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1. Introduction and Preliminaries

In this paper, one assumes that all manifolds, maps, and tensor fields studied are
smooth unless there is a statement otherwise.

Recall that a biharmonic map ¢ : (M, g) — (N, h) between Riemannian manifolds is a
critical point of the bienergy functional

E9,0) =5 [ _I7(@) oy,

where () is a compact domain of M and 7(¢) = Trace, Vd¢ denotes the tension field of ¢.
By calculating the first variation of the functional (see [1]), the biharmonic equation can be
written as

T (¢) := Tracey (V/V? — V@M)T@)) - TracegRN(d¢,T(¢))d¢ =0, (1)
where RY is the curvature operator of (N, 1) defined by
RN(X,Y)Z = [V}, V¥]Z -V} yZ.

An f-biharmonic map is a critical point of the f-bienergy functional for a map ¢:
(M, g) — (N, h) between Riemannian manifolds:

Er(#) = [ fIT(9)Pog,

where () is a compact subset of M and f : M — (0, +c0). One finds that the f-biharmonic
map equation is the Euler-Lagrange equation of the f-bienergy functional, which can be
written as (see e.g., [2,3])
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0 1(9) = =17 (fT(¢)) = Fr2(9) + (Af)T(9) +2Vh 4 T(9) =O. 2)

Here 7(¢) and 12(¢) denote the tension and bitension fields of ¢, respectively, and
J? is the Jacobi operator of the map ¢, defined by J#(X) = —{Traceg(V¢V? — V%M)X -
TracegRN (d¢, X)d¢}. Clearly, both harmonic maps and biharmonic maps are f-biharmonic.
We also have the following obvious relationships:

{Harmonic maps} C {Biharmonic maps} C {f-Biharmonic maps}.

A submanifold is an f-biharmonic submanifold if the isometric immersion defining
the submanifold is an f-biharmonic map. A Riemannian submersion between Riemannian
manifolds is an f-biharmonic Riemannian submersion if the Riemannian submersion is
f-biharmonic. We call f-biharmonic maps (respectively, submanifolds, Riemannian sub-
mersions) that are not biharmonic proper f-biharmonic maps (respectively, submanifolds,
Riemannian submersions).

The f-biharmonic map was first introduced in [2]. Later, f-biharmonic submanifolds
were studied in [3], where the author derived the f-biharmonic curve equation into a space
form and also obtained a complete classification of proper f-biharmonic curves into R3.
The paper [4] shows that neither circular cone and part of the standard sphere S? in R3
is f-biharmonic for any f, and a constant mean curvature surface in R? is f-biharmonic
if and only if it is a part of a circular cylinder or a plane. For some recent progress on
f-biharmonic submanifolds and some results on f-biharmonic maps, we refer the readers
to [2,3,5-12] and the references therein.

As the dual notion of biharmonic isometric immersions (i.e., biharmonic submanifolds),
biharmonic Riemannian submersions were first studied by using the integrability data of
an adapted frame of the Riemannian submersion in [4], where the authors showed that any
biharmonic Riemannian submersion from a 3-space form onto a surface has to be harmonic
and also constructed a family of proper biharmonic Riemannian submersions from a 3-
dimensional warped product space. Following the idea from [4], we study f-biharmonic
Riemannian submersions from 3-manifolds by using the integrability data.

In this paper, we first derive an f-biharmonic curve equation in a general Riemannian
manifold. We then obtain some characterizations of f-biharmonic curves in a space form by
giving the explicit functions f and the explicit curvatures of the curves. For f-biharmonic
surfaces in R3, we give a complete classification of proper f-biharmonic isometric immer-
sions of a developable surface into R3 by proving that a proper f-biharmonic developable
surface into R3 exists only in the case when the surface is a cylinder. Based on this, we
also show that a proper biharmonic conformal immersion of a developable surface into
R? exists only in the case where the surface is a cylinder in R®. Riemannian submersions
can be viewed as the dual notion of isometric immersions (i.e., submanifolds). We also
study f-biharmonicity of a Riemannian submersion from 3-manifolds by using the inte-
grability data. Examples are given of proper f-biharmonic Riemannian submersions and
f-biharmonic surfaces and curves.

2. f-Biharmonic Submanifolds in a Space Form

In this section, we characterize f-biharmonic curves in a space form by using the ex-
plicit functions f and the explicit curvatures of the curves. Many examples of proper
f-biharmonic curves in R” are obtained. We also give complete classifications of f-
biharmonic isometric immersions and biharmonic conformal immersions of a developable
surface into R3. An interesting result is that a cylinder whose directrix takes a proper
f-biharmonic curve in a 2-space form N?(K) of constant Gauss curvature K has to be a
proper f-biharmonic cylinder for f = %110 f, where (v, K) given by (30) and a constant
c; > 0. Based on this, one constructs infinitely many examples of proper f-biharmonic
cylinders and biharmonic conformal immersions of cylinders into R3.
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2.1. f-Biharmonic Curves in Space Forms

A Frenet frame {T;};_1 5, associated to an arc length parametrized curve vy : (a,b) —
(N™, 1) (see, e.g., [13]) is an orthonormal frame which can be described by

I = d?(%) = ')//1

VT =113,

leTi =—x;_11;1+kTi1,Vi=2,3, ..., n-1,
Vo Tn = —%p-1Th-1,

where the functions x;, i = 1,2,...,n — 1, are called the curvatures of the curve «. It is well
known (see [3]) that the curve is f-biharmonic with a function f : (a,b) — R iff

NywNwN, /' pNet xoN YA/ NN,/ | IogN.
f(VONGNVIY =R, Vo)) + 2f VOV oy + Ve =0. (3)
With respect to the Frenet frame, Equation (3) can be written as follows:

Lemma 1. Let v : (a,b) — (N",h)(n > 2) be a curve parametrized by arc length into an
n-dimensional Riemannian manifold. Then, -y is an f-biharmonic curve iff:

3] — 213"/ f =0,

Kl — k13 — 3+ kRN (T, Ty, Ty, To) + &, £/ f + 26, £/ £ =0,
2K1K + K]Ké + KlRN(Tl, Ty, Ty, T3) + 2K1K2f//f =0, 4)

