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Abstract: This paper establishes a new type of space, modified intuitionistic fuzzy soft metric space
(MIFSMS). Basic properties and topological structures are defined in the setting of this new notion
with valid examples. Moreover, we have given some new results along with suitable examples to
show their validity. An application for finding the solution of an integral equation is also given by
utilizing our newly developed results.
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1. Introduction

The concept of vagueness came into existence when it was difficult for the interval
mathematics to solve problems with different uncertainties. To tackle with such issues,
Zadeh [1] gave fuzzy sets (FS) that were very well defined by using the indicator function.
Many properties and important results are given in [1] that build a new field for the
researchers to explore. Thereafter, K.T. Atanassov [2] presented an intuitionistic fuzzy set
(IFS) consisting of membership and non membership functions as well.

Experiments solving issues in economics, engineering, environmental science, sociol-
ogy, medical science and many other fields deal with the complex problems of modeling
uncertain data. While some mathematical theories such as “probability theory, fuzzy set
theory, rough set theory, vague set theory and the interval mathematics” are practical in
defining uncertainty, each of these concepts has their own drawbacks. Further, in case
of data containing parameters, Molodtsov [3] gave the concept of soft sets to deal with
the uncertainties. Soft sets have applications in several fields including the “smoothness
of functions, game theory, operations research, Riemann integration, Perron integration,
probability theory and measurement theory”. Especially, it has been very well applied to
soft decision making problems. Das and Samanta [4-6] applied the concept of soft sets to
metric spaces (MS) and hence presented Soft Metric Spaces (SMS) using soft points of soft
sets. Maji et al. [7] in 2001 introduced Fuzzy Soft Sets. Beaula and Gunaseli [8] applied
the MS concept to Fuzzy Soft Sets and hence introduced Fuzzy Soft Metric Spaces (FSMS)
using a fuzzy soft point and defined some of its characteristics. See also [9-11]. Saadiat
et al. [12] gave a vital concept of Modified Intuitionistic Fuzzy Metric Spaces (MIFMS) by
availing the continuous t-representable norm.

2. Preliminaries

In the given section, x denotes the universe, () depicts the parameter set, () represents
the absolute soft set, and SP({) denotes the set consisting of all the soft points of {.
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Definition 1 ([3]). A 2-tuple (A, Q) depicts a soft set on a universe x where () represents the
parameter set and A denotes the map from Q) to power set of x, i.e., A : Q — P(x).

Definition 2 ([7]). A soft set (A, Q) is an absolute soft set if A(1) = x for every 1 € Q).

Definition 3 ([7]). A soft point is a soft set (A, Q) if A(1) = {x} forany x € x and A(A) = ¢
for A € x/{i}.

Definition 4 ([4,5]). A 3-tuple (x,p,)) denotes a SMS, where p : SP(x) x SP(x) — R(Q) is
the soft metric and R(Q) is the set having non-negative soft real numbers with p satisfying the
given assertions for all To,, Re,, Aey € SP(%):

(D) plley, Fey) >
(i) p(lel ’ Kez)
(iii)  p(Te, Kez)
(iv)  p(le;, Re,)

7
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Definition 5 ([7]). A 2-tuple (A, Q) over a universe x is a fuzzy soft set, where Q) represents the

parameter set and A is the map from Q) to F(x) which is the set having fuzzy subsets in universe x,
ie, A:Q — F(x).

Definition 6 ([8]). A 3-tuple (x, A, *) is a soft fuzzy metric space (SFMS), where SFM on §
is given by map A : SP(§) x SP(x) x (0,00) — [0,1] satisfying the below assertions for all
Iey, Key, Aoy € SP() and p, 0 > 0:

(i) ATy, ey, 0) >

(i) A(Tey, ey 0) = 1 zﬁ‘te1 = Rey;

(iii)  A(Tey, Key, 0) = (ng,lgl,Q_), )

(iv) A(l_ Kt’er +P) > A([L’w/\@y Q) * A()‘eykez'p);
(v)  A(Te,, ey, ) : (0,00) — [0, 1] is continuous.

