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Y (-1)*D*[Au(x,u,D'u, D?u) — Eo(x) |u|*Pe=V) signu] = f in Q, where the co-
la|=1,2
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1. Introduction

In the present article, we consider the following nonlinear fourth-order equation with
convection terms:

Y (—1)1¥D*[Ag(x, u, D'u, D?u) — Eo(x) |u|*P= signu] = f in Q (1)
|a|=1,2

where QO ¢ RN, N > 3, is an open bounded set, « = (ay,...,ay) is a multi-index

with non-negative integer components and length |a| = ay + --- + ay, and D*u(x) =
011 (x)

4 4 XN/

T e

The coefficients A, satisfy the following coercivity condition:

D'y = {D“u Ja) = h}, forh =1,2.

| |P2
Y Aw(x,n,8)Ca =1 Y, — 2 )
/=12 wiSip (1 [p])ftre=t)
where 6, A and p, are real numbers such that0 <6 < 1,0 < A < 1and
if la| =1
pe= 7 Il ©
p if|a] =2

with1 < p < &, 2p < g < N. The terms E,, |«| = 1,2, and f are a vector field and a

function, respectively, satisfying suitable summability assumptions.
The coercivity condition (2) was introduced by L. V. Skrypnik in 1978 in [1] for the case
6 = 0in the framework of higher-order equations (with E, = 0, |#| = 1,2) in order to prove
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the boundedness and Holder continuity of the solutions. It turns out that this condition is
stronger than the one usually considered for nonlinear fourth-order elliptic equations, i.e.,

ZAMC(Z}ZmZI@I’”*WZICIS“* (x), (4)

la|=2 |a|=2 la|<2

which, unfortunately, does not even ensure the boundedness of the solutions (see well-
known counterexamples in [2—4]) unless 2p > N (as a consequence of Sobolev’s embedding
theorem) or 2p = N (see [5]) or N — 2p is sufficiently small (see [6]).

Operators satisfying condition (2) with § = 0 have been studied in connection with
many other questions, such as L!-theory, the qualitative properties of the solutions, and
removable singularities in the degenerate and non-degenerate cases in [7-12]. Moreover, ex-
istence and regularity results for the solutions of a class of nonlinear fourth-order equations,
with the principal part satisfying (2) with § = 0 and lower-order terms having so-called

“natural growth”, were obtained in [13-17].

In dealing with the boundary-value problem related to Equation (1), two difficulties
arise. Firstly, the nonlinear fourth-order operator

u— Z 1)l*p* [A,x(x u, D'y, D?u )}
—1.2

under condition (2), though well defined, is not coercive on Wg’q(Q) N Wg’p (Q)) when u is
large. Moreover, due to the presence of the convection term, the operator

u— Yy (—1)lpe [Aa(x, u, D', D?u) — Eg |u|Pa—1) sign(u)}

la|=1,2
may be not be coercive even if 8 = 0, unless we assume that the sizes of the norm
[|Ex]| , |la| = 1,2, are sufficiently small, or ) D*[E,] =0.
LRGN (@) ] =1,2

To overcome the lack of coercivity, we approximate our problem with a sequence of
homogeneous non-degenerate Dirichlet problems, and we prove an L* a priori estimate on
the approximating solutions, which, in turn, implies an a priori estimate in the energy space.
Once this has been accomplished, a compactness result for the approximating solutions
allows us to find a bounded weak solution of the boundary-value problem related to
Equation (1), which is also locally Holder continuous.

In the framework of the second-order Dirichlet problem, the model problem

—div(afﬁlw—E(xﬂuﬂsignu) =f inQ inQ

u=20 on dQ)

was studied in [18], where the authors obtained existence and regularity results under
various assumptions on f (see [19,20] in the case E = 0).

It is well known that when dealing with fourth-order equations, some difficulties
arise. As a matter of fact, the corresponding weak formulation contains terms related to
second-order derivatives of test functions that must be correctly taken into account.

This article is organized as follows. In Section 2, we formulate the hypotheses and
state the results. In Section 3, we present some auxiliary lemmas, and we prove a priori
estimates that will be used in the proof of the boundedness theorem. In Section 4, we
provide proof of the existence of a bounded solution. Finally, the Holder continuity of
bounded solutions is proved in Section 5.
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2. Preliminaries and Statement of Results

Let ) be an open bounded set in RN with N > 3. We denote by N(2) the number of
different multi-indices « such that |a| = 1,2.

