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Abstract: In this paper, we study the variational principle and the existence of periodic solutions for a
new class of second-order ordinary p-Laplacian systems. The variational principle is given by making
use of two methods. We obtain three existence theorems of periodic solutions to this problem on
various sufficient conditions on the potential function F(¢, x) or nonlinearity VF(t, x). Four examples
are presented to illustrate the feasibility and effectiveness of our results.

Keywords: ordinary p-Laplacian system; the variational principle; periodic solutions; the least action
principle; saddle point theorem

MSC: 35A15; 34A12; 34K13

1. Introduction

Consider the following second-order ordinary p-Laplacian system
{%(W(f)l”’zil(f)) +g(B)fi(t) [P 2i(t) —
u(0) —u(T

where we cansee p > 1, T > 0, ¢ € L1(0, T; R), and where A(t) = [a;;(t)] is a positivedefi-
nite symmetric N x N matrix-valued function defined in [0, T] with a;; € C(0, T). Moreover,

A(B)[u(t)P72u(t) + VF(t,u(t) = 0,ae t € [0,T], O
) = u(0) —u(T) =0,

F:[0,T] x RN — R satisfies the following assumption:
(Hp) F(t, x) is measurable in ¢ for every x € RN and continuously differentiable in x
fora.e t € [0, T], and there exista € C(R*,R*) and b € L'(0, T; R*) such that
|F(t,x)| < a(|x|)b(t), |VE(t,x)| < a(|x])b(t), x € RN,ae t€[0,T].
when p =2, ¢(t) = 0and A(t) = 0, the second-order ordinary p-Laplacian system of form
(1) becomes the following second-order Hamiltonian system

{ u(t)+VE(tu(t)) =0,
u(0) —u(T) = u(0) —u(T) =

Over the last few decades, system (2) has been studied by using the variational method.
The existence and multiplicity of periodic solutions to problem (2) were obtained on various
hypotheses on the potential function F(t, x) or nonlinearity VF(t, x) (see, Refs. [1-6]).

Given that p = 2, the second-order ordinary p-Laplacian system of form (1) reduces to
the following second-order damped vibration system

0. (2)

A(t)u(t) + VE(E,

u(t)) =
—0(0) — i(T) = 0. ®)

Mathematics 2024, 12, 1131. https:/ /doi.org/10.3390/math12081131

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12081131
https://doi.org/10.3390/math12081131
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math12081131
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12081131?type=check_update&version=1

Mathematics 2024, 12, 1131

20f12

Wu, Chen and Teng [7] provided the variational principle of system (3). At the same time,
some existence results of system (3) were obtained by using critical point theorem.

Taking g(t) = 0and A(t) = 0in problem (1), many scholars have studied the following
second-order ordinary p-Laplacian system

(i) |~2a(t)) = VE(L u(t)),
{du—u():u() i(T) = 0. @

A lot of important existence and multiplicity results of periodic solutions to problem (4)
have been obtained by using the critical point theory (see, Refs. [8-12]). In particular,
Lv [10] gave the following existence theorem of periodic solutions to problem (4).

Theorem 1. Let F(t,x) = Fi(t,x) + F(x), where Fy and F, satisfy assumption (Hy) and the
following conditions:

(i)  Thereexistk,m € LY(0, T;R*) and v € [0,p — 1) such that
|VFi(t,x)| < k(t)|x|" +m(t)

forall x € RN andaet € [0,T);
(i) There exist constants 0 < rq < % and 1y € [0, 400) such that

(VE(x) = VE(y),x —y) = —nlx -y’ —r|x -yl

foralleRNandaete[O T);
(iii) wao (t,x)dt — 400 as |x| — +oo, wheref+1

Then, problem (4) has at least one solution which minimizes ¢ on W%’p
In addition, taking ¢(#) = 0 in problem (1), then one has

{éi(l (D[P~2i(t)) — A u(t)[P~u(t)+VE(t,u(t)) =0, 5)
u(0) —u(T) =u(0) —u(T) =0.

Zhang and Tang [13] studied the more general second-order ordinary p-Laplacian system
of form (5). Some existence theorems of periodic solutions to problem (5) were obtained by
using minimax methods in critical point theory.