K1%2k3 + k1 RN (T, To, Ty, Ty) = 0,

kiR(Ty, T, Ty, Tj) =0, j=5,...,n

Proof. A straightforward computation gives

T(7) = VQJ/W' =Kx1h,

Vﬂ;ﬁvyﬁ’ = —K%Tl + Ki Ty + k1%, T3,

n(y) = VEVEVEY — RN(+, V)Y

= —3K1K£F1 + (Ki/ — K1K% — K% + KlRN(Tl, Ty, T, Tz))Tz (5)
+(2K1K2 + K]Ké + K]RN(Tl, Ty, Ty, Tg))T:;

n
+(r1rok3 + 1 RN (T, To, Ty, Ty) ) Ty + Y 61 RN (Ty, Tp, Ty, T)) F.
j=5
We substitute (5) into (3) and compare the coefficients of both sides to obtain (4), from
which the lemma follows. [

Applying Lemma 1, we have

Proposition 1 (see [3]). Let v : (a,b) — N"(C) be a curve parametrized by arc length into an
n-dimensional space form. Then, vy is f-biharmonic iff one of the following cases happens:
(iJxky =0, f = c1Kf3/2 and the curvature xq solves the following ODE

32 — 211k} = i (k3 — C); (6)
(i) xy #0, k3 =0, k/11 =¢3, f = clicf?’/z and the curvature iy solves the following ODE

3;(12 —2K1x] = 4K%[(1 + c%)x% —CJ. (7)

It is critical to solve the ODEs (6) and (7) to describe f-biharmonic curves in space
forms. So we need the following proposition.

Proposition 2. For constants A and C, solving the following ODE
3y = 2yy" = 4y*(Ay* - O), (8)



Mathematics 2024, 12, 1184

4of 16

we obtain all nonconstant solutions as

1 f
, orC <0,
C1e2V=Co Coe=2V=Cok [4C; G+ 4
_ ) 4G _
y= 16A+C3(s+C,)2” for C=0,
1 , forC >0,

Cy cos(2v/Cs)+Cy sin(Zﬁs)i\/C%+C§+%
where Cy, Cy are constants and C% + C% £ 0.

Proof. First of all, one sees that y = 0 is a solution of (8). For AC > 0, it is easy to check

that (8) has constant solutions y = + \/g .

From now on, we only need to consider that y(s) is a nonconstant solution of (8).
Putting y = u~! and substituting this into (8), we obtain

u? —2uu” = 4(Cu® — A). ©9)

Putting p = u' = 2, then we obtain pg—z = u"(s), and hence, (9) turns into

dp*) 1, _
g ;p +4Cu—4A/u =0, (10)

which is solved by p? = —4Cu? + Bu — 4A. This, together with u’ = p, implies that
u'? = —4Cu® + Bu — 44, (11)

where B is a constant.
We take the derivative of both sides of (11) with respect to s and simplify the resulting
equation to obtain

W' = —4Cu + %B. (12)

For the case C > 0, we solve (12) to obtain the general solution as
u = Cyc08(2v/Cs) + Cysin(2/Cs) + &, (13)

where Cy, C; are constants. Substituting (13) into (11) and simplifying the resulting equation,
we have
B? = 64AC + 64C2(C? + C3), (14)

which implies that

u = Cy cos(2V/Cs) + Cosin(2v/Cs) £ 1/ & + (C3 + C3),
1
C1 os(2/C5)+Cysin(2/Cs) /4 +CF+C3

where constant 8C/ % + C?+C3 = +B.

In a similar way, we solve (8) for C = 0 and C < 0, respectively, to obtain y =

1
Cye2/=C Cpe2/=Cot, /401 Gy 4
Summarizing all results above we obtain the proposition. [

(and hence) y =

4C,
16A+C3(s+Cp)?

, respectively, where C; and C, are constants.

andy =

Remark 1. Hereafter, c; > 0,C,c3, C3 > 0,Cq,C5,Cs, C1 > 0,Cp > 0, Cg —|—Cg # 0,

2
and 4C1Cy + 1?3 > 0 are assumed to be constant unless it is otherwise stated. It is convenient to

introduce the following new function:
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1 = for C <0,
C1€2\/TC5+C2€*2\/TS+\/ 4G 3
B 4G, B
X(S/ C3, C) - 16(1+C§)+C§(S+C4)2' for C = O, (15)
1 , for C > 0.

1 2
Cs cos(2/Cs)+Cg sm(zﬁs)+\/%+(cg+c§)

As an application of Proposition 2, we now give a characterization of a proper
f-biharmonic curve in N"(C).

Theorem 1. Let vy : (a,b) — N"(C) be a curve parametrized by arc length into an n-dimensional
space form. Then, vy is proper f-biharmonic iff one of the following cases happens:
(i): 7y is a curve with ky = 0, k1 = x(s,0,C), and f = cles/z, or

(if): 7 is a curve with i3 = 0, x2/x1 = c3 # 0, k1 = x(s,¢3,C), and f = cye; ¥/,

Proof. Applying Proposition 1 and Proposition 2 with A = 1 or A = 1+ 3 to (8), we
immediately obtain the theorem. [

Remark 2. From Theorem 1, we can give the explicit function f for any proper f-biharmonic curve
in a space form; in a sense, our result recovers Theorems 4.2 and 4.4 in [3].

By Theorem 1, we see that a proper f-biharmonic curve in R? is either a planar curve
or a general helix.

Corollary 1 ([3]). Let v : (a,b) — R? be a curve parametrized by arc length. Then vy is proper
f-biharmonic iff one of the following cases happens:

(1) vy is a planar curve with ky = 0, k1 (s) = m, and f = 011(1_3/2, or
. . . C _
(2) 7y is a general helix with k1 (s) = 16(1+c§)iC3§(5+2C4)2’ Ka/K1(s) = c3 # 0, and f = cyx; /2.

Remark 3. A proper f-biharmonic map ¢ : (M,g) — (N, h) followed by a totally geodesic
embedding ¥ : (N, h) — (Q, k) is a proper f-biharmonic map Yo ¢ : (M,g) — (Q, k).

In fact, using the fact in [14] (page 371), one can easily check that T(p o ¢) = dy(t(¢)),
2(pog) = dp(t*(¢9)), and Vg:a(gf (pog) = dl[)( gradf (¢ )) It follows that

(o) = dp () and, hence, o p(yo ¢) = 0iff 1 5 (g) =

We know that there is no proper biharmonic curve in R” (see, e.g., [11]). For more
results on biharmonic curves, see [11,15-20] and the references therein. At the end of this
section, we try to construct some explicit examples of proper f-biharmonic curves in a
space form.

