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1. Introduction

It is well known that backward stochastic differential equations (BSDEs) can be re-
garded as a class of stochastic differential equations (SDEs) with a given terminal condition
(not an initial condition). In 1990, Pardoux and Peng [1] published a famous article and
studied nonlinear BSDEs for the first time,

Y, = é—i—/tTf(s, Y., Zs)ds — /tT Z.dWL. (1)

In the past 30 years, research on nonlinear BSDEs has developed rapidly. Many schol-
ars have discovered that this theory has important applications in many fields, such as
mathematical finance, stochastic control, partial differential equations (PDEs), and so
on. Afterward, Pardoux and Peng [2] proposed backward doubly stochastic differential
equations (BDSDEs),

T T . T
Y = f:—i-/t f(s,Ys, Zs)ds +/t g(s,Ys,Zs)d B s —/t ZsdWs, (2)

which contain two random integrals in opposite directions, leading to two opposite in-
formation flows, and thus have more complex measurability. Then. Shi, Gu, and Liu [3]
proved the comparison theorem of BDSDEs. Recently, Owo [4—6] generalized these results
under a series of stochastic conditions, including the existence and uniqueness theorem of
solution for BDSDEs with stochastic Lipschitz generator, the existence theorem of solutions
under stochastic linear growth and continuous or discontinuous conditions, and he also
proved the associated comparison theorems. Inspired by this literature, in this paper, we
study a new class of BDSDEs called general mean-field BDSDEs to obtain the corresponding
results, and the equation’s form is as follows:

T T <_ T
Y, =&+ /t (5, Py., Yo, Zs)ds + /t (5, Ye, Zs)d'B s — /t Z,dW, 3)
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Y, = g+/

where the coefficients of BDSDEs depend not only on the solution processes but also on the
law of the solution processes, which acts as the mean-field term.

Mean-field theory is also a hot research topic that has infiltrated various fields, such
as statistical mechanics, physics, economics, finance, and so on. In 2007, Lasry and Li-
ons [7] formally proposed the concept of mean-field games, which studied the problem of
stochastic differential games with N particles and the limit behavior of random moving
particles when N goes to infinity. Inspired by this idea, Buckdahn, Djehiche, Li, Peng [8]
and Buckdahn, Li, Peng [9] used purely random methods to investigate a special class
of mean-field problems, and proposed a new type of BSDEs, called mean-field BSDEs.
Since then, more and more scholars have devoted their energies to the study of mean-field
problems (see [10,11], etc.). Li, Liang and Zhang [12] studied mean-field BSDEs under
continuous conditions and proposed a technical lemma by which the existence of solutions
was obtained. Wang, Zhao and Shi [13] extended this result to discontinuous conditions. In
recent years, Li and Xing [14] combined the results of BDSDEs and mean-field theory, and
investigated the existence of a solution for general mean-field BDSDEs with continuous
coefficients. Furthermore, Shi, Wang and Zhao [15] obtained the related results of the
general mean-field BDSDEs under stochastic linear growth and continuous conditions.

It is worth emphasizing that the theory of mean-field is new, and there are still many
conclusions to explore. On the one hand, the ordinary continuous condition or linear
growth condition cannot be satisfied in many applications, which the example in Section 4
can reflect: Consider a financial claim with a contingent ¢ and there is an investor who
has additional information not detected in the financial market and wants to sell the claim.
Moreover, suppose that the interest rate is applied only to portfolios whose value remains
above a nominal value at any time. This problem is equivalent to solving the following
mean-field BDSDE:

BN 4 p(s) Yol gy + 7(5)Z) ds+/ 5)Z.dB s — / Z.dW.. 4)

Since f(t,p,y,2) = G(t)e_TE[]/] + r(t)ylg,~1y + 7(t)z is not continuous in y, we cannot
apply the existence result in [15]. Therefore, we relax the restriction on the generator
f(t,p,y,z) that f is discontinuous in y, continuous in p and z, and we solve the above
problem, shown in Section 4. On the other hand, mean field theory is a useful tool when we
study problems related to large numbers of particles. Because when the number of particles
N tends to infinity, it is impractical to deal with the behavior of each particle, but through
the mean-field term, we only need to pay attention to the limited behavior of randomly
moving particles when N tends to infinity. In conclusion, it is meaningful to study the
general mean-field BDSDE (3) with discontinuous and stochastic linear growth coefficients,
which can solve some problems in physics, finance and so on.

Our paper is organized as follows: In Section 2, we give some preliminary results
of general mean-field BDSDEs which are needed in what follows, and we also list some
existing results related to our paper. Section 3 is devoted to giving the main results,
including the existence theorem of solutions and the related comparison theorem under
stochastic linear growth and discontinuous conditions. Then, we naturally introduce the
existence theorem of solutions under linear growth conditions, which is a special case of
stochastic conditions, and we also propose the associated comparison theorem. In Section 4,
we study the application of the general mean-field BDSDE:s to the financial claim sales
problem. Finally, we conclude in Section 5.

2. Preliminaries

Now, we begin with introducing some necessary notations and concepts.