In the paper, inspired by the results of [7,10,13], we study the second-order ordinary
p-Laplacian system of form (1) under the conditions p > 1, g(f) # 0 and, A(t) # 0.
Obviously, the second-order ordinary p-Laplacian system of form (1) is more general than
systems (2)—(5). Namely, systems (2)—(5) are only special cases of system (1). As far as
we know, there is no relevant research or any results by using the variational method to
study the ordinary p-Laplacian system of form (1). Therefore, system (1) is proved to be a
more general new system. The remaining part of the paper is as follows. We first study
the variational principle of problem (1) by two methods in Section 2. Furthermore, as an
application, we obtain three existence theorems for problem (1) by using the critical point
theorem in Section 3. Finally, four examples are given to illustrate our results in Section 4.
Our results generalize existing relevant conclusions.

For convenience, the meanings of the main symbols used in the paper are as fol-
lows: a = i]zrll,a-X,N{al]} where a;; = trrEax {lai(t)]}, d1 = tgg)T(}eQ(t) dy = tg[lér%]eQ( ),

1 1
i), = fo lu(t)|Pdt)?, fo lu(t)[Pd)”, Ju]| o = max|u( )|, and various posi-

te[0,T]

tive constantsas C; (i=1, 2,---).

2. The Variational Principle

In this section, we will obtain the variational principle of problem (1) by two methods.
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W%’p is a Sobolev space defined by W%’p = {u: [0, T] — RN|u is absolutely continuous,
u(0) = u(T) and 1 € LP([0, T| ;RN)} with the norm

]| = / lu(t yr’dt+/ (1)|"dr) ,uew;"’.

Letu = Tfo t)dtand 7(t) = u(t) —uforany u € W%’p. Then, one has W%’p = W;’p ®RN
, where WTP = { ue WT’p i=0 } Using the technique of [14] (Proposition 1.3), one has

|| p < T |it]|,, (Wirtinger’s inequality)

and X
]|y < T4 ||it||,, (Sobolev’s inequality)

forall u € le-’p, where % + % =1 (see, Ref. [10]).

Lemma 1. ([14] (Proposition 1.1)). There exists ¢ > O such that, if u € Wy, then |[ul|, <
c||u|| . Moreover, szo t)dt =0, then ||ul|, < c||u|;,-

Lemma 2 ([14] (Fundamental Lemma)) Let u,v € LY(0,T;RN). If for every f €
Cy, fOT (u(t), = —fo ))dt, then fo ds = 0 and there exists c € RN such
that u(t) = fot ( )ds +caeon [O,T]. By Lemma 1, there is a constant Cyp > 0 such that

1,
|0 < Collull, Vu € WyP. (6)

Method 1. We first offer an expression for the functional I(u) and further prove that
one solution to problem (1) is the critical point of the functional I(u) in the sense of a weak
derivative.

Define the functional I(u) on W%’p by

I(u):lfo QWO (1) [Pdt + — /eQ (A()] (t)\ﬂ*zum,u(t))dt—/OTeQU)F(t,u(t))dt,

where Q(t fo s)ds. We know that I(u) is continuously differentiable and the weak

lower senu—contmmty on WT 7. The detailed proof is similar to the corresponding parts
in [14] (pp. 10-11) and

(), 0) = [ @O P20, )t + [ o0 (AW () P2u(t), o(e))c

T
— [ QOTF(t (b)), o(t)dt, 1,0 € Wi,
0

Theorem 2. If u € W;’p is a solution to I'(u) = 0 (i.e., u is a critical point of I1(u)), then u is a
solution to problem (1).

Proof. AsI'(u) =0, then
0= (I'(u),0) = /0 Q0 Ji(1)| i), (1))t + [ " Q0 (A () u(B)P2ut), o(t))dt

_/OTeQ(t)(vp(t,u(t)),v(t))dt,
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p(u) =

forallu,v € qu-’p . That is,
[ (@Ol -2, st = — [ QOAM O 2u(t) ~ TF(u(t)), (1),

forallv e W%’p . By Lemma 2, it can be seen that e2(!) |i1(t)|P~21i(t) has a weak derivative,
and

(€W i (8)|P2a(t))r = QW (A() |u(£)|P2u(t) — VF(tu(t)), aet € [0,T].
Hence, u satisfies the following equation
(Ji(£) P20 (t))r + g(£) [ (£) [P~ 20 (t) — A(E) [u(t) [P 2u(t)+VEF(t, u(t) = 0, ae t € [0,T).
Then, u is a solution to problem (1). This completes the proof.