Proposition 3. (1) If p(s) # %1 solves the following ODE

" a2 V1-p" _
Pt (1 P )tanp + Cs cos(2s)+Cg sin(2s) \/1+C2+C2 =0 (16)

then the curve 7y : (a,b) — (S?,dp? + cos? pd¢?) with (s ) ds ) followed by

cosp

a totally geodesic embedding 1 : S> — S™ is a proper f—bzharmonzc curvey = oy : (a,b) — S"

3/2
for f =1 <C5 cos(2s) 4 Cgsin(2s) + /14 C2 + Cg)

(2) Ifu'(s) # %1 solves the following ODE

/14,72
W'(s) = (1—u?) + c1e25+c2e*125r\/4c1c2—1 =0, (17)
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then the curve 7y : (a,b) — (H?,du® + e*'dv?) with y(s) = (u(s), [ 7”1;‘,2ds)followed by a
totally geodesic embedding v : H?> — H' is a proper f-biharmonic curve 4 = oy : (a,b) — H"

for f = c1(Cye* + Coe™® + /AC,1C; — 1)3/2.
(3) If x'(s) # £1 solves the following ODE

4C3/1—x"2
x//(s) + mész(w = 0, (18)
then the planar curve <y : (a,b) — (R?,dx? + dy?) with y(s) s), [ V1 — x2ds) followed by

a totally geodesic embedding ¢ : R? — R is a proper f- bzharmome curvey = oy : (a,b) - R"
-3/2
_ 4C
forf=c1 (16+C§(53+c4)2> '

Proof. Let vy : (a,b) — (S?,dp? + cos? pd$?), v(s) = (o(s), ¢(s)) be a proper f-biharmonic
curve parametrized by arc length. It follows from Statement (i) of Theorem 1 that the curve
7 has the geodesic curvature as

1
Cs cos(2s)+Cg sin(25)+\/1+C§+Cg ’

x1(s) =

Suppose that 6 is the angle between the curve 7y and Rho curves. Therefore, applying
Liouville’s formula for the geodesic curvature of curves on the surface 5% in R? yields

0'(s) —sinftanp(s) = x1(s), (19)

which, together with Rho’ = cos 6 and ¢’ cos p = sin 6, implies

"+ (1—p?)tanp+x1/1—p2 =0,

and hence, v s. Since x1 (s , we can check that sin , and hence,
d h ¢(s d Si 0 heck that sinf # 0, and h

cosp

cosf # +1 and 0 75 +1. Hence, using Statement (i) of Theorem 1 and Remark 3, we obtain
Statement (1).

Similar to Statement (1), we can obtain Statements (2) and (3). Summarizing all the
above results, we obtain the proposition. [

We can apply Statement (3) of Proposition 3 to construct infinitely many examples of
proper f-biharmonic curves in R".

, - 4In|/16+C3s24+Cgs|  /16+C3s2 .
Example 1. A family of planar curves ¥(s) = ( n| G Gl G 3,0,..., 0) inR"
4G,
16+C3s?

- 4C3 . o .
Moreover, the curvature k1 = i and the torsion xy = 0. The example recovers the family of

are proper f-biharmonic curves for f = c1( )73/2, where ¢y and Cs are positive constants.
proper f-biharmonic curves found in [3].

/ 252
In fact, in the case 0fC3 > 0and Cq = 0, one finds x(s) = A1n] 1623(:35 5 1o be a solution

of (18), and hence, y(s) = [ V1 —x2ds = Y= 16+C3 . Note that the curvature x; = 16fé3252 and

the torsion xp = 0. Therefore, we apply Statement (3) of Proposition 3 to obtain the example.

We give a family of proper f-biharmonic general helixes in R>.

Proposition 4. If x'(s) # = sinw solves the following ODE

102 3
1" sin“ w—x 4G5 _ )
)+ Y 16(1+2)+C3(s+Ca)2 0, (20)
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where sinw cosw # 0and ¢3 = : (a,b) — R3 with

v(s) = s), [ Vsin?w — x’zds,s cos w) followed bya totally geodesic embedding ¢ : R® — R"

isa proper f—biharmonic curve y =¢oy: (a,b) = R" for f = c1(5 2 i%z(erC‘;) )73/2,

Proof. Let a general helix ¢ : (a,b) — R3 with v(s) = (x(s),y(s),scosw) be a proper
f-biharmonic curve parametrized by arc length, where constant cos w # 0. By Corollary 1,

the helix has the curvature x; (s) = 3 2 )igz & C > # 0 and the torsion «p = c3x1(s) # 0.
3

Since 7/(s) = (x/(s),y'(s),cosw) and |7/ (s)|> = ( ) +y? + cos? w = 1, we may assume
that x’(s) = sinw cos6(s), y = sinwsin6. Therefore, we have

7' = (cosfsinw,sin O sinw, cosw), 7" = 0" sinw(—sin6, cosb,0),

4" = 0" sin w(—sin B, cos §,0) — 6" sin w(cos §,sin 6, 0). 1)
It follows that
k1(s) =sinwt’, xp = O274") — coswd’, and hence c3 = o84, (22)

1

Combining these, together with 1 (s) # 0 and x, # 0, we have sinw cosw # 0 and
x" # + sin w. A direct computation gives x” (s) = —sinw#’sinf = —0'y’ = G’W.
Substituting this into the first equation of (22), we obtain (20). Clearly, y = [ V/sin? w — x/2ds.
From these and using Remark 3, the proposition follows. [

We will look for some special solutions of (20).

/ 2 / 2
Example 2. A family of helixes y(s) = (41n| 32+C352+C33| o4+2C3” ‘/Es) in R® with

’ G, 12

the curvature k1 = % and the torsion ky = +((::252 are proper f-biharmonic curves for
f = c1(3zi%§sz)’3/ 2, where ¢y and Cs are positive constants. Moreover, a family of curves
¥(s) = (4ln| v 3223C§SZ+C3S|, v 642+C§C252, V2, .,0) in R" are also proper f-biharmonic
curves for f = Cl(BZiCCESZ)_s/Z'

In fact, by taking sinw = cosw = i = land C4 = 0, (20) becomes

1_ .7
is) 4 VTG g (23)

=
g 32+C3s?

2.2
If C3 > 0, one finds that x(s) = NVZEETGl

is a solution of (23), and hence,

f V1/2 — x?ds e 64+2C3 . Clearly, the curvature K, = 4Cs _ and the torsion

32+C2 2
321%2 5 in this case. Thus, we apply Proposition 4 to obtain the example.

