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Abstract: For subject i, we monitor an event that can occur multiple times over a random
observation window [0, ;). At each recurrence, p concomitant variables, x;, associated
to the event recurrence are recorded—a subset (g7 < p) of which is measured with errors.
To circumvent the problem of bias and consistency associated with parameter estimation
in the presence of measurement errors, we propose inference for corrected estimating
equations with well-behaved roots under an additive measurement errors model. We
show that estimation is essentially unbiased under the corrected profile likelihood for
recurrent events, in comparison to biased estimations under a likelihood function that
ignores correction. We propose methods for obtaining estimators of error variance and
discuss the properties of the estimators. We further investigate the case of misspecified error
models and show that the resulting estimators under misspecification converge to a value
different from that of the true parameter—thereby providing a basis for bias assessment.
We demonstrate the foregoing correction methods on an open-source rhDNase dataset
gathered in a clinical setting.

Keywords: recurrent events; covariate measurement errors; model misspecification;
Kullback-Leibler divergence; corrected score
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1. Introduction

A recurrent event process is a process that repeatedly generates events serially. It
is encountered in many fields such as biomedical science, epidemiology, social science,
reliability, and actuarial science, just to name a few. The literature on methods and models
that address various scientific questions pertaining to recurrent event processes is well
established. Regardless of the problem of interest, analyses of recurrent events can be
broadly classified as either gap-time analysis, or time-to-event analysis. Under these two
paradigms, the focus can be put on estimating the intensity function A(-), the survivor
function F(-), the mean rate function y(-), or other functionals of these unknowns in the
presence of possible time-dependent covariates. Because covariates play an important
role in better understanding time to failure, incorporating them in modeling has always
been beneficial.

Denote x a p-dimensional vector of possibly time varying covariates,  a p-dimensional
regressor, and Ao(-) a baseline hazard function. For a vector a, we call a’ its trans-
pose. Models that account for covariates include the multiplicative intensity model
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As) = Ag(s)exp(B'x(s)), the additive model A(s) = Ag(s) + B'x(s), the mean-rate
model u(s) = uo(s) exp(B'x(s)), the additive-multiplicative model A(s) = g(B'x(s)) +
Ao(s)h(B'x(s)), and the accelerated failure-time model A(s) = x(s)’B + w, as a few exam-
ples. With specific choices of g(-) and h(-) in the additive-multiplicative model, one can
easily retrieve the Cox and the additive models. The choice of a model depends on the
area of applications, the area of research interest, and the goodness-of-fit. What has been
abundant in the literature are model specifications assuming all covariates are perfectly
measured data during collection. However, the notion that all covariates are perfectly
measured is farfetched in the majority of research fields. A simple fact, well-known in
medicine, is that blood pressure measured in healthcare facilities, for example, suffers from
the psychological effect of subjects being in a doctor’s office even if the instrument used
to measure this vital sign appears to be well-calibrated. The same is true for measuring
household lead level, an error-prone process usually influenced by environmental factors
including air quality, dust movement, and soil quality. Similarly, the process of measuring
nutrient intake has been a long-documented error-prone process with measurement errors
that can negatively impact health. Covariates measurement errors can be associated with
the mechanism by which the measurements are taken, the situations under which they
are measured, environmental factors, human errors, missingness, or many other lurking
factors. Ignoring errors in modeling could lead to biased parameter estimates, distorted
inferences, and inaccurate conclusions. These are the technical consequences. There are
practical consequences as well, specifically in biomedical studies where doctors’ directives
are given based on the accurate reading of patient diagnostics. If these readings are er-
roneous, inaccurate prescriptions and directives will be given, leading to serious health
consequences. There has been an extensive body of work on the topic including classical,
censored, truncated, and uncensored data, resulting in numerous correction methods in
models that include measurement errors. The correction methods are either parametric or
nonparametric, wherein the error term acts on the true value of the covariates in an additive,
multiplicative, or other manner. The parametric approach to the problem assumes a distri-
bution on the error terms, while the nonparametric approach relaxes that assumption and
uses replicate surrogates and instrumental variables for error correction. Regardless of the
approach and data type, the following references are noteworthy: [1-11]. A comprehensive
review of methods for measurement errors can be found in [12]. Textbooks dealing with
measurement errors include [12,13], and, most recently, [14].

Although there has been an abundance of literature with measurement error models
and correction methods for single events, there is a paucity of literature on recurrent
events. Turnbull [15], under a normal assumption for the errors, proposed a moment-based
method for correcting a naive estimator, while Hu and Lin [16] corrected a partial score
function under a symmetric distribution for the errors. A few manuscripts on the topic with
recurrent events have appeared in the last decade. Yi and Lawless [17], using the correction
from [4] and the simulation extrapolation (Simex) of [18], present methods for modeling
time-to-events that account for measurement errors under a wide class of models for the
hazards. In their approach, parameters were estimated using likelihood-based tools and
estimating equations. More recently, some authors have focused on the measurement errors
problem in recurrent events while simultaneously dealing with informative censoring. For
instance, Yu et al. [19] developed a regression-calibration and moment-corrected approach
to adjust for measurement errors while accounting for informative censoring. Yu et al. [19]
modeled time-to-event data and incorporated informative censoring using a shared frailty
model. Yu et al. [20], on the other hand, modeled informative censoring using a shared
frailty, as in [19], but relaxed the distributional assumption on the errors and proposed a
general nonparametric missing-at-random model to account for the errors. To the best of
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our knowledge, the most recent manuscript dealing with the topic of recurrent events is that
of [21]. They investigated another aspect of failure-time data, namely, left truncation. Since
right-censored and left-truncated data are quite prevalent in practice, Chen and Yi [21]
developed models to simultaneously handle both features of the data while modeling
measurement errors using moment correction.

To correct the bias induced by measurement errors in estimating model parameters
with failure-time data, researchers have relied on the so-called induced hazard rates, which
are defined as the conditional hazard given the observed covariates and the events history.
The idea is to construct an unbiased score function, called corrected score, upon which
estimation and inference are based rather than naive score (i.e., the score that ignores
measurement errors), which uses an error-prone covariate and tends to yield spurious
results of no practical value. The main contributors to this idea in single-event settings
are [1,4,5]. Many authors have shown that the corrected score is not the gradient of
a corrected likelihood, which led [5] to introduce the concept of approximately corrected
partial likelihood. Later, Augustin [22] justified that the corrected scores proposed in [5,23]
are exact and that their corresponding estimators are consistent. In light of the recent
clarifications and based on the results in [22], we take the approach of corrected partial
likelihood and consider a gap-time modeling of the intensity function with recurrent events
when one or more covariates are measured with errors. We operate under the classical
additive measurement errors model that is known to have a broad applicability in scientific
research. We make the blanket assumption that the errors fluctuate around the covariates.
Other general measurement error models such as regression calibration in [24,25] and
Chapter 4 of [12] could also be used. In our current development, we do not impose any
distributional assumption on the errors other than their variance-covariance matrix being
time-independent and possessing a consistent estimator. We propose a corrected partial
likelihood score process with root consistent estimators that follow a multivariate normal
large sample distribution when properly standardized. Our results generalize those of [23]
in two ways: (1) They are applied to recurrent event data by focusing on their dynamic
feature, and (2) the errors do not follow any particular distribution in our approach. Kong
and Gu [23] deals with single-event models with assumed normally distributed errors.
We augment our work by deriving a corrected baseline cumulative hazard with recurrent
events and its asymptotic properties. We add a discussion on misspecified error models
and develop properties of the estimators under error misspecification. We show, in that
case, that the estimator converges to a value different from the true parameter, enabling an
evaluation of the bias and its magnitude. The correction methods proposed here will result
in improved estimators from the technical point of view. There are numerous advantages,
practically, such as better doctor directives, whether or not covariates are measured with
errors in biomedical studies, and better products warranty in reliability and engineering, to
name a few.