Let (O, F, P) be a complete probability space, that is, all subsets of zero probability
sets belong to F, and let T > 0 be an arbitrarily fixed time horizon throughout this paper.
Let {W;;0 <t < T} and {B;;0 < t < T} be two mutually independent standard Brownian
Motions with values respectively in R4 and ]Ré, defined on (Q), 7, P). Let N denote the
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class of P-null sets of F, and P, (R¥) denotes the set of the probability measures p over
(R, B(R)) with a finite second moment, that s, [p |x|? p(dx) < co. Here, B(RF) denotes
the Borel o-field over R¥, and the probability space (Q), F, P) needs to be rich, so we assume
that there is a sub-co-field 2, ' ¢ F9 C F, such that

(i) Brownian motion (B, W) is independent of F0;
(i) FO is ‘rich enough’, that is, for every p € P,(RF) there is a random variable & €
L2(Q, F°, P;R¥) such that Pz = p.
Besides, {a(t)};c [o,7] is a jointly measurable process with positive values and square-
integrable in [0, T], and we define an increasing process { A(t) };c[o,1) by setting A(t) =

fo s)ds. Every p that appears throughout this paper must satisfy > 0 and be big
enough Here, are the following spaces:

e L2F(Q,F,P; Rk) {]Rk—value Fi-measurable random variables
& (1212, = E[ePADE[2] < +oo};

o H2B(0,T;RK) := {Rk-value processes { : forany t € [0, T],{(t) is Fy-measurable
with HgHZ H2P T E foT eﬁA(t)|€(t)|2dt] < +°°}}

o HXPA(0,T;RF) := {]Rk—value processes { : forany t € [0, T],{(t) is Fi-measurable
with [[ag 2,5 = E[fy ePA0a2(1)[2 (D)) < +oo};

e S2B(0,T;RK) := {Rk—value continuous processes { : for any t € [0,T],{(t) is
Fi-measurable with ”éHSZ'ﬁ := E[supy ;P4 O1z(H)A < —|—oo}.

Note, that the space H>#(0, T; R¥) with the norm | - |26 is a Banach space, so is
the space

MZB(0,T) := (Hz'ﬁrﬂ(o, T;R) N S2P(0, T; Rk)) x HZP (0, T; RF*4),

with the norm [|(Y, Z) (1% o = aY 1505 + Y[l 26 + 1 Z115,2-
Now, let us consider the followmg general mean-field BDSDEs: for all t € [0, T], given

& e L¥P(Q, Fr, P;RN),

T T - T
Y=g+ [ flo P Y Zds+ [ g(s, ¥ Z)d B~ [ ZadWe (5)

Without loss of generality, in this paper, we consider the case of k = 1. Before
discussing the main results of this paper, we will introduce some previous results of general
mean-field BDSDEs under some stochastic conditions. Let, coefficients f : [0, T] x Q x
Pr(R) x RxRY - R, g:[0,T] x Q x R x R — R’ be jointly measurable and satisfy the
following assumptions:

(A1) g isstochastic Lipschitz in (y,z) € R x R : There exists a non-negative JF,"'-measurable
process {v(t) };c[o,7] and a constant &, 0 < & < 1, such thatforall y1,y2 € R, 21,2, € RY,

8(ty1,21) — 8(ty2,22)[* < v()|yr — vol* + alz1 — 22/

(A2) f is stochastic Lipschitz in (p,y,z) € P2(R) x R x R? : There exist non-negative
F}V-measurable processes {0(t) Hepo,r) {1(8) Hepo,r) and {7 (#) }rejo,r) such that for

all p1,p2 € PQ(R),yl,yz S ]R,Zl,ZZ S Rd,

BA(t)

|f(t, pr,y1,21) — f(t P2, y2,22)| < O(t)e” 2 Wa(py, p2) + p(t)ly1 — ya| + v (t)|z1 — 22|;
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(A3) Forallt € [0, T], there exists a positive process {a(t) };c[o,1), which satisfies a(t)? =

0(t)2 + u(t) +(t)? +v(t) > 1 > 0 and the definitions of 8(t), j¢(t), v(t) and v(t) are
same as those in assumptions (A1) and (A2). A(t) = fot a(s)?ds < oo;

(Ad) Forany (t,u,y,z) € [0,T] x P2(R) x R x R, there is

T 2 T
E[ /O eﬁA(t)JWdt—i— /0 ePAM |(¢,0,0))2dt] < 4o,

where §y denotes throughout the paper, the Dirac measure with mass at 0 € R;

(A5) For any 61,0, € L?(Q, F;, P;R) and (t,y,z) € [0,T] x R x R?, there exists a non-
negative F}" -measurable process {L(t) };c[o 1] such that

(&P, y,2) — F(t Poyyy,2) < L(He™ "2 (E[|(61 — 0) 712},

where L(t)> < a(t)?, forall t € [0, T];

(A6) For almost every (t,w) € [0,T] x Q, f(t,w,-,-, ) is continuous, especially, with a
continuity modulus p : RT — RT with respect to p, for all p1, p2 € P2(R),(y,z) €
R x R4,
[f(t,w,p1,y,2) — f(t,w,p2,y,2)| < p(Wa(p1, p2));

(A7) There exist non-negative F}"-measurable processes 10(8) Yeeqo,m, {n(t) Heepo,m)s
{7(t) }te[o,7) and a non-negative F;-measurable process {¢(t) };c(o 1] satistying

E[ftT ePAG) p(s5)2ds] < oo, such that for all p € P>(R),y € R,z € R,

£t p,2)] < (0) +0(0)e "2 Wa(p, o) + p(t)|y| + ¥(0) 2]

(A8) Monotonicity in p : For all 61,6, € LZ(Q, Fi,P;R), and all (y,z) € R x R?, when
01 < 6,, P-a.s., we have

f(t, Py, y,2) < f(t, Py, y,2),dtdP-a.e.