Ky =

2.2. f-Biharmonic Isometric Immersions and Biharmonic Conformal Immersions of a Developable
Surface into R3

The equation for f-biharmonic hypersurfaces in a space form can be stated as follows:

Lemma 2 (see, e.g., [3,10]). A hypersurface ¢ : M™ — N™1(C) in a space form of constant
sectional curvature C with mean curvature vector field y = HC is f-biharmonic if and only if the
function H satisfies the following equation:

{A(fH) — (fH)[|A]> —mC] =0,

(24)
A(grad (fH)) + % (fH)grad H = 0,
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where RicN : T,N — T,N is the Ricci operator of N™+1(C) defined by (RicN (Z), W) =
RicN(Z, W) and A is the shape operator of the hypersurface M™ with respect to the unit normal
vector field ¢.

We are ready to give a characterization of proper f-biharmonic cylinders in R3.

Theorem 2. Let X : (M?,g) — (R®,h = dx? 4+ dy? + dz?), X(s,v) = a(s) + vb be a cylinder
with the mean curvature function H, where b is a unit constant vector in R3 and a(s) is an im-
mersed regular curve in R® parametrized by arc length with the geodesic curvature x1(s) satisfying
h(a',b) = 0. Then, X is a proper f-biharmonic cylinder iff one of the following cases happens:

(1) i1 is a nonzero constant, and the directrix a(s) of the cylinder is (a part of) a circle with radius
W Moreover, the mean curvature H = 3+ and the function f = d1e"1? + dye™ ™17, where dq and
d> are some constants, or

(2) x1(s) is nonconstant, and the directrix a(s) of the cylinder has the geodesic curvature
k1(s) = xn(s, K) given by (31) and the geodesic torsion k; = 0, where K is a constant. Fur-

thermore, the function H = KN(S 8 and the function f = (v, K)KNS/z(s K), where ¢(v,K),
given by (30).

Proof. A straightforward computation gives
Xs=d'(s), Xo=b, Xes =0d"(s), X
| prm—

N:‘§SX§”‘:a x b, |a"(s)

so =0, Xpp =0,
x(s),
where « is the curvature of the curve a(s). By a further computation, the first fundamental

form I and the second fundamental form II of the cylinder are given by

[=g¢g=ds®>+dev?, II=xn(s)ds?,

where ky is the normal curvature of a(s). It follows that {¢; = %, ey = a%' &= N}
forms an orthonormal frame adapted to the cylinder with the normal vector field ¢,
A(el) = 11(61,61)61 + 11(61,62)62 = KN€1, A(ez) = 11(62,61)61 + 11(62,62)62 = 0, and
H = . Substituting these into the f-biharmonic Equation (24) with m = 2 and C = 0,
we have

2, 0nf 3y (s)x
N 05 25N\ ENy (25)
i (s) — %+ [+ G+ CREP 4 ORI+ 2% () = 0.

If ky =0, i.e, H =0, then the surface is harmonic and hence biharmonic, not proper
f-biharmonic. From now on, we assume that xy # 0. If k) is a nonzero constant, then (25)
turns into

2
Bl =0, -k + S8+ (B2 =0, (26)

which is solved by f = d1e”N + dye™""N, where d; and d; are constants. Note that the
curve a(s) can be viewed as (a part of) a circle of radius ‘KLN

We now assume that x is nonconstant and apply the first equation of (25) to have
Inf— —%1H|KN(S)| 4 Ing(0), and hence f = p(0)x>(s), @7)

where ¢(v) is a positive function. Substituting (27) into the second equation of (25) and
simplifying the resulting equation, we obtain

26K (8) + 3K (s) — 4K}L\]+4K%\](S)lp//(v) =0. (28)

Equation (28) implies that for any s, v, we have

IR (5) — 2ewfy () = 4%, (o — K) and i =K, @)
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where K is a constant. The second equation of (29) is equivalent to ¢”(v) = Ky(v),
solved by

dssin(v/—K v) 4+ dg cos(v/—K v), forK <0,
P(v) = (v, K) = { d3v +dy, for K =0, (30)
d16ﬁ0+d2€_ﬁv, for K >0,

whered;, i =1,2,...,6, are some constants.
An interesting thing is that the first equation of (29) happens to be the type of ODE (8)
in Proposition 2 when A = 1 and C = K, which is solved by

1 , for K < 0,
VK s 4 Cpe-2V =Kot 4 G+
4C,
KN(S) = KN(S, K) = m, for K =0, (31)
L —, for K >0,

Cs cos(2v/K 5)+Cg sin(2vK s)+\/%+(C§+C6)

where C;,i = 1,2,...,6, are some constants.

It is not difficult to check that V. e; = kye3, Vee3 = —xnep, and Ve, (—ep) =0, and
hence {e1, e3 = N, —ey} forms the Frenet frame along the curve a(s). This implies that the
curve a(s) has the geodesic curvature x; = x) and the geodesic torsion x; = 0.

Summarizing all the above results, we complete the proof of the theorem. [

Remark 4. Theorem 2 recovers the classification result of proper f-biharmonic cylinders with
constant mean curvature in [3].

Corollary 2. Let X : (M?,g) — R3 be a cylinder with X(s,v) = a(s) + vb and nonconstant
mean curvature function H, where b is a unit constant vector in R3 and a(s) is an immersed reqular
curve in R3 parametrized by arc length with the geodesic curvature x1(s) satisfying h(a’,b) = 0.
Then, X is proper f-biharmonic if and only if the directrix a(s) is a proper f-biharmonic curve in
a 2-space form N?(K) C R3 with constant Gauss curvature K for f = cle?’/z, where ¢c; > 0
is a constant and x1(s) = (s, K) given by (31). Moreover, the function f = Mf_ =

‘1
¢(U,K)K;]3/2(S,K), where Y (v, K), given by (30).

Proof. From the proof of Theorem 2 and Statement (i) of Proposition 1, together with the
assumption that H is nonconstant, one sees that the directrix a(s) on the surface has the
geodesic torsion x; = 0 and nonconstant geodesic curvature x; = xy = 2H solving the 1st
equation of (29) which is a proper f-biharmonic curve equation in a space form of constant
sectional curvature K for f = ¢; Ky 3/2 where constant c1 > 0. This implies that the directrix
a(s) can be viewed as a proper f-biharmonic curve in a 2-space form N?(K) of constant

Gauss curvature K. Note that f = $eK) f, where ¢ (v, K) given by (30). O

‘1
Proposition 5. There is neither a proper f-biharmonic cone nor a tangent surface in R3.