Our manuscript is organized as follows. In Section 2, we state the stochastic setting
for our recurrent event model and define some key concepts that guide our theoretical
development along with preliminary results. In Section 3, we propose the corrected
estimator including the corrected estimating equations and develop their key asymptotic
properties. In Section 4, we follow with a simulation study that serves as a validation
of the theoretical properties, as we also illustrate our findings in an applied setting. In
Section 5, we propose an estimator for the corrected baseline hazard and its asymptotic
properties. In Section 6, we focus on the issues of misspecification of the error model and
asymptotic bias. We finally conclude our work with a section on the conclusion, discussion,
and recommendations.
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2. Preliminaries
2.1. Dynamic Modeling and Observables

Consider n units that are monitored for the occurrences of an event that can recur
up to a random time 7; for each unit i. For unit i, let S; ; be the time of occurrence of the
j" event, and T;,; the gap between the (j — 1) and the j" occurrence. For every unit i, a
p-dimensional time varying covariate x; is recorded. We assume, for j = 1, ..., K;, that the
T; ;s have a distribution function F;(-), and a hazard function A;(t[x) = A(t | x) thatis a
function of the covariates, with K; being the total number of events per unit satisfying the
sum quota scheme. For unit 7, the observables at the censoring time T; are

O;= (K, Tin, ..., Tix, T — Sik; Xin (8i1), - Xi k, (Sik,) ), )

which define an aggregate vector O = (O, ..., O,) over the observed sample of size n.
In what follows, s represents calendar time whereas t represents gap time. The relevant
counting processes from the data on which estimation will be conducted are Ni1L = {Nl1L (s):
s <5}, YT ={Yf(s) : s > 0}, where N/ (s) = Y2 {Sij <sAt} and Yi(s) = I{7; > s}.
The process N/ (s) determines, for subject i, the event occurrences up to time s, whereas
the Y;r(s) process determines if the unit is at risk for future recurrences. We write the
effective age of the unit i at time s as ¢;(s) = s — Si,N;r(s,). Observe that 0 < ¢(s) <'s,
and is viewed as a process that keeps track of the time elapsed since the last occurrence
of an event. In ¢, not only do we track the time elapsed but, also, we verify whether the
time being tracked is a true event time versus another time with the hopes of a future
event. Following [26], we provide a link among the effective age process, the regressors,
and the multiplicative intensity process by A(s|x;(s)) = Ao(¢;(s)) exp (B'x;(s)), where
B € RP is a set of regressor parameters. The corresponding survivor function would
then be F;(s|x;(s)). The utility of the effective age rendering of the Cox model is that
it allows to explicitly model the effect of an intervention or treatment performed just
after an event occurrence, an adaptation that is more in harmony with settings where
treatments are administered during an observation window such as in health science. From
the theory of stochastic integration, the compensator process of N (s) is Af(s) given by
Af(s|B) = [y Y (v)Aol@i(v)] exp[B'xi(v)]dv. Due to the randomness of the argument ¢;(v)
in A% (s|B), one usually works with the doubly-indexed processes N; (s, t) and A;(s, t|B) that
are functions of both the calendar and gap times in order to handle the random argument in
the integrand. The N;(s, t) and A;(s, t|B) processes are the number of events that occurred
by calendar time s for unit i whose effective age is, at most, gap time ¢ and their associated
doubly-indexed compensator. Hence, for fixed t, M;(s,t|f) = Nj(s,t) — A;(s,t|B) is a
zero-mean square integrable martingale. More information the notations and details on the
stochastic processes formulation in this section can be found in [27].

2.2. Measurement Errors Notations

Under the additive model for errors, for unit i, at calendar time s, let x;(s) be
the p-dimensional covariates, of which possibly g < p are measured with errors. If
€i(s) = (€i1(s), - €ip(s)) is the p-dimensional errors on x;(s) = (x;1(8), ..., Xip(s)), then

xi(s) = z;(s) + €i(s),

where the z;(s) are the true and unobserved covariates. We do not impose any distributional
assumption on the €;(s), other than having a zero mean and a variance covariance matrix
E that is time-independent. We assume the existence of a consistent estimator & of E that
can be derived using validation methods or replicates (cf. [12], Chapter 4). It is to be noted
that some authors have assumed the errors to have a multivariate normal distribution with
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error variance obtained using validation data and sample variance formulas; cf. section 2.1
of [17]. See also section 4.7 of [12] on ways to derive estimators for the error variance. We
now introduce some notation in the sequel, to be used throughout this manuscript. All
random entities are defined on a complete probability space (Q2, F,P). The space D|0, t]
denotes the cadlag functions on [0, t| equipped with the supremum norm || - ||, and all

asymptotic results are taken as # — co. The notations i>, % and 5, respectively, denote

convergence in distribution, almost sure convergence, and convergence in probability. For

avectora = (ay,..., ap), a’ is its transpose; if b is also a p-dimensional vector, then a ® b

is the p x p matrix ab’ with (k, l)th element a;b;. In addition, a®2 = a ® a, and for the

vector a, ||a|| = sup|ai|. Finally, we define the gradient operator V g by the vector of partial
k

derivatives Vg = 9/0B = (0/9p;,1 = 1,2,...,p)’; where B a p-dimensional vector.
3. Corrected Scores and Estimators

3.1. Preliminary

Some preliminary results are contained in [28]; consequently, we will not provide a

full exposition here again. With s* = 1I£1aX T;, the generalized at-risk process is defined as
i<n
N} ((sA7i)-)
Yi(s,x(t)|B) = Y, Ty 2 +I((sAT) = S Ni(snm)—) = 1) | - exp(Bxi(t))
j=1
= hi(s,t) - exp(B'xi(t)).
We write S()(s,x(t)|8) := n~ ' ¥, Yi(s,x(t)|B), and its k" order derivative with

respect to B is written as

S9(s,x(D1B) = ~VE Y (s, 1) - exp(Bxi(t))

Y- hils, 1) - xi() % exp (1),

Taking k = 0,1, 2, write

E(s,x(t)|B) = S (s,x(t)[B) /5" (s, x(t)| B)

and
V(s,x(t)|B) = [SP(s,x(t)|B) /S (s, x(t)|B)] — E(s,x(¢)|B)**

The log partial likelihood is written as
n s* ) N
=) [ [Bxi(0) ~loglXi(s", 9u(0) )] N (d), @
i=1

where the integral is obtained over the calendar time process. Because ¢;(v) is a random
variable, a change of variable ¢;(v) = w in the integrand leads to a likelihood profile
Ip(B,x(s*)) and an associated score process U(B,x(s*)) = Vglp(B,x(s*)) given by

U(B, (")) Z/t*xl — E(s*, w)| Ny (%, dw), 3)

where t* = maxT, j is the maximum gap time. The estimator of B, B, say, is the solution
L]
to U(B,x(t*)) = 0, with predictors assumed error-free. Note that x;(s) is not the true
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covariate; consequently, the solution B is biased by virtue of the biasedness of U(B, x(t*)).
As U(B,x(+*)) does not equate zero in the presence of measurement errors, the corre-
sponding likelihood and score which are functions of $®*)(s*,x(t)|B), k = 0,1 are also
biased, and cannot induce reasonable estimating equations. We provide a corrected ex-
pression for U(B, x(t*)), which is inextricably linked to corrections of S (s*,x(t)| ) and
S (s*,x(t)|B). We denote E.(-| @), the conditional expectation under the distribution of e
with respect to the observables O. In the spirit of corrected likelihoods, we seek estimating
functions U(B, x(t)), expressed in terms of the observed data and satisfying

Ec(U(B,x(1)|0)) = U(B, z(t)). 4)

This will be handled through the use of the first-order approximation of the ratio of expec-
tations. We also operate under some regularity conditions that are detailed in Appendix A.
Under these regularity conditions, €;s are independent zero-means with a time-independent
covariance structure; all-order moment-generating functions of the error distribution exist,
the integrated hazard is finite, the covariates are uniformly bounded and cannot escape to
infinity, and uniform continuity of $) (s*,x(¢)|8) and its expectations is guaranteed.