Method 2. By the semi-inverse method [15], we can obtain the variational principle of
problem (1). Its derivation process is as follows.
The problem (5) has the following variational principle:

T

o) = [P+ 3 [ AWOF2u), a0 - [ 6 ut)ar

0

To acquire the variational principle for problem (1), we introduce an integrating factor f(t)
and consider the following integral:

T 1,. 1 5
/0 {f(t)[plu(f)”+(A(t)lu(t)lp u(t), u(t)) — F(t,u(t))] + L(u, up, up, - ) }dt, 7)

p

where L is an unknown function of u and/or its derivatives. The Euler-Lagrange equation
of Equation (7) is

1 0L

—f(VE(tu(t)) + fF(O)AR u(B)[P2ult) — (F(B) (D[P 2iu(t), + .0 ®
where % is called the variational derivative [16,17] and is defined as
SL_0L_daL @ oL
Su  Oou  Otouy O duy
We simplify (8) as follows
. 72 . f/ . 72 . 72 1 (5L
([u()[P~u(t))r + 7(\u(f)|” u(t)) = =VE(t,u(t)) + A(t)|u(t) [P u(t) + Fou ©)

By comparison between Equation (9) and problem (1), we set

f

— = t _— =
f g( )/ JM
llence, we have

t
f=exp /0 g(s)ds =9, L = 0.

Consequently, we obtain the energy functional for problem (1) (i.e., the variational principle
of problem (1)), which is

o) = [0 LI + 5 (AW ()P 2u(0),0(0) ~ F(tu(e )t
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Obviously, I(u) = ¢(u).

3. Existence of Solutions for the Ordinary p-Laplacian System

Lemma 3. ([10] (Lemma 2.1)). In Sobolev space W;’p,for ue W%’p, ||u|| — oo if and only
1
if ([ul?+ju]|?,)" — 4oo.

Theorem 3. Let F(t,x) = Fi(t,x) + Fx(t,x), and suppose that Fy(t,x) and F,(t,x) satisfy
assumption (Hp). If the following conditions hold:
(Hy) There exists a function hy € C([0, +00); [0, 400)) with the properties:
() Mi(s) <m(t) Vs<t, stel0,+00),
(11) l’ll (S + t) < l’ll (S) + hl(t) Vs, t € [O, +00),
(iil) hq(t) = 400 as t — +oo.

Moreover, there exist r € L'(0, T; R*), Ky > 0and a € [0, p) such that
Fi(t,x) <h(|x]) +7(t),¥Y x€RN,aete0,T]

and

I (s)

lim sup—_—~ <Kj;
s—+00

(Hy) There exist my, my € LY(0,T;RT), Ko > 0, 8 € [0,p—1) and a function hy €
C([0, +00); [0, +00)) which satisfies the conditions (i)—(iii) such that

IVE(tx)| < mi(Dha(|x]) +ma(t), ¥ x € RN, aet e [0,T]

and )
lim sup 2(s) < Ko;
s—+o0 5,5
(H)(ADIx]P25,) > 2[xl’, ¥ x € RY, aete 0,T)
(Ha) fim / th)+h(|x|)) ——Oowherel+1—1
|x‘~>+oo|x|qﬂ 2 1 = , S+ -1

Then, problem (1) has no less than one solution on W%’p.
Proof. By (H;), forallu € W%’p, we have

Jo eQWR (t,u(t))dt <ke@fhu< +1(t))dt
< Jy T'eQt)p, |u|+||u||oo )dt + [ eQWr(t)dt

< Jy eQOpy ([a)dt + [ eQORy([[it]|)dt+ [, eRWr(£)dt (10)

< fo QW hy ([u])dt + Tdy (K[| g, + C1) + [y eQWr(t)dt

Oy (|

1
(
(
(
< [ QWO ([m))de + T diKq i), + Ca.

