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Abstract: A critical function of polymeric matrices in biological systems is to exert selective control
over the transport of thousands of nanoparticulate species. Utilizing “third-party” molecular anchors
to crosslink nanoparticulates to the matrix is an effective strategy, and a trapped nanoparticulate
formed a desired complex MAP that is necessary to keep the nanoparticulate immobilized at any
given time. In this paper, the global solution and stability of a parabolic—ordinary-parabolic haptotaxis
system to complex MAP are studied. First, the existence of a local classical solution to system (4) has
been observed using fixed point argument and parabolic Schauder estimates. Furthermore, some a
priori estimates that can raise the regularity estimate of the solution for the relatively complicated
first equation of system (3) from L to L% (o > 1) are given; then, the local classic solution can thus
extend to the global classic solution when the space dimension N < 3. Lastly, by using various
analytical methods, a threshold value yy (oo < 0) is found, such that positive constant steady state
(u*,v*, w*) becomes unstable when ¢ < &gg. Our results show that the haptotaxis plays a crucial role
in determining the stability to the model (3), that is, it can have a destabilizing effect.

Keywords: haptotaxis; classical solution; global existence; stability; anchors

MSC: 35G25; 35K45; 92B05

1. Introduction

Biopolymeric matrices are ubiquitous in living systems, generically composed of a
highly entangled and crosslinked mesh of macromolecules in buffer. Biopolymeric matrices
can impede the transport of nanoparticulates and pathogens by entropic or direct adhesive
interactions, or by harnessing “third-party” molecular anchors to crosslink nanoparticulates
to matrix constituents. Lai and Katz [1,2] confirmed that secreted mucins create a viscoelas-
tic gel that serves both as a lubricant and as a transport barrier to prevent pathogens and
particulates from reaching the underlying epithelium.

In 2011, Lieleg [3] said that Gels can in theory impede the passive diffusion of particu-
lates and viruses, as well as the active motion of bacteria and cells, by steric obstruction
and/or adhesive interactions to the matrix constituents. However, due to evolutionary
pressure, it is exceedingly unlikely that direct adhesive interactions with matrices compris-
ing relatively homogeneous constituents, such as mucins or laminins, can alone effectively
block the transport of the full diversity of nanoparticulates typically encountered in na-
ture [4].

An alternative strategy is to utilize “third-party” molecular anchors to crosslink
nanoparticulates to the matrix. Saltzman and Wang [5,6] showed that antibodies (Abs) can
specifically recognize and bind invading pathogens. In 2016, Wessler et al. [7] considered
the optimization of antibodies in entrapping viruses in mucus; they found that the trapping
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potency of antibodies (Abs) is naturally affected by its binding and unbinding rates to
mucins, but the optimal kinetics remains poorly understood.

In 2017, Newby et al. published an article [8] (“A blueprint for robust crosslinking of
mobile species in biogels with weakly adhesive molecular anchors”) in Nature Communi-
cations. They examined the characteristics of IgG, and concluded that IgG could maximize
net adhesive interactions between nanoparticulates and biopolymer matrices. In this paper,
they assumed three reactive species: molecular anchors (A); nanoparticulates (P); and ma-
trix constituents (M). The authors stated that, altogether, they form one of many reaction
sequences that forms the desired complex MAP. The desired complex MAP, which is
formed by nanoparticulate—anchor complex (formed when free anchors accumulate on a
diffusing nanoparticulate) interacting with and binding to the matrix, is necessary to keep
the nanoparticulate immobilized at any given time. The reaction sequence is as follows:

D
kon D Gon
A+P = AP, M+ AP = MAP, (1)
kogs Aof f

where positive constants g—iam and 4, correspond to the nanoparticulate-anchor bind to
the matrix and the MAP unbind rates, respectively. k,, > 0 presents the rate of free anchors
binding to free nanoparticulates, and k. > 0 is the nanoparticulate-anchor unbind rate.

k,, = (Da + Dp)@Ry is given by the Smoluchowski encounter relation [9], whereby the

free anchor and nanoparticulate diffusivity are Ds > 0 and Dp > 0, and the diffusivity of
the polymer matrix is Dy (Dm ~ 0, [8]). 0 < ¢ < 1 corresponds to the affinity of anchor,
while Ry > 0 is the effective binding distance at which two molecules react.

Let u, v, and w substitute the concentrations of anchor ([A]), matrix ([M]), and nanopar-

Koff . Aoy

Dpaon
(Dp+Da)Rg” 2 "~ (Dp+Da)Ro’ Is -

(Dp+Da)DaRy” ¥1 =

ticulate ([P]), respectively. |} :=

%, P2 = D?ﬁgA, T := (Dp + Da)Rot, and, rewrite T as t. Using the law of mass

action and reaction sequence (1), a chemical reaction kinetic equation is established as
follows (the detailed discussion can be found in Appendix A):

du

Ezll(ﬁl_u+v)+¢(“l_”)ur

d—v—l( —v) —Iz(ay +v—w)v

ar 2(71 3(&2 , 2
dw

i li(ap +v—w) — pruw — o (ag +w)w,

u(0) =79 >0, v(0) =791 >0, w(0) =72 >0,

where i =7 —711 >0, 0y =y—72>0, a0 = 12— 11, v = [Alo, 1 = Mo, 12 = [Plo,
1+ ¢2= 9.