Definition 7 ([12]). A 3-tuple (x, Mw,yp, T) is a MIFMS, where x is an arbitrary set, w, depicts
the fuzzy sets from x> x (0,00) to [0,1] asserting w(1,x,0) + ¥ (1,x,0) < 1 for every 1,x € x and
0 > 0, continuous t-representable norm is denoted by T and My, depicts a map x* x (0,00) — L*
that satisfies the below assertions for every 1,x, A € x and p,0 > 0O:
(i) Meuy(,x,0) > Ops;
(i) Meupy(Lx,0) =11 ifft =x;
(iit) Mew,y(L,%,0) = Maw,p(x,1,0);
(iv) Meu,y(L,x,04p0) >0 T(Maw,y(t, A, 0), Mw,yp(A, K, 0));
(v)  Meuy(tx,.): (0,00) = L* is continuous.

Here, MIFM M,y is given as

Mey(t %, 0) = (w(tx,0), 9(1 %, Q).

3. Modified Intuitionistic Fuzzy Soft Metric Space

Definition 8 ([13]). Amap @ on L*, © : (L*)? — L* represents a triangular norm (t — norm) if
it satisfies the below assertions:

(i) O(,1p«) =1 forallt € L*;

(i)  O(y, k) = O(x,1), forall (1,x) € (L*)?;

(ii) O(,O(x,\)) = O(O(1, ), ), forall (1,x,A) € (L*)3;

(iv) 1 </andx <«' = O(,x) <p- O, «), forall (1,/,x,«') € (L*)*.
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Definition 9 ([13]). A continuous t-representable norm is a continuous t — norm © on L* if it
implies the existence of a t — conorm < on [0, 1] which is continuous so that

®(L/ K) = (11 *K1, 2 <>K2)
for every 1 = (11,12), k = (k1,%k2) € L*.

Definition 10. A 3-tuple (¥, Moy, ®) is a MIFSMS, where { is any set, w and y are SFS, ©
denotes a t-representable norm possessing continuity and M,y represents a map from SP(x) x
SP(x) x (0,00) to L* fulfilling the below assertions for all I, , Ke,, Aey € SP() and p, 0 > 0:
(1) Mw,tp(l_elz Ke,, Q) > Opx;
(ii) Mwﬂll(l—t?l/kezt Q) =11 iff Loy = ey
(i) Mu;,zp (l_ell Key,s Q) = Mw,lp (kezr l_ell Q)/ _ _
(iv) szll)(l_el’ kez' 0+ P) >L* @(Mw,lﬁ(l_ev /\63' Q)er,l/J (/\63' Rt’z' P)),’
(V) Me,y(Te;, Rey,-) 2 (0,00) = L* is continuous.

Then, M,y is MIFSM on § where level of closeness and non closeness between Ip, , ke, W.1.t. @
is depicted by the functions w(Ie,, Re,, 0) and P(Ie,, Re,, 0) respectively and metric M,y is given as

Mw,l/f(‘_t’lfkezf 0) = (wW(ley, ey, 0), P (Tey, Rey, 0))-

Remark 1. The function w(I,,, Re,, 0) is increasing and the function (I, , ke,, 0) is decreasing in
a MIFSMS, for every I,,, ke, € SP(X).

Example 1. Take (§,d) a SMS and w, ¢ soft fuzzy sets on SP(x) x SP(x) x (0,00) given
as below:

Mw,l/J (Zel’ Keys Q) = (w(zel’ Key, Q)/ lP(ZBV Keys Q))
_ ho" md (T, , Ke, )
ho™ + md(Ie,, Ke,) " ho™ + md(Ie,, Ke,)

forall h,0,m,n € RT;0(7,5) = (7151, min(72 + 52,1)), where ¥ = (71,72) and 5§ = (51,5,) €
L*. Then, 3-tuple (X, Mw,y, ©) is a MIFSMS.

Example 2. Consider x = N. Define ©(j,{) = (max{0,j1 + {1 — 1}, 2 + lo — jal>), where
7= (j1,/2) and = ({1,0;) € L*. Take w,  be soft fuzzy sets on SP() x SP(j) x (0, 00) given
as Mw,tp(l_el, Keys Q) = (w([ﬁrk@z' Q)/ ¢(Te1/ Keys Q))

Tey Repy—Tey\ g _
Moy o) — | B ) ifle; < Re,
wplleys EZ/Q (’;ﬁ, leleeZ) lfkez S Zel

€1

forall 7, %e, € SP(X) and ¢ > 0. Then, 3-tuple (X, Mw,y, ©) is also a MIFSMS.