Lemma 1 (Existence and Uniqueness). Under the assumptions (A1)-(A4), the general mean-field
BDSDE (5) has a unique solution (Y, Z) € M?>P(0,T).

Lemma 2 (Comparison theorem). Let ¢ = g(t, w,y, z) satisfy the assumptions (A1) and (A4),
and fO = fO(t,w,p,y,z),i = 1,2 be two generators satisfying (A4). Moreover, we assume that
(i) One of fV) satisfies the assumption (A2);
(ii) One of V) satisfies the assumption (A5).

Denote by (YN, ZW)) and (Y®), Z(2)) the solutions of the general mean-field BDSDE (5) with
data (EV), D), o) and (23, @), ¢), respectively. Then, if for all (p,y,z) € P2(R) x R x RY,
Q‘(l) < 6(2), P-a.s., f(l) (t,py,z) < f(z)(t, p,y, z), dtdP-a.e., it holds that also Yt(l) < Yt(z),for
all't € [0,T], P-as.

Lemma 3 (Existence). Under the assumptions (A1), (A3), (A4) and (A6)—(A8), the general
mean-field BDSDE (5) at least has one solution (Y, Z) € M?>P(0, T). Moreover, there is a minimal
solution (Y, Z) € M?P(0, T) of the general mean-field BDSDE (5).

Lemma 4 (Comparison theorem). Let § = g(t,w,y,z) satisfy the assumptions (A1) and
(A4), f(l) = f(l)(t, w, p, Yy, z) satisfy the assumptions (A3), (A4) and (A6)-(A8), and f(2) -
F@(t,w,p,y,z) satisfy the assumption (A4). Denote by (YN, Z()) and (Y2, Z2)) the solu-
tions of general mean-field BDSDE (5) with data (¢, f(1), ¢) and (¢?), f?), ¢), respectively.
Then, if for all (p,y,z) € Pa(R) x R x RY, there are &) < @) P-a.s. and fV(t,p,y,z) <
f(z) (t,p,vy,z), dtdP-a.e., it holds that also Yt(l) < Yt(Z),for all t € [0, T], P-a.s.



Mathematics 2024, 12,978

50f 15

For the detailed proofs of Lemmas 1-4, readers can refer to [15].
3. General Mean-Field BDSDEs with Stochastic Linear Growth and
Discontinuous Generator

In this section, we focus on general mean-field BDSDEs (5) with stochastic linear
growth and a discontinuous generator. We need to add some assumptions for the generator
f as follows:

(B1) Fora.e. (t,w) € [0,T], f(t,p,y,z) is left-continuous in y, continuous in p and z, espe-
cially, with a continuity modulus p : R — R for p: for all py, p» € P2(R), (t,y,z) €
[0, T] x R x RY, there is

|f(t,p1,y,2) — f(t p2,y,2)| < p(Wa(p1, p2))-

Here, p is supposed to be non-decreasing, such that p(04) = 0;

(B2) There exists a continuous function K(t, p,y, z) defined on [0, T] x P2(R) x R x R4,
which is non-decreasing with respect to p, and there exist three non-negative F,"-
measurable processes {0(f)}icior), {#(t)}iejor), {7(t)}iejor) such that for all

te[0,T],p € Pa(R),y € R,z € RY, there is

_BA®)
|K(t,p,y,2)| < 0(t)e” 2 Wa(p,do) + u(t)y| +v(t)|zl,

and for all y; > y» € R, py, p2 € P2(R), 21,22 € RY, we have

f(t/ Plzylzzl) _f(tr pZ/yZ/ZZ) 2 K(tl A(pl/ pZ)/yl —Y2,21 — ZZ)/
where A(pl,pz) € Pz(R) and satisfies W (A(pl, pz),éo) = Wz(pl,pz).

3.1. The Existence of Solutions

Next, we will give the first important conclusion of this paper, the existence of solutions
for the general mean-field BDSDEs (5) under discontinuous and stochastic linear growth
conditions. In order to facilitate readers to understand the logic of proof, we refer to the
idea of proof in [16]. We first introduce the following technical lemma:

Lemma 5. for n > 1, let us define

BA()
Kult,p,y,2) = inf K(t,v,r,h) +n(0(He 2 Woi (i,
n(t Py, 2) (v,r,h)ePlz?R)xRde{ (t,v,r,h) +n(6(t)e 24+ (1v) o

+u(t)ly =1l + 1)z k) },

where K(t,v, 1, h) is similar to that in assumption (B2). From Lemma 3.1 in [12], we know these
equations are well-defined and satisfy the following properties:
(i) Linear growth: for all (t,p,y,z) € [0, T] x P2(R) x R x RY, P-a.s., we have