In 1994, Saltzman [5] pointed out that the diffusion of antibody in mucus is relatively
unimpeded, and particles as large as viruses can diffuse rapidly in mucus. Wang [6]
proposed that the diffusion of IgG (antibody) slows only slightly by transient adhesive
interactions with mucins. And, this almost unhindered diffusion allows IgG (antibody)
to accumulate rapidly on pathogen surfaces. The resulting IgG (antibody) array forms
multiple weak adhesive crosslinks to the mucus gel that effectively trap pathogens and
prevent them from initiating infections. Kaler [10] noted that the influenza A virus (IAV)
nanoparticle diffuses in human airway mucus, and they found that the mobility of IAV
can be limited by both the structural and biochemical features of the mucus gel network.
Furthermore, many authors have stated that antibodies and virus nanoparticles diffuse in
mucus, and the diffusion of antibodies and virus nanoparticles plays important roles in
viral infections on mucosal surfaces [11-15].
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In 1965, Carter [16] published an article in Nature, which reported the phenomenon
of cell transport with a response adhesion gradient, thus beginning the movement of
haptotaxis. Since then, the phenomenon of haptotaxis has received increasing attention.
An adhesive molecule could be present in increasing amounts along an extracellular matrix;
a cell that was constantly making and breaking adhesions with such a molecule would
move from a region of low concentration to an area where that adhesive molecule was more
highly concentrated (or escape from a region where that adhesive molecule was more highly
concentrated). Such a phenomenon is called haptotaxis [17,18]. Chaplain [19,20] stated
that cellular locomotion is directed in response to a concentration gradient of adhesive
molecules along the extracellular matrix. Refs. [21,22] stated that uPAR is involved in
stromal cell interactions and signal transducing events that are independent of its role in
plasminogen activation. It participates in cell adhesion directly by binding to vitronectin
and indirectly by modulating the affinity of integrins for their complementary ligands.
Ref. [8] pointed out that LgG participates in matrix adhesion and regulates matrix affinity
through interaction with matrix adhesion molecules, thus effectively preventing the spread
of pathogens.

In this paper, we suppose that the number of nanoparticulates is influenced by its
random movement, whereas the number of anchors is influenced not only due to its random
movement, but also due to its bind to the matrix number [6,8,17-30]. This is because the
matrix (M) is ‘static’ [8], thus neglecting any random motion of (M). Then, the ODE model
(2) can been extended to the following parabolic-ordinary—parabolic haptotaxis system:

%—? —diAu+¢V - (uVo) =h(f1 —u+v)+ ¢y —u)u, x € Q, t >0,

ov

3 =hh(y—v)—Llag+v—w)y, x €Q, t >0,

%i: —dyAw =l (ax +v—w) — pruw — @2 (a1 + w)w, x € Q, >0, ®)
ou Jdv Jw

gfgfa—vfo,xeaﬂ,t>0,

u(x,0) = up(x) >0, v(x,0) =vg(x) >0, w(x,0) =wp(x) >0, x € Q,

where Iy, I, I3, B1, ®1, 2, ¥, Y1, Y2, 91, and ¢, are the same as (2). d; and d, represent
the diffusion coefficients of anchor and nanoparticle. ¢ is haptotaxis coefficient. () C R" is
a bounded domain with smooth boundary d(), and v is the outward unit normal vector of
the boundary 9Q). The continuous functions u((x), vo(x), and wy(x) are non-negative and

not identically zero, and / ugdx = 7, / vodx = 71, / wodx = Yo.
Q

Stinner et al. [24] proved the global existence along with some basic boundedness
properties of weak solutions to a PDE-ODE system modeling the multiscale invasion of
tumor cells through the surrounding tissue matrix. Walker [28] proved the existence of
unique global classic solutions of a haptotaxis nonlinear partial differential equations model,
which arises in cell migration processes involved in tumor invasion. Ref. [30] proved the
global existence of weak solutions and illustrated the model behaviour using numerical
simulations for a two-dimensional setting. In addition, there are many works concerning
haptotaxis cancer invasion models that mainly focus on the basic global solvability theory,
such as [23,25-27,29]. However, there are only a few results with regard to global solution
and the stability for the complex MAP model.

In this paper, we will focus on the qualitative analysis of the effects of the haptotaxis
term on the global existence of a classical solution to the model (3). From the view point
of mathematical analysis, models of this type with haptotaxis considerably differ from
classical reaction—diffusion equations, predominantly due to the cross-diffusive coupling of
the key variable u to the quantity v, which, due to absence of diffusion, apparently lacks any
significant regularization during evolution. To prove the global existence and uniqueness
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of a solution for the model (3), we will transform the second-order derivative term Av into

]
the term ai; by an appropriate variable change. And, due to the mixed quasi-monotone

system of the second ODE equation to our model (3), we only obtain ||v|| « ) by a compute
estimate of [|v|| ().

ov
First, we transform the second-order derivative term Awv into the term a5 by an
appropriate variable change.

_&
Introducing the variable transformation [31,32]: @ = ue “ ’ the system (3) becomes

fl _< < £ £
?TL; =die WV (en°Va)+L(Bre h —a+ve 1)+
<

pa; — e ') — d%lZ('Yl —0)il + d—ilgﬁv(rxz +v—w), xeQ, t>0,
d
a—? =h(yy—v)—Ilag+v—w)y, x € Q, t >0,
Jw Ly, ()
5 —dyAw =l (ap + v —w) — pre dw — pa(a; +w)w, x € Q, t >0,
Jdii  dv Jw
a_9v_9_ a0, t
v dv v 0, x o), £>0,

£

1(x,0) = up(x)e a0 _ ilp(x) >0,
v(x,0) = vp(x) >0, w(x,0) =wo(x) >0, x € Q)

where / ugdx = 1, / vodx = 1, / wodx = v».
Q Q Q

2. Results
Forany 0 < T < +o0, we set

QTZQX [0, T), FTZBQX [0, T).
LetU = (4, v, w).

In this paper, we always assume that the initial data (uo(x), vo(x), wo(x)) satisfy the
following conditions:

)

dug(x)  dwp(x
AL

~—

where 0 < 0 < 1, and =0, x € 9Q), 90Q) € C2H+P.