Let Ax(x,7,8) : QxR x RN@) 5 R, with |a| = 1,2, be Carathéodory functions
(i-e., Ax(-,7,&) is measurable on Q) for every (1, {) € R x RN®2) and A, (x,-,-) is continuous
on R x RN®) for almost every x € (), satisfying the following structural conditions for
almost every x € (), every 5 € Rand ¢, & € RN, & £ &

| S|P
AD( 71 « 2 L NA(h 1)/ 5
D P e T ©
Y 1A Ol <n[ ¥+ T )], ©)
la|=1,2 la]=1 |a|=2
Y [Aalxn,8) — Aulxn,E)] (G — &) >0, )
la|=1,2

where v1, 5 are positive constants, 0 < 6 < 1, and py, |¢| = 1,2, is defined by (3). Let
Ex(x) : Q = RN, |a| =1,and Ex(x) : Q — RN, || = 2, be vector fields such that

N
E, e L'™*(Q)) withry, > ——, |a| =1,2 8
and
feLli(Q) witht> N/q. )
We set
Wy l(Q) = WM (Q) N (Q),
and

2.1, 1, 2,
WZ’Z(Q) =W,"(Q) NWy" ().

Assumptions (5)—(9) allow us to give the following definition.
Definition 1. A weak solution of the problem
Y (~1)D*[Ay(x, u, D'u, D*u) — Ey [uMPeVsignu] = f in Q

la|=1,2
(10)

D*u =0, |[a| =0,1 on 0Q)

is a function u € W;Z(Q) such that the integral identity

) /Aa(x,u,Dlu,DZu)D"‘vdx = ) /E,X|u|)‘(p“_1)_1uD”‘vdx
=12 & =12 &

+ [ fodx (11)
/

holds for every v € Wle(Q)

Our first result states the existence of a bounded weak solution of (10).
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Theorem 1. Let us suppose that conditions (5)—(9) are satisfied, and
0<o0< 1P and o+r<1 (12)
pla—1)

Then, there exists a weak solution u of problem (10), in the sense of Definition 1, such that
[ull () <M (13)

where M > 0 is a constant depending on 0, N, q, p, v1, va, |Q|, |Eallrrw (), la| = 1,2 and
[ f1lze -

Furthermore, under the same assumptions as Theorem 1, the local Holder continuity
of any weak solution u € Wzlz () N L®(O) holds, as stated in the following theorem.

Theorem 2. Let us suppose that conditions (5)—(9) and (12) are satisfied. Let u € Wzlg (Q) bea

bounded solution of problem (10). Then, there exists p € (0,1), depending on 6, N, q, p, v1, v2,
0,

1O, [|Eallpa (), ol = 1,2, and || f|| 11y and on ||u| 1 (qy), such that u € C,.2(Q), and, for any

domain Q' CC Q, we have

u(x) —u(y)| < Clx =y’ foranyx,y € O
where C is a positive constant depending on the same parameters as p, and d’ = dist(Q)/,0Q}).

Remark 1. Assumption (9) on f, required in Theorems 1 and 2, is the same one that yields the
existence of bounded and Holder continuous solutions for fourth-order equations satisfying the
degenerate condition (5) and E, = 0, || = 1,2 (see [21]), as well as for non-degenerate (i.e., 6 = 0)
fourth-order equations and E, = 0, |a| = 1,2 (see [22]). In the latter case, examples of unbounded
solutions of Equation (1) with f € L7 (Q)and f ¢ L%“(Q),for every € > 0, are constructed
in [23]. On the other hand, hypothesis (9) is also required to prove the boundedness and Holder
continuity of the solutions of Equation (1), where A = 1 and the coefficients Ay(x,1,§) satisfy
condition (5) with 0 = 0 (see [24]).

3. Auxiliary Lemmas and a Priori Estimates

We begin this section by recalling an algebraic lemma according to Serrin (see Lemma 2
in [25]).

Lemma 2. Let x be a positive exponent and a;, B;,i =1,...,m, be two sets of m real numbers such
that 0 < a; < +coand 0 < B; < x. Suppose that z is a positive number satisfying the inequality

m
2 < Zaizﬁi.
i=1

Then,
m .
z<C)Y al,
i=1

where C depends only on m, x, B; and y; = X%ﬁi, i=1,...,m.

Moreover, we present a slightly modified version of Stampacchia’s well-known lemma
(see [26]), whose proof is contained in [19,22]. See also [27] for new generalizations.
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Lemma 3. Let ¢ : RT — R be a non-increasing function such that

o) < o, iok)vkw (PO, forall h >k >ky >0,

for some positive constants co and ko, withv > 0,0 < T < 1and pu > 0. Then, there exists k* > 0,
depending on co, T, v, y and ko, such that ¢(k*) = 0.

Finally, we recall the following lemma, which ensures that the composition of a C2
function {(s) with a function u € Wzlg (Q)) belongs to Wzlz (Q).