By (H»), Sobolev’s inequality and e-Young’s inequality, one has
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|fo QO (By(t,u(t)) — Fo(t,))dt]
|f§2 tf (VE(t,u+su(t)),u(t)) dsdt| .
fQT Oy (#) (o (2] |i(#)| + ha (| () D](1)])dt + [y eQBmy(t)]a(t)] dt
)

< Jo €9 (6) dt () 7] o+ fo' O (8) dt (| @] o)l T o+ fi eCma(t) dt] ] a
< el @, + TR (i €@ (1) A+ [ QW (1) db(Kol| 7] &+ Ca) | ]
T @ty dt ]
< el + Cafl® + Cs + Jo €@0my (1) dt(Ka | )& + Ca) || ]| o + fy eQWma(t) dt || i ] oo
< eT|[it||?, + Collie)| P + Crl[ir]| ,» + Cal]% + Cs.
1,p L dz
forallu € W;", where eT1 < %
Thus, by (10), (11) and (H3), we obtain

1) = 3 [ QW i(t) Pt + 1 ff eQ“ (AWl®)P” 2u(t), u(t)dt — [ €QOF(t,u(t))dt

=%TfoTeQ<f>|u<t>|Pdt+1fo QU (A(HIu(t) (), <t>>dt Jo QO (tu(t)) dt

—ly (R ~ Bt jdt = fy QORED A

> 2 fy la()|Fde+ 2 [ u(o))de - [ eQ“)’n(luI)dt—T*ﬁdlKlHﬂHi‘p—Cz (12)

P . 1 . _ _
T i}, = Colill, " — Colli ilyy - c4|u|qﬁ—cs—fTﬁ+<1>Fz<t,u>dt
—‘z%uun”ﬂ —eT) ][}, — TS Kalfi] |, — Collill s — it

P i €2 (Bt ) + ()t + C) — Gy

forallu € W%’p. Sincew € [0,p), B € [0,p —1) and Lemma 3, we have I(u) — +oo as
|lie|| = +o0 by (Hy) and (12). Namely, I(u) is coercive. Therefore, by using the least action

principle [14], problem (1) has no less than one solution on W%’p .

Theorem 4. Let F(t,x) = Fi(t,x) + Fx(x), suppose that Fy(t,x) and F,(x) satisfy assump-
tion (Hp). If (H3) and the following conditions hold:
(Hs) There exist r1,1o € LY(0, T; R") and « € [0, p — 1) such that

IVF(t,x)| <r(t)]x|* +72(t), V x € RN, aete [0, T);

(Hg) There exist 0 < K < 721 and an increasing function h € C([0, +00); [0, 4+00)) such
that st
(VE(x) = VE(y),x—y) <h(]x—y|), ¥ xR, aetc[0,T]
and
lim sup% <K;

S—+00
1ot 1 1
(Hy) lim 7/ eQWF(t,x)dt = —co, where — + = =1
x| -+eo[x|*1 Jo p g
Then, problem (1) has no less than one solution on W%’p.

Proof. By (Hs), e-Young's inequality and Sobolev’s inequality, we obtain
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[y QW (Ry(t,u(t) — Fo(t, 7)) dt|

= |f52 tfol (VF (t, 7+ su(t)),u(t))dsdt|

< Jo fo eQt)y ()|u+su( )|* - (t)] dsdt+f0 fo eQWry (1)]ai(t | dsdt

< 24"l fo €2 )dt+2“||u|\““fo eQry(t)dt + ||l o, fy eQOry(t)dt (13
< e||u|\’” + € 7 2"“7|u|"“7(f eQ)r (t) dt) —I—2"‘f0 eQWpy (H)dt| & ||”éj1 + fo eQWpy (H)dt| |

< eTh [lal|f, +69H 155"+ Caoll ] + Cra a1

4 4
forall u € W%’p, where eT1 < g—; — dlKT‘?H.
By (Hs) and Sobolev’s inequality, we obtain

I QOB (u(t)) — B(u)]dt = fOTeQ ) fo (VEy(u + sii(t)), i(t))dsdt

= fo Q) [1(VE( u+su( )) — VE (), (t))dsdt
)
)

< fo Q(t fol (|sui(t)|)dsdt (14)
<f0 n( fo KsP~ 1||u|\§odsdt+C12
< di KT [ie||?, +Cya-
Thus, by (13), (14) and (H3), we have

