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1. Introduction

Consider the functional differential equation of the form

Y () + p(By(T(h) +q(Hy(e(t) =0, (1)
where 7 is odd or even number and the following conditions are assumed to hold:

(H) p(£),q(t) € C([to, 0)), p(t) > 0,4(t) > 0,
(Hp) t(t) € CY([t, )), T'(t) > 0, T(t) < t, Jim 7(t) = o,
(H3) o(t) € C([tg,0)), ' (t) > 0,0 (t) > t.

Usually, by a solution of Equation (1), we mean a function y : [T, 00) — R which
satisfies (1) for all sufficiently large t and sup{|y(t)| : t > T} > Oforall T > T,,.

The oscillatory character of the solutions is understood in the standard way, that is,
a proper solution is termed oscillatory or nonoscillatory according to whether it does or
does not have infinitely many zeros.

In recent years, there has been increasing interest in studying the oscillation of solutions
to different classes of differential equations, see e.g., [1-15]. This is due to the fact that
they have numerous applications in natural sciences and engineering—see, for instance,
the papers [13,14] for models from mathematical biology where oscillation and/or delay
actions may be formulated by means of cross-diffusion terms.

By the well-known result of Kiguradze [5] (Lemma 1), one can easily classify the
possible nonoscillatory solutions of (1). As a matter of fact, the set N of all nonoscillatory
solutions of (1) has the following decomposition

N =NogUMNU---UN,_1,
N=MUMNU---UN,_1,

n odd,

neven.

where y(t) € N, means that there exists to > T, such that

y(H)y?(t) >0 on [ty, ) for 0 <i < ¢,
(=Dy(HyD () >0 on [ty,00) for £ < i< n.
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Such a y(t) is said to be a solution of degree £.
Following the classical results of Kiguradze [5], we say that Equation (1) enjoys
property (A) if

N =Ny, nodd,
N =0, neven.

This definition formulates the fact that (1) with 7(t) = ¢(t) = t and n odd always
possesses a solution of degrees 0 that is Ny # @ in this case.

The initial effort of mathematicians was oriented towards establishing criteria for
property (A) of (1), which means to empty all classes Ny for all £ # 0.

We recall the excellent criteria of Koplatadze et al. [9] that have been formulated for
binomial differential equations.

Theorem 1. (Theorem 2.1 in [9]). If q(t) = 0 and

limsup{T(t) /too[’r(s)]”*zp(s) ds + /Tt(t) [T(s)]" p(s)ds

t—o0 ) T(t) (3)
o I S[T(s))]"_lp(s)ds} > (n—1),
then (1) has property (A).
Theorem 2. (Theorem 2.2 in [9]). If p(t) = 0, n is even and
lim sup{a(t) /oo s"2p(s)ds + /U(t) s"1p(s)ds
t—ro0 o(t) t (4)
1 gt
+ E/O s" Lo (t)p(s) ds} > (n—1)!,
then (1) has property (A).
Theorem 3. (Theorem 2.3 in [9]). If p(t) = 0, n is odd and
lim sup{a(t) /oo o(s)s" 3p(s) ds + /.U(t) s"20(s)p(s) ds
t—o0 o(t) Jt (5)
1 gt
+ @/0 s" 2o (1)]?p(s) ds} >2(n—2),
and
limsup{a(t) /oo [(s)]"2p(s) ds + /U(t) slo(s)]"2p(s) ds
t—o0 Jo(t) Jt (6)
1 gt
bt [ SO ) dsh > -t

then (1) has property (A).

The first aim of this paper is to extend the above-mentioned criteria known for binomial
differential equations to more general trinomial equations. The second aim of this paper is
to establish criteria for the class Ny = @, which leads to the oscillation of (1) also for 7 odd,
which are new phenomena for (1).

