independent, so H 1,8”’ lfora; #0 (mod p) and at least
one more 4; ;é 0 (mod p), where i # 1. Now, we can express f; = [[* _, B;, for some
0 <¢; < p—1and atleast one c; # 0. Then, we can apply Equation (1) for / = 1 to obtain
a contradiction. [

Lemma 2. Let p be a prime, let n > 2, and let G be a group of order p" with a normal abelian

subgroup H of order p"~1. Then, the normalizers are subject to the following conditions:

(1) Ne(B1) = No(B)) for B € N (Br) if and only if By = 15y B3 for some integers x;,
where gcd(xl, p) =1

(2) Let B = TIt_, B} for some integers x;, such that ged(x;,, p) = 1, where iy = min{i :
x; # 0}. Then, B appears in a commutator chain starting with a generator p}; i.e.,
there exist By, - -+, B; = P such that [Bj,a] = Bi , for 1 < j <ip—1< k-1, and

Ng(B1) = Ng(BY). In particular, if B5 = 1, then every element B € (B, ..., Br) appears
in a commutator chain starting with a generator B} such that Ng(B1) = Ng(B)).

Proof. (1) Let B = Hi‘zl B:' for some integers x;, where ged(x1, p) = 1. From (2), it follows
that Ng(B1) > Ng(B]). On the other hand,

k k
(B a] = H[ﬁi/ ] = Hﬁfl;l € Ng(B),
[B), &) = [, a] By, ] [[B, a], & H/Sx’ L) =

k
[18* (mod Ng(B)) i]—[ﬁx’ * € NG (B1),

i=3

[:B/lr"‘ki ﬁk 1 iz (mod NG(.B/1)> ﬁk 1 k 6NG(,31>/
[B1, "] = Bi'  (mod Ng(B))) = B;' € No(B))-
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Since ged(xq,p) = 1, from the above equations, we can express consecutively B €
Ng(B}), Bx—1 € Nc(BY),---,B1 € Ng(B7). Therefore, NG(ﬁ1) < Ng(BY)-

Conversely, if Ng(B1) = Ng(B), we have g} = [IF 1‘Bxl and B, = [I¥ 1[3% for
Bi.1 = B}, «] and some integers x;, y;. Therefore, B = p;"¥' ] I, 87 T, ,Blyl, which is
possible only if x1y; =1 (mod ord(ﬁl)) and hence, gcd(xl, p) =1

(2) We can write § = ]—L 10‘3 i ]—L 10[‘81’ &) = [Hl io ,Bll 1-a]. Put /310 | =
H, io ,Bl’ 1, SO [,Bgofl, a) = B. If ip = 2, then Ng(B1) = Ng(B)) (accordmg to (3)) and
[B1,a] = B. Ifip > 2, then B | = [B] 5, a] for B , = [T i, Bio- Itis clear now that
proceeding in this way, we will obtain at the end a generator ) such that Ng(B1) = Nc(B})
and [B},a] = pj,q for1 < j<ip—1landp; =p.

Finally, if B;, = 1, then from [ﬁf ol = ,BP it follows that B = - -+ = B} = 1. Clearly,
every non-trivial element 8 € (By, ..., Bi) can be written as f = [T%_, B;' for some integers
xj, such that ged(x;, p) =1. O

In the following Lemma, we show that for AEC p-groups G, the condition G(,,) = {1}
is equivalent to G* < Z(G).

Lemma 3. For any prime p, G is an AEC p group with GV < Z(G), if and only if G has an
abelian normal subgroup H of index p with G(,) = {1}.

Proof. First, assume that G is an AEC p-group with G¥ < Z(G). Let G be an H extension
of a cyclic group («). Therefore, H = (H, a) is abelian, and the index of H in G is p. Now,
suppose that G(,y # {1}. Then, we can assume that there exist By, ..., Bp11 € H such that
[Bj,a] = Bj+1, where 1 <j<pandpB,1 # 1. From the identity

_ Py (P ()
W PBaf = BB B BV By,

it follows that
(G
,521 183 ﬁ ﬁp—&-l =1

Hence, $; will have an order greater than p. Indeed, if we suppose that ,BS =1,
then from the commutator rules, it follows that ,Bg =.. ,Bz = 1,80 Bpi1 = 1, which is
a contradiction. Therefore, §, has an order greater than p. On the other hand, from the
condition H? < Z(G), it follows that B! = a~1gla = (B182)?, and hence, g5 = 1, which is
a contradiction. Therefore, G, = {1}.

Now, assume that G has an abelian normal subgroup H of index p, G = (H,a : af €

H) and G(,,) = {1}. Let f; be any non-central element of H. Since G,y = {1}, there exist
Ba, - ,Bk 6 H for some k : 2 < k < p such that [,B], al = ﬁ]H, where1 < j <k—1and
Bi # 1is central. From Lemma 1(2), we know that ﬁk = [Sk 1= = [35 = ,Bg = 1. Then,
from [By,a] = By, it follows that [B],a] = 5 = 1,i.e., B} € Z(G). Since B; was arbitrary
element of H, we obtain G < Z(G). O

Next, we are going to consider the special case when H is an elementary abelian group.
In this case, we can completely determine the decomposition of H into a direct product of
groups which are normal in G. This is enough to solve Noether’s problem by constructing
the induced representation from each direct factor.

Theorem 9. Let p be prime, let n > 2, and let G be a group of order p" with an abelian normal
subgroup H ~ (Cp)" 1, the elementary abelian group of order p"~. Then, H is subject to the
following conditions:



Mathematics 2025, 13, 56

7 of 19

(1)  There exist elements y1,...,7vs € H (for somes < n —1) such that H ~ Ng(7y1) X - -+ X
NG (7s);

(2) Foranyi:1 <i <s,either Ng(v;) = (i) < Z(G), or there exists kj : 2 < k; < p
such that Ng(7v;) ~ (Cp)%, and independent generators By, ..., Bix, € Ng(7i), such that
Bit = i, [Bij &) = Bijy1 for 1 < j < k; —1and By, is central in G.