Lemma 1. Let (X, Mw,p, T) be MIFSMS. Then, M, (Te,, Re,, Q) is increasing with respect to
0> 0in (L*, <p+) for every I, ke, € SP(X).

Definition 11. Let (¥, My, T) be MIFSMS. M,y possesses continuity on SP(x) x SP(x) x
(0, 0) if

lim Mw,lp(l_en/ Keys Qn) = Mw,lp(l_elz Ke,, Q)

n—o0

where sequence {(Te,, Ke,, 0n) } converges to (Te,, Ke,, 0).
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Lemma 2. For (X, Mu,y, T) be a MIFSMS, then M,y possesses continuity on SP(x) x SP(x) x
(0, c0).

4. Results and Discussion

Definition 12. An open ball in a MIFSMS (X, Mw,y, T) is depicted by B(Z,, €, 0) having center
I, € X and radius 0 < € < 1 for any ¢ > 0 and is given as,

B(Z,,€,0) = {Ke, € X : Mw,yp(Te;, Key, 0) >1+ (Ns(€),€)}.
Theorem 3. Every open ball B(il,, €, 0) in MIFSMS is an open set.
Proof. Take ., € B(le,,€,0), then M,y (ile,, Te,, 0) >1+ (Ns(€),€), s0
w(te,,Tey, 0) > 1 —€,(ile,, Te,, 0) < €.

Since w(ile,, Te,, 0) > 1 — €, there exists 0, € (0,0) so that w(ile,, Te,,00) > 1 — € and
1!’(1’_‘61/7762/ Q0> <e€.

Put €, = w(ile,, Te,, 00)-

Since €, > 1 — ¢, then there exists 7 € (0,1) sothatey >1—5 >1—e.

Now, for given € and 5 such that €, > 1 — 7, there exist €1,6; € (0,1) such that
T(e:,,e/l) >1« (Ns(17),7), where €, = (e,,1—€,) and ell = (e1,1—€2).

Let €3 =max{ej, €2} and open ball B(,,1 — €3,0 — 00).

Claim that B(7,,,1 — €3,0 — 00) C B(ile,, €, 0).

Consider @,, € B(e,,1 — €3,0 — 00), then M,y (De,, Wes, 0 — 00) >1+ (Ns(1 — €3),€3), 50

w(ﬁfz'wesfg - QO) > eSIlP(ﬁEZ'w%/Q - QO) <1- €3.

NOW/ M(d,l/}(ﬂelleg/ Q) EL* T(Mw,w(ﬂellﬁezr QO)/Mw,llJ(zjez/weS/ Q - QO)) EL* (NS (e)/ 6)-
Thus, W,, € B(i,,,€,0). Hence, B(?,,,1 — €3,0 — 00) C B(ile,€,0). O

Remark 2. The topology generated by My, y on X in MIFSMS (X, M, p, T) is given as

Twy=1Y C X: for every it,, €Y, there exist ¢ > 0 and € € (0,1) so that B(ile,,€,0) C Y}.
Theorem 4. If (X, Mw,p, T) is a MIFSMS, then it is a Hausdorff space.
Proof. Given that (¥, My, T) is MIFSMS, consider #,,, @, € X be two distinct points, then
Op+ <p+ Mo,y (fle,, Ty, 0) <p+ 1p+.

Let sy = w(ile,, Tey, 0), 52 = P(iley, Doy, 0) and s =max{s;, 1 —s7}.
For each sg € (s, 1), there exist s3, 54 such that T((s3, 1 —s4), (53,1 —4)) >+ (Ns(1 —
S()),So).
Letss = max{s3,s4}.
Consider two MIFSOBs B(ii,,, 1 — s5, %) and B(7e,, 1 — s5, %)
Claim that B(ile,, 1 — s5, 5) N B(0e,, 1 — 55, 5) = ¢
Let @, € B(ile;, 1 —s5,5) N B(0e,, 1 — 55, 5).
(51152) - Mw,ll](L_lE]/ZjeZ/ Q)
ZL* T<M(u,l[}(a€1/ w@y %)/ Mw,zp (w83/ 562/ g))
>1+ T((s5,1 —55),(s5,1 —s5)) >+ (Ns(1—50),50)
>+ (51,52),

which is contrary. So (¥, Muw,y, T) is a Hausdorff space. [
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Definition 13. A subset Y of ¥ in a MIFSMS (X, My, T) is called IF-bounded if it implies the
existence of ¢ > 0and 0 < € < 150 that M,y (ile,, Te,, t) >1+ (Ns(€),€) for each tie,, e, € Y.