2. Results

As an auxiliary statements, we recall the following result from [9].
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Lemma 1. Let y(t) € Ny forsome ¢ € {1,--- ,n—1} and

[y ar = o %

Then there exists t, > to such that for t > t,

and

#

v0 2 g [ (7 @) + qy(o()) ds

téfl

g (5 e + aevlels) ds.

ty
Moreover, if y(t) € N, then y(t) > ct'~! for some ¢ > 0. Since

=y ()] = e (p(By((8) + gy (1))
> et~ (p(B)T 1B + a0 (1) = o (p()T T (D) + (),

we can replace nonstandard condition (7) by the following easily verifiable one.

/oo (T"’l(s)p(s) + s”’lq(s)> ds = oo. (10)

which follows from the fact that if y(t) € N, then y(t) > ct'~1, ¢ > 0.
Now, we are prepared to formulate the first criterion for property (A) of (1).

Theorem 4. Assume that for n even

lirgs;lp{/;(t) T (s)p(s) ds + T(t) /too T72(s)p(s) +s"q(s) ds

(11)

: (t)
+7(t) /:(t) s"2g(s) ds + 1-(1t) /t* t sT"L(s)p(s) +s"q(s) ds} > (n—1)!,

and for n odd

limsup{/; 7 1(s)p(s) ds + T(t) /Oo 72(s)p(s) + " 3o (s)q(s) ds

t—00 (t) t

t ()
+7(t) /T(t) s" 30 (s)q(s) ds + T(lt) /t* st (s)p(s) + 5" Lo (s)q(s) ds} > (n—1)!,

then (1) has property (A).

(12)

Proof. Suppose, to contrary, that y(t) is an eventually positive solution of (1) such that
y(t) € N, forsome £ € {1,--- ,n— 1} such that n + ¢ is odd. To be able to use results of
Lemma 1, we shall show that (11) and (12) implies (10). Really, if we admit that

/oo (T”_l(s)p(s) + s”_lq(s)) ds < oo,
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then for given € > 0, there exists a t; such that
/ (T”fl(s)p(s) + s”ilq(s)> ds <,
5]
If we consider T(t) > t1, then
t t
/ T 1(s)p(s) ds + T(t) / s" 30 (s)q(s) ds
T(t) T(t) (13)

t

< / (T”_l(s)p(s) +s”_1q(s)) ds < e.

()

On the other hand, for ¢ > #;

T(t) /too T”_Z(s)p(s) + s”_za(s)q(s) ds < /too (T”_l(s)p(s) + s”_lq(s)> ds<e (14)

and finally for t, > #;

T(lt)/tf(f) STn_l( )p(s) +s"q(s)ds < / ™ 1(s)p(s) +s”‘1q(s)> ds < e. (15)

Combining (13)—(15) one gets

tli%{/:(t) T 1(s)p(s) ds + T(t) /too T"72(s)p(s) + 5" 2q(s) ds

t

T(t)
+ () /T(t) s"2q(s) ds + T(lt) /t* st 1(s)p(s) +s"q(s) ds} =0.

This contradicts (11) and we conclude that (10) holds true. Therefore, taking into
account (9), we get

l
ye(®) > 20 [ o L ) 5 g Sl )
l ©
+( T_(é;'é' /t sn—/ 1p( )y( E(); (S)+sn—é—lq(s)zgagiigaﬁ—l(s) ds

(-1 (1)

commm R ) ) B e ) s

Employing (8), that is

y(t(t)) y(t(t)) y(e(®) o yt) _ y(z(®))
(1) b Tl=1(f) T ol=1() ST T=1(¢)

we are led to

(n — Oey(t(1)) = y(x(1)) / t(t) "1l () p(s) ds + T (t) / t(t) s”_é_laé_l(s)‘ls/[(—jq(s) ds