Proof. First, let us decompose H as a direct product of cyclic groups: H = (1) x -+ - X
(Yn—1). Observe that for any 7, (7;) ~ Cp is normal in G if and only if +; is central in
G. Indeed, if (7;) is normal in G, then a~!v;a = 7 for some x : ged(x,p) = 1. Then,
o PyiaP = 'yf‘p = 77 by Fermat'’s little theorem. Since a? is in H, 7 = 7;.

Next, let us see that there exists a generator, say 71, such that v ¢ [H, a]. Indeed, if we
suppose that y; € [H, a] for all i, from the commutation rule [a, «|[b, a] = [ab, a], we obtain
that any element y = []; 7" € Hisin [H, a]. But then, we will obtain infinite commutator
series [rx]-+1,rx] =aj,01 =171, j=1,2,..., which is a contradiction, since G being a p-group
is nilpotent.

If all elements of H are central, then G is abelianand s = n — 1. Now, foranyi: 1 <i <
n — 1 such that +; is not central in G, put B;; = ;. Since H is of exponent p, from Lemma
3, it follows that G(,) = {1}. According to Lemma 1(2), we have Ng(7:) = (Bi1, - -, Bix;)
where [B;;, a] = Bij 1, for 1 <j <k; —1 < p—1. Wealso have that B, # 11is central and
Bit, - - -, Bik, are independent generators of Ng (7).

Next, without loss of generality, we may assume that 1 has the maximal length of the
commutator chain, i.e., ky > kjfor2 <j<n—1. Put 1 = B11 = 711,82 = P12, -, Br, =
Bik,- According to Lemma 1(2), the elements B4, ..., B, are independent generators of
Ng(71)- If ki < n —1, then there exists another generator, say 72 ¢ Ng(71). We can
also assume that <y, is not central; otherwise, H = Ng(71) X {72) X -+ X () and the
process is completed. Put By, 11 = B21 = 72, By+2 = B22/- -+, Brj+k, = Pox,- Again, the
elements By, 1, ..., Bk, +k, are independent generators of N (2). However, it is possible
that By, 1, ..., Bk, +k, are dependent modulo Ng (1), i-e., Hfs{kz ,Bf’ =1forx;:0<x <
p — 1 such that x;; # 0,xj, # 0 for some ig, jo : 1 < ip < ky, k1 +1 < jo < k1 + k. If we
suppose that x;, # 0 for some j; # jo, k1 +1 < j1 < k1 + k2, we will obtain a contradiction.
Indeed, denote H = H/Ng(7v1) and G = G/Ng(71). Then, H = H/Ng (1) is again the
elementary abelian p-group and the index of H in G is p. So, we can apply Lemma 1(2) again

and see that the images of Bry+1s- -+ Bry+k, IN H must be independent, which is impossible,
kq+ky

since we have that the image of Hi:kl I

1 # jork1 +1 < j1 <ky+ka.

Thus, the only possibility is that there exists /> < kp such that B, 11,..., Bx,4+0,—1 &
Ng(71), but Br,1¢, € Ng(71). According to Lemma 2 (2), By, = Pi,+¢, appears in a
commutator chain starting with a generator | such that Ng(v1) = Ng(7}); i.e., there
exist B1;,..., By, € Ng(77), such that B}, = 7}, [ﬁﬁj,a} = [S’UH forl1 <j</{ —1land
,B’Ml = Py, for some /1 < kq. Notice that k; — 1 = ka — {2, because after ,, the two
commutator chains coincide. Since we assumed that k; > kp, we obtain ¢1 > /5. Define
Yy = /3’1211_52“72 and By, = 75, [/3’2]-, a] = ﬁ’sz for1 <j < ¢, — 1. Therefore, By, =1,
and it is not hard to see that By, ..., Bx,, ,8’21, eeey ﬁ’z ¢,—1 are independent generators of the
whole subgroup Ng(71)Ng(73). Indeed, By, 1., B1y, € No(11) = Ng(77) and
Y2 = Pats - Bat-1 = Pryrt,-1 & No(11)-

If k1 + ¢, — 1 < n — 1, then there exists another generator, say v3 ¢ Ng(71)Ng(75),
and we may proceed in a similar manner until we finish the generators of H. We are going to

B;' is the identity, where xj, # 0,x;, # 0 for some

see that this process will give us the decomposition H = N (1) X Ng(75) x - -+ x Ng(v:)
for some independent generators 71, 'yé, ..., 7% of direct cyclic factors.
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Assume that we performed the replacement of the generators 5, . ..,y with 'yé, s, 'y;
for some t : 2 < t < s, so that the generators /31]-, ﬁgj are independent, where /3;1 =
v [ ;-]-, a] = :B;j+1 for1 <j</{;—1,2 <i<t. Wehave just shown how to accomplish this
for t = 2. Next, we are going to accomplish this for the (f 4 1)-th generator.