I(u) = 3 [ eQWJi(t)[Pdt + 1 [T QWA |u(t)|"2u(t), u(t)dt — [y eQDF(t u(t))dt

—1f eQl! Iu()l”df+§,fo QU (A()|u(t)[P~2u(t), u(t))dt

—Jy QO [E (L u(n) = Bt )] — J €2 (Ra(u(t) — Ba(m)di—fy 2V (1,m) di

> % [y () [Pt + & [y lu(t I”df—fT‘?H'HLp Colfu H"‘H Colf[| (15)

—cnm\w—dlKTﬁlH ||Lp—c12—f QO F(t, 1) dt

\|u||”+< — KT — e i}, — Colli][ 15 = Caol ],

1,
—|u‘“q ‘maq fO eQ ( (t,u)dt—i—CH) — C12 forallu € WTP.

Asa € [0,p—1) and Lemma 3, we have (1) — 400 as ||u|| — +co by (Hy) and (15).
Namely, I(u) is coercive. Hence, by the least action principle [14], problem (1) has no less
than one solution on W%’p.

Remark 1. In a sense, the conditions “(VFE(x) — VE(y), x—y) < h(lx —y|)” and
“lim sup@ < K" in Theorem 4 are weaker than the condition “(VF,(x) — VE(y), x —y) >—r1|x —

§—+00
Y|P — ra|x — y|” in Theorem 1, so that Theorem 4 generalizes Theorem 1 even in the case of g(t) =
0 and A(t) = 0. For another, the difference between Theorem 3 and Theorem 4 lies in the different decom-
position formula of F(t,x), and as an auxiliary function is used, the condition satisfied by Fi(t,x) in
Theorem 3 is weaker than that satisfied by Fy(t, x) in Theorem 4.

Theorem 5. Let F: [0, T] x RN — R satisfy assumption (Hp). If the following conditions hold:
(Hg) |x|P < (A(t)|x|P~2x,x),V x € RN, aetc[0,T);
(Hy) There exist My > 0and h € C([0,+o0); [0, +00)) with ET h(s) = +co, and h(s)
S ee]

non-increasing in s for all s € R such that

(VE(t,x),x) = pE(t,x) = h(|x]) |(t|;)

and
F(t,x) >0
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forall |x| > Mjandaet e [0,T].

diaN . _eQWEF(tx)
H —— < liminf ————2—~
(Fio) == < il =y

Q(t)
ﬂ d£+di aetel0,T).

< lim sup P o T T

‘x‘%qtoo

Then, problem (1) has no less than one solution on W%’p,
To prove our Theorem 5, we need the following result.

Lemma 4. Suppose F(t, x) satisfies assumption (Hy) and the conditions (Hg), (Hy) of Theorem
5. Then, the functional I(u) satisfies the condition (C), that is, for every sequence {u,} C

W;’p , {un} has a convergent subsequence if I(uy) is bounded and nh_r)rolo(l + [Jun|)||I' (un)|| = 0.
Proof. Suppose {u,} C Wa?, I(u,) is bounded and nlgr.}o(l + [[un|) || I’ (4n)|| = 0. Then,
there exists a constant L > 0 such that

[I(un)| < L, (1 + Jun|)[|I'(un)|| <L,V e Z*. (16)

Since [0, T] = {t | |ua(t)] > My, t €0, T} U{t | |un(t)] < My, t€[0,T]}, we can set
E,={t| |ux(t)] > My, t €]0,T]}. From (16), (Hy) and assumption (Hp), we obtain

(p+1L > pl(un) — (I (un), un)
= f eRQW[(VF(t,up),uy) — pF(t, uy)]dt
= [p eQ<f [(VE(t,un), ) = pF(t )] dt+ fig 77, g, €O [(VE(E ), un) — pE(E up )]t (17)
) Uy
>fEn |"|F7(‘tp') d1f0 y1(t)dt, Vne Z*,
where 71 (t) = (P+M1)‘ max, a(|un|)b(t) = 0. We have
Up |V
eQWF(t,uy,) eQWF(t,u,)
h(||tn 7’dt</hn7”dt<c 18
. lall) S s [ ) S 5o ()
By (6) and (18), one has
eQWF(tu,) dt < C Collunll”
J, R d < g s,
Then, we obtain
|/TeQ<f>F(t uy) dt| < |/ eQWOF(t,u,) dt| + | eQUF(t,u,) dt| < ¢ M+d1/T72(t) dt (19)
0 =, o [O.T\Ex " *1(Collunl) 0 '
where 75 (t) = max, a(|un|)b(t).
Hence, by (H;) (Hy) and (19), we have
L > 1I(uy)
= 1[5 QWi (1)]7at + L [ eQO(A() | (£) [P P10 (1), (1)) At — [ €QUF(t, 1y (t))dlt
CPl|uyn 20
= %dzllunllc” Cpclsm“cl'h,ln dy fy ma(t) dt 20
> (2 — i) —du [y 72(t) dt.