+e(By(e(n) /t°°s"*HTH<s>p<s>ds+rf<t> [ 6 S g 0

7(t) s
“l(s)p(s)ds + (1) /t* s"f”lazfl(s)%q(s) ds.
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Therefore, we get

t

(n—20)1t > /(t) sl () p(s) ds + T(t) /t(t) s" 1o (s)g(s) ds

+7(t) /too s"I T (s) p(s) ds + T(t) /too s" e 1 (s)g(s) ds (16)

0 1 T
+ —/ s" "l (s)p(s) ds + —/ s" e (5)g(s) ds.
@ ) (s)p(s)ds+ 5 .. (5)9(s)
The following considerations are intended to eliminate parameter {. We use the
fact that 7(t) < t < o(t). We shall distinguish the parity of n. For n even, we have
¢e€{1,3,...,n— 1}, and it follows from (16) that

t

(n—1)!> /Tt(t) T L(s)p(s) ds + T(t) /T(t) s"2q(s) ds

+7(t) /too T72(s)p(s) +s"2q(s) ds +

T(t)
(1) /t sT""1(s)p(s) +s"q(s) ds.

The last inequality contradicts (11).
Now, we consider n even. Then, ¢ € {2,4,...,n — 1} and (16) yields

(n—1)!> /Tt(t) 7 1(s)p(s) ds + T(t) /:(t) s" 30 (s)q(s) ds

+7(t) ./t‘oo 72(s)p(s) + s" 3 (s)q(s) ds + r(lt) (/:(t) sT"1(s)p(s) +s" Lo (s)gq(s) ds.

The last inequality contradicts (12) and the proof is complete. [J

The main idea of the proof of Theorem 4 is to nominate delay argument 7(t) into
(9). Now, we are about to substitute advanced argument ¢ (t) into (9) to obtain another
(independent) criterion for property (A).

Theorem 5. Assume that for n even

o(t) oo n—1(g
limsup{(fg”/t t st 1(s)p(s) dS+0’(t)/ ( )p(s) +5"2q(s) ds

t—c0 o(t) 8 (17)
o(t) 1 t
+/t s"1g(s)ds + ﬁ/t st (s)p(s) + o (s)s" Lq(s) ds} > (n—1)!,
and for n odd
1 o(t) o +n—1
lirtnsup{a(t)/t st 1(s)p(s) ds + o (t) /(t) T 5 (S>p(s) +0(s)s" 3g(s) ds
—r00 o (18)

N /ta(t) U(s)sn_zq(S) ds + Ugt) /t: ST”_l(S)P(5> + O_Z(S)Sﬂ—2q(5) ds} > (7’1 - 1)!/

then (1) has property (A).
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Proof. Suppose, to contrary, that (1) does not enjoy property (A). This means that (1)
possesses an eventually positive solution y(t) € Ny forsome ¢ € {1,--- ,n — 1} withn + ¢
odd. It follows from (9) that

£ e s S
o) > 0 [ et M ) 1 S ) as

(-1 o(t) S
(Z—g')e'/t (s LT ) 4 gn-1() L))

/-1 t s . s
—0—(2_6(;}!)@[ s”gp(s)yg((s)))ff(s) +s Zq(s)y(a( ))U’Z(S)ds,

Condition (8) implies that

y(e(t))

o (t)

b

Therefore,

o(t) st(s) a(t)
o(t) o(t)
o 1) [T i 0 s yie ) [T (o) o)
+ oLt /tj s”fp(s);/e((ss)) 7(s) ds + y(;((ss)» /tt n=ta(s)ot(s) ds
Employing (8), one gets
(n—=1)!>0o(t) /:) s 2l (s) p(s) 4+ "o T (s)g(s) ds
Oét) /ta(t) n—t g s)ds +/ gt ot— 1 (s)g(s) ds (19)
+ (7(11‘) /tt s"trl(s)p(s) ds + s" Lot (s)g(s) ds.