Let y141 € Ng(71)Ng(75) - - - N (7;) be a generator such that its commutator chain is

Ixij

dependent modulo Ng(71)Ng(753) - - - Ng(7}). Equivalently, we can write [T;_, ] 1B

kt“ ﬁtff]] € Ng(71) for some xi11j, # 0, where Bri11 = Yey1, Brr1j+1 = [Brvajoal-
If we suppose that x; 1, # 0 and x;q;, # 0 for some 1 < jo < j1 < kiyp, we
will obtain a contradiction with Lemma 1(2), if we consider the images of B;,1; in
H/Ng(71)Ng(75) - - - Ng(71). Thus, the only possibility is that there exists ;11 < k¢yq
such that B;y1; ¢ Ng(71)Ng(73) - Ng(t) for 1 < j < 4pyq — 1, but By,
BIT; 2H] 1ﬁy”/Whefeﬁ € Ng(m)and 0 <y;; <p—1

Now, we show that we can replace the generator ;1 in order to obtain f =

Indeed, if B # 1, according to Lemma 2 (2), B appears in a commutator chain starting
with a generator /' such that Ng(y1) = Ng(7{); i.e., there exist ,8’1’1, e /1/6’1 € Neg()),
such that i = 77, [B],a] = PBjyy for 1 < j < ¢ —1and 14’ = PB for some
¢} < kq. Notice that ky — ] < ki1 — £441. (Here, we might have an 1nequality, when

Britti vk, £ Z(G).) Since we assumed that k1 > k1, we obtain ¢] > {;1. De-

: / "—1 / — A/ / — nl ;
fine 7, = /31g/ gr+1+1’7t+1r and B 11 = Vi1 By a] = Brygjya forl <j <l -1

Therefore, B ty = ITia H] . lg’y i

Similarly, if we suppose that v = ] 1 ﬁ Vi # 1 and ¢, is the maximal length of
the commutator chains of the new generators, we can replace the generator ;,; in
order to obtain v = 1. To perform this replacement, we use a suitable element from
Ng(75), so there is no danger of bringing back the elements from Ng(71). We can

continue this process until we obtain a generator 'yt(i_ll) such that IBET&EH = 1 and
t—1 t=1) p(t-1) t—1 .
ﬁi(erll) = 'Vt(+1 ’[‘BE+1] af = /3£+1]2rl ¢ NG(%)NG(%) ‘Ne(7p) for 1 < j < g =2

In this way, we have found a generator 'yt +1 §é Ng(711)Ng(75) - - - Ng(7}) such that its
commutator chain is independent modulo Ng(v1)Ng(75) - - - Ng(7}). The process is com-
plete. O

We can summarize the latter theorem into the following table:

H Direct normal factors H
<'7i> = Cp < Z(G)
Ng(7i) ~ (Cp)ki

In the following theorem, we find a decomposition of an arbitrary abelian group H as
a direct product of subgroups that are either normal or normal mod Z(p) in G.

Theorem 10. Lef p be prime and let G be a group of order p™ for n > 2 with an abelian normal
subgroup H of order p"~1. Choose any a € G such that a generates G/H, i.e., a ¢ H,a? € H.
Assume also that the p-th lower central subgroup G,y is trivial. Then, there exist elements
«1,...,0s € H such that the following conditions are satisfied:

(i) H = Ng(ay)---Ng(as); i.e., H is a product (not necessarily direct) of the normalizers of
N1,..., K.

(i) H = (ag) X --- X {as) X --- x (a) for some r > s. Denote ord(aj) = p” for 1 <j <r.

(iti) Foranyi:1<i<s, ifa;isin Z(G), then Ng(a;) = (w;); if a; is not in Z(G), then there
exist k; : 2 < k; < p and generators a;1, ..., a;, € Ng(a;), such that a;y = w;, [aj, 0] =
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wjjr1 for 1 < j < k; — 1, ay, is in the center Z(G). Moreover, if a; is not in Z(G), then
(wig, -, tjk,—1) < H(p) and app, . . ., ayy, are independent.

(iv) Foranyj:1 < j < ssuchthatap € H(p), put 7 = (zsz,...,ocjkj>, if ajk; € H(p);
M = (wjp, .., 1), if ap, & H(p); Hj = (wj, ). Foranyj:1 < j < s such
that ap ¢ H(p), put H; = (a;). Then, H o~ Hy x -+ x Hs. Moreover, if aj. € H(p),
then H; = Ng(aj) ~ Cpij X (Cp)kjfl_normul in G; if aj,. & H(p) then H; ~ Cpj X
(Cp)kffz—normal mod Z(p) in G, where2 < k;j < p.

Proof. If H? = {1}; i.e., H is a direct product of cyclic groups of order p, we can apply
Theorem 9. Henceforth, we assume that there is a generator of H of order p? fora > 1.
If H(p) = @, i.e,, any generator «; is of order p® for a; > 1, then clearly, #; = (a;) for
1 < j < r, and all conditions are satisfied. Henceforth, we also assume that there is a
generator of H of order p.

Step 1. In this step, we are going to show that there exist ay,..., a5 € H such that
conditions (i)-(iii) are satisfied. First, let us decompose H as a direct product of cyclic
groups: H = (aq) x - - - x (a,). If all generators of H are central in G, then G is abelian and
our theorem is obvious. So, we will assume that there exists at least one generator which
is not central. For any i : 1 < i < r such that «; is not central in G, define a;; = «;. Since
G(p) = {1}, there exist ajp, ..., aj, € H for some k; : 2 < k; < p such that [w;;, a] = a;j11,
where 1 < j < k; — 1 and aj, # 1is central. According to Lemma 1(2), ajp, ..., a;, are
independent generators of order p. According to Lemma 3, H? < Z(G), so if aj; is not in
Z(G), then (ap, ..., ap,—1) < H(p);if ajp = 1;i.e, a;1 isin Z(G), then Ng(a;) = (a;).

Next, among all generators of H, we can choose a subset of generators that have the
maximal length k; of their commutator chain. If there is more than one generator in this
chosen set, we choose a generator with the smallest order. Denote this generator by a;.
Thus, we have k; > k; foralli: 1 <i <randord(a;) < ord(«;) for all i such that k; = k;.

Similarly, if H # Ng(«1), we may choose generators o; € H\ Ng(a71) - - - Ng(a;_1),
for 2 <i < s < r (after eventual renumbering), such that H = Ng(a1)Ng(a2) - - - Ng(as).
Therefore, conditions (i) — (iii) are satisfied.