[Ka(t, p,v,2)| < 0(0)e™ "2 Walp, &) + u(b)ly] +(8)2];
(ii) Monotonicity in p: for all 61,0, € szﬁ(Q, Fr, P;R) with 6, < 60,, P-a.s., we have
K (t, Po,,y,z) < Ku(t, Poy,y,z),dtdP-as.;
(iii) Monotonicity in n: for all (t,p,y,z) € [0,T] x P2(R) x R x R?, P-as.,, n < m, we

have
Ku(t,p,y,2) < Kn(t,p,y,z),dtdP-as.;
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(iv) Stochastic Lipschitz continuous: for all (t, p1,y1,21), (t, P2, y2,22) € [0, T] x P2(R) X
R x R4, P-a.s., we have

|K'fl(t’ pl’ylle) - Kn(tr pP2,Y2, ZZ)|
_BAM)
<n(6(t)e 2" Wa(p1, p2) + p(t)ly1 — yal + (8|21 — 22);
(v) Strong convergence: if (pu, Yn,zn) — (p,y,2) asn — oo in Py(R) x R x R4, then
nlgrolo Kn(t/ Pnrynlzn) = K(t/ P,y,Z)~
Proposition 1. Let & € L>P(Q, Fr, P;R), g1 € H>P(0, T;R), K(t, p, u,v) and G(t,u,v) satisfy

the assumptions (A1), (A3), (A4) and (B2), and G(t,0,0) = 0. We consider the following general
mean-field BDSDE: forall t € [0, T],

T T « T
Ui =&+ [ (K(s,Pu, Us, Vo) +s) ds+ | Gls,Us, Vo) d B [ VoW, )
then, we have:
(i) The Equation (7) has at least one solution (U, V) € M>P(0,T);
(ii) For any solution (U, V') of (7), if ¢; > 0,& > 0, we can obtain Uy > 0, P-a.s., t € [0, T.
Proof. Since K is continuous and |K(t,p,y,z)| < G(t)e*%mwz(p, do) + u(t) |yl + v (t)|zl],

we note that (7) has at least one solution. For each 1, because of Lemma 5, the following
general mean-field BDSDEs are as follows: for all t € [0, T],

T T T
uy — g+/ (Ku (s, Pz, U2, V) + ) ds+/ G(s, U, V") d'B —/ ViAW, n>1 (8)
t
has a unique adapted solution, and the solution {(U", V")}%_, of Equation (8) converge to

the minimal solution (U, V) of Equation (7).
Next, we consider the following general mean-field BDSDEs: for all t € [0, T],

) ! i T —n s T
U? = / Kn(srpan,ugl‘/sn) ds+/ G(S,ug"/sn)st_/ Vsndws, n 2 1. (9)
t s ‘ )
For each n, there exists a unique solution to Equation (9). Since Kj(s,d,0,0) = 0,

G(s,0,0) = 0, then (", V") = (0,0) is the unique solution to Equation (9). From the
Lemma 2 and ¢; > 0, it follows that U}’ > l:lt” = 0. Therefore, U, > 0. O

Before proving the existence of solutions of (5), we first construct a sequence of general
mean-field BDSDEs as follows: given { € L*P(Q), Fr,P;R), t € [0,T],n>1,

W=zt [ [~ 0e)e 5 Wa(By o) — (X2~ 7(5) 12— 9(6)]ds
+/ (s, Y0, 2% dBS—/t Z0dw,, (10)
Yi =g+ / F (5, Pyt YETL ZE7) 4 K (s, APy, Pyar), Y2 = Y2, 20— 207 [ ds
+/ (s, Y7, z"st—/tT;gdws, (1)
Y=g+ | 9(S)€_TW2,+(P¢;/50) + 1($) Yo |+ 7()[Z2] + 9(s) | ds
T

o T
+ [ 8ls YL Z)d B~ [ Zdw (12)
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By Lemma 3, there exists at least one solution of (11). Here, we only consider the minimal
solution, denoted as (Y",Z"). By Lemma 1 we know that (10) and (12) have unique

solutions and are denoted as (XO, ZO) and (YO,ZO), respectively.

Proposition 2. Under assumptions (A1), (A3), (A4), (A7), (B1) and (B2), then:
(i) Foranyn >0, Y > Yt < T, P-as.

(it) For any n > 0, ?? > Y}t <T, Pas.
Proof. Before the proof of this proposition, we first define

G(s, YIHL —yn zntl _ zm)
= g(s, YO =Y g Y,z Lz 7y — (s, Y, Z1) (13)
=g(s, Y0, Z) — g(s, Y2, Z1),
thus, we know G(s,0,0) = 0.

(i) The conclusion can be proved by the induction method. First, prove that X} > X? .
From the Equations (10), (11) and (13) we have

T
v =Y9 = [ [K(s,8(Py, Py), ! = Y0, 28 - 20) +y8] ds

R L

T T
+ [ Gyl -zl -2 dB. [ (2 -20)aw,
Jt Jt

BA(s)
where Y = f(s, Pyo, Y3, Z0) +6(s)e™ 2 Wa(Pyo, 60) + p(s)[X2| +7(s)|Z2| + ¢(s). From
(A7), we know 1,[72 > 0. Because (X?, Z?) is the solution of Equation (10), so

0 € H?P(0, T, R). Therefore, from Proposition 1, we can obtain YI—-YY>0,ie, Y} > YY),
forallt € [0, T], P-as.

Next, suppose Y/ > Y#~1, then we prove Y/ > Y/

From Equations (11) and (13), we can obtain

T
Y yr = /t [K (5 APy, Pyn), YETT — 2, 221 = Z1) 4 | ds

T — T
+ [ ol -y 2t~z d B - [ (280 - z2)aws,

where ' = f(s, Pyr, Y2, Z) = f(s, Pyp1, YO, ZE1) = K(A(Pya, Pypr), Y§ = Y71, 22—

;?’1). From (B2), we know ! > 0. Similarly, we can also obtain that X?H > Y7, for all
t € [0, T], P-as.

(if) We still use the induction method to prove 7? >Y},n>0.