For n even we have ¢ € {1,3,...,n — 1} and (19) in view of 7(t) < t < ¢(t) implies

(-1 ot) [ L0}

o(t) s

p(s) +s"2g(s)ds + (7(1t) /tg(t) sT"1(s)p(s) ds
+ /ta(t) s"1g(s) ds + (fgt) /ttsr’“’l(s)p(s) ds + 5" 1o(s)q(s) ds

which contradicts (17).
On the other hand, for n even, we have ¢ € {2,4,...,n — 1}, and now (19) yields

(n—1)! > 0o(t) /oo Tnisl( >p( )+ (s)s" 3q(s) ds + (fgt) /ta(t) st (s)p(s)ds

+/U(t) q(s)ds + 21‘) /ttsrnfl(S)P(S)ds+s”72f72(5)‘1(5) ds.

This contradicts (18), and the proof is finished. [

The following example is intended to show that the criteria for property (A) presented
in Theorems 4 and 5 are independent.
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Example 1. Consider the equation
1
y" (1) + %y(?\t) + ZSJ/(ﬁ) =0, (20)
where pg > 0,40 > 0,A € (0,1).
Easy computations show that conditions (11) and (17) applied to (20) reduce to
poA" 12 —1InA) +2g0 > (n—1)! (21)
and
2poA" L Fgo(2 = InA) > (n—1)1, (22)
respectively. 1t is easy that (21) and (22) are independent, since
poA" 12 —InA) > 2pgA" 1 and 2qp < go(2 —InA).
On the other hand, conditions (12) and (18) applied to (20) take the form
poA" 12 —InA) + 2% > (n—1)! (23)
and 5
2poA"1 %(Z—m)\) > (n—1), (24)

respectively, and again, (23) and (24) are independent. Therefore, by Theorems 4 and 5 if

(i)  for n even (21) or (22) holds,
(ii) for n odd (23) or (24) is satisfied,

then, (20) has property (A). For the particular case when n = 3, A = 0.5 criterion (24) is satisfied,

e.g., for
po = g0 > 0.1774.

Now, we turn our attention to the class N, where of course 7 is odd. It is easy to
see that (Hy) guaranties the existence of the inverse function 7~1(t), and therefore, the
auxiliary function &(t) € C!([tg, o))

SE() =7 ). (25)
is well defined. The following lemma is elementary but very useful in our next considerations.
Lemma 2. Assume that ¢(t) satisfies (25). Then

ey =1, e ="1C®), T =T(E(®). (26)

Now, our aim is to establish a criterion for Ny = @ for (1) for n odd. To simplify our
notation, we employ the following functions:

(t) (g — )1
Pl(t):/tg ((nt)l)!p(s)ds,

(1) _ f\n—1
R R R OLY @)

W) (5 — gy
Py(t) :/Tl(j (S(n _t)l)! p(s) ds.
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and
&) (s — f)yn—1
Q= [ g as
t (n—1)!
-1 (28)
axt = 1 "
> = S S.
-’
We assume that there exist positive constants P;, i = 1,2,3 and Q;, i = 1,2 such that
P(t)>P, i=123 and Q(t)>Q;, i=12
Moreover, we set
P = ! = i ! =
1 1_P21 1 1/3/ i 1—P2, 1 1,2,
and
N S
1—-PfP; 1— PPy — PfOQIM

Theorem 6. Assume that there exists a function &(t) satisfying (25) and T=1(t) > o(t). If
P3N+ MN(Qj + PfQ3) + Py [P} + P5 + PfQfN + Q3 MN]| > 1, (29)
then Ny = @ for (1) for n odd.

Proof. Suppose, to contrary, that y(t) is an eventually positive solution of (1) for n odd
such that y(t) € Np. Integrating (1) twice from ¢t to co and changing the order of integration,
we are led to

() > [T (s = Dp(s)y(e(s) + (5~ Da(s)y(e(s)) ds. (30)

By repeated integration above inequality from ¢ to co and changing the order of
integration, we get

R BTN () L SR
vt 2 [ e () + s aey(o(s) .