Theorem 5. If (X, Mw,p, T) is MIFSMS and Y C X is compact, then Y is IF-bounded.

Proof. Consider ¢ >0and 0 < e < 1.

Let {B(ile,, €,t) : 1ie; € Y} be an open cover of Y.

As Y is given to be compact, there exist i, ile,,.. .,
B(ile,, €, ).

Let @, D, € Y, then il,, € B(il,, €,0) and 7., € B(ﬂe].,e, 0) for some i,j; then

€ Y such that Y C U!

n

Moy (iley, e, @) > 1+ (NS(G)IG)/MMJP(@Z/M_e/'/Q) >+ (Ns(e), €).

Leta = max{w(ﬁgi,ﬂgj,g) :1<i,j<p}and B = max{lp(ﬂgi,ﬂgj,g) :1<4,j<p}
Then, «, p > 0.
Now,

Mw,tp(ﬁel/ 562/ 3@) >rx TZ(M(/J,I[J (aell 1’_[6,'/ Q);Mw,tp (ﬁe,-/ L_lej/ Q)/Mw,lp(ﬂe]'/ 562/ Q))
> 2((1—¢€,€), (a,B), (1 —¢€€))
>p+ (Ns(111), Ns(172))

for some 0 < 11,172 < 1.

Let n = max{n1,n2} and o = 3¢, then My, y(ile,, e, 0') >1+ (Ns(n7),17) for all
ey, Te, € Y.

Hence, Y is IF-bounded. [

Theorem 6. If (X, Mw,y, T) is a MIFSMS and T,y is a topology on X, then i, — e, if
ltn—mon,tp(ﬁeﬂ/ ey, Q) =1
for i1, in .

Proof. Take ¢ > 0.

Consider i,, — i,,, then there exists ny € N so that ii,, € B(ile,,€,0) foralln >
1o, € € (0,1); then, My, y (e, e, ) >1+ (Ns(€),€).

Hence, Ity oM,y (fe,, ey, 0) = 11+

Conversely, let It; oM,y (e, , e, 0) = 11+, thus for € € (0,1), there exists ngp € N
satisfying M,y (e, , le,, @) >1+ (Ns(€), €) for each n > ny.

Thus, ., € B(i,,,€,0) where n > n.

Hence, it,, — il,,. O

Definition 14. Consider (X, My, T) to be a MIFSMS and {i., } a sequence in ¥, then
1. The sequence is Cauchy iff for every ¢ > 0, which implies the existence of , € N that satisfies

ltna%warlp(aenf aener’ t) = 1L*

where n,m > d,.
2. The sequence converges to i iff for every ¢ > 0

Itn—sooMeo,p (e, 1, 0) = 11+

Definition 15. A MIFSMS (%, Mw,y, T) is complete iff every Cauchy sequence converges in it.



Mathematics 2024, 12, 1154

60of 11

Theorem 7. If any Cauchy sequence in MIFSMS (X, Mw,y, T) has a subsequence that converges
in it, then it is a complete space.

Proof. Consider {ii., } be any sequence which is Cauchy and {ﬁeni} be any of its subse-
quence converging to .

Claim that i,, — iI.

Take ¢ > 0and € € (0,1).

Consider s € (0,1) such that

7((1—s5,s),(1—=5s,5)) >1+ (Ns(€),€).

Since sequence {u,, } is given as Cauchy, there exist ¢, € N such that

Mo (e, ey, &) > 1+ (Ns(s), )

>)

for all e, e, > ey, .
Since e, — 1, there exist positive integer e; ) such that ¢; , > Cngs

Mw,lp(ﬂgi,ﬁ,%) >1+ (Ns(s),5).