Proposition 1. The following results holds:

W (s*,z
E(s*, x(1)|B) = M £ Vgn(g(B)).

Proof. See Appendix A [

Remark 1. There are many ways of dealing with measurement errors in estimating parameters
that connect event time to covariates; specifically,

(i)  likelihood-based, where a specification of the distribution of the covariates is usually conjectured;

(ii) methods based on unbiased estimating functions;

(iii) methods based on correcting a naive parameter estimate, i.e., the one obtained ignoring
the errors.

Each of these approaches has its pros and cons. The estimating-functions approach has
the advantage of bypassing the difficult and unrealistic, if not counterintuitive and circular,
step of specifying the distribution of the variable measured with error as required by (7).
The approach in (iii) is primarily a simulation-based approach that does not serve us well
for a rigorous mathematical derivation of asymptotic properties. In addition, (iii) relies
on the use of bridge functions to connect the naive estimator in-probability properties to
the corrected ones, beyond its requirement of the known measurement errors covariance
structure needed for the simulation extrapolation’s best performance. By settling for (i),
we maintain the statistical constructs needed for a valid estimating function, i.e., the ease of
computability vis-i-vis the measurement error variable and the ability to produce consistent
regressor parameters with asymptotic normality under suitable regularity conditions. As
an example, similar to the argument about exact corrected scores and root consistency as
those put forth in [5,22,23], we show that the results hold for recurrent events as well. We
also note that when e(f) = 0 in (A1), one recovers the no-measurement-errors covariates as
in [28].

3.2. Large Sample Properties Under Correction

In order to establish the convergence in distribution of the standardized version of §,
we would need the large sample properties of the scaled corrected score \/ﬁ_llj( B;s*,t).
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Assume B, is the true value of B, and z;(f) is the true covariate free of measurement errors;
then, the process

M;(s, ) = Ni(s, t) — /Ot Yi(s,z(w)|By) Ao (w)dw

is, for fixed t, a zero-mean martingale with respect to the calendar time filtration § = {Js :
s > 0}, with §; the o-field generated by {[(N{(s), Y] (s+)): s > 0],i = 1,2,...,n}. The first
result in this section pertains to the consistency of the corrected maximum likelihood f.

Theorem 1. As n — oo, the sequence of solutions B, = (Bin, .., ,Bnp) to the equations
ﬁn(ﬁ; s*,t) = 0,n =1,2,... is consistent.

Proof. See the Appendix A. [J

The moment-generating function of the €;(s), ¢;(8) = E(eﬁlei(s)) plays a key role
in the asymptotic properties of corrected estimators, the corrected score, and corrected
Fisher information. In the next few lines, we discuss its large sample property. For every
i, note that B'e;(s) = 2]’;1 Bj€ij(s). The function ¢;(B) is assumed to exist for B in the
neighborhood of zero and is twice differentiable with respect to B. If a consistent estimator
B of B exists, the following lemma asserts the consistency of an estimator of ¢(), namely,
d(B) = ¢( B), the empirical moment-generating function.

Lemma 1. Let B be the corrected and consistent maximum likelihood estimator of B. The empirical
moment-generating function of ¢(B) based on {¢p;(B) :i =1,...,n} is defined by

§ LB,

~

$(B) = ¢(B) =

and is a consistent estimator of ¢(p).

Proof. The result follows from the functional continuous mapping theorem, the uniform
law of large numbers, and the consistency of B. [

As indicated earlier, to establish the distribution limit of the properly standardized
corrected maximum likelihood estimator, we will first establish the asymptotic properties
of the corrected score \/ﬁ_lfl(ﬁ; s*,1).

Theorem 2. Asn — oo, the process {ﬁfl(ﬁ;s*, t):te|o, t*]} converges weakly on D0, t*] to
a zero-mean Gaussian process U (B, s*, t) with covariance matrix given by ¥ (s, t1 A t2|B,)) that
can be estimated by ¥ (s, t1 A t2|B)) = E([Vi(s, ty A t2)®2]), with Vi(s, t) given in the proof below.

Proof. See the Appendix A. O

With the limiting distribution of v/n o, (B;s*, t) established, we can now proceed
with that of the properly standardized corrected maximum likelihood estimator. To that
end, we need a corrected Fisher information matrix and its in-probability limit. Recall that
the Fisher information matrix is given by

o 1 N
I?l(ﬁ;S*/t) - _EVﬁ U(ﬁ,s*,t)
We have
1 .
In(ﬁ/ S*/ t) - _EVﬁ/U(ﬁ, S, t)

(2) (g* n
- _i/of{vﬁ,[vﬂlncp(ﬁ)} _WJFE@(S*’W)} ‘=1Ni(s*,dw).

1
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To obtain the corrected Fisher information, we need to find the corrected expression of
the second and third terms in the integrand. The third corrected expression has been
provided in Proposition 1. The variance—covariance matrix of €; is assumed to exist and is
independent of ¢, that is, & = E(el®2), i =1,..,nis independent of t. The next proposition
pertains to the corrected expression of the second term; i.e.,

S (%, x(1)|B) S (5%, x(1)|B)] .

Proposition 2. The corrected expression of S©) (s*,x(t)|B)[SV) (s*,x(t)|B)] ! can be approxi-
mated by

53 (s, x(01B) . SP2IB) | s o
SO ilp) "~ SO ap T EE OB

+[E(s",2(1)|B) (BE)] + E + [(EB) (2B)'].
Proof. See the Appendix A. O

In light of the above proposition, the corrected Fisher information matrix is given by

(2) (5*’

’ [E(sﬁx(w)ﬂ)@z - S

z(
0 (s*, 2(w)

Tugst) = [

8] $- s o)
nJo D=t
It can be seen that the corrected Fisher information based on the true values of the covariates
z no longer contains any information about the errors terms. This concurs with the results
in [23] and those in [22]. Moreover, the Fisher information matrix can, therefore, be
estimated by 1I(B;x(t),s*), which is a consistent estimator of 1I(B;z(t),s*) by virtue
of the consistency of B and the corrected expression. The final result in this section is
regarding the asymptotic property of the properly standardized corrected maximum partial
likelihood estimators.

Theorem 3. Asn — oo, \/n(B, — B,) LN Ny (0,27 1(By)), where £~ (By; s*, t*) can be consis-
tently estimated by
.1 o RN A = _
L = (Za(Bix(t),s")] ) ¥ (Brs, [ Zu(Bix(1),5)] 7.
The proof follows from the usual Taylor expansion of the corrected score around By, the
limiting distribution of \/ﬁflfjn (B; s, t), and the consistency of the corrected Fisher informa-

tion matrix. The limiting variance is finally obtained using multivariate distribution theory.