Theorem 1. Let Q) be a bounded domain in R" (n < 3) with a smooth boundary, and the condition

0
(5) holds; then, assume that ay > 0. There thus exists a unique global solution U € Cif)'l+2 (Oo)

of the system (4).

Furthermore, assume that % < w*. Then

(1) If oo < ¢ < 0, then the constant steady state (u*,v*,w*) of system (3) is locally
asymptotically stable.

(2)If & < &oo < O, then the constant steady state (u*,v*, w*) of system (3) is unstable.

Remark 1. (u*,v*,w*) is the unique positive equilibrium of the ODE system to model (3). The
detailed discussion of (u*,v*,w*) is given in later.
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2.1. Global Solution of System (3)
2.1.1. Local Existence

In this subsection, we will prove the local existence of a unique classical solution by a
fixed point argument and parabolic Schauder estimates.

Theorem 2. There exists a unique classical solution U € [C2+01+5 (Q0r)]3 of the system (4) for
some small 0 < T <1, which only depends on ||U(.,0) | c2+6(cy)-

Proof of Theorem 2. The proof consists of two steps:
(i) Existence. We introduce the Banach space X of the vector functions U with norm

U llx=1Ull )/0<T<1/ (6)

C1+9’%(QT
and a subset
Xv={UeX:u>0,0v>0,w>0, |U|x< M},

where M will been given later.
Given any U € X, we define a corresponding function U = FU by U = (i1, 9, ),
and U satisfies

0w Z

ai: — AT+ (I + gay + @re il + grw) D = Iy (a3 + 0), (x,t) € Qr,

9w 7
87 = 0, (x, t) c FT, ( )

w(x,0) = wo(x) >0, x € Q.
v i?} — g i: _ i?},\ _
1V (e Vi) + (1 + alz’h + Elng + @edr i |1

_<
= %lzﬁv + le dlv(ﬁl +0)+ f—llg(zxz +v)vil + paqil, (x,t) € Qr, (8)
il
— =0, (X,t) S FT,

%

ii(x,0) = p(x) >0, x € QL
@—l( —0) —I3(ay + 7 — )7, (x,t) € Q
at_ 2’)/1 3 2 7 7 T, (9)
9(x,0) =vp(x) >0, x € QL

Itis obviousthat @ >0, 3 >0, @ > 0.
Next, we consider the linear parabolic problem (7), in which we have

Q“W

| 1 + oy + @re® 0+ gow || , 9 < B1(M),

]
'2

C
| a2 +2) [ yg < Ba(M),

where B1(M) and By (M) are constants depending only on M. By parabolic Schauder
theory [33], there exists a unique solution @, and

@] Sl llezvoq) + Bs(M), (10)

[
C2+9,1+ 3 (QT

where B3(M) is a constant depending only on M.
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The first equation of system (4) can be rewritten as
4 : 4
— —dAi — ¢VoVi + <11 + Elz’)/l + Elng + e ﬁ) 7]
_&
v +he @ “(B1+0) + %l3(0¢2 +0)vil + paq1i;

accordingly, we have

o

¢ g, .
”ll + jl1271 + al?)wv + el 1 ”Ce'% < B4(M)r

< B5(M),

_&
| d%lzvﬁ +lhe T7(By+0)+ E13(”‘2 + o)l + gl ”c"'g

dl (Qr)

where By(M) and Bs(M) are constants depending only on M. By parabolic Schauder
theory [33], there exists a unique solution #, and

12| asnreg g <1 0 lcaiog) +Bo(M), an

where Bg(M) is a constant depending only on M.
Using (9) and (10) in a comparison theorem, we have

17 [lcoapy < B7(M), (12)

where By (M) is a constant depending only on M.
By straightforward computation (9), we have

Vo(x,t) = Voge™ fot((12+l3zx2+213z7(x,s))dsefot(lyb(x,s))ds+

Iy fot oV e Js (Uatlsa2+2150(x,8))dT o [{ (13w(x,9))dT g (13)
AD(x, 1) = Avge™ Jo ((at13a242158(x,5))ds , 5 (I30(x,5) )ds +
Is [{2V8(V® — Vo) + oAw]e h (2+haat20(xs)dee [ (b0 (xs)dTgg, -
Using (10) and (12), we have
I Vo(x,t) lcoap) < Bs(M) || Voo [|c2veqy +Bo(M), (15)
I A9(x,t) [|co(ap) < Bs(M) || Avg [|2ve(qy) +B1o(M), (16)

where 0 < Bg(M) = e3Bs(M) Bg(M), Bg(M), and Byo(M) are constants depending only
on M.
Next, we need to compute [7;(x, t)]CQ'%(QT)' [0(x, t)]C"'g(QT)' [V3(x, mc‘;'%(nﬂ’ and
AT .
(8965 0]ag

Using (9), (10), and (12), we can easily obtain ||0¢[|co(qy,) < Bi1(M), where By1 (M) is
a constant depending only on M. By direct computation, for any positive constant o7 <
diamQ) or 0» < T, we have

[0(x,t)] = |5(x,t) — 3(y,s)|

0,9 = sup
C2O1)  (x),(ys)e0r, (xh)As) (Jx — y|2 + |t —s])
|o(x,t) —0(y,t)|

[
2

S8 —
< sup 720 R [2(y,t) = 2(y,5)|
X YEQ, x#£y |x - ]/l 0<t,s<T, t#s |t — S| 2
—0 _ _ _
<010Vl o) + (c,zle + L% 19llcoar) + 19t o

o3

< B;1(M),
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where Bj1(M) is a constant depending only on M.
By straightforwardly computing (9) and (13)—(16), the Hlder seminorms [7;(x, t)]ceg @
T
[Vd(x, )]C9 Yy and [A3(x, t)]ceg ©0) are easy to obtain.
Hence, the following result is given:
19 g g < Brad) 7)
where Bj,(M) is a constant depending only on M.
Based on the above calculations, we can easily obtain || U ||Cz 0149 < Bi3(M),

0
2(Qr))
where By3(M) depends on || g [|c2+0(qy), [ 00 llc2ve(qa)s [ wo ll2ve () and M.