Step II. In this step, we are going to show that there exist new generators a}, ..., a, € H
such that 54 N (J4 - -- ) = {1}, where J¢/ corresponds to .7 for a!. In light of the
above considerations, we may assume that ky > kp > --- > ks > land if k; = kj for
some i < j, then ord(a;) < ord(a;). We can also assume that a; is not central; otherwise,
all the remaining generators are also central (because of ky = kp = --- = ks = 1), so
H = Hqy x Hy X --- x Hs, where H; = (a;), r = s and the process is completed.

According to (iii), the elements ajp, a;3, - - - € % are independent generators of Ng(«;)
for 1 <i < s. However, it is possible that a1, a2, . . ., &y, are dependent modulo Ng(aq),
ie., ;‘2:1 Dé;; € Ng(ar) \ {1} for x; : 0 < x; < p — 1. If we suppose that x;, # 0and x;, # 0
for some 1 < jy < j; < ky, we will obtain a contradiction with Lemma 1(2), if we consider
the images of a,; in H/Ng(«a1). Thus, the only possibility is that there exists £, < kj such
that ayp, € Ng(aq) \ {1}, and if £, > 1, then apy, ..., app, 1 & Ng(a1) \ {1}

We can write ayy, = By, where g € 7 and y € (txfarl ). According to Lemma 2(2), B
appears in a commutator chain starting with a generator «} such that Ng (1) = Ng(a});
i.e., there exist a], . ..,Dé/wl € Ng(a)), such that a}; = «f, ["‘/1]‘/ a] = “/1j+1 for1<j<t-1
and «) o4 = B for some ¢1 < ki. Notice that ky — {1 = kp — {5, because after §, the two
commutator chains coincide. Since we assumed that k; > kp, we obtain ¢1 > /5. Define
b = “/1;11—62““2 and o}, = af, [oc’zj,a} = tx’sz for1 < j < ¢, — 1. Therefore, “/Mz = 7, and
if we define .7 in the same way as /4 for the new generator «), then /4 N 7 = {1}.
Notice also that if /1 = ¢,, then a, = tx’flucz and ord(a}) = ord(ay), since we assumed that
ord(a}) = ord(aq) < ord(az). This means that the change of the generator a, with &/ is
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‘valid’, in the sense that both (1) and («/) remain direct factors in the decomposition of H

as a direct product of cyclic groups.

If there exists another generator, say a3 ¢ Ng(a1)Ng(a5), we may proceed in a similar
manner. Namely, suppose that for some t > 2, there exist generators oc’z, ..., o} such that
aly = af, [agj,oc] = ‘x;j—s-l and {0(;]- 01 <j< ¢ —-1,2 <i<t} are generators of H with
the property that for 7 = Ng(a}) NH(p),2 <i < t, thens4 N (4 ---4]) = {1}. We
proved this assertion for t = 2, and we will show that it holds for t + 1.

Assume that a;,1 ¢ Ng(a1)Ng(ab) -+ Ng(a}) and [T¢ 21—[] i1 ;x” _ijt+11 (xtff]’ €
Ng(a1) \ {1}. If we suppose that x;,1j, # 0and x;,1j, # 0 for some 1 < jo < j1 < ki1,
we will obtain a contradiction with Lemma 1(2), if we consider the images of a;,1; in

H/Ng(a1)Ng(a5) - - - Ng(a;). Thus, the only possibility is that there exists £;11 < kiyq

such that a1y, = By 1Tt 21_[] 1 lxy”, where B € J4,v € <¢x1 ) ) and if ¢;,1 > 1, then
the elements a; 11, ..., & 14,1 are not in Ng(a1)Ng(a) - - - Ng(a}).

According to Lemma 2(2), appears in a commutator chain starting with a gener-
ator «f such that Ng(a1) = Ng(af); i.e., there exist af),..., “/1/6’ € Ng(af), such that
afy = af, [0, a] = afj; for 1 < j < (3 —1and a] [, = B for some ¢} < ki. Notice that
ki — 4} < ki1 — lp41. (Here, we might have an mequahty, when a; | la i —t, ¢ Z(G).)

-1
16— ZH—l 1441

! _ / / _ ! : —
and ;= apq, [uct+1j,uc] = i forl < j < {11 —1 Therefore, at+1£t+l =

Since we assumed that k; > k1, we obtain ¢} > /;;q. Define "‘t+1 =

s Hfi:_ll Z]yij € Ng(ap) - - - Ng(at), and using the inductive assumption, we obtain that
AN (A - A ) = {1}

We can continue this process until we finish the generators of H. Thus, we will obtain
finally that H = Ng(a1)Ng(az) - - - Ng(as) for some new generators denoted again by
gy, ..., s of direct cyclic factors such that s4 N (74 - - - %) = {1}.

Step III. We apply Step II consecutively for Ng(a2) - - - Ng(as), Ng(a3) - - - Ng(as), ...,
Ng (s ). In this way, we obtain new generators, denoted again by a7, . .., a, of direct cyclic
factors such that 7 N (41 --- %) = {1} for 1 <i < s — 1. This implies that

AN =11}, for1<i<s. )
j#i

Finally, for 1 <j <, such thataj € H(p), put Hi= (zxj, %’j) Foranyj:1<j<s
such that wjp ¢ H(p), put H; = (aj). As we pointed out in Step II, each time we replace
a generator with a new one, there is a one-to-one correspondence between the original
decomposition of H as a direct product of cyclic groups and the new one. Then, from
(2), it follows that H ~ H; X --- X Hs. Moreover, if @jk; € H(p), then Hj = NG(zxj) ~
Cpu]- X (Cp)kj—l_normal in G; if aj, ¢ H(p), then H; =~ Cpuj X (Cp)kj—Z_normal mod

Z(p)inG. O

As a straightforward application of Theorem 10(iv), we obtain the following;:

Corollary 1. Let G be a group of the type described in Theorem 10. Put H = H/Z(p) and

G = G/Z(p). Then, H ~ Hy x --- x H;, where each H; = Ng(;) is normal in G and is

isomorphic to one of the following types:

i) Hj=(xj) ~ Cpbf fora; € Z(G) and b; > 1.