3.3. Measurement Errors Variance Estimation

Estimating the measurement errors variance is useful in determining whether a sim-
plified approach that ignores it would be acceptable. The size of the error variance is
also a factor that is associated with bias in parameter estimates. In order to address this
estimation, it is not uncommon to proceed by bootstrapping. Two approaches are typically
used to achieve this goal: the method proposed by [29], which involves bootstrapping
the empirical distribution, and that of [30,31], which relies on bootstrap resampling of the
observables data. If the empirical distribution is the basis for bootstrapping, then, given
K; = l;, one can obtain the empirical function of the x; as

1 L
Fawhx) = =5 Y Y 1xi()) < w}

=11 j=1j=1
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and obtain draws from the empirical function. One could also deal directly with the
observables, target the within-subject observations as replicates, and derive an estimated
variance—covariance structure & by restricting to subjects with multiple events and obtain

n N;f SAT;)— -
& izl {N/((s A7;)—) > 0} ijl(( ) )(Xi,j(si,j) — x;)%?
AINF((s A)—) = 1] '
N+ SA i)—
% = P (1)
" Nf((shm)-)

and re-sample this estimate for smoothing purposes. Regardless of the approach taken,
since the empirical distribution function is a consistent estimator of the true distribution
function, the individual components of & converge almost surely to their true values.

Theorem 4. The components of 03, of & satisfy 03, 5 02, under the bootstrap probability. That
is, the coordinate-wise bootstrap estimator converges in probability to its counterpart in the true
variance of the errors.

Proof. See the Appendix A. O

4. Simulation and Application

We perform a simulation study to assess the accuracy of parameter estimation with
respect to the corrected likelihood process. We operate under a Weibull model and simulate
a wide range of inter-event times that fit recurrent processes in real-life settings. Among
these settings, we explore reliability deterioration in time (Weibull(1,6,) : 6, > 1, which
corresponds to shortened inter-event times or a high frequency of occurrence), reliability
improvement in time (Weibull(1, 6;) : 6, < 1, which corresponds to lengthier inter-event
times), and constant reliability where 6, = 1. We operate under a two-covariate CPH model
z = (z1,22), with z; = z1(s) a continuous time-varying covariate and z, an equiprobability
Bernoulli process indicating a grouping factor. On z1, we superpose a Gaussian noise with
variance o2 to create x;, and we explore the effect of the measurement error variance on the
Cox regression parameters f1, B2 in B1x1 + Baza = B1x1 + B2x2 = B'x. We henceforth refer
to the analytic model that overlooks the measurement errors as a naive fit, and to the one
that incorporates the measurement error in estimation via corrected partial likelihood as
the corrected fit. Since a simulation is a controlled environment, the true 8 values are known
by design. We explore both small and large sample scenarios with n = (40, 80, 100, 200).
The data are simulated for an average of four recurrent events per subject. We keep
B2 = 1 fixed and varied B, € (—1,—0.8,—0.6, —0.4, —0.2,—0.1,0.1,0.2,0.4,0.6,0.8,1). We
report the results for Weibull(1,6, = 1.5) inter-event times, though the results carry
similar information across Weibull(1,6, > 1). We next design another simulation setting
where the Cox regression coefficients are kept at (B1,82) = (—1,1), while we vary the
measurement error ¢ € (0.01,0.05,0.1,0.2,0.3,0.4,0.5) to aid our understanding of the size
of a measurement error, which has the potential to seriously affect the estimation of the
Cox parameters.

4.1. Simulation Results

The simulation results are summarized in Figure 1 and Tables 1-3. The pictorial
representation in Figure 1 encapsulates the advantages of using estimation based on the
corrected partial score over the naive approach in parameter estimation for predictors
recorded with measurement error, while in the naive case, bias increases with the magnitude
of the effect of the predictor on the hazard of recurrence. We clearly see that the corrected
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partial likelihood has created an estimation scheme with minimal, if not nonexistent, bias.
This observation holds irrespective of n. Overall, the standard error trivially decreases
with 1, and the parameter estimate for the predictor without measurement error has been
estimated with minimal bias in both the partial and the corrected partial scores. We measure
the accuracy of the estimation of the parameter without measurement error by using the
mean square error. We call MSE(naive) the mean squared error for the estimation based
on the partial likelihood, and MSE (corrected) the mean squared error for the estimation
based on the corrected partial likelihood. Expectedly, these values are negligible and
asymptotically similar. It is expected that correction would have minimal and negligible
effects on this covariate. The results appear to be in line with the published literature on
single events, where the corrected likelihood outperforms the naive approach.
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Figure 1. Bias assessment comparing the naive approach (in red) to the corrected (in green). The
points are joined by the lowess estimating curve. From left to right, top graphs are n = 40 and 80,
and bottom graphs are n = 100 and 200, respectively.

Table 1. Weibull intensity: F(¢;0) = e*<92t>91;62 =100 =150 =05.