Via straightforward computation, we find that for any function U(x, t),

_ _ 2] 1-9
| OG5 = 0(x,0) [|_igg,, < Comax{T%, T2} || T

2(Qr)

C2+6 1+2 (QT),
where Cj is independent of T, max T%, T1-% } — 0if T — 0. Then, we have the following
result when T is sufficiently small.

10(x, 1) | <[ O(x,0) [lcrro(q) +1 < M.

0
05 ()

Let M = HMOHCZH’ + HU()||C2+9 + ||ZU0HC2+9 Q) + 1. Hence, U € XM, i.e., F maps XM
into itself.

(ii) Uniqueness. We next show that F is a contraction. Taking U, = FU;, U, = FU,,
where Uy, U; in Xj,. Setting 6 = HU] — U2||X.

We derive from (7) that
a(wl - ZDZ) d A — — l %U] N - — _ h
— ® (01 — @) + (I1 + o1 + @re™ 10y + gowy) (W1 — W) = Iy,

where :
hy = 11 (v — v3) — @re® vy (g — ilp)
— pripmy (e — e ) — @yt (w7 — wy).
It is obvious that

h < Byd,
| 11 HCg’g(QT)* 0

where By is a constant independent of T.
Since w1 (x,0) — @y (x,0) = 0, Schauder’s theory yields

D) — W <
H wl wz ||C2+9,1+%(0T)— B05

We derive from (8) that

(i — 1) d1 Ay — 1) + {Voy - V(i — 1)

£ 0
eh

+lh+ 3 (lz’h + L3W1v1) + @e 1| (1 — ) = g1,

where
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g1 =¢VilhV - (v1 —v2) + %{lzﬁz + I3[i11 (01 + v2) + axtly + TW2] } (v — v2)
—fo ~$0 ¢ - — N = £,
+(hp1+hoa)(e T —e ) — El3viily (D) — W2) — @ipila(ef T — e )
<
+ {;1(1201 + Iaapv; + 1303) + @ {0&1 —e® Ulﬂz] }(ﬁl — 1)
+ lle_ﬂvl (01 - Uz).

It is obvious that
C — £U1 A
I+ 21 l 4 < By,
Il + dl(z’h + lwiv1) + ge™t iy Hcg,g(m)_ 0

< Byd.
||gl ”CG’%(QT)_ 0

Since @iy — il = 0 at t = 0, by Schauder’s theory,
1 — i < Byd.
| @ — 12 ||C2+6,1+%(QT)_ Boo (18)

By (13)—(18), we have

51 — 0 < Byd.
H U1 02 ||C2+9'1+%(QT)_ Boé

By straightforward computation, we have

|| U1 - UZ ||C2+9'1+g(01—)§ BO(S/

then,

_ _ 0 0 _ _

, — U <C {Tz, Tlfz} 0, — U
| Uy 26 HC1+9,§ a maX | th 2 HCHQ’H%(QT)
< Cmax{Tz, T

2
0 9
=Cmax{ T2, T'"2

BO||U1 - UZHCHG’%(QT).

1
Finally, take a sufficiently small T such that C max{Tg, T1-% }BO < 5 Hence, we

conclude that F is a contraction in Xj;. By the contraction mapping theorem, F has a unique
fixed point U, which is the unique solution of (4). O

2.1.2. A Priori Estimates

To continue the local solution in Theorem 2 to all £ > 0, we need to establish some a
priori estimates.

In the following, we will denote various constants which depend on T by B, whereas
we denote generic constants which are independent of T by By as before.

Lemma 1. Suppose ap > 0, then there exist positive constants C* and C**, such that
1>0,0<0v, and||v||fe < C*, 0<w, and ||w||= < C*, x€Q, t >0, (19)

where C* and C** will been given later.
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p—1
Proof of Lemma 1. By multiplying the second and third equations in system (3) by vl—
3
p—1
and =

for any p > 1, respectively, and by integrating () by parts, we have

dt/ <l3 )dx

< p/Q —oczv” +ofw+ = L ('nzﬂ” Vo) — 0P — P — wPt | dx (20)
o) ¢2
Using Young's inequality, we have
/Qv’”wdx < p—L/ oPtl + 541 / wPdx. (21)
/ Borldx < ¢y (p) + L5t / o, (22)
where Cy(p) = 7127;;3‘0‘.
L prwP ! (P-4 I
/Qde < Calp) + 21 / whdx < Ca(p) + ?;/prdx, (23)
P
where Cy(p) = ll[:]li(p'zﬂl.
/ LiowP—1 gx
a (Pz p+1 1
< C3(p)/Qdex + %/Qw”“dx (24)
1 1 p—1 1
SC;}(ﬁ)‘Fﬁ/QUlﬂ_ dx+m/0w’”+ dx/
p+1
2(h 1))
where C3(p) = 7((’;72) Ca(p) = 7@)22“

Substituting (21)~(24) into (20), we have

dt/ <k1 )dx<p{ min{ayls, qupz}/( Z;:)dx+C5(p)}, (25)

where C5(p) = C1(p) + Ca(p) + Ca(p).
From (25), we have

PE— | vo |7 || wo ||7
/ (v + @ )dx < max L@ + LP(Q), - Cs(p) .
Ja\ls ¢ I3 2 min{ayl3, a7}

lleoll?, [[wol|!
0) LP(Q) Csp)
Firstly, if 13 + ¢2 = min{ayl3, a;92}’

then

! ! b
1o 1oy =<l 20 1200y +a 1100 2y = 1120 llngey + (& +1) I wo llnqey) s £ >0,

P
lo 175 )< % 1190 1Ls iy + I wo Ipy< | (7 +1) oo lriey + Il wo ey |+ £> 0,
Q) Q) 3

accordingly, seeding p — oo, we have
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1
0l <l 00 oy + (5 +1) 1l w0 ey, >0,

@ llps@y< (B +1) 1l oo sy + I @o llie(y, £ > 0.