dz C13 Co

Since  lim W(Collunl) — dz > 0, we can confirm {u, } is bounded. Or else, we sup-

(|t [| =400 P
pose ||uy| — 400 as n — 400 and obtain a contradiction by (20). In the same manner [14]
(Proposition 4.3), it can be induced that {u, } has a convergent subsequence. Hence, I(1)
satisfies the condition (C).




Mathematics 2024, 12, 1131

9of 12

I\/ I\/

Lemma 5. ([14] (Theorem 4.7)). Let X be a Banach space and let ¢ € C'(X,R). Assume
that X splits into a direct sum of closed subspaces X = X~ @ Xt with dimX~ < co and supg <

Sk
i}gfgo, where Sy = {u € X~ :|u| =R}. Let By ={u € X :|u| <R}, M= {g € C(Bg,X):
g(s)=s ifse Sy} andc= in}\f/{maX(p(g(s)). Then, if ¢ satisfies the (PS).-condition, c is a

8§€MseBy
critical value of ¢.

Now, we provide the proof of Theorem 5.

Proof of Theorem 5. As shown in [18], the deformation lemma is proved to be true by
replacing the (PS) condition with the weaker condition (C), and it can further demonstrate
that Lemma 5 holds true under the condition (C). Hence, by Lemma 5, we only need
to prove

() I(u) — +co as ||ul| — +oo, uc Wi;
() I(u) — —oco as |u| — 4o, u € RN,

Now, we prove (I1). By (Hyp), for

d d QU E(t
:—2+—2p— suplimsupe Eo,x) >0,
PooPTY a1
there exists M, > 0 such that
Q) d |
e~ (t,x) < (= + —= —¢)|x|F, ¥V |x| > My, aet € [0,T]. (21)
popT?
It can be induced from (21) and assumption (Hp) that
Q) d b N
e~YF(t,x) < (? + oT7 —¢&)|x|P +dyys(t), Vx € RY, aet € [0,T], (22)

where v3(t) = max a(|x])b(t) > 0.
[x|<Ma

Foru € WTp, by (Hs) and (22), we have

LJo e@Wa(e)[Pdt + 3 [ QO A ()" ut),u(t))dt — [y eQOF(t,u(t))dt
dzfo (e [P+ %2 [y [u(t)["dt fo QU F(t, u(t))dt
deO |ii(t) \pdt+d2f0 ju(t)"dt — [ (2 + %—s)|u()|Pdt—d1f0T73(t) dt
deO Ji(t)[Pat — (i — ) fy [u(t) |Pdt—d1f0 v3(t) dt.

Next, we discuss two cases:
Case 1. When pﬂ% — &> 0, by (23) and Wirtinger’s inequality, one has

(23)

&

T T
: pre)Tv]Hqupdl/O po(t) di= e[l — i [ () et @9

I(u) >
Case 2. When -4 pT,, — & <0, by (23), we have
dy . T
1) > Hallfy — [ s(0) . (25)

By Wirtinger’s inequality, we know that

ul| = +oo & |[it]|;, — +oo, ue Wy (26)



Mathematics 2024, 12, 1131 10 of 12

Thus, by (24)-(26), (11) is proved.

Now, we prove ().

For u € RN, we obtain

I(u) = 3 [ QWA |u|P~2u,u) dt — [ €QOF(t,u) dt
< 1diaNT(ul? — [ eQVF(t,u) dt 27)
T F(t, dyaN

= —lulr(fy QN EGE) — hilap),

Therefore, by (Hy), (27) and Fatou’s Lemma, we have
I(u) — —co, as |u| — +oo, u € RV,

Thus, (1) is proved.