Consequently,
&) (s — s—

vz [V Do ast [ E I et o
t (n—1)! (n—1)!

THE®) (s — ) §(t) (s — t)m -
LA Wp<s>y<r<s>>ds+ /t b () s @

" /f;(o ! ((n—):)!l”’(s)y(fl(S)) ds.

Using the fact that y(t) is a decreasing function, we are led to

y() = Pry(&7 (1) + Pay (1) + Pay(&(1) + Quy (v @) + Qay (v (v7'(1)))
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which is equivalent to
y(t) = Piy(E 7 (0) + Piy(E) + Qiy (v @) + Qay (v (+7'®) ). 63
We are about to evaluate y(t) in terms of P;* and Q;. For all that, we step by step set
b=, t=e), t=TEw), =T ()
into (33). Before executing all that, to simplify our notation, we set

Y=y(t), A=y@'()), B=y@E®), c=y(rE®),
D=y(v'(x7'®)), E=y"'®).

Finally, we are led to the following linear algebraic inequalities

Y > PfA+P;B+ QiC+ Q5D,
A > (Pf +P;)Y 4+ QiE + Q5C,
B> P{Y+ P;E+ QiD,

C > P{E+ P;D,

D > P/C,

E > P/B.

Elimination of variables D and E leads to
Y >PfA+PiB+(Q7 +PfQ5)C,
Az (Pf+P;)Y +PQiB+ Q3C,
B > P{Y + P{P;B + P;Q;C,
C > (P;)*B + Py PiC.

Thus,
C> 7(1)1*)2 B =MB
~1-PiP;
which implies
P*
1

> Y = NY.
“1-P;P} - PFQIM

Consequently, our system reduces onto the couple of inequalities

B

Y > PfA+ P;NY + MN(Qj + Py Q3)Y,
A > (Pf+P5)Y + PfQiNY + QS MNY

which means that
y() {1~ P{N = MN(Q} + P;Q3) — P{ [P} + P + P{Q{N + QsMN] } > 0.
This contradicts (29), and we conclude that Ny = @. [

The following criteria follows immediately from the proof of Theorem 6.

Corollary 1. Assume that there exists a function & (t) satisfying (26) and T=1(t) > o (t). If

P,>1, or PiP3s+POiM>1,



Mathematics 2024, 12,910 10 of 11
then Ny = @ for (1).
Example 2. Consider once more the equation
M1y o POyiap) & 10 lt = 4
vy () + Gy + Sy 5t ) =0, (34)

where pg > 0,40 > 0,A € (0,1).
We have already presented criteria for property (A) of (20). If for n odd, we join on condition
(29), we obtain oscillation of (20). It remains to evaluate constants P; and Q; for (20). We set

&) = t/+/A. Now,

t/\/X 7t}’l—1
Py(t) = 10 /t (=" o

S}’l

t
x=1-—-
s

Po 1=VA -1 d
_(n—l)!/o T-xF

1 i
i=1

(n—1)!

Similarly, we evaluate

(-

i

7

n—1
(1-4)
__P

TSR (R R

q0 _
Q=G _lnﬁ‘_Zf ’

i=1

Employing mathematical software (Matlab R2019), we see that for the particular case when
n = 3and A = 0.5, criterion (29) is satisfied, e.g., for

po=4qo0 > 173

which guarantees oscillation of (20) for this case. By the way, the well-known criterion of Koplatadze
and Chanturija [10] (see also [11]) requires py > 29.3482 to ensure oscillation of (20) for n =3
and A = 0.5. The progress is outstanding.

3. Discussion

In this paper, we have established a new technique for the investigation of trinomial
differential equations with retarded and advanced argument. First, we extended some
results from binomial to trinomial differential equation. For the second, we introduced a
new technique for classes Ny and NV, to be empty, which leads to the oscillation of (1). This
fact has not be considered in [9]. The open problem remains how to extend our criteria for
more general differential equations (nonlinear, neutral).
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