Before proving ?t) > X?, we first consider the following general mean-field BDSDEs:

I :/tTG(s)e*
T BA(s)
L :/t (—Q(S)e_ 2" Wa(Py, 00) — p(s)Is — 7(5)](5))ds

BA(s) T — T
) wz(P,;,(so)der/t G(s,lg,];)st—/t TLAW,

T - T
+/t G<S/Is/]s)st_/t ]des/

where G(s,0,0) = 0. Under assumptions (A1), (A3) and (A4), each of these two equations
has a unique solution (I, J') = (0,0) and (I,]) = (0,0).
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From (10) and (12), we can obtain

_ T
Y?—X? / (9(5) - W2<P4],Pyo)+¢)ds

T,
+/ Y - y0,7° —ZO)dBS—/ (Z2 - 20)aw,,
t
where
_BAG) 0
@3 =0(s)e™ 2 (Wa1-(Pyo, o) + Wa(Pyo, d0) — Wa(Pyo, Pyo)) + u(s) ([Ys] +[X{])

1(s)(1Zo] +122]) +2¢(s) > 0

From Lemma 2, it follows
Y, -V =1 =0

Therefore, ?t] > X?, forallt € [0, T], P-as.
Next, for n = 1, we have

=0 T _BAG) =0 =0
Yi—yi= [ (—0(s)eF WaPpa, ) = (o) ¥ — YA| = () 2 - 21 + 0} ds
T _ - T
+ [ 6l Y -YLZ{ -2 dB. - [ (Z-zbaw,
where

A(s)
! :9(s)e*ﬁ

=0 =0 _BAG)
(Pyo, Pyr) + p(s)[Ys = Y3 +4(5)|Z5 = Z3] +0(s)e™ "2 Wa,.(Pyo, 00)

H(S)Y] 4+ ()| ZE] + 9(s) = f (5, Pyo, Y2, 20) — K(5,8(Pys, Pyo), ¥E = Y2, 21 — 220)

>f (5, Py, Y2 ZE) = £ (5, P, X0, 20) - K(s,A(PX;,PXg),Yl Y0zt - 20)

>0.
From Lemma 2, it follows
30 1
Y _yl>p=o.
Therefore, ﬁ) > Y}, forallt € [0,T], P-as.
Next, suppose 7? > Y"1, then we prove ?? > Y7
=0 T <0 =0
v -vi= [ (—e<s> P Wa(Pia, Pyy) — ()T Y2 — ()78 — 22|+ @ s
o T,
+/ Y -y"Z ;g)st—/ (72 - zz)aw,,
t
where
n 7.BA(5) n 0 n
@f =0(s)e” 2 (Wa(Ppo, Py) + Wa, (Ppo, 60)) +u(5) ([Ys = X2|+ [Y51) + () (120 — 22|

+1Z51) + ¢(5) = £ (5, Prar, Y20, Z071) = K(5,A(Pyy, Py, Y2 = Y27, 20— 2271

> f (s Pyy Y2, 28 ) = (5, Py, Y2, Z8) = K (5, A(Pyy, Pyan), Y2 = Y01, 20 = 207
>0.

Similarly, ?? > Y}, forallt € [0,T], P-as. O
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Remark 1. Proposition 2 implies that the minimal solution sequence of general mean-field BDSDEs (11)
is increasing and has an upper bound, i.e.,

Y >Y > Y > Y, < T, Pas, n>1. (14)
Furthermore, we obtain our main theorem:

Theorem 1. Under the assumptions (A1), (A3), (A4), (A7), (B1) and (B2), the sequence of solutions
of the family of Equation (11) {(Y",Z")}p_y € M*P(0, T) converges to (Y, Z), which is the
minimal solution of Equation (5).

Proof. From Equation (14), we know that (Y")?"_, is increasing and bounded in 4% (0, T; R).
By the monotone convergence theorem, we can deduce that (Y")"_; converges in #>#(0, T; R),
and denote Y as the limit of {Y"} ;. Notice that
supE[ sup efAM)|y” |2] < E[ sup ePAD|Y? |2] +E[ sup ePAM) |ﬁ) |2} < o0.
no0<I<T 0<t<T 0<t<T
2
Using the 1t formula to ef4(*) ‘

Y**1", then we have

2 T
X61+1’ +‘3/0 ePAD 2 (1) Z0+1 d

2 T 2
X?+1‘ dt—i—/o BA) ‘

T
=ePAMIg 2 [PAOYI (£ (1 Py, Y7 ZE) + K( APy, Pry), X = 7,
T T
Z?Jrl _ Z?))dt + /0 e‘BA(t) |g(t1X?+1/Z7;+l)|2dt + 2/(; e'BA(t)X?+1g(t1X?+1/Z?+l)d%t

T
-2 / PAD Y+ ZH g,
[P Oxpriz

<_
Noticing that fOT eﬁA(t)ﬂ’HZ?Hth and fOT eﬁA(t)X’f“g(t, Y+, zi+1)d B ; are martin-
gales. Next, we take the expectation of the above equation. From 2ab < %a2 4662, 6 >0,
we know that there exist constants 61, > 0 such that

EHXSH—llZ} +ﬁE[/()TeﬁA(t)ﬂ2(f)\X?ledt] +E[/0TeﬁA(t)|Z?+l|2df]
=E[ePA(T)|z[2) + 2E| /0 LAY (£(1, Py, Y1, Z0) + K(t, D(Pyper, Pyy), Y71 =YY,