N(0,0.1)
n B1 B se(Br)  Pic  se(Bi) B2 B2 se(B) P se(Ba)
~10 —0.839 0095 —0980 0.143 0978 0238 1.036  0.240
08 —0678 0109 —0.83  0.158 1.039 0214 1112 0217
—04 —0365 0117 —0415 0.106 1.054 0238 1.049 0240
~02 —0177 0117 —0230 0.128 1.062 0249 1.040  0.247
40  —01 —0078 0080 —0081 0120 1 1.002 0248 1.040 0.230
0.1 0.096 0.085 0.093 0.124 1.052 0.238 1.063 0.193
02 0170 0079 0183  0.125 1.019 0260 1.028  0.207
04 0347 0101 0411 0134 1.013 0208 1.024 0256
08 0709 0138 0773  0.150 1.067 0260 1.079  0.244
10 0859 0116  1.021  0.169 0968 0196 1.111 0270
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Table 1. Cont.
N(0,0.1)
n B1 Bi  se(B1)  Bic  se(Bic) B2 P2 se(B))  Pac  se(Pa)
—-1.0 -0.840 0.079 —0947  0.093 0991 0.153 1.008 0.170
-0.8 —-0.687 0.079 —0.801 0.088 1.018 0.166 1.052  0.187
—04 —0.342 0064 —0.395 0.084 1.005 0.171 1.030  0.156
—-0.2 —0.187 0.062 —0.187  0.079 1.035 0.165 1.031 0.158
80 —-0.1 —-0.083 0.068 —0.105 0.059 1 1019 0164 0976 0.154
0.1 0.075 0.062 0.090 0.078 1.026  0.177  1.051 0.131
0.2 0.195 0.062 0.187 0.056 1.035 0.128 1.024  0.160
0.4 0.338 0.064 0.385 0.089 1.006 0.139 0980  0.139
0.8 0.665 0.075 0.784 0.093 0972 0.156 1.046  0.146
1.0 0.831 0.070 0.959 0.100 1.002  0.137  1.029 0.158
—1.0 -0.826 0.069 —0.984 0.100 0960 0.132 1.058  0.140
—-0.8 —0.674 0060 —0.807  0.086 0984 0.127 1.017  0.127
—04 —-0.354 0.063 —0.388 0.066 1.040 0.151 1.007  0.119
—-0.2 -0.177 0.060 —0.199 0.068 1.031 0.146 1.006  0.135
—0.1 —0.086 0.064 —0.101 0.058 0993 0.126 1.033 0.137
100 0.1 0.093 0.059 0.103 0.056 1 1.028 0142 0988  0.131
0.2 0.183 0.063 0.211 0.072 1.057 0.140  1.029 0.115
0.4 0.367 0.063 0.399 0.070 1.016 0.144 1.017 0.115
0.8 0.685 0.070 0.784 0.083 1.011 0.141 1.026  0.166
1.0 0.839 0.068 0.965 0.094 0989 0.141 1.010  0.149
-1.0 -0.821 0.039 —0.962 0.065 1.018 0.089 1.004 0.106
—-0.8 —0.668 0.053 —0.763 0.051 0969 0.097 1.026  0.103
—04 —0.338 0.039 —0401 0.051 1.011  0.112 1.022  0.103
—0.2 —0.182 0.046 —0.210 0.049 1.028 0.105 1.014  0.093
—-0.1 —0.092 0.045 —0.109 0.044 1.015 0.081 1.012  0.093
200 0.1 0.079 0.035 0.101 0.043 1 1.013 0.081 1.048  0.109
0.2 0.177 0.042 0.208 0.047 1.016 0.099 1.022  0.089
0.4 0.348 0.046 0.404 0.040 1.004 0.095 1.033 0.100
0.8 0.678 0.043 0.758 0.050 0976  0.107  1.001 0.099
1.0 0.832 0.057 0.968 0.067 1.015 0.101 1.036  0.111
Table 2. MSE(,EZ): Error for the covariate with no measurement error.
n 40 80 100 200
MSE(naive) 0.0016 0.0005 0.0009 0.0004
MSE(corrected) 0.0041 0.0011 0.0007 0.0006
Table 3. Weibull intensity: F(t;0) = e~ (20" 0, = 1,6, = 1.5; (1, f2) = (—1,1).
N(0,0)
n o B se(B1) B se(Pic) B2 se(B2) Boe  se(Bac)
0.5 —0.704 0.085 —1.024 0.228 0.988 0.231 1.046 0.295
0.4 —0.737 0.079 —0.980 0.193 1.012 0.224 1.129 0.265
0.3 —0.848 0.094 —0.965 0.155 0.960 0.231 1.042 0.256
40 0.2 —0.909 0.107 —0.979 0.135 0.979 0.237 1.055 0.243
0.1 —0.926 0.099 —0.911 0.116 1.029 0.227 1.036 0.193
0.05 —0.947 0.122 —0.976 0.120 1.018 0.211 1.099 0.234
0.01 —0.938 0.144 —0.928 0.134 0.956 0.177 1.044 0.227
0.5 —0.685 0.071 —0.983 0.144 0.916 0.155 1.055 0.181
0.4 —0.772 0.086 —0.929 0.086 0.966 0.152 1.049 0.162
0.3 —0.840 0.077 —0.981 0.115 0.960 0.126 1.003 0.130
80 0.2 —0.930 0.091 —0.983 0.089 1.005 0.128 1.025 0.150
0.1 —0.911 0.066 —0.940 0.082 0.989 0.135 1.056 0.138
0.05 —0.957 0.081 —0.971 0.080 1.068 0.124 1.014 0.157
0.01 —0.941 0.089 —0.933 0.071 1.005 0.132 1.001 0.161
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Table 3. Cont.
N(0,0)
n 4 B se(B1) B se(B) B2 se(B2)  PBac  se(Bx)
0.5 —0.683 0.068 —0.957 0.139 0.956 0.133 1.015 0.173
0.4 -0.773 0.056 —0.975 0.108 1.026 0.143 1.118 0.173
0.3 —0.842 0.075 —0.976 0.090 0.971 0.127 1.058 0.133
100 0.2 —0.937 0.074 —1.002 0.091 1.011 0.135 0.996 0.136
0.1 —0.936 0.063 —0.957 0.078 0.997 0.137 1.042 0.124
0.05 —0.966 0.066 —0.939 0.075 1.016 0.129 1.029 0.133
0.01 —0.936 0.068 —0.947 0.071 1.011 0.154 1.024 0.120
0.5 —0.695 0.045 —0.938 0.065 0.950 0.084 1.022 0.104
04 —0.766 0.042 —0.941 0.059 1.000 0.081 1.095 0.110
0.3 —0.833 0.052 —0.976 0.057 0.995 0.084 1.021 0.085
200 0.2 —0.929 0.051 —0.977 0.059 1.004 0.108 1.029 0.097
0.1 —0.915 0.044 —0.938 0.047 0.978 0.076 1.004 0.094
0.05 —0.944 0.055 —0.945 0.054 1.027 0.098 1.037 0.073
0.01 —0.937 0.051 —0.932 0.049 1.013 0.109 1.010 0.087

4.2. Application: ThDNase Data

This is a pulmonary exacerbation study that has appeared in many publications,
including [14,32], to name a few. This double-blind, randomized clinical trial aims to assess
the effect of rhDNase, a recombinant deoxyribonuclease I enzyme, versus placebo, on
respiratory exacerbations among patients with cystic fibrosis. Six hundred and forty-five
patients were recruited for the trial, and each patient was followed up for about 169 days.
We use a modified version of these data as an illustrative example. FEV measurements
are well-known to be subject to measurement errors. This is why an argument was made
regarding forced expiratory volume (FEV) measurements being recorded with errors, as
two measurements taken a few minutes apart (FEV1 and FEV2) showed discrepancies.
Even though the original dataset contains error-contaminated FEV values, it is of no use to
us because the error variance is unavailable, both in the original dataset and in any literature
where this dataset has been used. As we discussed in the theory part of this study, the error
variance must be known to verify the accuracy of our proposed error variance estimator and
the overall error-corrected parameter estimation procedure. Therefore, we first assumed
that the original dataset was error-free. Later, the error contamination was simulated by
making a modification to FEV values. Another issue with the original dataset was that
the FEV covariate was time-independent. Since our study focuses on the more general
case of time-dependent covariates, we made the FEV covariate time-dependent for each
subject at each occurrence of respiratory exacerbation, using the subject-specific ordered
measurements FEV1 and FEV2 according to a Uniform (FEV1, FEV2). The dataset with
time-varying FEV is posted on our web domain https:/ /www.myweb.uiowa.edu/gzamba/
(accessed on 10 November 2023) for a reproducibility check on our proposed methods.
Since we assumed that the time-independent FEV values of the original dataset were
error free, the modified time-dependent FEV values were also assumed to be error free.
Next, to make time-dependent FEV values error-contaminated, we added a Gaussian noise
with variance ¢2. We use ¢ = 0 as a reference value, which would be the basis for our
comparison; degeneracy under both the corrected and uncorrected methods should yield
similar results. We increase the error variance so that the resulting FEV value remains
within the range of clinically acceptable and realistic pulmonary function values. By
increasing the measurement error variance, we verify in this illustrative example how the
naive approach would progressively lead us to a spurious inference about an FEV effect
and how this inconvenience has been repaired through correction. We recognize that our
method is not one-size-fits-all. The last row of Table 4 highlights points beyond which
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estimation crumbles down for the corrected partial likelihood—a situation partly addressed
by [23], showing that failure in estimation for the corrected partial score tends to occur
when |B10| > 0.8. However, in this example, estimation appears to remain reasonably
stable up to |f10| < 1. The breakdown observed in the corrected score coefficient estimates
is due to the divergence of the iteration process.