Proof. Let b(s) be a curve on a unit sphere parametrized by arc length (i.e., a spheri-
cal curve). Consider a cone X : (M?,g) — (R3,h = dx? + dy? + dz?) into R3 with
X(s,v) = a+ vb(s), where a is a constant vector. A simple computation, we obtain the first
and the second fundamental forms I and I of the cone as

[ =g =10%ds? +dv?, II=ovw(s)ds?

where w(s) = b" - (b x b). One can check that {e; = 22 ¢y = 2 & = b/ x b} consti-
tutes an orthonormal frame adapted to the surface with ¢ being normal to the surface.
By a straightforward computation, we have A(e;) = II(ej,e1)e; + (e, e2)er = Yey,
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A(ep) = Il(ep,e1)er + 11(ep,e2)e; = 0,and H = 2(0) Substituting these into the second
equation of (24) and simplifying the resulting equation yields

H[3e1(H) + 2He; (In f)] = 0, Hep(H) = Haaz; (w(s)> ~0. (32)

The second equation of (32) implies that — 13—22 = 0 and hence H = 0, i.e., the cone has
to be minimal. It follows that any f-biharmonic cone in R3 has to be harmonic and hence
biharmonic but not proper f-biharmonic.

For a tangent surface in R3, let a(s) be a curve parametrized by arc length and let
X : (M2,¢) — R3be a tangent surface with X(s,v) = a(s) +va’(s). By simple computation,
the first and the second fundamental forms I and II of the tangent surface are as follows:

I =g = (1+v*?)ds?+2dsdo + dv?, II = —vktds?. (33)

Here, ¥ = «(s) and 7 = 7(s) denote the curvature and torsion of a(s), respectively.

1 p) 1 3 _ V1+?2 9
Vitoon2 057 £2 7 o/ (14022 95 vk ov’
¢ = #} forms an orthonormal frame adapted to the surface with the normal vector
field ¢. Suppose that A(el) = kle1 + k1pep and A(ep) = knieq + koep. A direct computation
givesk; = II(eq,e1) = ko = 11(ez,62) = and kip = ky; = Il(eq,e2) =

One can easily check that {e; =

- T _
‘UK(1+Z)2K2)

2
It follows that the mean curvature H = lizer = —5-and kiky = (H;iz,(z)z Note

T TR
C14o AT
that H = 0 is equivalent to T = 0; then, the surface is not proper f-biharmonic in this case.
Hereafter, assume that H # 0. Let {e; = cosfe; + sinfey, e; = —sinfeq + cosfey, ¢}

be another orthonormal frame adapted to the surface with the normal vector field ¢ such
that A(e;) = Aqe; and A(ep) = Agep, where 0 is the angle between e; and ¢;. Since the tan-
gent surface is flat, it follows from the Gauss equation of the tangent surface that A1A; = 0.
Without a loss of generality, we may suppose that A; = 0 and hence A; = 2H # 0. We can

easily conclude that ky = 2H cos? 0, ky = 2H sin?0, kyp = 2H sin 6 cos 6, cos? 0 = 112;;2’(2,
and sin? 6 = o B . If the tangent surface is f-biharmonic, by (24) with m =2 and C =0,
we have

A(fH) —4fH® =0, 2He (fH) + fHe;(H) = 0, fHep(H) =0, (34)

which implies that e;(H) = 0. Therefore, we obtain [—sinfe; + cosfe;|(H) = 0, ie.,
sin?8(e1(H))? — cos? 0(e2(H))? = 0. A further computation gives

2 2
_ 1 1 ) 22 1 ) 1+02x2 9
T 14022 \/1+z;21c2 )8<25K)> - lingZ (ZJK\/(1+Z)2K235(2;C) o —Tt?? . 821(2;K)> (35)
G (CIRUO)

4% 403 (1402x2)

It is easy to check that (35) implies that
T2 (s) v+ [(£)2 () v+ (F)*(s) = 0, (36)

which, together with any s, v, implies that T = 0. This contradicts the assumption that
7 # 0. Combining these, any f-biharmonic tangent surface in R? is harmonic but not
proper f-biharmonic.

Summarizing all the above results, the proposition follows. [

Applying Theorem 2 and Proposition 5, we have
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Corollary 3. A proper f-biharmonic developable surface in R3 exists only in the case when the
developable surface is either a circle cylinder or a cylinder containing a directrix with nonconstant
geodesic curvature k1 (s) = kn (s, K) given by (31) and the geodesic torsion iy (s) = 0.

We will construct a family of proper f-biharmonic cylinders whose directrices are
proper f-biharmonic curves in R?, where f = % f,and d3, d4 and c; are constants.

2
Example 3. A family of cylinders X : (M?,g = ds? +dv?) — R3, X(s,v) = (41n| v 1625352“?35‘,

16+C2 5 ) ] d d 16 C2 2\3/2
@, v) are proper f-biharmonic for f = ol 3U+(22:( )372 o
3

positive constants. This family of cylinders followed by a totally geodesic embedding ¢ : R® — R"
are proper f-biharmonic submanifolds ¢ o X : (M?,g) — R".
In fact, it is easy to check that X(s,v) = a(s) + vb, where a(s) = (4ln‘ v 16ZS§SZ+C3S| ,
V/16+C3s?
Cs 4 0)
R3. Clearly, |a'|> = 1 and h(a',b) = 0. Therefore, by Example 1, any curve a(s) is a proper

F-biharmonic curve in R2 C R3 for f = c1 (S
16+C3s

, where ds, dy, ¢, and Cz are

are a family of curves in R> C R3 and b = (0,0,1) is a unit constant vector in

)_3/ 2 where ¢c; > 0 is a constant. Then,
applying Corollary 2, we obtain the example.