Lemma 4 ([28] Proposition 9.5). Let { € C2(R) be a function with bounded derivatives {' and
¢" such that {(0) = 0. Ifu € V'V;”Z(Q), then

¢ 1,9
Cu) € Wi (),
and for each multi-index a such that |a| = 1,2, the following assertion holds:
D*g(u) = &' (u)D"u + Ry (u) (14)
where, fori.e., x € Q,
0 if |al=1
Rg() =9 ¢"(w) Y. DPuD"u if |a|=2.
BI=[7|=1
Given n € N, let T}, (s) be the truncation function defined by
s if [s| <mn

Tu(s) =
nsign(s) if [s| > n.

Following the technique already used in [19,20] in the framework of second-order
elliptic equations, let us define the following Dirichlet problems:

u, € Wyl(Q),

/Aa x, Ty (1), D un,Dzun)D"‘v dx

A( Pa—l)
Z / [1n] D“vdx+/fvdx
O

1+|un\ 1+ L [AMpeD)

(15)

=12 g

for every v € Wzlz (Q).
By Schauder’s fixed-point theorem, there exists a solution u, € W;Z(Q) of prob-

lem (15). Moreover, since, for every fixed n € N,

un |un‘)‘(p0671)

L un| 14 Luy M)

<n forie,xeQ

under conditions (8) and (9), every u,, is bounded thanks to the boundedness result of [22]
(see also [14]).

The next two lemmas are crucial for passing to the limit in the approximating prob-
lems (15). The first one concerns the equi-boundedness of the sequence {un }
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Lemma 5. Assume that conditions (5)—(9) and (12) are satisfied. Let u,, be a solution of problem (15)
for every n € N. Then, there exists a positive constant M, depending only on 0, A, N, q, p, v1, V3,
1Qf, |Eallre (), &l = 1,2 and || f|[1+(qy), such that

|[tn||o() <M foreveryn € N. (16)
Proof. Given k > 1 and ¢ > 2, let us consider the function
Z(s) = Is|*=Y) [|s| — k], sign(s).

Due to the boundedness of u,, and thanks to Lemma 4, {(u,) is an admissible test function
in (15). Moreover,

|n| — K _
D*C(uy) = |0 +6(q — 1)[”|un|h || 7T [fua | — K] "D, + Ry (un)  (17)
where, forie., x € (),
R‘a‘(un) =0 1f|lX| =1
IRpy ()] < 2620 [ *O V) [Jun — K]7 > Y [DPus? if o] = 2. (18)
[Bl=1
Note that we have used the inequality
Uyl —k
< W <1, forany k > 0. (19)
n

We test the integral identity (15) with v = {(u,). Using condition (5) and inequal-
ity (19), we obtain

D100 1|~ o1
1/10'2|1x\ 12f(1+ﬂr"l,,(un I’;Gpg‘ 1) U n| ]+ dx

< Yjaj=12 [ Aa(x, T (un), D'ity, D1y ) [a 14|20 [t | — K] ‘fl
Q
+0(g — 1)|un)®@ D=1 [|uy | — k}i] D*u,, dx
e{ ez [ 1Aa 5 T), D, D) R ()| b 0)
Q
+ Ljajor J 1Eal [P 0400 | — K] Dy | dx
Q
+Zw:2(f) |Eal | |MPe=D R g ()| dx +({ 1 1t P9 [ — K] dx}
= o{h+ Jat b+ [ 1] |unl?0D [Jua| - K], dx }.
Q
From now on, we denote by c a positive constant that does not depend on n (namely,
it may depend on N, |Q}|, 0, A, 0, p, q,v1, v2 and || Ex|| e (o) I f1 () and whose value may
vary from line to line.

Let us evaluate the integrals on the right-hand side of (20).
We observe that the following inequality holds:

14 |Tu(un)| <1+ |uy|, foranyn e N. (21)

Using Young's inequality with the exponents p, and =7, for all 7 > 0, we obtain
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|D0Cun|l7a |un|9(q_1) o
< L ;
o Tl’le/zh/ (1 + |Tn(un)|)9(Pa—1) “u"‘ ]Jr X

+C(c, 1) Z /|Ea\m T (14 |up |)Ap“+q9[| nl — ]‘7 Ldx. (22)

The growth condition (6), estimate (18) and, again, Young’s inequality with the expo-
nents - £, 1 andé— o 5 give us, forallt >0and o > 1+,

p—1
n<e [[ X Dl T /00 [l =k ¥ DM dx
Q

la]=1,2 Ja]=1

|D% 1, | P |un\9(q7 )