Zpt — zp)dt) + Ef /OT ePAWg(t, Y1+, 2 ) Pl
<E[ePAD |52 +ZE[/OTeﬁA(f)X:t-&-lf(t,Pﬂﬂ/fg—&-llz?—i-l)dﬂ +E[/O'T ePAW) g (1 Y11, Z+1) 241)
<E[ePAT)|z[2) + 2E| /OT PADNYI(p(1) +8(1)e "2 Wa((Pyyen,Go) + (DY + (1)

Z )]+ B[ A0 (4[5 11 20 ~ g(L00) + (14 5)l5(0,0) )t
SE[PATEP) + B[ PO Pt 4 E[ [ PO p(0an + B[ P00y Pt

T T T
B[ BN Pde] + 2] [ ePAOp() [y 2an + B | POy (12 Pa
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T T
[ PO |ZI R (14 5B P (1) Pt
0 Jo t
T 1 T
BA(t) | 7n+1)2 1 BA(t) 2
(U ouE] [ ePAO|ZE ] 4 (14 SB[ PA0](1,0,0)Pa
T T
<E[ePAM) |22 4 2E] /0 ePAD [y 2d4] 4 E /0 ePAD (0(1)2 + 2u(t) + Gy (D2 + (1+ 51)u(t))

1 T T 1
0P (5 o+ (L o) EL [ P01y P+ E[ [ o0 (g1 4+ (1 + 1)l (,0,0) )],

2

As we mentloned earlier, B is big enough, so let B > 4 + 61 4 &,. Taking 6; = 4— and
by = 1_ ~, then the above inequality can be simplified as follows

B 4
4 11—«

. 1 T Y 1—a T "
E[|Xo+l|2]+(ﬁ*4* )E[/O eﬁA(t)a2(t)|Xt+l|2dt]+TE[/O elsA(t)|Zt+1‘2dt]

SERATIER] 4 2TE[ sup o4y P4 B[ o0 (g0 + T s(0,0,0)F)ar) < 9

which implies that sup,, [f ePA() Z”“‘ dt] < oo, and "t = f(t PX;‘,X?,Z?) + K(t,
A(PY:,H,PX;;), ot yn zet Z}) is uniformly bounded in H>#(0, T;R). Let Cy =

sup,, E[fOT ePAM |y 2dt). For any m,n > 0, using Itd formula to eFA®) Y} — Y2, we
can obtain

E[/ PAO|Zpr — Zp ]
0
T T
<2E[ [ A~ i) — )] + EL [ HA0Ig(r, Y7, 20 — (0,15, 27) Pa]

<ol [ P01y - Y?th])%(E[/tTeﬂA“)(n;“|+|n?|)2dt1)

T
+E[/ ANy (1) [y — x’;\zdtHE[/ P4 Zy — Zy ]

Nl—

4f / HOyy —yifan)’ +%E[/ AW (1) YT — YT 2dH].

_1—¢x

Because {Y"}o_; is a Cauchy sequence in H2#(0, T;R), {Z"}o>_, is also a Cauchy sequence
in #%P(0, T;R). Therefore, {Z"}5"_; converges in H>F(0, T;R), we denote it by Z. Now,
we pass to the limit, as n — co on both sides of (11), it follows that

T T - T
Xt:@'+/t f(s,PL,XS,ZS)ds+/t g(s,XS,;g)st—/t Z,dW;.

Obviously, (Y, Z) solves the general mean-field BDSDEs (5).
Let, (Y,Z) € M?*P(0,T) be any solution of (5) and consider (11) with its minimal
solution (Y", Z") € M*F(0,T) for every n > 0.

For n = 0, we first denote f, (s, Py, Ys,Zs) = —0(s)e” s Wz(Pyg,(SO u(s)|Ys| —
v(s)|Zs| — ¢(s). From assumption (A7) there is
f(s, Py, Ys, Zs) > [O(S,PYS,Ys,Zs), foralls € [0, T).

Since f satisfies assumptions (A2), (A4) and (A5), we obtain from Lemma 2 that YO <Y,
P-as., foralls e[0T
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i §+/

+/ (s,Y",Z" st—/ Z'dW,, n > 1.
t

Now, suppose that there exists n > 1 such that Y < Y; and prove that XZH <Y, P-
as., foralls € [0, T]. Denote f (8, Py, Yo, Zs) == f(s, Pyn, X, Z{) +K(s, A(Py,, Pyn), Ys —

Yt Zs— ) from assumption (BZ) and Y; > Y7, it follows that
f(s, Py, Ys, Zs) > LH] (s,Py,Ys,Zs), foralls € [0, T].

Since, LH 1 satisfies assumptions (A2), (A4) and (A5), we obtain from Lemma 2 that,

X?H <Y;, as., foralls € [0, T]. Consequently, for all n > 0, we have Y <Y, P-a.s., for
alls € [0, T7.

Since (Y",Z") converges to (Y, Z), we can obtain Y < Y;, P-a.s., for all s € [0, T],
which proves that (Y, Z) is the minimal solution of (5). O

Remark 2. Similar to the proof of Theorem 1, we can obtain another existence result that Equation (5)
has a maximal solution. Replace (B1) with (B1)':

(B1)': Fora.e. (s,w) € [0,T], f(s, p,y,z) is right-continuous in y, and continuous in p and
z, especially with a continuity modulus p : RT™ — R™ for p: for all p1,p2 € P2(R), (s,y,z) €
[0,T] x R x RY, there is |f(s, p1,y,2) — f(s, p2,v,2)| < p(Wa(p1, p2)). Here p is supposed to
be non-decreasing and such that p(04.) = 0.