We know from [3] that a map ¢ : (M?,¢) — (N",h) is f-biharmonic iff the conformal
immersion ¢ : (M2, f~1¢) — (N",h) is a biharmonic map. Therefore, applying Theorem 2
and Proposition 5, we have the following corollaries:

Corollary 4. Under the same assumptions as in Theorem 2, we have the following:

(1) If k1 is a nonzero constant and f = d1e*1? + dye™" 1% > 0, where dy and d; are constants, then
the conformal immersion X : (M?, f~1(ds? + dv?)) — R3 with X(s,v) = a(s) + vb is proper
biharmonic, or

(2) Ifx1(s) = xn(s, K) and (v, K) given by (31) and (30), respectively, and f = gb(v,K)K;,‘o’/z(s,K),
where K is a constant, then the conformal immersion X : (M?, f~1(ds? + dv?)) — R3 with
X(s,v) = a(s) + vb is proper biharmonic.

Corollary 5. We have the following:

(1) There cannot exist a proper biharmonic conformal immersion of a cone or a tangent surface
into R3.

(2) A conformal immersion of a developable surface into R? is proper biharmonic iff the surface is
either a circle cylinder or a cylinder containing a directrix with nonconstant geodesic curvature
k1(s) = xn(s, K) given by (31) and the torsion K (s) = 0.

Remark 5. Corollary 5 recovers the result in [9] which states that there is not a proper biharmonic
conformal immersion of a circular cone into R3.

Adopting the same notations as in Example 3 and applying Example 3 and Corollary 4,
we have the following;:

Example 4. The conformal immersions of a family of cylinders X : (M?, f~1(ds? + dv?)) — R?,
2 2
X(s,0) = (4]11 |\/16E§352+C3s\ , \/16+C3s2 2)

Cs 4

are proper biharmonic with

_ c1(dzvtdy) (16+C35%)3/2
f= (4C5)3/2 '

3. f-Biharmonic Riemannian Submersions from 3-Dimensional Riemannian Manifolds

In this section, we study f-biharmonicity of a Riemannian submersion from a 3-
dimensional Riemannian manifold by using the integrability data of an adapted frame of
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the Riemannian submersion. We also construct a family of proper f-biharmonic Riemannian
submersions from Sol space.

Recall that if an orthonormal frame {eq, e, e3} is adapted to a Riemannian submersion
m: (M3, g) — (N?,h) with vertical vector field e, then we immediately have (see [4])

le1,e3] = K1e3, [ea, €3] = Kpes, [e1,e2] = freq + foeo — 20e3,

Vee1 = —fiea, Veeo = fieg —oe3, Vee3 =oe,

(37)
VEzel = _f26’2 + oes, V@zez = fzell v6263 = —oeq,
Vese1 = —Kie3 +0e, Veser = —0e) — Kpe3, V€3 = K1e1 + Koeo,

where f1, fo, k1, kp, and 0 € C®(M) are called the integrability data of the adapted frame
of 7. The bitension field of the map 7 is given by

(1) = [—AMKy — fie1(k2) — e1(x2f1) — foea(x2) — ea (k2 f2)
+rarofi + k5 fo + ki {=KN + f7 + f}er + (= Ao + fre (1) (38)
+e1(x1f1) + faea(x1) + ea(k1f2) — xrkafo — k2 f1 4+ ko {—KN + f2 + f2})es,

where drt(e;) =¢;, i =1,2.

Proposition 6. Let 7w : (M?,g) — (N2, h) be a Riemannian submersion with the adapted frame
{e1, ey, e3} and the integrability data { f1, f», %1, k2, 0}. Then, 1t is f-biharmonic iff

2 2 2
~aM () ~2 £ fe(fxa) — fro £ (6 i)+ fra (K0 12) 0,

2 : : )
~8M(fia) +2 £ filfra) + S £ ()~ ifi) + fra( KN+ £ 2) =0
where KN = e1(f2) — ex(f1) — 2 — f2 denotes the Gauss curvature of (N2, h).
Proof. A straightforward computation using (37) gives
T(m) = Vidn(e) —dn(V¥e) = —dn(Vies) = —xie1 —iaea,
MM = ¥ eailf) + freaf) ~ oer() — mier() ~ xaea(f), W)

ngradfl'(ﬂ') = *2{ <gradf, gradm) + K2f1€1 (f) + K2f2€2 (f) }81
—2{(gradf, gradz) — 11 fre1 (f) — k1 f2e2(f) Yeo.

Substituting (40) and (38) into (2) and simplifying the resulting equation yields

0="1 () = —J"(fr(m))

= ft*(m) + (AMf)t(m) + 2V a7 ()

= [=AM(fx1) = fie1(fr2) — e1(fraf1) — foea(fr2) — ea(fraf2)
+fra(k1fi +xaf2) + fra{ =KN + f7 + f5} ey,

+[=AMM(fi2) + frer(frr) +er(frifi) + faea(fre1) + ea(frfa)
—fri(xifi + k2 fa) + fro{ —=KN + ff + f7}]ea.

from which the proposition follows. [J

Remark 6. By taking gradf = des, the authors in [5] derived an f-biharmonic equation for a Rie-
mannian submersion 7t : (M3,g) — (N2, h) by using the integrability data { f1, fo,x1, k2, 0, 6}
(i.e., Theorem 2 in [5]). Note that gradf = e1(f)e1 + ex(f)ea + e3(f)es is not always parallel to
the vertical vector field es. So, our Proposition 6 recovers Theorem 2 in [5].

When the integrability data x; = 0, we have the following corollary.
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Corollary 6. Let 7t : (M3,¢) — (N?,h) be a Riemannian submersion with the adapted frame

{e1, ey, e3} and the integrability data { f1, f2,x1, k2, 0} withky = 0. Then 7 is f-biharmonic iff
—AM(frr) + fra{ KN+ ff + f3} =0, (1)
2fie1(fx1) + 2faea(fr1) + fra{er(f1) + +ea(f2)} = fiifr = 0.

Example 5. For any positive constants A, B and the function f = AeV% 4 Be™V22, the Rie-
mannian submersion 7t : (R3,gs, = e??dx? + e~ 2*dy? + dz?) — (R?, e 22dy? + dz?) with
n(x,y,z) = (y,z) is proper f-biharmonic from Sol space.

In fact, it is not difficult to find that the frame {e; = 2, e = ez%, e3 = e 22} on Sol
space is an adapted frame of the Riemannian submersion with es being vertical. A straightforward
computation gives

le1,e3]) = —e3, [e2,e3] =0, [e,e0] =er, i=12=0=0, —for=x1 = —1,

(and hence) KN = ¢1(f2) — e2(f1) — f2 - f2 = —1. (42)
Substituting (42) into (41) yields
fozte?fir—2f=0, f, =0. (43)

We find f = AeV% 4 Be V% 1o bea special solution of (43), where A and B are positive
constants. The bitension field T () = —2% # 0 implies that 7t is not biharmonic. Thus, we
obtain the example.