(ii) Hj~ Ng(&;) ~C S X (Cp)kf ~Lis the group generated by some element &, and its com-
mutator chain [& &Xj, ] =y, where1 < j < k/- — 1. Moreover, as, ..., &, are independent
generators of order p.
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3. Generalities

We list several results which will be used in the sequel.

Theorem 11 ([17], Theorem 1). Let G be a finite group acting on L(x1,...,Xy), the rational
function field of m variables over a field L such that
(i) foranyo € G,o(L) C L;
(ii)  the restriction of the action of G to L is faithful;
(iii) foranyo € G,
o(x1) x
=A(0)| : | +B(o)
o(xm) X
where A(c) € GLy,(L) and B(0) is m x 1 matrix over L. Then, there exist zq,...,2m €
L(x1,...,%m)s0that L(x1, ..., xu)¢ = LC(z1,...,21) and 0(z;) = z; forany o € G, any
1<i<m.

Theorem 12 ([18], Theorem 3.1). Let G be a finite group acting on L(x), the rational function
field of one variable over a field L. Assume that, for any o € G,o(L) C Land o(x) = agx + b,
forany ay, by € L with ay # 0. Then, L(x)® = L% (z) for some z € L[x].

Theorem 13 (Kuniyoshi [19], Theorem 1.7). If charK = p > 0 and G is a finite p-group, then
K(G) is rational over K.

The following Lemma can be extracted from some proofs in [20,21].

Lemma 4. Let (T) be a cyclic group of order n > 1, acting on K(v4,...,v,_1), the rational
function field of n — 1 variables over a field K such that

T @ 00— U (01 Up_1) L 01

If K contains a primitive nth root of unity ¢, then K(v1,...,v,-1) = K(s1,...,5,_1), where
T:si»—>§isif071§i§n—1.

Moreover, in [14], we generalized Kang’s argument from ([21], Case 5, Step 1I), obtain-
ing the following:

Lemma 5. Let k > 1, let p be any prime, and let (x) be a cyclic group of order p, acting on
K(y1i,y2i - Yki = 1 < i < p —1), the rational function field of k(p — 1) variables over a field K
such that

& cyp ey == Y= Wl Y1) T fori<j<k

Assume that K(v1;,vp;...,05 0 1 <i < p—1) = K(y1j,¥2i-- - Ypi : 1 <i < p-—1),
where forany j: 1 < j < kand foranyi:1 <i < p —1, the variable v;j; is a monomial in the
variables yy;, Yo; - - - , Yxi- Assume also that the action of « on K(vy;,vp;..., 05 : 1 <i<p—1)is
given by

. -1 _p-2 2 -1
w 1vj Ujlvfz, Vjp F V3 e D > A (U]«lvfz v]’.g . 'Ujp—l) ,

forl <j <k,
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where Aj is some monomial in vy, . .. ,vj_ll-for 2 <j<kand A1 = 1. If K contains a primitive
p-th root of unity , then K(vq;,vp;i ..., 05 : 1 <i<p—1)=K(s1;,80;-..,5,: 1 <i<p—1)
whereoc:sﬁ »—>§is]-l-for1 <j<kl1<i<p-1

4. Proof of Theorem 8

The key idea is to find a faithful G-subspace W of the regular representation space
@gec K- x(g) and to show that WG is rational over K. The subspace W is obtained as an
induced representation from H. Then, by various linearization methods given in Section 3,
we reduce the problem to verifying some combinatorial identities.

If char K = p > 0, we can apply Theorem 13. Therefore, we will assume that char
K # p. Let V be a K-vector space whose dual space V* is defined as V* = @4 K- x(g)
where G acts on V* by - x(g) = x(hg) for any h,¢ € G. Thus, K(V)® = K(x(g) : g €
G)¢ = K(G).

Case I. Here, we assume that H is not the elementary abelian group; i.e., it has some
generators «; of order p% fora; > 1,1 <i < k. We are going to use the description of such
groups given in Theorem 10. In particular, we assume that H = (a3) X - -+ X {(a,).

Step L1. Define X1, X5,..., X, € V* by

Xj = ) x(Haf’), for1 <j<r0</{ <ord(a;)—1.

er---rgl’ l?é]

Note that a; - Xj = Xj for j # i. Let {,; € K be a primitive p®-th root of unity for
1 <i <k, and let { be a primitive p-th root of unity. Define Y1,Y>,...,Y; € V* by

pii-1 p—1
Yi= ) Ll X, Yj=) "X
m=0 m=0

forl<i<kandk+1<j<r.
It follows that

o ZYngpuiYi, Y]'—>Y], forj;éiandlgigk
aj 1 Yj =LY, Yi= Y, fori#jandk+1<j<r

Thus, U = @1<j<, K- Y] is a faithful representation space of the subgroup H.

Next, define Xji = ocl-Yj for1 <j<r,0<i<p-—1 Then W= @j,inj,» C V*is
the induced representation of G obtained from H. Denote by Z(p) = (a " o, oc]fﬂk_1>
the group generated by all elements of order p which are not in H(p). Note that

Y s Y, Y e Y, forj Aiand 1< i <K

Hence, U“P) = (@1<j<k K- Y]) (@r11<j<r K- Yj). Since Z(p) < Z(G), we have that
W2 = ®;i K- yji, where yj; = oci-Y]P for1 <j<k0<i<p-landy;=a'-Y,for
k+1<j<r0<i<p-1

Step1.2. Put H=H/Z(p),G = G/Z(p),and W = WZ(P), Since Z(p) is normal in G,
we have W& = WG. Thus, by Theorem 11, it suffices to show that WG is rational over K.
According to Corollary 1, we can decompose of H ~ H1 X - - - X H;, as a direct product of
normal subgroups H; of G.