4. Examples

Now, we provide four examples of potential function F(f,x) and matrix A(t) to
illustrate the effectiveness of Theorems 3, 4 and 5, respectively.

Example 1. Let p = 7, « = 3 and B = 1. Moreover, we can put F(t,x) = m +
3 1 .
r(t), B(tx) = —(T—=1)|x[2, m(x]) = 7(133‘”2 ma(lx]) = |x|3, A(t) = diag(3 +

sinwt,---, %—i—smwt),w: .

Therefore, we have

s+t s
@ m(s+1)= 1n(100+(s+t) ) = In(100+s?) *
r(t); li SS() = lim sup
S—r+o00 S——+00
@) ha(s+1) = (s+ 87 < st +12 =Ino(s) +ha(t); [VE(t,%)| = 3T — t]|x]2 < my()hy
(x]) +ma(t);
B)  (A(t)|x[P72x,x) = (3 +sinw t)|x|P > L|x|F;

1n(10t0+tz) =hy(s) +hi(t); Fi(t,x) < hi(]x]) +
=0<Ky;

1
52 In(100+s2)

. Q)
@ \x\im\xwﬁfo & B(ex) +h(lx))ar
i Y S BN
} uﬁlﬂmﬁfo AT = 1)1xI? + gy )t =

Then, (H;), (Hz), (H3) and (Hy) are true. By Theorem 3, problem (1) has no less than
one solution on W%’p.

Example 2. Let p = % = 3and B = 1. We can also put Fi(t,x) = 7(1(%’51”2) +
r(t), B(tx) = —(T—tH)x[>, m(x]) = W hao(lx|) = [x|, A(t) = diag(5 +

coswt, -, %+coswt),w:2%.

It can be seen from the derivation process of Example 1 that (H;), (Hz), (H3) and (Hy)
are true. By Theorem 3, problem (1) has no less than one solution on W%’p .

Example 3. Let p = 2 and « = 1. We can also choose F; (t,x) = (T — t)|x|% E(x) = —|x[%,
h(lx —y|) = Klx —y|P(0 < K < ), A(t) = diag(3 +sinw t,- -+, 3 +sinw t),
w= 2,

Then, we have
1
(1) [VR(Lx)| = 3IT =] |x[2 <ri(8)]x]* +r2(t);
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References

2 (VE(x)-— VFz(y),x —y)=—2|x— |2 < h(]x —y|); lim sup S(p) = lim supKSp < K;

s%+oo s—+o0

®3) ‘xwfo F(t,x)dt = lim ﬁfOTeQ(t)((T— £)lx|? — |x[?)dt = —

|x \—>+°° |x|—+e0
We can know that (H3), (Hs), (Hg) and (Hy) hold. By Theorem 4, problem (1) has no
less than one solution on W;’p

Example 4. Let p = 2. We can choose A(t) = diag(2 +sinw t,---, 2+sinwt), F(t,x) =
|t In(1+|x[2)— 5t

A2+ sinwt) (|x|? = In(1 + |x|2)), h(|x]) = M(M‘LIH(H‘;TZ‘;‘;,where R <A< &+
)

Hence, we obtained the following results:
@) [xP < (A(t)x,x);

2 2y |xf
P - g

2 (VE(tx),x)—2F(t,x) > BA(KE_In(1+x]?))  Jaf? _h(|x|)

2 2y _Jxt
| In(1+x*) -7

BA([x[P~In(1+[x[*))

(3  lim h(|]x])= lim

|x|—+o00 |x|— 00

4) hg—z) is non-increasing on (0, +c0);
(5)  lim QUF(1Y) _ oQ) |im A(Hsm‘”t)(‘x@*ln(lﬂx‘z)) = QA (2 + sinwt),

|40 Ixf || =540 [x]
then
diaN eQUF(t,x) eQUF(t,x) dy 1

< Ady < lim inf > < lim sup

X[t x| xodeo 2] 20T

2

Therefore, we can know that (Hs), (Hg) and (Hjp) hold. By Theorem 5, problem (1)
has no less than one solution on W;’p

5. Conclusions

In this paper, we have studied a class of ordinary p-Laplacian systems by using
the variational method. We have obtained the variational principle and the existence of
periodic solutions to this system. We can further explore system (1) by using the critical
point theorem in the future.
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