<T un| — k17t dx

) agz! (1t [T L =
/1+|un| Pl =0T dx]. @3)
(@)

and
_ _ -2
L <c)|y=2 f |Ea| s [Mp=DH00—1) [lun| = k]i Lja|=1 [D*uy|? dx

‘D"‘u ‘q ‘u |9q 1) o—1
S Tljal= 1f(1+\Tnn Py L] = k] dx

(24)

p —
+C(6,T) | Ejajea J 1Eal 7T (1 futa]) 7 [Jusn| — K] dx
Q

L (T ) T ] — K] e
Q

From (20), thanks to (22)—(24) and choosing a suitable 0 < T < 1, we deduce

D%y, |Pe |y, 10(—1) 1
/ (D% [P [ )[|un|—k]‘jr dx
Q
<c

aimt,p (14 [T () [) 0P

{ /|E |Pvc -1 (l+|un|) (A+0)q U n| — ]a Ydx

la[=1,2¢6

+/(1+|un|)9<q—1>5[|un| —k]i‘1‘5dx+/ 11 1t —k]jdx} (25)
Q Q

(note that (g — 1) > g +9).
Taking into account (21) and the inequality

1 fun| <2(k+ [fun| —K],) ifk>1,

from (25), we obtain

6(q—1
(8)" " Buera [ Pl ] = i

< C{Zmuf [EalP [fin] — K] gy

1-6+6(q—1)6 0(a—1
[ Tl =R [ Uf [ = T 26)
+Z|,X\:1,2k (A+6) q({\EaV’* Uun| _ ]i 1dx+k9('7 1)5({ [|un| _k]:r:lﬂsdx

KOG [ £ | — k), dx},
(@)
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forany k > 1.
By Sobolev’s embedding theorem and the above inequality, we obtain

9
£

dx] I

*

(= 1+1)‘fi

[l -

oc—1+(A+0
<c{z|a vz IEIP (] - ] 0 g
—}-f[|un|— :|l7’ 1— 5+9( dx—i—f|f‘[|un‘ ](T“re(q 1) dx (27)
—1-6
+aWiﬂAqummaWﬂ—]+ d+¢wl>gww—ﬂi dx

D [~ K]
QO

for every k > 1 and ¢ > 1+ g (note that if § and A verify condition (12), then 1 +¢g >

1+(A+0)gand14+4q9>1+546(g—1)J).
We denote by A, (k) the level set of |uy|, that is,

An(k) = {x € Q : |uu(x)| >k}

and we denote by | A, (k) \ the N-dimensional Lebesgue measure of A, (k).
Lety= (0 —1+ q) . Applying Holder’s inequality to (27) and taking into account

assumptions (8), (9) and (12) we obtain

[g (] = K] 7 x|
s-1+(A+6)g
< C{ Ylal=12 HE“H%" (({ Uun| —k]l dx) | An(k )ll ’:j o 1+<7)\+9)Li
r-1-5+0(¢-1)5 )
+<fum4ﬂ1dx Y i e
(@]
g l7+9(11 1 (28)

JAn (O

_Ph_o-1

+||f||t<f[|”n|_k]1dx>
O -1
, D
+k(A+0)q Z|p¢\:1,2 ||Ea‘|f£ (hf [|un| —k}j_dx) | An(k )| T

c—1-¢
+k0(q—1)6 ( I [lun] — kH dx)

I JAn(B)
D FL [ ] =47 ] a1 L

_o=1-¢
1 v

Now, we set
2 = [ llual -
Q

and
X = qi*/
_ o—14+(A+0)g _ o—1-04+6(g—1)é _ o+68(g—1)
,Bl - ¥ ’ ,BZ - 7 ’ ,33 - v ’
a
2

Ba= T2, 5 = T2

Then, inequality (28) becomes
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[q)(u”)]x < C{ [?(un)]ﬁl |An(k)|1*%7‘7*1+(f+9)q

—1-6+6(q—1)6 1_ o+6(g—1)
7

o)A 01T gt an
R0 ()| A ()5

(29)

5 +k9 )(5[ ]55|A )|1—‘77}f
D ()] | An ()] }

Thanks to assumption (12), the exponents 1—f¢ are less than x. Therefore, we can
apply Lemma 2 to the previous inequality, with

o—1+(A+6)q _0—1-6+6(9—-1)0

= A (R)[! B 4= A
o+6(q—1) !
a3 = |Ay (k)|1*%*+, ay = k(A+9)q|An( 17%771/

o—=1-¢

as = KU DA, (0) 75, ag = KD A(R) TS,

and we obtain

6
/ [un] = k] dx < c ) k97| Ay (k)| ™, (30)
P i=1
where (A10)
_ 0 pe _ o=1+(A+0)q
mo= m( o #)
_ Y _ 0=1-646(q—1)s
2= Grse-in (1 7 )
- Y 1 o+6(g—1)
B o= G (1),
— v(q_Pa_ o1
=g (1 W )
_ 7 I it )
Y5 = q+9 (1 v )
_ 7 1
1= fa(1-1-5)
and
71:0/ TZZO/ T3:0/

u=(A+0), = (Z_Hpé, T = 6.