Table 4. Regression parameter estimates.

o [;1 ﬁz ,élc ﬁ2c
0.000 —1.7025 —0.2734 —1.7004 —0.2729
0.050 —1.6201 —0.2695 —1.6884 —0.2678
0.100 —1.4338 —0.2665 —1.6763 —0.2644
0.150 —1.2153 —0.2646 —1.6612 —0.2603
0.200 —1.0102 —0.2636 —1.6446 —0.2566
0.300 —0.6944 —0.2633 —1.6125 —0.2467
0.400 —0.4910 —0.2640 —1.5873 —0.2370
0.500 —0.3610 —0.2649 —1.5774 —0.2240
0.600 —0.2752 —0.2657 —1.6094 —0.2438
0.700 —0.2166 —0.2665 421.8588 86.7149

5. Corrected Baseline Hazard and Properties

The baseline hazard plays a very important role in the Cox model. The covariates,
whether time-varying or not, act multiplicatively on the baseline hazard and give real time
failure rate at time ¢. The Breslow cumulative baseline hazard was developed based on
error-free covariates. So, any errors in the covariates measurement hinder the interpretation
of the baseline hazard. It has been shown in the lifetime literature that the baseline hazard
estimator based on the true covariates is consistent and converges to Gaussian processes
when properly standardized. However, when the covariates are error-prone, these large
sample properties do not hold. As a consequence, a corrected baseline hazard needs to
be developed. Some work has been done for right-censored data under the assumption
of normally distributed errors, while large sample properties are derived such as in [23].
Below, we propose a corrected baseline hazard for recurrent events with covariates under
measurement errors. Our corrected estimator generalizes the one in [22,23] to recurrent
events and is not restricted to normally distributed errors. The cumulative baseline hazard
estimator based on error-free covariates under the Cox model was derived in [28,33], and

Aol X0l = ] S,

given by

where B is the estimate based on error-free covariates. We seek a corrected estimator of
Ao(t), say, Ag(s, t;z|B) that satisfies

Ee(Ao(s",x(1)|B)) = Ao(s*,2(1)|B)-

To that end, we assume the interchangeability of the expectation and the integral, and we
observe that from the Taylor expansion of the ratio

! 1
Ee(S(O)(S*,X(t)Im) = B9 x(D)|B))
1
— ¢(B)SO)(s*,2(1)|B) +0p(1).
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Then, it is not difficult to see that a corrected baseline cumulative hazard estimator for
Ao(t) based on the observables with covariates {x;(t) : i = 1,...,n} is given by

et N(s*,dw)
Bl HB) = 9B [ <

where B is the corrected estimate of B. If the errors are assumed to be normally distributed,

(5)

then we obtain a similarly corrected baseline hazard as those in [23]. The corrected cumula-
tive hazard in (5) is also similar in form to that proposed by [22] in the discrete failure time
case. The consistency of Ag(s*, t|B) follows from the consistency of ¢(B) and Ag(s*,x(t)|B),
as stated in Theorem 2 of [28].

Theorem 5. As n — oo, the process {/n(Ao(s*,t|B) — Ao(t))} converges to a zero-mean
Gaussian process with variance function given by I'(s,t1 A tp).

Proof. See the Appendix A. O

6. Misspecified Errors Model

A fundamental assumption underlying classical results on the properties of estimators
obtained from the score process, namely, the maximum likelihood estimators, is that the
distribution or model that determines the behavior under investigation is well specified.
For example, thus far in this manuscript, we have assumed that the measurement errors
have the additive form x = z 4 €. However, the additive model for errors may be incorrect,
and the true form may follow a different, unknown model. For instance, it might be
the Berkson model z = x + €, or a mixture of the Berkson and additive models, namely,
X = u + €, where u is a latent variable having a mean y, and a variance—covariance matrix
2. The true error model can also be multiplicative or a transformed additive model. In
many situations, it is hard to know how the errors act on the covariates. If the measurement
errors model is not correctly specified, it is natural to ask what would result in properties
such as consistency and the convergence in law of the properly standardized corrected
partial likelihood estimator B. Does this estimator still converge asymptotically to a limit? If
so0, does this limit have any practical value? Does the asymptotic normality of the properly
standardized B still hold under the misspecified errors model? These questions can be
answered using the theory of misspecified models. White and Domowitz [34] provides a
unified framework on the properties of maximum likelihood estimators obtained under
various types of misspecfication in different contexts.

Properties of Corrected Estimator Under Misspecified Errors

To set the stage for this subsection, let Ip(B; s*, t) be the log-profile likelihood process
under the working errors model, and B the solution to Ip(B;s*,t) = 0, if one exists.
Suppose our true measurement errors model is defined by some unknown function x(x, €).
Further, let [p(3; s*, t) be the corrected likelihood under the true measurement errors #(x, €).
If B is in a compact subset B of R, the solution B, to I(B;s*,t) = 0 is defined by

B, = argmaxﬁegfp(ﬁ; s¥,1).

Likewise,
B, = argmaxg glp(B;s™, 1)
is the sequence of solution under the working likelihood. The first question is, does there

exist a sequence of solutions under the working model assumption? The answer is yes, as
given in the following Lemma 2 of [35].
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Lemma 2. Say B is a compact subset of RP. Given the data O, there exists a sequence B,
maximizing 1(B; s*, t), that is,

B, = argmaxg.glp(B;s”, t).

Following [34], to describe the discrepancy between the sequence of estimators {8, : n =
1,2,3..} and { Bn :n =1,2,3...}, we use the Kullback-Leibler ([36]) information criterion
(KLI). The KLI gives an idea about how far apart the two solutions are and is given by

Ip(B;s*,t
KLI(O; ) = Eg(ne) [;EZES ]

The following theorem discusses the large sample behavior of the sequence f,, the solution
obtained using the working likelihood.

Theorem 6. As n — oo, we have the following:
@) B;, 5 B # By
(b) V/n(B; — B*) 4 N,(0,Z71(B*)), where Z=1(B*)) is given by

= () = ([Z(Bs™ 1) 1) ¥ (Bs", DIT(Bs% 1),

and can be consistently estimated with the observables data and expectation for the Fisher information
taken under x(x, €). The true error model, ¥ (+; s*, t) is the same as in Theorem 2.

Remark 2. The previous theorem gives us two important results when the model for errors is
misspecified. First, the root of the corrected score under the misspecified model is still consistent—
however, it does not converge to the true value of B, and we still have convergence to a multivariate
normal distribution when the misspecified estimator is standardized. The other very important result
is the fact that we can quantify the magnitude of the inconsistency, if any, by looking at B, — By. To
obtain B}, one needs to numerically solve the equation

(Bs,1) = 3 [ B(E )~ Eugue (5 X)) INS" ) ©

(B (o Exe) SV x(@)]0))
1_21/0 [ 1(Ez‘ ( )) Ex(x,e)(s(o)(s*f"(w)W))
= 0.

-1 N;(s*, dw)

Proof. See the Appendix A. O

7. Conclusions and Discussion

Through our exposition, we have demonstrated that, in the context of recurrent
events, correcting the profile likelihood and estimating equations is a sensible approach
when measurement errors in the Cox model covariates are suspected. We have further
provided a mechanism for correcting the baseline integrated hazard in the presence of
measurement errors, as it is a key component for inference in reliability and recurrence.
We operated under the additive measurement errors model and have shown that the
corrected estimators proposed are consistent and, when properly standardized, converge
to Gaussian processes. We further utilized the Kullback-Leibler information criterion and
misspecification theorems from [37] to show that when the errors model is misspecified by
taking a form that differs from the additive, bias can be easily quantified and that the new
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estimators obtained under this scenario converge when properly standardized, although
not to the true parameter values. The latter observation provides an indication of the
size of the bias. We provided simulation results in support of bias and estimation, and
successfully applied our findings to an open-source rhDNase data. Among all else, the
choice of our model, including the corrected score, is primarily guided by our desire to build
a compact tool ranging from estimation to asymptotic convergence including a mechanism
to investigate asymptotic bias. Our hope is that practitioners will not settle for models that
ignore measurement errors, but instead will wisely question the data-generation process
and consider whether bias may have influenced the results. We have provided a theoretical
method for estimating the magnitude of errors, and we plan to release the current work as
software, which will be published on the Comprehensive R Archive Network (CRAN) and
tailored for practitioners with a more applied focus.
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Appendix A. Technical Appendix

Regularity Conditions A:

L. The €;(t)s are independent with mean zero and independent of O.

II. Var(e;(t)) = E and is time-independent.

III. The moment-generating functions at all orders exist.

Assumptions I, II, and III are regular assumptions imposed on measurement errors. As-
sumption I is a trivial assumption in the sense that errors, in general, should not deviate
much from the true value and should average to zero. In addition, errors on one unit are
not an indication of errors on the next one, hence the independence between errors and
observables. Assumption II is given to simplify calculation of the variance—covariance
matrix of the large sample distribution of the corrected error properly standardized. As
for II1, it is the usual assumption on the moment-generating function. It is needed for the
large sample properties of the corrected score since the asymptotic properties require the
probability limit of the estimator of the moment-generating function.