Consider the Equation (12) and the following equation: Given & € L*F(Q, Fr,P;R),t € [0,T],

n 1

(s, Por, Y 78 K (s, A(Ppr1, Py

) Yo =YL 7 - 7)) [as

(15)

Forall n > 1, there exists at least one solution to the general mean-field BDSDEs (15), and here we
give the sequence of maximal solutions denoted by {(Y",Z")} o1, Which will limit to the maximal
solution of Equation (5).

Working similarly to Lemma 5 and Theorem 1, we conclude the following;:

Corollary 1. Under the assumptions (A1), (A3), (A4), (A7), (B1)" and (B2), if {(Y",Z")}>_, is

the maximal solution of the Equation (15), then
(i) For n > 0, Y, >Y > Y’f“ > Y9, te[0,T], P-as,;
i) {(Y",Z" )}, € M*P(0,T) converges to (Y, Z), which is the maximal solution of

Equation (5).

3.2. Comparison Theorem

The comparison theorem is also an important result in the theory of general mean-field
BDSDEs; therefore, we will prove the comparison theorem to the case where the generator
f is discontinuous.

Theorem 2. Assume that &1, &?) € L28(Q), Fr, P;R), gand f1, i = 1,2 satisfy the assump-
tions (A1), (A3), (A4), (A7), (B1) and (B2). Let (7(1),1( )) be the minimal solution of the general

mean-field BDSDEs (5) with the data (C(l),f(l), g); (Y2, 7)) be a solution of the general mean-
field BDSDEs (5) with the data (C(Z),f(z),g). Then, if €V < &2, P-a.s. and f(t,p,y,z) <
f@(t,p,y,2), dtdP-a.e., it holds that Xgl) < Yt(z),for all t € [0, T], P-as..

Proof. Let (Y}, Z});cpo,r)(n =0,1,- - ) be the minimal solutions of the following general
mean-field BDSDEs:
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(1) T —BAL) 0 0
=0+ [7 [=0(s)e™" 5 Wa(Pya,d0) = (s) 12| = 7(5) 28] = 9(5) | s
T
+/ (Y0, 20d'B. —/ Z0dW,, (16)
t
U+ / Py, YA, ZE70) 4 K (s, A(Pyy, Pypo), Y2 = Y271, 20— 2071) | ds
T
+/ (5,2, 22)d B~ [ ZEdWe. (17)
t t

For any (s, p,y,z) € [0,T] x P(R) x R x RY, we denote

FV (s, p,y,2) = —0(s)e "2 Wa(p, 60) — u(s)ly| — v(5)|2] — (s),
B (s, p,y,2) = FO (s, Pyud, YOTL Z07) + K(5,A(p, Pyyt),y — Y2 h 2= 207, n> 1.

(

First, we prove Y; 2) > Xg. From the assumption (A7), we have

f(Z) (s, py(z), YS(Z), Z§2))
> —0(s)e 2 WPy, 00) — k(&)Y = 7(3)|Z8] - 9(s)

= Vs, P, Y2, z3)).

Since Fél) satisfies the assumptions (A6)—(A8), we obtain from Lemma 4 that Ys(z) > Xg, for
all s € [0, T], P-as.

Next, we prove Ys(z) > Xg. From the assumption (B2), it follows that
f(Z) (s, PYS(Z)’ Ys(z), Zs(z))

> f@ (s, Pyo, X0, 20) + K(s, 5, ¥0), ¥ — ¥, 2 — 70) .
2 f(l) (S/ PX?/XS/Z?) + K(SIA(YS(Z)/XS)/YS(Z) 7!2/ ZS(Z) - Zg)

=R (s, P2, X2, 20).

Since F; (1) satisfies the assumptions (A6)-(A8), we obtain from Lemma 4 that Y(2) > Y1 for
alls € [0 T], P-ass.

Then, we assume that there exists # > 1 such that Ys(z) > Y, P-as., following the
same procedure as (18), we can prove that Ys(z) > X?H, foralls € [0, T], P-as.

Finally, from Theorem 1 we know {(Y", Z")},>0 converges in M?># (0, T) to the mini-
mal solution (X(l), V4 (1)) of general mean-field BDSDEs (¢ 1), f 1), ), so there is Lgl) < YS(2),
foralls € [0,T], P-a.s. O

3.3. A Special Case: General Mean-Field BDSDEs with Linear Growth and
Discontinuous Generator

Next, we will discuss the general mean-field BDSDEs under non-stochastic conditions,
which is a special case of that under the above stochastic conditions. Let 8 = 0, and for all
t € [0, T], let processes 6(t), u(t), y(t), $(t),v(t) equal to the constant A, then the results
under stochastic conditions will degenerate into some classical results, which are shown in
Theorems 3 and 4.