Next, we are going to show that we can decompose W = @!_; Wy in such a way that
H; acts trivially on @y Wy If we assume that ay,...,q; are the generators of H,, we
can write the following: W = @;; K- y;i = W1 @ W,, where W1 = @1<j<j0<i<p-1 K- yji
contains all y;;s on which H; acts in a non-trivial way, and W; contains all yj;s on which
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H; acts trivially. Indeed, since H; is normal in G, we have that for any h € H;, there
exists hy € Hj such that ha' = a'hy. This means that 7 acts on the same set of yj;s for
1<j<li:0<i<p—1,and Hy actstriviallyony]-isforﬁ—i—l <j<ri:0<i<p-1.
The same process can be repeated for Ho, ..., H; non-trivially.

Finally, for the fixed field, we have W° = (W)@ = (... (W'")H2 .. )H)le) —
((... (Wlﬂl @zgjgtwj)ﬁz L)@ == @Kjgt(wjﬁj)(“). Therefore, we need to cal-
culate W]ﬁj when #; is isomorphic to any of the two types, described in Corollary 1. For
brevity of notation, we will consider the isomorphism types of #;.

Step 1.2.1. Let Hq be of type (i), i.e., H1 = (@1) ~ Cpbl forw; € Z(G)and b; > 1. In
the notations of Step 1.1, for the corresponding generator a; € H, we have

a1 Y1 = gpﬂlylr Y] — Y], fOI‘j 7& 1.

Ifay > 1,thenby = a1 — 1 andyll- = Déi-Ylp. Ifay =1,thenby = andyli = D(i'Yl.
Then, W1 = @; K - y1; and the actions of H; and « are as follows:

& i y1i = Cpy, for0<i<p-1,

. b
& Y10 Y Yp-1 o by Yo

where b is some integer such that 0 < b < p%. (In fact, b is determined by the decomposi-
tion of a? = &, - B for some B € Hy x - - - x Hy.)
Next, for 1 <i < p—1, define y; = y1;/y1;_1- Thus, Wy = K(y1g,y;: 1 <i<p—1)
and for every g € G
gy €Ky :1<i<p—1) -y,

while the subfield K(y; : 1 < i < p — 1) is invariant by the action of G.
From Theorem 12, 11 follows thatif K(y; : 1 <i < p— 1)G is rational over K, so is

K(y10,y; : 1 <i < p—1)C over K. The action of « is
. b -1
Cryr ey Yo G (Y ype1) T

Since K contains a primitive p°-th root of unity ,c where p° is the exponent of G, K
contains as well the root of unity Zbl 41, and we may replace the variables y; by y;/{ ’; by+1 SO
that we obtain a more convenient action of « without changing the actions of a;. Namely,
we may assume that

L N /i R T (ylyz...yp,l)*l.
The action of & is trivial:
wyp ty;—=y, forl <i<p—1.

According to Lemma 4, we can linearize the action of .
Step 1.2.2. Hy ~ Ng(&;) ~ Cpy X (Cp)F1~1 s the group generated by some element @;
and its commutator chain [E]-, al = ®ji1, where 1 < j < k; — 1. According to Corollary 1(2),

ajs are all generators of order p of Hfor2 < J < ki and only the last @, is in the center
of G.
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In the notations of Step L1, if a; > 1, then by = a7 — 1 and define Z; = Ylp; ifa; =1,
then by = a; = 1 and define Z; = Y3; for 2 < j < ky, define Z; = Y;. Then, for the
generators o; € H,, we have

o1 :Z1'—>€pb1Z1, Z]‘>—>Z]‘, f01']'7é1,
&j:Zngzj,Z,'b—>Zl~,fori;£jand2§j§k1.
Next, define yq; = al - Zy,yji = al Z; for2 <j < ky. Then, W, = EBlSjSprSiSpfl K-

Yji-
From [, a] = @; 1, it follows that

; ; i
—igal = zah 72 g
oA = A Ry By

so we obtain the actions
@ Y1 G Y Vi §(f’1)yji, for2 <j<k;,0<i<p-1
& 2 Yei = Yeir Ymi — C(’”Lf)ymi, for2 <j<k;,1<(<j—1,j<m<k,
and1<i<p-1

The action of « is

. b
& Y10 Y Ype1 e 6y Yo

Yjo = Y = - = Yjpoa = {yjo, for 2 < j <k,

where bjs and b are determined by the decomposition of a? = a - [a<j<k, Rfj - B for some
B € Hyx -+ x Hy)

Next, for 1 < j < kj and for 1 < i < p —1, define zj; = y;i/yji—1. Thus, Wi =
K(yjo,zji:1<j<k;,1<i<p-—1)andforeveryg € G,

§ Yo €K(zi :1<j<k, 1<i<p—1)-yjo, for1 <j<ky,

while the subfield K(z]-l- :1<j<ky,1<i<p-—1)isinvariant by the action of G.

From Theorem 12, it follows that if K (zji 1<j<k,1<i<p— 1)G is rational over

K,sois K(yjo,zji 1<j<k,1<i<p-— 1)G over K. The action of « is

. b -1
@ 1Z1] P Zip b 2 épbl (z11- - z1p-1)

b _1 .
Zjp v Zp e 2 e Oz zjpq) T, for 2 < j < kg

Ifb #0 (mod p'), then from the decomposition of a?, it follows that K contains the
root of unity ¢ Z »+1- (Recall that K contains a primitive p®-th root of unity {,c where p* is

the exponent of G.) The same argument applies for b;s such that b; # 0 (mod p). Then, we
b:

may replace the variables zy; by Zy; = z3;/ CZlerl and zj; by Zj; = zj;/ §p]2 so that we obtain

a more convenient action of a without changing the actions of @;s. Namely, calculations

show us that

o :Zjl — ij = ijfl — (Z] "-Z]‘p,l)_l, for1 <j<k.
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Using the well-known binomial formula (}) — (", ') = ({"]) with the boundary values

(5) = () =1and (";) = 0, for the new variables, we obtain the actions

i1
AT AT Zj,‘ — é'(]?Z)Z].Z., for2<j<kand1<i<p-1,

i—1
T Zii > Zaiy Zoni = (i VZ,, for2 < j <k 1<0<j—1,j<m<k,
and1 <i<p-—1.