Under assumptions of 0 < 6 <
less than 1; furthermore, hypotheses (8) (9) and (12) ensure that it is possible to choose a

and A +6 <1, every number 7;,i =1,...,6,is
large enough ¢ such that y; > 1foranyi=1,...,6.
Now, for every h > k > 1, with [|u,| — k] . = h—kon Ay(h), from (30), we have
6 ckuY

|An(h)| < l; W|An(k)|%

Hence, there existsi,i = 1,...,6, such that

1 c kbt )
514 (0| < G AR

Therefore, using Lemma 3, we conclude that there exist two positive constants k* and
do (independent of 1) such that

|An(k)] =0  forevery k > k* +dy.
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Hence,
unllp=) <M foreveryn € N (31)

with M = k* 4 dj, and the proof of the lemma is complete. []

The next lemma deals with the boundedness of u, in the energy space W;Z (Q).

Lemma 6. Let hypotheses (5)—(9) be satisfied. Then, there exists a positive constant C, depending
onlyon 0, N, q, p,v1, va, |Q, [|Eallpma (), & = 1,2, and || f|[1+(qy), such that

H“n||w21,q(0) < C for every n € N. (32)
P

Proof. Using v = u, as a test function in the integral identity (15) and applying the
ellipticity condition (5), the growth condition (6) and Young's inequality, we have

[D*u,, \p“
Z / (Pa*l) dx

\a\ 124 (L+ [T (un)|
|D* un\F’ Ag+6
<7 2 dx+C /E p“1+u Tt dx
/ 1+‘Tn un (plel) ( | lX| | |)

+ [ 11l .
Q

Therefore, choosing a suitable 0 < T < v; and taking into account (31), from the above
inequality, we obtain

/ Y Dtu P dx<c Y (M+1)<A+9>q+1{/|Ea|P& dx+/|f| dx}.
Q Q

la|=1,2 la|=1,2
and the lemma follows. [

4. Existence of Bounded Solution
From Lemma 5 and Lemma 6, we infer that there exists a subsequence of {u,}, not
relabeled, and a function u € Wzlz (Q2) NL*®(Q) such that
(@) {un} converges to u weakly in Wzl,’z (Q) and almost everywhere in ();
(b) {un} converges to u weakly* in L*(Q));
() {un} converges to u strongly in W7 (Q);
(d) {un} converges to u strongly in L7(Q2).

To pass to the limit in the approximating problems (15), first, we need to prove that
the sequences {D*u, }, |a| = 1,2, are convergent almost everywhere in Q).
To this aim, we exploit the following compactness result, whose proof is in [13].

Lemma 7. Assume that hypotheses (5)~(7) hold and let {z, } be a sequence of functions such that
Zn — z in W;Z(Q) weakly and, i.e., in Q) (33)
and

. 1 2
nl_1)r_{1w ) / {Aa(x,zn,D zn, D%2y)
‘0(|:1,20

— Au(x, 2, D!z, Dzz)}D"‘ [zn —z]dx = 0. (34)
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Then, {z, } is relatively compact in the strong topology of Wzl”z (Q).

We take v = u,; — u as a test function in the weak formulation of problem (15), and
we obtain

/Aa x, Ty (1), D iy, D* 1 ) D* [, — 1] dx

= )

aq
w=128  w T

Uy |un|)‘(pa_1)
un| 1+ %|un|)‘(l7u*1)

D*[u, — u] dx + /fn [ty — u] dx.
0

Using (31), from the above equality, it follows that

2 /A,x x, Ty (1), D iy, D1, ) D* [t — 1] dx

< (14 MM Eo D*[uy — u]dx + [ f[un —u] dx (35)
la|= 12(‘)/ /

and therefore,

/

‘N|:1,2Q

<(1+MMD Y [ E D*u, — u)dx
\a\:lZQ

+ /AaquluDz)D"‘[ —u dx+/f n—uldx  (36)
la[=1,2¢6

Ayxl(x, Tn(un),Dlun,Dzun) — Ax(x, u,Dlu,Dzu)] D*[u, — u] dx

The sums on the right-hand side of (36) tend to zero as # tends to +co since {un} con-
verges to u weakly in W;Z(Q), and A (x, u,D'u, D?u) and E, belong to LPx(Q)), |a| = 1,2,
thanks to (6) and (8). The last integral converges to zero as n tends to +co because {u, }
converges to u weakly* in L®(Q)).