At first, when g =0, 0(t), u(t), v(t), ¢(t),v(t) = A, forall t € [0, T], the corresponding
assumptions will be modified as follows:
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(CD g(t,w,0,0) € H*0(0, T, RY);
(C2) gis Lipschitz in (y,z) : There are constants a7 > 0 and 0 < ap < 1, such that for all
Y1, Y2 S RIZLZZ € Rd/
8(ty1,21) — g(ty2,22) P < ailyr — ya* + aalz1 — 22

(C3) Linear growth: There exists A > 0, such that for all (p,y,z) € P(R) x R x R4, there
is
lf(t, Py 2)| < AL+ Wa(p, do) + |y| + |z[), dtdP-ae;

(C4) Monotonicity in p : For all 61,0, € L2(Q, F,P;R), and all (y,z) € R x R?, when
0, < 6,, P-a.s., we have

f(t, Py, y,z) < f(t, Py,,y,z),dsdP-a.e.;

(C5) There exists a continuous function K(t, p,y,z) defined on [0, T] x P»(R) x R x R,
which is non-decreasing with respect to p and for all A > 0 satisfying

[K(t, py,2)| < A(Walp,do) + ly| + [2]),

such that forally; >y, € R, p1, p2 € P2(R), 21,22 € R?, we have

f(t,p,y1,21) — f(t p2,y2,22) > K(t, A(p1, p2),y1 — Y2, 21 — 22),
where A(p1, p2) € P2(R) and satisfies W, (A(p1, p2),60) = Wa(p1, p2)-

Theorem 3. Under the assumptions (C1)-(C5) and (B1), the general mean-field BDSDE (5) at least
has one solution (Y, Z) € M?9(0,T). Moreover, there is a minimal solution (Y,Z) € M*9(0, T)
of the general mean-field BDSDE (5).

Here, we give an example to show the rationality of those mentioned assumptions.

Example 1. Let & € L2°(Q, Fr, P;R), consider the following mean-field BDSDE: for t € [0, T],
T Tr1 1 = T
Y, = g+/t (1 EDV] + Yelpyony + 2 )ds + /t <2Ys + 2Zs)d B, —/t Z.dW;. (19)

Taking A =1,01 = % and ap = %, the above equation satisfies assumptions (C1)—(C4) and (B1). Given
the continuous function K(t, p,y,z) = z, the assumptions (C5) will also be satisfied. Therefore, from
Theorem 3 we know that the Equation (19) at least has one solution (Y,Z) € M?°(0,T).

Theorem 4 (Comparison theorem). Assume that 6(1),5(2) € LZ'O(Q, Fr,P;R), ¢ and f(i),
i = 1,2 satisfy the assumptions (C1)—(C5) and (B1). Let (X(l), V4 (1)) be the minimal solution of
the general mean-field BDSDEs (5) with the data (¢, f1), ¢); (Y®),z(2)) € M?20(0,T) be a
solution of the general mean-field BDSDEs (5) with the data (€2, f2),¢). If ¢1) < @), P-as.

and f(l)(t, py,z) < f(z)(t, p,y,z), dtdP-a.e., it holds that Xgl) < Yt(z),for allt € [0, T], P-as.

Proof. The proof of Theorems 3 and 4 is similar to that of Theorems 1 and 2, so it is omitted
here. O

4. Application in Finance: Selling a Financial Claim

Considering a financial claim with a contingent ¢ and there an investor who wants
to sell the claim and hedge it. Suppose that the investor has additional information not
detected in the financial market, and his decision is also affected by the distribution of all
investors’ decisions in the market. Moreover, suppose that the interest rate is applied only
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References

Y, = ¢+/

to portfolios whose value remains above a nominal value at any time. This problem is
equivalent to solving the following mean-field BDSDE: § & L2P (Q, Fr, P;R), for t € [0,T),

BN 4 p(s) Yol gy + 7(5)Z) ds+/ 5)Z:dB s — / Z.dW., 20)

where the mean-field term E[y] reflects that the investor relies on the distribution of all
investors’ decisions in the market to make a decision, j(t) is the interest rate, y(¢) is the
risk premium vector and ¢(t) is the volatility caused by the systemic risks.

We have f(t,p,y,z) = G(t)e_%mE[y] + u()ylyys1y +v(H)z and g(t,y,z) = c(t)z.
Obviously, it follows that the assumptions (A7), (B1) and (B2) are satisfied with ¢(¢t) = 0 and
K(t,p,y,z) = v(t)z. lf weletc(t) = alyp, _p,~oy and v(t) = 0,0 < a < 1, then assumption
(A1) is also satisfied. For any ¢ € [0, T], let X; = V2t (X A1), where X ~ N/(0,1). Now, for
any ¢ > 0, we put

1 1
0(t) =/ Extzl{wtzo}/ u(t) = Extzl{wtzo}/ and 7(t) = 1/ XF1w,<0} + &

Then, 6(t), u(t), v(t) and v(t) are positive F,¥-adapted processes. Indeed, for any ¢ € [0, T],

we have
a*(t) =02+ u(t) +9y*(t) +v(t) = X2 +¢> 0, and

t
Alt) = / (XE +s)ds < (X A1)T? + €T < +oo,
0

thus, the assumptions (A3) and (A4) are satisfied. Therefore, from Theorem 1 we know, the
Equation (20) at least has one solution (Y, Z) € M?#(0, T), that is, the investor can sell the
financial claim at a certain price Y.

5. Conclusions

This paper studies a class of general mean-field BDSDEs whose generator f depends
not only on the solution processes but also on their distribution.

We present the main result in Section 3, that is, the existence of the solutions for
the general mean-field BDSDEs and the comparison theorem under discontinuous and
stochastic linear growth conditions.

It is worth emphasizing that the general mean-field BDSDEs with discontinuous
generators can help to deal with some financial problems, for example, we discuss a
financial claim sale problem in Section 4, which can be solved by a class of general mean-
field BDSDE.
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