4. f-Biharmonic Riemannian Submersions from 3-Space Forms

A biharmonic Riemannian submersion from a 3-space form into a surface has to be
harmonic (cf. [4]). We want to know if there exists a proper f-biharmonic Riemannian
submersion from a 3-space form. Let 7t : (M3(c),g) — (N?(c),h) be a Riemannian
submersion from a 3-space form with constant sectional curvature c onto a surface with
constant Gauss curvature c. It follows from Lemma 3.2 in [4] that we can choose an
orthonormal frame {ey, €3, €3} adapted to the Riemannian submersion with the integrability
data { f1, f2, 1, k2,0 } and x; = 0 such that

e1(0) =210 =0, e1(x1) + 02 — k2 = ¢, e3(0) =x1f1 =0, KN =302 =,

e3(1) = e2(0) = ea(k) =0, 0 —x1fo — ¢, KN =eg(fo) —ea(f) — o — f2. 4P

Remark 7. Note that for k1 = xo = 0, 71 is harmonic and hence biharmonic. We now suppose
that k1 # 0, ko = 0 and the Gauss curvature of the base space KN = c. A simple computation
using (44) gives

K1 #0, 0= fi = ex(x1) = e3(x1) =0,

K1fo = —c, 61(K1)=K%+C, KN:el(fz)—f22:c. (45)

Here, a Riemannian submersion 7 : (M3(c),g) — (N?(c),h) may be the map as my :
(M3(c) 2 U,g) — (V C N?(c),h) from a subset M3(c) D U toa subset V.C N3(c). In
spite of this, we denote the map ;- (M3(c) 2 U,g) — (V C N?(c),h) as w: (M3(c),g) —
(N2(c), h) later in the rest of this section by abuse of notations.

Theorem 3. Let 7 : (M3(c),g) — (N?(c), h) be a Riemannian submersion with an adapted frame
{e1, ey, e3} and the integrability data f1, fo,x1, o and ky = 0. Then, 7t is proper f-biharmonic iff

—AM(fx1) + fra(—c+c*/x7) =0,
cer(f) =0, (46)
—AM(11) + 11 (—c + ¢ /x3) # 0.
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Proof. Since the Gauss curvature of the base space KN = ¢, x; = 0 and the assumption
that 7t is proper f-biharmonic, then we have x; # 0. From these and Remark 7, we
conclude that f, = —c/x; and hence ey(f,) = 0. Substituting this and (45) into (41), we
have —AM(fi1) + fry(—c+c?/x3) = 0 and cex(f) = 0. It is not difficult to check that the
bitension field () = [—AM(x1) + x1(—c + ¢?/x%)]e;. Combining these, we conclude
that 7r is proper f-biharmonic iff (46) holds, from which we obtain the theorem. O

Applying Theorem 3 with ¢ = 0, we obtain the following:

Proposition 7. For the positive function f = p, the Riemannian submersion 7t : (R3\{0},dp? +
dz? + p2d6?) — (R?\{0},dp? + dz2), 7(p,z,0) = (p,z) is proper f-biharmonic.

Proof. It is easy to find that the frame {¢; = %, e = %, e3 = %aa—e} on (R3\{0},dp? +

dz? + p*d6?) is adapted to the Riemannian submersion 7t with d7r(e3) = 0 and d7t(e;) = ¢;,
i =1,2. Here, {¢g1 = %, g2 = 2} is an orthonormal frame on (R?\{0},dp? + dz?). A
straightforward computation gives

le1,e3] = —%63, le,e3] =0,[e1,e2] =0, fi=fo=0=K=0, K1 = —% # 0. 47)

Using (37) and (47) with ¢ = 0, (46) reduces to

A (g) —0. (48)
Clearly, f = p is a special solution of (48). Thus, we obtain the proposition. O

Applying Theorem 3 with ¢ = —1, we have the following:

Proposition 8. For any positive constants C1, Cy and the function f = Cle(1+‘/§)9 + CZe(l_‘/g)P,
the Riemannian submersion 7t : (H3,dp? + e~ 2dz? + ¢~2°d6?) — (H?,dp? + e~2dz?),
n(p,z,0) = (p,z) is proper f-biharmonic.

Proof. One can check that the frame {¢; = %, ey = ep%, e3 = epa%} on (H3, dp2 +

e~20dz? + e~2°d6?) forms an adapted frame of the Riemannian submersion 7, with e3
being vertical. A simple computation yields

e1,e3] = e3,[e2,e3] = 0, [e1,e2] =€z, fi=0=4x2=0, 51 = o =1. (49)
By (37) and (49), together with ¢ = —1, (46) reduces to
—~AMf 1 2f =0, e;(f) = 0. (50)

We can easily check that f = C1e(1HV3)p 4 Cre(1-V3)0 satisfies (50), where C; and C,
are positive constants. Thus, we obtain the proposition. [

As an application of Theorem 3 with ¢ = 1, we have the following:

Proposition 9. For a positive function f = f(p) defined on an open interval I C (0,5 ) that
solves the following ODE

2cos20 —4
sin2p

1+ 2sin?
L2y,
sin” p

f// + f/ + (51)

then the Riemannian submersion 7t : (S® O I x S' x ', dp? + cos? pdz? + sin® pdf?) — (5% D
I x St,dp? + cos? pdz?), 7(p,z,0) = (p, z) is proper f-biharmonic.
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Proof. One can easily check that {e; = %, e = ﬁ%, e3 = Sirllpa%} on (I x S' x St,dp? +
cos? pdz? + sin® pd6?) is an adapted frame of the Riemannian submersion 7, with e3 being

vertical. A direct computation gives

[e1,e3] = — cotpes, ez, e3] =0, [e1, €2] = tan pey, 52)
fi=0=1x=0, K1 = —cotp, fr = tanp.