Note that &y acts trivially on all Zj;s, so we continue looking for the invariant field of
Wy, _1). From the above actions, we obtain
1

®py—1 2 Zoi = Zyjy Ziyi = (Zyyi, for1 <€ <kj—land1<i<p-—1

Define ukll = Zlfll’ukli = Zk]i/Zkﬂ?l for 2 < i < p— 1. Then, K(Zﬂ, uk]i 01 < ] <
ki—1,1<i<p-1)= K(Zji 1<j<k1<i<p— 1)@"1*1). We have the following
actions:

i—2
& uger Yy, for2 <i<p—land1<j<k —2,

. p—=1 p=2 2 -1
0T Ugp > Ug3 o e U] (“kﬂ”klz U3 --'uk]pfl) —

p—=2 p—3

- 2
U1ty o Uz o U p—olkyp—1-

Next, we continue looking for the invariant field of (@, ). We have the action

Ek172 : ZZi — Zfz’/ Zquli — ng],li, for1 <?¢< k1 —2and1<i < p— 1,
U1 = Ugy1, Ui > Qg for2 <i <p—1.

Define vy, 11 = Z;fl_nrvk]fli = Zi,-1i/ Zk;<1i-1, V%1 = Uky1 and vy = ukliZI:l1_1i
for 2 S i S p—l Then,K(Zji,vmi 01 S]S k1—2,k1—1 S m S k1,1 S i S p—l) =
K(Zjjup,i:1<j<k—-1,1<i<p- 1)<R"1’2>. We have the following actions:

i—2 ) 7(]( i1—2_ 2)
Uk —1ir Okyi > ¢ 71

1
Qj U1 é(kl‘l‘f‘z Uy,i, for2 <i < p—Tand

1 S ] S kl - 3r
. p-1  p-2 2 -1
& Uk -12 — Ok, —13 = e vkl—lp—l — (vkl—llvk1712vk1713 e 'vkl—lp—l) —

p=2 p=3 .2
Oky 1Y% —12% -13 * " Uk —1p—2Vky —1p-1

p—1_p—2 2 -1
(43) — Uk,3 == Uklp—l = Akl : (Ukllvklz vklg o 'vklpfl) 4

where A, is some monomial in vy, _q; for1 <i < p—1. Indeed,

. _ —1 p—1 p-2 2 -1 _
& Ok p1 = Ukyp1Zp 1y (”k11”k12 Uki3 uklp—l) R R T
—1,,—(p—1) —(p—-1)_ —(p—2) ,—(p—2) -2 -2 _
U1%2 k12 Yk3 Zg1s VkpeZn—1p—1Zh -1 g c1p1 =
—p2,-p+3 -1 ) p—1_p-2 2 -1 _
Ziy-1124,_12%k, 13 Zk1—1p1 (vkllvk12 Yk13 vkmfl) =

A p—1_p—2 2 -1
Zi,—11-B- (Ukllvk12 Yk13 "'Z’klp—1) ,

(= (p-1))=—@+3+p-2)=—PBY s0zp | =0, 7).
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It becomes clear now that if we continue in the same way, we will find the fixed field
of all a;s. However, in order to obtain a precise inductive assumption, we need one more
step. So, let us find the invariant field of (), _3). We have the action

Qg -3 2 Zoi = Zyjy Ziy—2i v {Zgy—2i, for 1 < £ <ky —3and1<i<p-—1,
Uk =11 7 Oky—11, Ok —1i > GV, 1, for2 <i <p—1

-1 .
Vky1 7 Ok 1, Okyi = G Ogyi, for2 <i <p—1.

Define wy, 21 = Z}fl_zlrwklfﬁ = Zi,~2i/ L) —2i—1, Wk, —11 = Ok, —11,
Wi, —1i = UklfliZ;:ll_zi/wkll = U1 and wy,; = U2y, o for 2 < i < p—1. Then,
K(Z]-i,wmi 01 S ] S k1—3,k1—2 S m S kl,l S i S p—l) = K(Zjirvmi 01 S ] S
ki =2k —1<m<k,1<i<p—1)F-3,

We can now make the inductive assumption that after we find the fixed field

K(Z]z/umz 1 <j<k—s+1k—s+2<m<k,1<i< p—l) Ofﬁkl—lr"'lﬂkl—s—klr

forany j:2 < j <k; —s, we have the actions

i—1
T Zyi = Zgiy Zoi = QI Zy, for 1 <0< j—1,j<m <k —s+1,
and1 <i<p-1,

Uk, —s42i — é'(kl S j—2) Uk, —s42i, for2 <i<p-—1,

i—2
Up,—s43i — ¢ (kg 2 Z)Ukl si3i, for2<i<p-—1,

Ug,i — é(ilﬂkl**‘:zz’f’z) Ug,i, for2 <i<p-—1,

a U —sp00 = Uy —si03 = -+ = U —s10p1
(ukrsﬂlulf:sﬂzukl s+23° " ulglfs+2p71)71 =
uk175+21u1517—25+22uk1 5+23 " .ul%1fs+2p72uk1*5+2p71/

Upz = Uz = -+ Upp1 > A (Una Ul UL U2, )7,

forki —s+3<m<k,

where Ay,s are some monomials in Uy, _g2i, ..., Upy—1i forl <i < p—1. In particular,
we have

Qg s 2 Zoi = Zgiy Ziy—s+1i ¥ 02k —s11i, for1 <€ <kj—sand1<i<p-—-1,
Uk, —s+21 = Uk —s421, Ug, —sq2i = Uk —s42i, for2 <i<p-—1,
-1 .
Uk, —s431 > Uky—s431, Ugy —s43i = & Up, —gy3ifor2 <i<p-—1,

Ug,1 = Ugy1, Ui — @ Ukl,, for2<i<p-1.