Regularity Conditions B:

The Regularity Conditions I, I, III, and IV on page 6 of [28] with x; replaced by z; are in
force, namely,

L fot Ao(w)dw < oo.

IL. (X;(s): s < 7;) is uniformly bounded for s € [0, 7;] for all i.

IIL. For k = 0,1, and 2 there exist functions s (s*,t|8) = E(S®)(s*,t|)) and a neigh-
borhood B of B such that the functions are continuous functions of B € B uniformly in
t € [0,#*] and bounded on [0, ] x B. Furthermore,

sup ||5®)(s,118) —s¥)(s, )| | 5 0
te[0,£*]

peB
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and

(s, t1B) = Vs (s*,]B) and sP)(s*,¢|B) = V ggrs ¥ (s, ¢|B).

IV. Let B, s (s*,t|B), sV (s*,t|B),s?)(s*,t|B) be as in Condition III. For all § € B and
t € [0, t*], define

OB gy — SDEHB) e e

" 1B) = o1 (sm, 118) O, 18)

Assume that s(0)(s*, t|B) is bounded away from 0 on [0, t*] x B; there exists a positive-
definite matrix X1 (B,;s*, t) such that

sup
te[0,+4]

1 il/ot [Xi(gi_l (w)) — E(s*,wIﬁo)} ®25(0) (s*, w|By)Ao(w)dw — Zq1(By;s™, t)

converges in probability to 0; and the matrix

B(Bys ) = [ ol ulBo)s 5", wlg o)

is positive-definite. In Regularity Condition B, the E(-,-), V (-, -), and S(-, -) functions are
the regular functions that arise in the analysis of failure time data. The E(-,-) and V (-, ) are
the expectation and variance, respectively, of the covariates when they are truly observed,
whereas the S*) (-,+), k=0,1, and 2 are normalizing constants.

Proof of Proposition 1. Under Regularity Condition I,

Fe(sO(7x(1)|0) = Eecihxs,t)-exp[ﬁ'<zi<t>+ei<t>>1>

i=1

Ee(exp(ﬂ €i(t) ) ( Zh (s,t) exp(ﬁ z(t )))
= ¢(B)- SV (s*,2(t)) + 0p(1).

Likewise, using the fact that V g¢;(B) = E(e;(t) exp(B'e;(t)), we obtain

Ec(SW (s, x(1)|0) = ¢(B) - SV (5", 2(t)) + V p(B)S”) (57, (t)).

Hence, applying a first order approximation of E.(S®)(s*,x(t)|©) for k = 0,1 at
[Ee(s@ (5%, x()|O), Ee(SD (s*, x(t) \0)))} , we obtain

E. (S(l) (s*,x(t) |(’))

Ee (S (s%,x(1)|0))

¢(B) - SV (s*,2(t)) + V¢(B)S) (s, 2(1))
¢(B) - SO (s*,2(t))

S (s*,z(t))

= W + Vg[In(¢(B))]-

So, the corrected score to be used for unbiased estimating equations based on the observ-

Ee(E(s",x(1)|0)) =

ables is
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:\»—\

o\

o\

= i%/ot[xi(Eil(w)) — E(s*x(w)) + VgIn(¢(B))IN;(s*,dw). (A1)

The solution S to the estimating equations U(B;s*,t) = 0 is the corrected maximum profile
likelihood estimator. In a like manner, one can also derive the corrected information
matrix as
Ta(B;s*t) = —Vﬁ[ﬁ(ﬁ;s*,t)] K
B
O

Proof of Theorem 1. The proof is based on a simplified functional uniform convergence
argument for M—estimators as used in theorem 5.9 of [38], by showing two conditions
needed to establish consistency, namely, convergence in probability (i) and separability of
the root (ii). To show condition (i), observe that

JOB) = L1 [ bw) — EG puw)x(@) + V(8 M (dlBy) (42)
Y / [xi(®) — E(s*, pi(w);x(w)) + V 5 In(p(8))] AT (duwl )
= T1+T2.

We now use the time-transformed processes. Since M;(s*, dw|p,) is a zero-mean martingale
for fixed t, transforming the first term in (A2), we see that it is 0,(1). Next, replacing
x;(w) by z;(w) + €;(w) and using the fact that E(s*,x(t)) = E(s*,z(t)) + Vg[In(¢(B))], the
second term becomes

t*

)~ E6" ()]s dalf) + Y- [ et () a5 dulfy

E SO (5%, z(w)) Ao (w)dw.

Using various stochastic processes techniques, it can easily be shown that

T [0, 2(0)|B) — o5 2()s ) 5% 2(w) ) o)

Hence, Condition (i) of Theorem 5.9 of [38] has been established. For Condition (ii),
note that the corrected score U(B;s*, t) is a continuous function and is 0 at B,. The partial
derivative of the in-probability limit of T is

" 0 (s wlpy) (O wlp))
- [ s wlgy) [z(l)(;lzmz)(2(0)&3:@) No(w)dw,  (A3)

which is negative definite at 8 = B,. Hence, f is a global maximum, thus concluding the
consistency of 8. O
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Proof of Theorem 2. \/ﬁflﬁ(ﬁ; s*,t) can be written as
1 . 1 &t
—=U(Bs" ) = 7.2 J {xi<<p;1<v>>%(sﬁx(v))+vplnw(ﬁo)]}mz-(s*,dvmo)
T Lo ) ) explBis o) Rora o) B (Bo)e = o
For large n, it can be seen that \}U(ﬁ s*,t) is equal to
00 = o3 [ale )~ Ex(@) + Tpling(By)] M ol (A1
P 7S NIk = i\P; ’ B 0 i\s 0

f‘P '(Bo) 2 / (5%, 0) exp(Byxi (0))e < Do g (0)do.