For, if e, > e,,, we have
. e Ry
Mw,tp(”en/ u, Q) > T(Mw,tp(uenz ”eipr 2)er,1p(ue,-p/ u, 2))
>+ T((1—s5,),(1—-5,5))
EL* (NS(E’),G).

Thus, e, — 1 and (¥, Mw,p, T) is a complete space. [J

5. Fixed Point Theorems

In this section, we have extended Gregori-Sapena’s [14] and Zikic’s fixed point
Theorem [15] to MIFSMS.

Definition 16. A sequence {t,} is known as s-increasing if there exists n, € N such that
t}’l + 1 S tn+1/
foralln > n,.

Theorem 8. Consider (X, My, T) be complete MIFSMS, so that for every s-increasing sequence
{on} and arbitrary 1, ,3., € SP(%), (1) holds

n
lti’l—>oo Her¢<ael’5€ZIQi) = 1L*‘ (1)
i=1

Consider h € (0,1) and S : SP(x) — SP(x) be any map that satisfies
Mw,gb (Sﬁ(?] ’ Sﬁ@z/ hQ) ZL* Mw,l/] (ﬂE] ’ ﬁﬁz/ Q)
for each iie,, e, € SP(X). Then, S possesses a fixed point which is unique as well.

Proof. Consider i € SP(§) and let it,, = S"(i1), n € N. Thus,

Mw,ll)(ﬂell ﬂEZ/ Q) = Mw,l[](Sﬂ/ Szﬂ/ Q) ZL* Ma),ll](z’_l/ Sﬂ/ %) = Mw,l[](ﬂ/ lf_lel/ %) (2)
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By induction, we have

Mw,t/; (aen; L_lenﬂl Q) > Mw,lp(a/ L_lelz h%) (3)

Consider ¢ > 0. Now, for m,n € N, take n < m; considering r; > 0,i =n,...,m — 1 that
satisfies vy, + 141 + - - + -1 < 1, we have

er¢(ﬂ3n’ ﬂem’ Q) ZL* Tm7n72 (Mw,l[J(ﬁenl ﬂ€n+1/ ri’lQ)
. /Mw,lp(ﬂem_y l’_lemlr'r?Z*lQ))

e o
>pe T 2(Mw,¢(u,uel,hL,$), @)
= Tm
..,Mw,w(u,uel,;Tj)).
Consideringry = —,»=mn,...,m — 1, we get
TR §
o —n—2 oo Q
Mw,q)(uen, ugm,Q) ZL* Tm n (Mw,l[](u; uell I’Z(I’l T 1)]’1” )1 s (5)
— @
M‘*’rlp(uf Uey,s (m _ 1)mhm71 ))
Now, define o5 = ﬁ It is trivial that 0511 — 0s — o0 as s — oo, thus {os} is an
s-increasing sequence. So, we have
- 10 Q _
ltﬂ*)OOnl;r[nMw,lﬁ(u/uell n(l’l—i—l)h”) - ]-L . (6)

Equations (5) and (6) implies It, oM,y (e, , fle,, 0) = 11+ for n < m. Thus, sequence
{1, } is Cauchy. As { is complete, there exist & € SP(¥) so that ii,, — ¢. Claim that S
possesses 7 as its fixed point.

)

=1y

Mw,z/) (S'D/ 0, Q) ZL* T(“n—)oon,l/J (55/ Saenr g) ltn—>oon P (uenﬂ
@)

~ I\J\/O

0,
> 1 T(nosooMeo, (3, e, ), lnsooMe (i g
ZL* T( n—o0 w,lp(vz Ue,, 2)/ n—oo w,ll](uﬁn+]l 2)

Thus, Mw,y(S9,7,0) = 11+, that implies 5(7) = o.
Uniqueness: Consider @ € SP(X) to be any other fixed point of S so that S(w) = @.
Thus, we have

1 2 Mw 4;(?7 ) thp( (5) ( )rQ)
> 1 Moy (0,9, 7) = May(S(0),5(a), 1)
21 My (8,0, 35) = My (S(2),5(2), 15) ©

ZL* lthwa,¢ (5r w, I’l%)
= 1.