P
| OH )y HwO”LP(Q) Gs(p)

Secondly, if 13 72 min{azl3, a1¢;}” then

| o HLP(Q

Smcs(l’) : X 26)
{(MH) [(Z+1)71+ (%H)ﬁw (%4—1) }(|Q|+1)} , >0,

P
E .

e T A €102 : i o
{(mJﬂ) {(Z+1)71+ (L +1)pi+ (2 +1) ](|Q|+1)} >0,

From the above Equations (26) and (27), the following results hold:

IN

IN

o llLri)< Ce, £ >0,

| w llr)< Cr, £>0;

accordingly, seeding p — oo gives us
[ 2 lL=()< Co, t >0,

| @ ||y < Cr, £ >0,

where C¢ and Cy are constants independent of t > 0, and

2t (e )ps ()
e LT e Y A A |
(13 T = B1 =
2t (e )pe ()
F1) o+ (=41 L1
<l3 n @ Pt o)

« I3
C* =[vo |lL=(00) +<(p2 + 1) | wo ||y +Ce

(1ol+1),

_ I3
Co = (min{azl_o,, a1} +1)

_ 4
C7 o (min{a2l3, Dél(pz} T 1) (|Q| +1)

Hence, let

c = (Zz +1> o0 I (@) + [ wo llL=(q) +C7;

the Lemma 1 is then proved. O
Lemma 2. Suppose (u, v, w) € [C>1(Qr)]? is any solution of system (3), then

Il ||y < Cr, >0, (28)

2
aith €, = max{ (p1+ 52) 10| +lolls, w0 L}

Proof of Lemma 2. We compute the first equation of system (3), then

d 3
7 Il —h /Q udx + (ll,Bl + ) | Q| +hloll.
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IN

It is obvious that (28) is established for all ¢t > 0. O

We now turn to raise the regularity estimate from Lf to L%°(p > 1) of the solution for
the relatively complicated first equation of system (3).

Lemma 3. Suppose that
|4 (o)< B,

forallt € (0,T)and 1 < p < oo. Then there holds
I8 [l 20(02)< B,
forallt € (0,T).

Proof of Lemma 3. Lets := 2p > 2. To perform the L* estimate of i1, we need to consider

£
the integral [ iidx, which is equivalent to [ e “5dx; by the first equation of system (4),
we have

¢
%/ el 0°dx
o)

A

& o < o1l
d—gledl vﬁsa—?;dx + s/ﬂedl vﬁsfla—idx

sl Lo N " sl o Fo s
sdl/ 27V - (e - V) +sll/ ° 7 (B1 +v)dx7sll/ el ) dx+szx1<p/ e °dx
0 0 o) Q

2 — <
- qu/QedlvﬁS“dx + (Sdll)gfnedlvﬁs [l3(ag + 0 — w)v — (11 — v))dx (29)

—S

+
+

I B z
(s — 1)d1/ e 052 | Vi |2 dx —sll/ e® “nSdx _Sq,/ o1 V5 gy
o) 0 0

& — <
%13(5 -1) Qedl UﬁsUdeﬁ + 5l1/0ﬁs_1(/31 + v)dx + (sm(P + (5= DIeltem 1;|1§|lz'71 ) /Qedlvﬁsdx
%(13062 +1h)(s— 1)/0647%50513(,

Following Lemma 1, the estimate [|0[|;~() < C* is established for any p > 1. Then,
by Young’s inequality, we obtain

/Qasfl(ﬁl +0)dx
< (e1+ ) /Q °dx + Ca(e1) /Q Bidx + Ca(en) /Q o*dx (30)

4
< (&1 +ez)/ﬂedlvﬁsdx+8.

¢ o
El(lzag +1p) (s — 1)/ et Nvdx
Q

1

diy s+1 s—1

= Bl + )5 —1) [ (008 (@7 o)
28
e 05t dx + C4(qo)/ 05 1v?dx (31)
Q

IN

2
e "5t dx + 83/ °dx + C5(s3)/ v¥dx
0 0
2%

£,
e ﬁs+ldx+83/ et 1°dx + B.
Q

IA
D S

SSSTO T

IN
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28
e vﬁs-de + Cé(lg) ﬁs_lv4dx (32)
JQ

2z
e "0 dx 4 84/012de + C7(£4)/Qv4sdx

28 [§

=0 A =0 A

eh u5+1dx+84/ el 1°dx + B.
Q

IN

IN

Substituting Equations (30)-(32) into (29), and letting &1 — 07, ¢ — 07, ¢35 — 0T,
¢4 — 07, the following equation holds:

d < <
—/ e " Sdx < B/ e " 0°dx + B.
dtJo Q
By Gronwall’s lemma, we have
o iv
/ et °dx < B.
Ja
From Lemma 1, |[v||;~(q) < C* for all t > 0, and accordingly,
[ wdx<B
Q

holds forall t € (0, T]. O

Remark 2. If p > 2and || @ ||;< B forall t € (0, T|, then by the boundedness of the domain ()
and Holder’s inequality, we easily find that || @l ||p» < B holds for any p € [1, p].

Lemma 4. Assume that space dimension N < 3. Then
[wllwre ) < B. (33)

Proof of Lemma 4. The third equation of system (4) can be written as

d <

% —dyAw + (I + arg)w = Iy (ap +0) — goledlvﬁw — pow?, (x,t) € Qr,

ow (34)
87 = 0, (x, t) € rT,

w(x,0) =wp(x) >0, x € Q.

and for any t € (0, T], from Lemmas 1 and 3, we have

Z
| (a2 +0) — @re®t "w — gow? lsp).< B
By the parabolic regularity, Equation (33) is proved. [
Theorem 3. Assume that ay > 0 and the space dimension N < 3. Then there holds

| Ul < B.