Define Vi, 411 = Z;’fl,sﬂy Vi —s+1i = Zky—s41i/ Zky—s+1i-1, Vi —s+21 = Uk, —s 121,
-1
Vig—s+2i = Uky—s+2iZ) g 150 Vig—s+31 = Uiy —s431, Vi —s43i = Uk —s43iZky—s+1ir -+ -+
Vi1 = Ugt, Vi = Upi 2L s)+h for2 < i< p—1. Then, K(Zjj, Vi : 1 < j <k —s,ky —s+

1§m§k1,1<i<p—1) K(Zjj Ui i 1< j<ky—s+ Lk —s+2<m <k, 1<i<

p— 1)@‘1*s> Using again the formula (* - (';12) = (l ) foranyj:2<j<k —s—1,
we obtain the actions
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i—1
®j Ly = Zyiy Li — g Z,, for1 < 0 < j—1j<m<k—s,

and1<i<p-1,
i—2
Vk1,S+1i — g(k1—5+1—f—2) Vk175+1i/ for2 <i< p—1,
i—2
VklferZi — é’f(klferl*j*Z)Vkl,erzi, for2<i< p— 1,

, O ) (O ) RO ; _
Vk]z — g 1 ] Vkll/ for2 <i< p 1,

& Vig—st12 = Vigostiz = 0 2 Vigsp1po1
p—1 p=2 2
(Vkl_s+1lvk1*S+12Vk175+13 Vk1—5+1p—1)

p—2 p—3 2
Vkl—s+1le1_s+12Vk1_s+13 e Vkl—s+1p—2Vk1—S+1p—l/

_1H

-1 -2 _
Viz = Ving = -+ 2 Vg1 A (Van Vi Vg™ VR, )7

forki —s+2<m<k,

where Ay;s are some monomials in Vi, _s11;,..., Vj—1; for 1 <i < p —1. This proves the
inductive assumption, so we need to show only that the action of « can be linearized.
Indeed, after all new variables are introgucgd, wehave K(W,;; : 1 <m <k,1<i<
p—1)=K(Zpyi:1<m<k,1<i<p-— 1)<"‘1"""""1> and the action of a is given by
& Wy — Wy WP

s Wiz = Wi = o= Wy g

-1 -2 _
Ap - (Wi Why T WEE2 W2 )7

where A, is some monomial in Wy;, ..., Wy, _q; for2 < m < ki and A1 = 1. From Lemma 5,
it follows that the action of « on K(W]-i :1<j<ky1<i<p-—1)canbe linearized.

Case II. Suppose that H is the elementary abelian p-group. According to Theorem 9,
H can be decomposed as a direct product H >~ H; X - -- X H, of normal subgroups H;
in G such that either H; ~ Ng(7;) ~ Cp < Z(G), or H; ~ Ng(7) =~ (Cp)*i is the group
generated by some element <; and its commutator chain $;; = v;, [ﬁij, a] = Bij+1 for
1<i<s,ky>2,1<j<ki—1and Bik, is central in G.

Step 11.1. Define Xij € V*forl <i<s,1<j<k;by

Xij = 2 X H ﬁz;l;d ’
MMy \ (ed) 7 (i)
where 0 < my < p — 1. Note that B4 - X;; = Xj; for (c,d) # (i,]). Let { € K be a primitive
p-th root of unity. Next, define Y;; € V* for1 <i <s,1<j <k;by
p—1
Yij — Z g*’ ?j . Xij~
r=0
It follows that
ﬁij : Yz’j — gYij/ ch — ch, for (C,d) 7& (Z,]) and1<i<s,1< ] < kl'.
Thus, @;; K - Yjj is a representation space of the subgroup H.

Next, define Xije = aé~Yi]- for1 <i<s51<j<k,0<¢<p—1 Then W =
i, K- xjjy C V* is the induced representation of G obtained from H.
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Step I1.2. Define W; = EBM K- xjjg. Then, W = @;_, Wi, where H, acts trivially on
@i Wi Indeed, since H1 = Ng(B;1) is normal in G, we have that for any i € H; there
exists h; € H; such that ha! = a’h;. This means that 7 acts on x1j¢s non-trivially, and acts
trivially on x;jss for any i # 1. It follows that WG = (WH)@) = ((... (WH)H2)Hs)la) =

((... (W1H1 Da<j<s W]-)H2 DO AR @K]-SS(W]%)W. Therefore, we need to calcu-

late W]-Hj . For brevity of notation, we will consider the isomorphism types of H1.
Step I1.3. Let Hq be of type I, ie., Hi = (a1) =~ Cp for &y € Z(G). In the notations of
Step 1.1, we have

ap Y11 e Y1, Y= Yy, for (i) # (1,1).

This action, however, is a particular case of Step 1.2.1 for by = a; = 1.

Step I1.4. Hy ~ Ng(a;) ~ (C,)¥1 is the group generated by a1 = B11 and its commuta-
tor chain [a;, a] = a1, where 1 < j < k; — 1 and &, is in the center of G.

In the notations of Step II.1, we have

aj Ylj — ng]', ch — ch, for (C, d) 75 (1,j) and 1 S] < k.

This action, however, is a particular case of Step 1.2.2 for by = a; = 1. The process
is completed.
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