. 1+sin® p cos?2 -
It is easy to check that —AM (k1) + &1 (=1 4+ 1/x%) = % # 0. Substituting
(52) and ¢ = 1 into (46), then we have

—~AM(—fcotp) — fcotp(—1+tan?p) = 0 and ex(f) = 0. (53)

We now consider a special solution of (53) as the form f = f(p). Substituting this,
(37), and (52) into (53) and simplifying the resulting equation, we obtain (51). By the theory
of ODE, we conclude that there exists a local solution to (51). Moreover, one finds that if y
is a solution of (51) on I C (0, ), then —y is also a solution of (51) on I. It follows that there
is a positive function solution f = f(p) to (51) on I. Thus, we obtain the proposition. [J

Author Contributions: Conceptualization, Z.-P.W.; methodology, Z.-PW.; software, Z.-PW. and
L.-H.Q,; validation, Z.-PW. and L.-H.Q.; formal analysis, Z.-P.W. and L.-H.Q.; supervision, Z.-PW.;
writing—original draft, Z.-P.W.; writing—review and editing, Z.-P.W. All authors have read and
agreed to the published version of the manuscript.

Funding: Ze-Ping Wang was supported by the Scientific and Technological Project in Guizhou
Province ( Grant no. Qiankehe Platform Talents [2018]5769-04) and by the Natural Science Foundation
of China (No. 11861022).

Data Availability Statement: No new data were created.

Acknowledgments: The first named author would like to thank Ye-Lin Ou for his guidance, discus-
sions, suggestions, and stimulating questions during the preparation of this work. A part of the work
was conducted when Ze-Ping Wang was a visiting scholar at Yunnan University in Fall 2023. He
would like to express his gratitude to Han-Chun Yang for his invitation and to Yunnan University for
the hospitality.

Conflicts of Interest: The authors declare that they have no conflicts of interest.

References

o G PN

— = 0 0 J
mo T

13.
14.

15.

Jiang, G.Y. 2-Harmonic maps and their first and second variational formulas. Chin. Ann. Math. Ser. A 1986, 7, 389-402.

Lu, WJ. On f-bi-harmonic maps and bi-f-harmonic maps. Sci. China Math 2015, 58, 1483-1498. [CrossRef]

Ou, Y.-L. On f-biharmonic maps and f-biharmonic submanifolds. Pacific . Math 2014, 271, 461-477. [CrossRef]

Wang, Z.-P.,; Ou, Y.-L. Biharmonic Riemannian submersions from 3-manifolds . Math. Z. 2011, 269, 917-925. [CrossRef]

Akyol, M.A.; Yadav, S.K.; Shahid, M.H. f-biharmonic and bi-f-harmonic Riemannian submersions. Int. |. Geom. Methods M. 2022,
19, 6. [CrossRef]

Hui, S.K.; Breaz, D. f-Biharmonic and bi-f-harmonic submanifolds of generalized (k, y1)-space forms. An. St. Univ. Ovidius
Constanta. 2019, 27, 97-112. [CrossRef]

Li, Z.C.; Lu, WJ. Bi-f-harmonic map equations on singly warped product manifolds. Appl. Math. ]. Chinese Univ. 2015, 30, 111-126.
Luo, Y,; Ou, Y.-L. Some remarks on bi-f-Harmonic maps and f-biharmonic maps. Results Math 2019, 74, 97. [CrossRef]

Ou, Y.-L. Biharmonic conformal immersions into three-Dimensional Manifolds. Mediter. . Math 2015, 12, 541-554. [CrossRef]
Ou, Y.-L. f-Biharmonic maps and f-biharmonic submanifolds II. J. Math. Anal. Appl. 2017, 455, 1285-1296 [CrossRef]

Ou, Y.-L.; Chen, B.-Y. Biharmonic Submanifolds and Biharmonic Maps in Riemannian Geometry; World Scientific Publishing Co. Pte.
Ltd.: Singapore, 2020.

Wang, Z.-P.; Ou, Y.-L.; Yang, H.C. Biharmonic and f -biharmonic maps from a 2-sphere. . Geom. Phys. 2016, 104, 137-147.
[CrossRef]

Laugwitz, D. Differential and Riemannian Geometry; Academic Press: Cambridge, MA, USA, 1965.

Ou, Y.-L. p-Harmonic morphisms, biharmonic morphisms, and nonharmonic biharmonic maps. J. Geom. Phys. 2006, 56, 358-374.
[CrossRef]

Balmu§, A. On the biharmonic curves of the Euclidian and Berger 3-dimensional spheres. Sci. Ann. Univ. Agric. Sci. Vet. Med.
2004, 47, 87-96.


http://doi.org/10.1007/s11425-015-4997-1
http://dx.doi.org/10.2140/pjm.2014.271.461
http://dx.doi.org/10.1007/s00209-010-0766-6
http://dx.doi.org/10.1142/S0219887822500918
http://dx.doi.org/10.2478/auom-2019-0036
http://dx.doi.org/10.1007/s00025-019-1023-x
http://dx.doi.org/10.1007/s00009-014-0420-3
http://dx.doi.org/10.1016/j.jmaa.2017.06.033
http://dx.doi.org/10.1016/j.geomphys.2016.02.003
http://dx.doi.org/10.1016/j.geomphys.2005.02.005

Mathematics 2024, 12, 1184 16 of 16

16.
17.

18.

19.
20.

Caddeo, R.; Montaldo, S.; Oniciuc, C. Biharmonic submanifolds of $3. Int. J. Math. 2001, 12, 867-876. [CrossRef]

Caddeo, R.; Montaldo, S.; Oniciuc, C.; Piu, P. The classification of biharmonic curves of Cartan-Vranceanu 3-dimensional spaces.
In Modern Trends in Geometry and Topology; Cluj University Press: Cluj-Napoca, Romania, 2006; pp. 121-131.

Caddeo, R.; Oniciuc, C.; Piu, P. Explicit formulas for non-geodesic biharmonic curves of the Heisenberg group. Rend. Sem. Mat.
Univ. Politec. Torino 2004, 62, 265-278.

Dimitrié, I. Submanifolds of E™ with harmonic mean curvture vector. Bull. Inst. Math. Acad. Sinica 1992, 20, 53-65.

Jiang, G.Y. Some non-existence theorems of 2-harmonic isometric immersions into Euclidean spaces. Chin. Ann. Math. Ser. A 1987,
8, 376-383.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1142/S0129167X01001027

	Introduction and Preliminaries
	f-Biharmonic Submanifolds in a Space Form 
	f-Biharmonic Curves in Space Forms 
	 f-Biharmonic Isometric Immersions and Biharmonic Conformal Immersions of a Developable Surface into R3 

	f-Biharmonic Riemannian Submersions from 3-Dimensional Riemannian Manifolds
	f-Biharmonic Riemannian Submersions from 3-Space Forms
	References