On the other hand, the boundedness of ||uy ||z~ implies Ty (1,) = u, for sufficiently
large n; therefore, the hypotheses of Lemma 7 are satisfied, and we conclude that, up to
a subsequence,

Uy, — u strongly in W;Z(Q)

Proof of Theorem 1. Letv € W;Z (Q) be a test function in (15).
Taking into account that T}, (1,) = u, for n > M and using the growth condition (6)
and the strong convergence of {u, } to u in WZlZ (Q)), we have

lim Z Aux(x, Tn(un),Dlun,Dzun)D"‘v dx

n—>+00‘ |:120
= /A,X x,u, D'u, D*u)D"v dx.

Now, we define the sequence {Yy }, where

n (X) i ()|
i e (0] 1+ | ()12

Y¥(x) = Eq(x) Q= RN, if [a| =1,
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and
up (x) | (2)[MPD)

10— RN if |a] =2,
i+ ()] 14 5 | () AP0

Yi(x) = Ea(x)

Thanks to the convergence of {u,(x)} to u(x), i.e, x € Q, the sequence {Y(x)}
converges to Ey(x) [u(x)[MPe=D =1 y(x), |a| = 1,21ie,x € Q.
Furthermore, by exploiting (31), we deduce that

Uy (x) |un(x) ‘)‘(Pafl)
i [ ()] 1 Gl (2)[APeD)

< MMP B (x)], || = 1,2

Eq(x)

for any x € Q). Hence, by the Lebesgue Theorem,
Y — Ey |u|MPeD=1y  strongly in L”;(Q), la| =1,2.

We can pass to the limit as # — 4-c0 in the weak formulation (15), and we find that u
is a weak solution of problem (10), in the sense of Definition 1.
Finally, the almost-everywhere convergence of {u,(x)} to u(x) in Q) and (31) yield
the estimate
[ () < M.

This completes the proof of Theorem 1. [

5. Proof of Theorem 2

We begin this section by recalling the following lemma according to Skripnik (see [29]).
Let y € RN be a fixed point. Given R > 0, we denote by Bg(y) an open ball centered on y
with radius R.

Lemma 8. Let ¢ € WY (BRr(y)). Assume that there exists a measurable subset G C Bg(y) and
two positive constants C" and C" such that

meas(G) > C'RV, max lg] < C".

Then, there exists a positive constant C, independent of R, such that

/ |g|dx§CR(/ Y |Dﬁg|dx+RN1).

Br(y) Br(y) IPI=1

Let ' CC Q) be any strictly interior sub-region of Q and d’ = dist(Q' , BQ).
Letu € Wzl,’g () N L*(Q)) be a weak solution of problem (10), such that

lu(x)] <M forie., x € Q. (37)

!

d
We fix xg € (), and for any R such that 0 < R < T we set

w1(R) =essinfu(x), wy(R)=-esssupu(x), w(R)=wy(R)—wi(R).
el el

By virtue of Lemma 4.8 pag. 66 of [30], Theorem 2 will be proved as long as the
inequality
w(R) < xw(2R) +R" (38)
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holds, where 0 < x < 1, depending only on known parameters and independent of R, and
r is a positive number such that the following inequalities hold:

_ _ 2
lalpa+1(g—pa) < g, laf =1,2, (q—|—q 2p>§‘7'

r < min {1 - 2\1 qq—z;f } (39)

d/
To prove (38), we fix 0 < R < min {1, 1 }, and we consider the sets

Gi1(R) = {x € Br(xo) : u(x) < M} G2(R) = Br(xo) \ G1(R).

At least one of the following inequalities holds:

meas(G;(2R)) > 1rr1eas(B2R(x0)), (40)

N

or
meas(Gy(2R)) > %meas(BZR(xO)). (41)

If inequality (40) holds, we define the function vy : (2 — R as follows:

( ) 1 —|—1()g 7( REN if x € BZR<xO> (4 )
Uo(X) = 2
0 ifxeQ \ B2R(x0),

where w = w(2R), wy = wy(2R). Otherwise, if inequality (41) holds, the function vy is
defined by

Uo(x) _ 1+ log m if x € BZR(X())
0 ifxEQ\BzR(xo),

where w; = w1 (2R).
For the sake of simplicity, we assume that (40) holds, so vy is the function defined
in (42).
Our aim is to prove that
ess sup vp(x) < M’ (43)
Bar(x0)
with M" depending on N, p, q, 0, [[u[| =), [Ifllrt(q) and [|Ea||p (), with |« = 1,2
and d'.
As a matter of fact, if (43) holds, then u(x) < w,(2R) — 2e’M,w(2R) + R" for i.e.,
x € Bor(xp); therefore, w(R) < (1 —2e~M")w(2R) + R’, which gives inequality (38) with
x=1-2eM