Hence, M,y (9,,0) = 1+, thatimplies 7 = @. [
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Example 3. Take ¥ = [0,2] and define O(7, 1) = (7101, max{j2, 2 }). Take w,  soft fuzzy sets
_ (max{7,0} _ (max{7,0}

on SP(x) x SP(x) x (0, 00) given as My, (3,,0) = (e o) 1 )),for all 3,

W € SP(X), 0 > 0. Then, (X, Mw,p, ®) is a complete MIFSMS. Define a self map T : SP(x) —

SP() so that

ifi=1
ifie [0,1)
ifi € (1,2].

T(1) =

Wl N~ O

Then, T satisfies Theorem 8 and possesses Q as its unique fixed point.

Lemma9. If G : (0,00) — [0,1] is an increasing function, then it satisfies

Itnseo [ [G(05) = 0= Itussea [[ G(p') =0 )
i=n

i=n
forall p € (0,1) and [] is taken as co-norm o.

Proof. Case I Consider p < p,. Now, o' < p} fori € N, in view of the fact that G is
increasing G(p) < G(po)- So, [T, G(p') < TI, G(p}), where n € N. Hence, the proof
is complete.

Case I Consider p > p,. Suppose p = ,/po, then

11 66 = (IT 6o ([T 6 < ([T 6t [T 66l a0
i=2p' i=p! i=p' i=p! i=p/

Ity oo [Ti0p 1o G(p') = 0 that implies [ H?;p, G(p') = 0if p = ,/p. As G is increas-
ing it can be verified easily that It [T/ G(p') = 0if p < \/po.

Thus, we have It/ [1725, G(p') < 000 = 0. Furthermore, It _, | A G(p') <

Now, if p > p,, that implies the existence of p’ € N so that p < pf,”z)” and on

repeating the above process p’-times, we obtain I,/ H;’ip, G(p')=0. O

Lemma 10. If H : (0,00) — [0, 1] is a decreasing function, then it satisfies

Itnseo [ [H(0)) = 1= Ityseo [ [ H(p') = 1 (11)
i=n

i=n
forall p € (0,1) and [ is taken as norm x.

Proof. The above can be easily proved on the similar lines of Lemma 9. [

Lemma 11. The sequence ii,, = S" (i, ) is a Cauchy sequence.

), then maps G and
onsider h < p < 1,

1
Proof. Consider G(i1) = (i, S(ie, ), E) and H(i1) = w(ile,, S(ie, ),
H are increasing and decreasing, respectively, from (0, ) to [0, 1].
then by Lemmas 9 and 10, we have

A= =

1

ltt’l—}oo I—[Mw,l/}(aelr Saelr W

i=n

) = 1p-. (12)
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Asp < 1,Y 57 p" < o, s0 for every €, > 0 there exist 1, so that Z;,"’:no " < €,. Now, if
p>n>mn,andt > €, we have

p—1 ,
Mw,zp(ﬁenr ﬁep/t) >L* Mw,zp(aenr aepreo) 2L HMw,tp(aei/ aei,llpl)
i=n
ZL* Mw,lp(ﬁe 151/76 ’ *) = Mw,tp(ﬁe /Sﬁe ARV
i=n ! Y h i=n ! ! (h/p)l

(13)

Thus, from Equation (12), we have It oM,y (e, Sile,, t) = 11+ where p > n. Thus, {7, }
is Cauchy. O

Theorem 12. Consider (X, Mw,p, T) to be complete MIFSMS, so that for some p, € (0,1) and
e, € SP(), (14) holds

> 1
ltn%oo HMcu,lp(ﬂeg/ SﬂEUI E) = 1L*- (14)

i=n 0
Consider h € (0,1) and S : SP(x) — SP()x) that satisfies
M,y (Stley, STey, ht) =1+ My, (iley, Doy, t)
for each i, , e, € SP(X). Then, S possesses a fixed point which is unique as well.

Proof. We will be proving Theorem 12 by the above lemmas.

As (X, Mw,yp, T) is complete MIFSMS, there exists 7 € SP(x) so that It; eolle, = 0.
Now, it can be easily proven that S possesses 7 as its fixed point which is unique as well by
the similar argument as used in Theorem 8. This completes the proof of Theorem 12. O

Example 4. Take ¥ = [0,1] N Q and define ©(7,7) = (max{j; + {1 — 1,0}, min{jn + ¥, 1}).