0 =
C2+9,1+ 3 (QT)
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Proof of Theorem 3. From Lemmas 1 and 3, for any inter k > 1, we have that

A LU;\
12 kan< B e i llman< B o llwan<B @ llway<B

Using Equation (34), we have

Sw

U A
aw — gw0” || k() < B

[ (a2 +0) = gre
is established for any integer k > 1. Then, by the parabolic L” estimates (in [33]), we have

|| w ||W]?’1(QT)S B, k> 1.

By the Sobolev imbedding theorem (taking large k), we have

| w || <B. (35)

o (Qr)
The second equation of system (4) can be written as

v
= =1 —v)+L(xy —v+w)o, (x,t) € Qr,
= 2(71 — ) + I3(az )u, (x,t) T (36)

v(x,0) =vo(x) >0, x € QL
Computing Equation (36), we have

Vo(x,t) = Voge™ j;]t((lz+l3a2+213v(x,s))dsejg lw(x,s)ds

I5 f()t oVwe fst((lz+l3a2+2l3v(x,s))dref; l3w(x,s)desl (37)

AU(X, t) = Avge™ fot((lz+l3tx2+2l3v(x,s))dsef0r lg,w(x,s)ds+ (38)
I3 f(f [2Vo(Vw — Vo) + vAw]e™ J (230 2050(x,5))dt [} Isw(x,s)dT g

Using Lemma 1, (33), (35), and (37) in straightforward computation, we have

<B.
120 cti0g ) S

The first equation of system (4) can be written as

% — dlAﬁ - CVvVﬁ + llﬁ

_6 _&
= —%lz(’h—v)ﬁ+l1(51 +v)e d10+d—ilg(az+v—w)vﬁ+(p(uc1 —e “n)n,
M _ o, (x,1)eT
v =Y ’ T,

u(x,0) =up(x) >0, x € Q,

and

_& _<
I —d—ilz('yl — )+ (B +0)e T+ %13(@ +o—w)vi+ @y —e 1 1) ko < B

By the parabolic L” estimates (in [33]), we have

|2 g2 o,y < B, k> 1
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By Sobolev’s imbedding theorem (taking large k), we have
/] < B.
121l og g, <
Using the parabolic Schauder estimates, we have
| w || o <B. (39)

C2+9,1+7 (QT) —
By the parabolic Schauder estimates, we have

i <
81 craneg )<

Using Lemma 1, (33), (35), and (37)—(39) in straightforward computation, we have

<
1o leinrig )< B

This completes the proof of Theorem 3. [

Theorem 4. Suppose ay > 0, let Q) be a bounded domain in R™ (n < 3) with a smooth boundary,
0

x,t

and the condition (5) holds. Then, there exists a unique global solution U € C
system (4).

Proof of Theorem 4. Theorem 4 will be proven by the argument of contradiction.
Suppose, in contrast, that [0, T) (where 0 < T < o0) is the maximum time interval
for the existence of the solution. We take U(x, T —¢) (where 0 < ¢ < T is arbitrary)
as a new initial value, then we can extend the solution to (3(r_),, for small 7 > 0 by
Theorem 2. Furthermore, Theorem 2 tells us that # depends only on an upper bound on
| U(x, T —¢) ||c2+6(y)- By an a priori estimate of Theorem 3, we find that 77 depends on
B(T) (but 5 is independent of ¢), i.e., # = #(T). If we take ¢ < 17(T), then we can obtain

(T—¢e)+n>T,

which contradicts the assumption that [0, T) is the maximum time interval for the existence
of the solution. Therefore, the maximum time interval for the existence of the solution is

[0,00). O
2.2. Stability

For model (2), there is always a unique positive equilibrium (u*, v*, w*). Next, we will
discuss the positive equilibrium of (2). By straightforward computation, we have

Y-U=T2—W.
So, we have
—hiay — 0" +w') = ¢(w +w")w", (40)
12(’)/1 — Z)*) = —13(062 —v" + ZU*)U*. (41)
Using (40) and (41), we have
. il

vt = .
Liy + lggﬂ(&ﬁ + w*)w*
It is obvious that 0 < v* < 74; substituting this with (41), we have

L —0") + k(1 —v")o" > By —w")v" >0,
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and 0 < w* < 7».
By simple computation, we also have 0 < u* < 7.
Through straightforward computation, we obtain

F(w) = ayw* + ayw® + azw?* + agw + a5 = 0, (42)

F'(w) = 4aqw® + 3aw? 4 2a3w + dy,
F"(w) = 2(6a;w? + 3ayw + a3),
where
0 = ¢’lz, ay = pl3(2a1¢p + 1),
a3 = ¢ {1113 + gatls + (a1 — “2)1113},
ay = li[parly + hly — gmagly), a5 = — 17,

It is obvious that a; > 0, a5 < 0.
Let
A = 3(3a3 — 8aya3). (43)

We will now discuss the positive equilibrium of system (2) from two conditions A < 0
and A > 0.

Firstly, if A < 0, the below calculations are obtained.

From (43), we have a3 > 0. Then, we obtain F”(w) > 0 for all w € (0, + o). Hence,
F'(w) is a strictly monotonic increase function for all w € (0, +o0). Next, we will discuss
the roots of (42) from the two conditions a4 > 0 and a4 < 0:

(i) Ifay > 0:

F'(0) = 2a4 > 0,and F'(w) > 0 for all w € (0, +). So, Equation (42) has only one
positive solution. Then, system (2) has one simple positive equilibrium, accordingly.