We can assume that
eR’

w(2R) = - (44)
which implies v (x) > 1, i.e., in Byr(xp); otherwise, inequality (38) holds.
We fix a function ¢y € C§°(R) such that
<p(s) <1 forevery s € R,
< )=1 ifls] < 1, (85)
Po(s) =0 if [s| > 2.
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For any x € (), we set {(x) = lpo(x x“‘) and

[v0(x)]*
((,LJ2 —u-+ Rr)

o(x) = R—y (46)
with k > 0, s > g. Simple calculations show that v € W;Z (1) NL*®(Q)), and the following
assertion holds:

o, k[v]k_l o s (q_l)[ ] 3
DZh—GZ;j%IEaEDlW7+(———;1iFTD147+RM()

where, forie., x € ),

Ry ()] < c s [oo]"y" if o] = 1

1
= (wy—u+R)TIR
(47)

(k+s+1)2[volkps=2 ( 1 |DPu|? y? .
< — =
Rmm_cﬁmﬂwwwl{m+£ﬂm_wﬂw}ﬁM|z

Now, we test the integral identity (11) with v. By using (5), (6) and (37), we obtain

(4—1) [0g] s
(1+M)9(‘71)O/(w2—1,?+1{7)q{ Z |D*ulP }lP dx <

la|=1,2
k
<k D{n+hth [ o _'ft'l[ﬂ,)q_lws dx (48)
O
where [ ]k| |
/\( " 1 UO D“u s
MZMJE e (PR A )
= ¥ [ Bl D Ry ()] (50)
la[=1,2 ¢
and
-y /|A %, DV, D2u)| Ry ()] dx, (51)
la]=1,2¢6

Let us estimate J;. By using Young’s inequality with ¢ > 0 and taking into account (37),

we derive
]1 S 8/[00]k7{ Z |D0¢u‘Pa}l/)S dx
2 (wp —u+R) =t
+C( )(M+1)q Z / [W)]HBM‘% sd (52)
“F ‘DL‘Z]ZQ ((UZ_M+Rr)quJ x-

In order to estimate J,, we use the inequalities in (47). We obtain
Mpa—1) (ks+D)1* o] 1 _
J2 < cYju)= 12f|E,X||u| (pa= Ww 1" dx

+zw2fmawwﬂliﬁﬂ4&fam1m%F¢dx

wZ u+R" q+1

(53)
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Since |a|ps +7(q — pa) < g, by using Young's inequality and (37), the first sum on the
right-hand side can be evaluated as follows:

k
Z /‘E || |P4x 1 k+5+1)|"‘| [UO] 1 I[Jsiwdx
wy —u+ Rr)a-1 Rlal

k 5 S—|&|Pa
<cM+k+s+1)1 ) {/Mi¢ dx+/vo¢||pdx}. (54)
Q

=P wy — U+ Rr)

Using the assumption (g + - 2p> < g and, again, Young’s inequality and (37), the
last sum on the right-hand side in (53) can be estimated as

Lol szEa\luIAP ”% Yjpj-1 [DPul? ¢ dx

<€f ke | Kiajn D%l dx (55)
+C(c,s)(M+k+s+1)‘4{2| ol zf%wdﬁaﬂ zf“] A dx}
From inequalities (53), (54) and (55), we obtain

J2 <€f [Z| = 1|D“u|q} m‘l’sdx

. (56)
+C(c,e)(M+k+s+1)‘7{Z| o 12]%4;501”] ool 9™ dx}.
Finally , let us estimate J3. By using (6) and taking into account (47), we have
e ul |
« (k+s+1)
J3 < C{ Z\zx\:lzf [Dalzlz |D“M|p"‘} ! m#ﬁ ol dx -
p—1

k k
+f{2\a\ 12 |D* u|p“} ' %Zw 1 [DPul? lPsdx}

= and p,, we can evaluate the
first integrals in (57) as follows:

TR rnx (k+ +1)M[ o la
Yjaf= 12f [Zw 121D u\”} R\Suwz uvfw - dx (58)

ks kps—a
<ef {ZM:],Z |Da”|p“} (m@:iﬂz)q dx +Clc,e)(k+s+1)7 [ 2L qy,
0 Q
where we have used condition (39), that is, |a|py +7(q — pa) < g, |&| = 1,2.
In the last integrals of (57), we use Young's inequality with the exponents —E., 1 and

qp gp and condition (39): r( + pra 2p) < g. We obtain

k k
I[Zm 12 [D*u l’““} %Dm 1 [D*ul?y® dx

’ (59)
< .sf [Zw 12|Dw|m}++mdx+c(c e)(k+s+1) qf [vo] [ 9" gy
From (58) and (59), we deduce
Jz < 8/ { Z |D“u|Pﬂde+C(c 8)(k+s+1)‘7/ [Uo]k s & .
T (wp —u+ R ’ ] RA