The display in (A4) can be viewed as the sum of n independent V;(s, t) processes with
Vi(s, t) given by

Vlst) = = [{slo7(0) — EG2(0)) + Valing(By)] M delBy)
o) [ hils,0) exp(Bpxi(e))e < g o)de,

We can then apply the functional central limit theorem to find its large sample properties.
To apply the functional central limit theorem, we have to show conditions (a) to (e) of
Theorem 11.16 of [39] pertaining to the manageability of the process and the existence
of an in-probability limit of the variance covariance matrix of the standardized process.
These conditions have been shown in numerous manuscripts dealing with recurrent event
modeling when the covariates are not mismeasured. The addition of the constant term
V[In¢(By)] does not prevent those conditions from holding since M; (s, dv) is a zero-mean
martingale. Therefore, by Theorem 11.16 of [39], the process

{\/ﬁ_lﬁ(ﬁ;s*,t) :te|o, t*}}

converges to a tight U*(B;s*, t) with a variance covariance matrix ¥ (s, t; A t2|B,)) that
can be estimated by ¥ (s, t; A £,|8)). O

Proof of Proposition 2. Replacing x by z + €, S (s, x(t)| ) can be written as

hi(s, £)(zi + €:) exp(B'(z + )

-

l
—

S (st x(1)|B) =

s 22 exp(B (7€) + 1 (s e exp(B (5 + i)
+- Zh s, t)zie;exp(B'(zi +€;)) + % ihi(sf tzie;exp(B'(zi + €;))

i3 i=1
= A1+Ay+ A3+ Ay

Sl= I

M:

1

A1 can be written as

A1 = 9() - Y hils, 0z exp(Bz) + 1 Y hils, 2 expl(B'z) {exp(Bei )9 (B) — 1),
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So that
E(A) = ¢(B)s? (5", 2) +0p(1)
Likewise,
A = 9B) Lh(s N op(Bn)[E + (2P)(EB)]
9(B) L) exp(p) Z;]
- fle?zl ﬁ] [,"216?21 |Feip(B) -1
Hence,

E(A2) = ¢(B)S") (5", (1)) [E + (EB)(EB)'] + 0p (1)

The terms A3 and A4 can also be corrected in the same way, leading to

E(A3) = p(B)[S™) (5", (1)) (EB) + (2B)s™M) (5", 2(t))'] + 0p(1)-

Because of symmetry between A3 and Ay, the expressions are the same, and the corrected
expression of S (s*,x(t)|B)[S0) (s*,x(t)| )] ! follows. [

Proof of Theorem 4. This can be proved using the concept of statistical functionals. Define
the Mallow metric d;(-,-) on L;. Let X be an observable with probability measure P for
which E(X) < oo, likewise for Y with probability measure Q. Define the metric d;(-, )
between P and Q by d; (P, Q) = infE(|X — Y|). By Lemma 8.1 of [40], d; (-, ) is a metric. The
empirical distribution function F, (w|x) converges in distribution to the true distribution
function of the errors F(t). By Lemma 8.3 of [40], dy(F,(t), F(t)) — 0 as n — oo. Given
K; = I;, define the functionals

_ 1 &
/xan:EZ

Assume F, and F are in L; and Ly, then, by [40], dq(Fu, F) — 0implies [ ||x||dF, — E(||x||)

and [ ||x||?dE, — E(||x||?). Then, &; Agr A 0' in bootstrap probability, and consequently,

E8E O

Proof of Theorem 5. Write

Vi(Ro(s*,HB) = Ao(t)) = Vn(Ao(s*,t[B) — Ao(s*,t[By))
+Vn(Ao(s™, t[By) — Ao(t))
= C;+GCy.

Consider C;. Expanding C; using a Taylor series yields

G = (B—By {vﬁﬂp /E s* ”|ﬁ ))

~(B—Bp)V [ /S s* )|L*)£:Ni(s*,du)]
= —(B=By)H(B"),
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where B* lies in the line segment between B and B, and B* LA B, as n — co. Next,
using the corrected expression of () (s*,x(t)|B) and S (s*,x(t)|B)), it can be shown
that, as n — oo, H(B*) converges to — fote(,BO,u) o(u)du. Noting that S (s*, x(t )1By) =

$(By)S (5*,2(t)| By), we have

G = f\o(S* tHB) — Ao(t)
dM(s, du
=y SO (s 2] .2 —i—op(l).

Hence, for large n

Vi(Ro(s*,tB) = Ao(t)) = VnH(B *)(ﬁ—ﬁo)
i (s,du)
S

dM(s,du)

f/ SO)(s%,2(u))
-1
+ HUBY) | 1 (Bis" )| (B (1)

n

= Y Wi(Byishb).
i—=1

Therefore, \/1(Aq(s*,t|B) — Ag(t)) can be viewed as the sum of n independent com-
ponents, each of which is a p-vector. This is the sum of n independent random pro-
cesses whose finite dimensional distribution converges to those of W*(s,t). By the
functional central limit theorem, the sum converges weakly to a zero-mean Gaussian
process with a covariance matrix I'(s,f; A f;) that can be estimated consistently by
T(s,t1 Ata) = E(Wi(s, t1; B)Wi(s, t2; B)). O

Proof of Theorem 6. (a) We apply Theorem 1.14 on page 28 of [17]. We have two tasks:
(i) show that [(B;s*,t) = In[L(B;s*, t)] is bounded by an integrable function with respect to
the true errors distribution and (i7) KLI(O; ) has a unique minimum at §, in 55, a compact
subset of 7. We begin with (i). Observe that the corrected score under the true errors
model is

U E (S (s*, w; x|©O))
-1 x(x,€) el *
_ } : s — N;(s*,dw).
i=1/0 [XZ((PZ ) EK(x,e)(S(O)(S*/w/'X|O)) " dw)

The concept of manageability can be used to show that it is bounded by an integrable
function. We assume without loss of generality that x;; is positive. Because x; has a
total variation bounded by a constant, and N;(s, t) is a sum of indicator functions that are
increasing functions for each i, we conclude that each of the p-components of Ip(B; s*, t) has
a pseudodimension not exceeding 10 (cf. [41]) since the integrand has a pseudodimension
of, at most, 1. Therefore, Ip (B;s*, t) is manageable, and hence, is bounded by an integrable
function with respect to the true probability measure of the errors that also guarantees
that KLI(O; B) is well defined. To prove part (ii), let [( B; s*, t) be the true likelihood under
the true errors model, and [ (B;s*, t) be the working likelihood, that is, the one under the
misspecified model. Define the random function D(g; s*, t)in B by

DB 1) = Exiuell(Byis' 1) — I(Bs", ) (A5)

~ e 5T )| (46)



Mathematics 2025, 13, 113 22 of 23

Also, define the deterministic function

7 5O (s*, wlB)

d(B;s*,t) = /t [(.30 - B)'x(¢7 ! (w)) —In L(O)(S*w%)

0

H Ao(w)dw. (A7)

Both of these functions are twice-differentiable with respect to B € B. Observe that g is
the natural estimator of the working likelihood. Furthermore, B is the parameter value that
minimizes KLI(O; B) since the numerator in KLI is a function of the true likelihood and
the denominator is the working likelihood, with the expectation taken with respect to the

true measurement errors model distribution. Assume that, for m = 0,1, and 2,

sup [IS{" (B5,1) — Exxe) (S (Bis,t)) | B> 0,
(Bt)eBx[0,7]

with E(xe) (Sl(m) (B;s, t)) = s*(")(B;s,t). Furthermore, observe that B, is minimizer of
B — D(s*, B). We also observe that

sup | D(B;s* 1) —d(B;s*, )| 5o,
(Bt)eBx[0,1]

as n — oo. Easy calculations show that the first derivative of D(; s*, t) is the score process,
whose derivative is the Fisher information matrix with limit coinciding with the Hessian
of d(B;s*,t). The Hessian of d(;s*, t) turns out to be positive definite, which means that
B — D(B;s*,t) is strictly convex for B € B. We take B to be the minimizer of D(s*, B)
inside B, and B* to be the unique minimizer of d(;s*,t) in B. Therefore, by Theorem 2.2
of [34], we obtain the convergence in probability of the sequence {B; : n = 1,2,3,...} to
a value B* minimizing the KLI(O; B). The proof of Part (b) follows along the lines of the
convergence to multivariate normal distribution of the properly standardized corrected
maximum likelihood when the errors terms are correctly specified. [
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