(ii) If ag < O:

F'(0) = 2a4 < 0 and UETOOF’(w) = +o0, then equation F/(w) = 0 has only one
positive root. For simplicity’s sake, we consider this root as 7, and then the following
equation holds:

<0, we (0, W),
F(w){ =0, w=1mw,
>0, we (@1, +00).

By simple computation, we obtain the result that system (2) has one simple positive
equilibrium.

From the discussion of the condition A < 0, we conclude that system (2) has one
simple positive equilibrium.

Next, we will discuss the positive equilibrium of system (2) from A > 0.

Secondly, if A > 0, it is obvious that F”/(w) = 0 has two roots, as follows:

—3ay + 1/3(3a5 — 8aya3)

12&1 !

Wy =

—3a; — 1/3(3a3 — 8aya3)
12&11 '

If a3 > 0, it is obvious that W3 < W, < 0, then F/(w) > 0 for all w € (0, + o).
Hence, Equation (42) has only one positive solution. So, system (2) has one simple posi-
tive equilibrium.

w3 =
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If a3 < 0, it is obvious that w3 < 0 < w,, and we then have

<0, we (0, wy),
F'(w){ =0, w=1wy,

>0, w e U(w,, + ).

Additionally, we suppose thatas > 0and F'(@,) > 0. By straightforward computation,
we have a result that F/(w) is a strictly monotonic increase function for all w € (0, + o0).
Hence, Equation (42) has only one positive solution.

Then, we suppose a4 > 0 and F/(@,) < 0. By simple computation, we can determine
that F/(w) = 0 has two positive solutions. For simplicity’s sake, we consider these two
positive solutions as 0 < w4 < ws, and the following condition is consequently established:

=0, w € {Wy,Ws},

/ >0, we (0, wy) U (ws, +00),
F'(w)
<0, w € (Wy, Ws).

By simple computation, we have F(w4) > F(ws), and

(8aya3 — 3a3)?

— — \2
5 (wyqws)” > 0.
1647

F(@4)F(ws) >

So, Equation (42) has only one positive solution.

Next, if a3 < 0 and a4 < 0, it is obvious that Equation (42) has only one posi-
tive solution.

From the discussion of the condition A > 0, we conclude that system (2) has one
simple positive equilibrium.

So, we conclude that system (2) has one simple positive equilibrium E* = (u*, v*, w*).

Next, we will consider the stability of positive equilibrium (1*, v*, w*) to system (3)
when ¢ < 0.

Lemma 5. Suppose that % < w*. Then, the following applies:
(1) If Eoo < & < 0, then Hoo(E,1) >0, Hq; >0, Hz; > 0.
(2)If ¢ < &g, then 7—[00(5, i) >0, Hy; >0, Hs <O0.

(3) If ¢ = Coo, then Hoo(, i) > 0, Hy; > 0, Hai = 0.
(Coo < 0and will been given later.)

Proof. Let 0 = p; < pp < puz < - - - be the eigenvalues of the operator —A on () with

the homogeneous Neumann boundary condition, and let limp; — co. Let E(y;) be the
1—00

eigenspace of y; to H'(Q) . Let X be the closure of {(u, v,w) € [CH(Q)]?, while ?)TL; = %iv" =

0, x € BQ} in [H'(Q)]3, {¢ij:j=1,2,---,dimE(y;)} be the orthogonal basis of E(y;),

and Xj; = {m®;; : m € R3}. Then,

400 dim E(p;)
X=Px, Xi= P X
i=1 j=1

The linearization matrix of system (3) at (u*,v*, w*) can be written as follows:

d]A —(:M*A 0 a1 4aip  ai13
L= 0 0 0 +| a1 axn a3
0 0 dzA as; dazp 4ass
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By straightforward computation, the characteristic equation at (u*, v*, w*) of system
(3) is as follows:

@i(A) = A3 + HyA? + Hoid + Hz = 0, (44)
where

Hyi = by + (d1 + do) i, Hoi = by + dydop? + g,
Hai = b3 + C2]/tl2 + c3pi + Claprut vt wr g,

I l
c1 =dq { zv’)*/l + 130" + 11 + o (u* +w*)} +d2[ 2N +L0 + L+ et +w")|,

o
¢y =dqd> <l2’h + 130*) ,

v*

c3 :d2<27)’11+130*>[11+<p(u*+w*)]+ 1271[1+<p2(u +w )]

- + dll3(P2u*U*

+di 30" (pow™ —1y),

i
by =21 + (@ + @2) (u* + w*)n{ i)zl + 130*] >0,

l l * *
by =l3p20™ (1" + w™) + 2mlh+ q;z*(u +w)]

I
+ [+ eu" +w")) [ 20’11 + Lo+ L+ @(ut + w*)] >0,

l l * *
by =[l1 + p(u* 4+ w")] [ 271[h + 4;2*(11 + )] + 30" (u* + w*)] + Lilzpr10"w* > 0.

apy = —[l + @ +w")], app =1, a13 =0,

I
ay =0, ap = _{ %Uzl + 130*], a3 = 1305,
a3 = —w*, axn =1, a3 = —[lh + @2 (u* +w™)].
It is obvious that
Hq1; >0, Hyi > 0.

By straightforward computation, we have

Hoo(&,i) = biby — by + Hap? + Hsu? + Hepi — Ehlspro*w* u;,

where

Hy =didy(dy +dy),

Hs =211 +2(¢ + ¢2) (u" + w")]d1da + (d1 + d2)cy,
I
He =bicy +di[l1 + @(u™ + w*)] 207’11 + 130" + 1 + o (u* +w")
dsl I * *
+ 22’)’1[1"';0*2(14 +w )] +d213¢20*(u*+w*)

+do[lh + e(u* +w*)][l1 + @a(u” +w™)].