Tnke w,  soft fuzzy sets on SP() x SP(%) x (0,00) given as M, y(3, @, 0) = (1 — mml‘féw},

m”ffg’w} ), for all 5, € SP(%), 0 > 0. Then, (X, My, ©) is a complete MIFSMS. Define a self
map T : SP(x) — SP(x) so that

() = {jl iffe [0,41nQ
é

ifTe (3,1NQ.
Then, T satisfies Theorem 12 and possesses 0 as its unique fixed point.

6. Application

Now, we are giving an application of Theorem 8 in solving integral equation.
Consider the following integral equation:

L(r) = /O "K(r,s,5.(s))ds (15)

forall r € [0,1], where I > 0 and K € C([0,1] x [0,I] X R,R). Consider x = C([0,I],R)
be the space consisting of continuous functions on [0, I] with the norm || Z, ||= sup,c[o, |
le(r) |, where I, € x and the induced soft metric is defined as p(f, k) = sup,cpy |
Ie(r) — &e(r) |, for all 7, &, € x. Let the MIFSM M, y be defined as

),

Mw,lp(fe/ Ke, Q) = ( ] |Ql_ T | LE(F) 5 Kg(r) |

e+ suprepo) | Te(r) = Re(r) | @ +suprepon | Te(r) —&e(r) |
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where o,m,n € R" and ©(i1,3) = (1101, min(iip + 0,1)). Then, (X, My, T) is a com-
plete MIFSMS.

Now, claim the existence of a solution of (15).
Let function K satisfy the following conditions:

(i) K(r,8(s)) >0,forallr,s € [0,I]and 7, € {;
(i) There exist A > 0 so that

| K(r,8,%e(s)) = K(r,5,%e(s)) |< Asupyeqo,n | Te(r) = Re(r) |,

forallr,s € [0,1];
(i) There exist h € (0,1) so that Ar < h.

Consider {t;} to be any s-increasing sequence, so that ts;1 — t; — oo as s — oo, thus
ltn%oo H?:1 Mw,l,b([e/ Ke, ti) - 1L* .
Define a self map S: ¥ — x as

SG)0) = [ KG, 470t
then, we have
S()() = S(E)0) = [ KO, L7(0) = KO, L Re(0)e,
thus
8@ 0) = SEI0) 1= [ KG,67(0) = KO, L Re(0)dt |

SAHK@&Q@»*K@&@@D|M

< A]S”P]e[o,l] | (1) — ®e(7) |
< hsup,cpo,n | Te(7) — e(7) | -

Now, we have

_ ) ho sup;cpo,n | STe(y) — Ske(7) |

M, Sip(7),Ske (1), ho) = - — , - -

o (S10), SR 0) h) =Gy TS ) = SR | g supycioy 1 5507) — 5% |
SMPJG[O,T]|S[_F(])7Sk€(])|
= Qs BANIK hS’ o)
Q+ SMP,e[o,I]\ ‘;(])7 e (1) Q+ sup/e[o,l]‘ 1151(])* e (7)]

0 supepo,n | (1) —&e(1) |
ZL)Y ( — p ’ — — )
0+ supicon | (1) —%e(1) |” 0+ sup,cion | 2e(y) — e(7) |

= Mw,t/ﬂ(ze(])r Re(7),0)-

Thus, Mew,y(S%(7), SRe(7),h0) >1+ Mew,y(Ze(1),%e(1),0). Therefore, every assertion of
Theorem 8 holds. Hence, S possesses a fixed point { € x which is unique as well so
that S{ = (, thus { € C([0, I, R) satisfies integral Equation (15).

7. Conclusions

We have defined basic notions of MIFSMS in this paper. Some Theorems of MIFMS
have been broadened in MIFSMS. FPT’s are also proven in our new space along with an
application to the integral equation.

8. Discussion

The new results and examples formulated in this work lay the foundation of new
results in the future. Moreover, to prove the validity of new results, an application is given
in solving the integral equation.
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MIFMS  Modified Intuitionistic Fuzzy Metric Spaces
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