la|=1,2
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Finally, we estimate the integral involving the datum. Since (37) holds, we have

k k
/ o _|f,/|l [:)_OLr)ql Pdx <c(2M+1) / mws dx. 61)
Q

Now, gathering (48), (52), (56), (60) and (61) and choosing a suitable € > 0, we obtain

k
f[DMlﬂD“Vﬂzj%%de

v . (62)
< c(1+k+s)I(M+1)7+06@) {IF oty dx+f[vo] y qu}
where we have denoted by F the following function:
Pa
F= ) |E|rT+][f]+1 (63)

|a|=1,2
Thanks to (8) and (9), it follows that there exists T > M such that F € L7(Q)). Therefore,
choosing r < 1 — = and applying Holder’s inequality, frorn (62), we obtain

ks
(f2 {Zm:u |D“u|p“] (W@lfj}zm dx

S i [ o )

w1 (64)

+R'1—I¥(f’vo gt 1dx> T }

(v )

The above relation is crucial for organizing the iterative Moser’s method.
Givenk > 0and s > 0, let us define

-1

T

<c(l+k+s) {

05) = g [ leolfy? dx.

Q

The following Lemma holds:

Lemma 9. We assume that conditions (5)—(9) are satisfied. Let u € Wzlz (Q)) be a bounded solution
of problem (10).
Then, if k > 0 and 2q* < s < Cy(k+ 1) (Cy is an absolute constant that we shall define

later), the inequality
* 1
J(k,s) < c(k+1)7 [J(kl, sl —21g*)]! (65)

holds, where
T N-—g

=T N

<1

Proof. Letk > 0 and 2¢* < s < Cy(k + 1). Applying Sobolev’s embedding to the function
k s
[00] 7 ¥ and taking into account that vy (x) > 1, we obtain
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59
k 7 7
J(k,s) < CS]W(IZM -1 \Dﬁ”\qﬁﬁm dx

. ﬁ (66)
o [l g7 Tax)
Q

where S is the Sobolev constant.

Now, estimating the first addend on the right-hand side of the above inequality by
means of (64) with ’;41 and Z—Z — g instead of k and s and the second one by means of Holder’s
inequality, we obtain

1 l i —q) =% T
J(k,s) < cCo(1+ k)1 (RN/ 7 7 rldg 67)
(@]

and (65) follows. [

Fori=0,1,2,...,and Cy such that Cy > 1= i L, we define

_ 2q” (e
_1—l(l 71)/ Il_](klrsl)

ki=ql™", s
In the next lemma, we will prove the boundedness of Jo = J(g,0).

Lemma 10. We assume that conditions (5)—(9) are satisfied. Let u € W;/’Z(Q) be a bounded
solution of problem (10). Then, the inequality

/@mmng (68)
Bar(x0)

holds, where Cq is a positive constant depending only on known parameters and independent of R.

Proof. We note that 1 < [vp(x)]7 < (14 log4)7 for any x € G1(R), so we can apply
Lemma 8 to the function [0} € W' (Byg(xp)) and G = G;(R).
By means of Young’s inequality with ¢ > 0, we obtain

-1
RLNB { )[UO] 5 { : %ZM‘:l |D‘X1/l| dx
2R (X0 2R (X0
(69)
SC{l—i_RSN J [UO}qu"'RCz\(Ii)q / WZW 1 |D* u|‘7dx}

Bor (XO) Bar (XO)

Now, we estimate the last integral in the above inequality.
We then consider the following cut-off function:

X — Xo

o(x) = %( )xeo

where ¢ is the same function defined in (45), and we consider the following test function:

1
o (x) = (wp —u(x) + Rr)7-1 97(x).

Substituting v into the integral identity (11) and proceeding in the same way as we
obtained (64), we deduce
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1 c =1
| Pa < " < c¢RN1
w;,z |D*u| } (s TR dx < P [meas(B4R(xo))} <cR (70)

Bar(x0)
Choosing a suitable 0 < € < 1 and taking into account (70), from (69), we obtain

1
RN / [0g]Tdx < ¢
Bor (x0)

and the lemma is proved. O

From Lemmas 9 and 10, we deduce

1 1

[ <cJ] fori=0,12,... (71)

and
1

=1 1 ki i - B i
||vo||Lm(BR(XO))— lim (RN / [vo] dx) <climsup J;* <c]J;.

i—+o00 ; 00
Br(xo) e
Therefore, (43) holds, and the proof of Theorem 2 is now complete.
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