It is obvious that H4 > 0, Hs > 0, Hg > 0 and b1bp, — by > 0.
Let

& ={(-0) € Ry Hy(@) = 0},
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where )
byt copi +cap

CR—
gi B 111314*7)*]/{,‘ <0.

Let
oo = max{¢j} = {&}-
iERT

Accordingly, the Lemma is proved. [

Lemma 6. Suppose that % < w*. (u(x,t), v(x,t), w(x,t)) is the global classical solution of
system (3) obtained via Theorem 4. Then the following applies:

(1) If Goo < & < 0, then the constant steady state (u*,v*,w*) of system (3) is locally
asymptotically stable,

(2)If & < oo < 0, then the constant steady state (u*, v*, w*) of system (3) is unstable.

Proof of Lemma 6. If &g < ¢ < 0, from Lemma 5, we have Hy; > 0, Hz; > 0, and
Hoo(&,7) > 0. Using the Routh-Hurwitz criterion, we obtain three roots of Equation (44),
all of which have negative real parts, and the constant steady state (u*,v*, w*) of system (3)
is locally asymptotically stable.

If § < oo < 0, Hy; > 0and Hoo(¢,i) > 0, but Hs; < 0; using the Routh-Hurwitz
criterion, the constant steady state (1%, v*, w*) of system (3) is unstable. [J

Remark 3. If § = 0, di = 0, dy = 0, then system (1.3) becomes an ODE system. Using
Equation (44) and the Routh—Hurwitz criterion, we can easily determine that the positive equilibrium
(u*,v*, w*) of the ODE system is locally asymptotically stable.

Remark 4. Case (1) and case (2) in Lemma 6 show that (u*,v*, w*) of system (3) is stable when
¢oo < € <0, but (u*,v*,w*) of system (3) is unstable when ¢ < oy < 0. Then, anchors escape
more quickly from a matrix region where the adhesive molecule that was more highly concentrated
will destabilize three molecules A, P, M in a complex MAP system. So, haptotaxis ¢ plays a crucial
role in determining the stability to the model, as it can have a destabilizing effect.

Remark 5. The assumption % < w* is equivalent to 1y small, and the conclusion is the same as the
results in [8]. A nanoparticulate—anchor complex(A-P) can increase the collective crosslink lifetime
because an MAP bond is necessary to keep the nanoparticulate immobilized at any given time.

3. Conclusions

In this paper, we have performed some qualitative analyses on a mathematical model
(3), which was established based on the reaction sequence (1) obtained from article [8],
published by Newby et al. (“A blueprint for robust crosslinking of mobile species in biogels
with weakly adhesive molecular anchors”) in Nature Communications. A key feature of
this model is that it includes the combined haptotaxis on anchor diffusion, which differs
from other second-order parabolic equations. This is because the u and w satisfy a PDE,
whereas the v satisfies an ODE in order to extend the local classic solution to the global.
First, we raise the regularity of v and w from L! to L. Second, we present the estimate
[|ul] 11(q)- Then, the regularity of u can been raised from L' to L (for any p > 1). Hence,
the boundedness of system (4) in Q1 (0 < T < c0) is given. Furthermore, the existence
of a unique classical global solution to the model (4) in space dimension N < 3 for any
haptotaxis coefficient ¢ (see Theorem 1) is proved. Lastly, the stability of mathematical
model (3) is considered. Our results show that positive constant steady state (1*,v*, w*) of
system (3) is stable when Cpp < ¢ < 0 and is unstable when ¢ < §op < 0, which implies
haptotaxis ¢ < 0 plays a crucial role in determining the stability to the model, as it can have
a destabilizing effect.
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d[P]

dt

Case (3) of Lemma 5 shows that a steady state bifurcation may occur in system (3)
when ¢ = ¢pp < 0. In future, we can discuss the existence and stability of the steady state
bifurcation of system (3) that was not considered in this paper.
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Appendix A

Using the law of mass action and reaction sequence (1), we established the following
ordinary differential equations:

dlA
d%t] = koff[AP] — (Da + Dp)@Ro[Al[P],
M D
7] = {Zoff[MAP] — Dill;aon [AP] [M}'
dﬂ[{lf’] = Kog[AP] — DapRo[A][P] — DrgRo[A][P] A
d%"] = —kosf[AP] + (Da + Dp)@Ro[A][P] + 4,7 [MAP] — %:”0" (AP]M],
% — _uoff[MAP] + %aon [AP] [M]'
where [A]g >0, [M]o >0, [P]o > 0, [AP]o = 0, [MAP]p = 0.
Computing the above equations, we have
d[A] dM] , d[AP]
TR T T .
d
Eil\tdl N d[l\’;\ﬂ _o, (A3)
d[P] dM]  d[AP]
i dr o Y .

Using Equations (A2) and (A5), the first equation of (A1) can be written as

AL — kugy([Alo — [MJo — [A] + [M]) — (Da + De)oRo[Al([Plo — [Alo + [A]).  (46)
Using Equations (A3) and (A4), the second equation of (A1) can be written as

d[M]

g = orr(MJo — [M]) —

Dp

D, ton([Plo — [M]o — [P] + [M])[M]. (A7)
A

Using Equations (A2) and (A5), the third equation of (A1) can be written as

kot ([Plo — [M]o — [P] + [M]) — DA@Ro[A][P] — Dp@Ro[A]([A]o — [P]o + [P]). (A8)
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Let u, v, w substitute the concentrations of the anchor ([A]), matrix ([M]), and nanopar-

Boff

_ kogf - ! Dpaon
~ (Dp+tDa)Ry’ 2 *— [Dp+Da)Ro” 3 "~

(Dp+Da)DaRy” ¥1 =

ticulate ([P]), respectively. I; :

%, @2 = %, T := (Dp + Da)Rot, and, rewrite T as t. Then, Equation (A1) can be

simplified as the ODE model (2).
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