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W ON =

Abstract: In this paper, we study a method of polynomial interpolation that lies in-between Lagrange
and Hermite methods. The novelty is that we use very general nodal systems on the unit circle as
well as on the bounded interval only characterized by a separation property. The way in which
we interpolate consists in considering all the nodes for the prescribed values and only half for the
derivatives. Firstly, we develop the theory on the unit circle, obtaining the main properties of the
nodal polynomials and studying the convergence of the interpolation polynomials corresponding to
continuous functions with some kind of modulus of continuity and with general conditions on the
prescribed values for half of the derivatives. We complete this first part of the paper with the study of
the convergence for smooth functions obtaining the rate of convergence, which is slightly slower than
that when equidistributed nodal points are considered. The second part of the paper is devoted to
solving a similar problem on the bounded interval by using nodal systems having good properties of
separation, generalizing the Chebyshev—Lobatto system, and well related to the nodal systems on the
unit circle studied before. We obtain an expression of the interpolation polynomials as well as results
about their convergence in the case of continuous functions with a convenient modulus of continuity
and, particularly, for differentiable functions. Finally, we present some numerical experiments related
to the application of the method with the nodal systems dealt with.

Keywords: Lagrange interpolation; Hermite interpolation; nodal systems; unit circle; bounded

interval; convergence

MSC: 41A05; 65D05; 42C05

1. Introduction

Among the methods of polynomial interpolation most widely studied and used are
those corresponding to Lagrange and Hermite interpolation. The problems that have been
addressed with them are related to the choice of the nodal systems, the computation of
the interpolation polynomials, the analysis of their convergence, and the boundedness of
the errors. Although initially developed for bounded intervals of the real line, they were
also adapted for application to the unit circle through the Szegé transformation (see [1])
and to the trigonometric interpolation. In addition, all of them have been generalized in
different senses.

During the last century, Lagrange interpolation as well as Hermite-Fejér and Hermite
interpolations have been developed by using nodal systems related to the zeros of the
orthogonal polynomials on the bounded interval, basically Jacobi polynomials, and the
zeros of para-orthogonal polynomials on the unit circle. When working with functions, the
conditions needed to assure the uniform or the mean convergence of the interpolants to the
interpolated function have been widely studied (see [1-8]).

Mathematics 2024, 12, 869. https:/ /doi.org/10.3390/math12060869

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math12060869
https://doi.org/10.3390/math12060869
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-6170-6160
https://orcid.org/0000-0002-9413-7352
https://orcid.org/0000-0003-2511-9107
https://doi.org/10.3390/math12060869
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12060869?type=check_update&version=1

Mathematics 2024, 12, 869

2 0f27

Important extensions of the theory managing to circumvent the link between nodal
systems and measures are the normal or strongly normal nodal arrays in the real case
(see [9]) and the perturbed roots of the unity in the case of the unit circle (see [10]). In [11]
and previous papers, we continued with these ideas, studying the classical Lagrange and
Hermite problems and working with nodal distributions characterized by a good property
of separation between the nodes, which can be obtained through a perturbation of the
uniform distribution.

Some variants in the Hermite method have given rise to other types of interpolation
such as Pal-type interpolation (see [12,13]) or Hermite-Birkhoff interpolation. In some
recent papers, we considered another variation of the classical methods. Indeed, in [14,15],
we studied a problem of interpolation between those of Lagrange and Hermite. There, we
use all the nodes for the data values and half of them for the derivative values. The nodal
systems that we employ are the roots of complex numbers with modulus 1 on the unit circle
and the well-related Chebyshev-Lobatto systems on [—1, 1]. From the point of view of the
behavior of the interpolants in relation to the convergence, this model of interpolation is
closer to the Lagrange one. Notice that the Chebyshev—Lobatto systems play an important
role in other interpolation methods such as the constrained mock-Chebyshev least squares
method (see [16]).

In the present paper, we continue studying the referred intermediate interpolation
problem. The novelty is that we use very general nodal systems on the unit circle as well as
on the bounded interval, satisfying good properties of separation. If we denote by {«;} and
{x;} the nodes on the unit circle and on the interval, respectively, they are characterized by
the following property of separation between two consecutive nodes: the length of the arcs
are ocj?a]- =T+ (’)(nl—z) and arccos x;j, 1 — arccos x; = 7 + O(%), respectively. Hence,
these nodal systems could be generated as random perturbations of the roots of a complex
number with modulus 1 of the type ¢ jn(’)(%), where ¢, is a random variable with any
truncated distribution into [—1, 1]. Thus, we can say that we work with dynamic systems.

The paper is organized as follows: In Section 2.1, we present the expressions of the
interpolation polynomials in terms of the nodal polynomials including the barycentric
expressions. Section 2.2 is devoted to describing the nodal systems and to study the proper-
ties of nodal polynomials. In Section 2.3, we analyze the convergence of the interpolation
polynomials related to continuous functions with an appropriate modulus of continuity
and with general conditions on the prescribed values for the derivatives. We dedicate
Section 2.4 to the cases of smooth functions on the unit circle. Sections 2.5 and 2.6 are
devoted to studying interpolation problems on [—1,1] with nodal points having good
properties of separation and well related to the nodal systems on the unit circle studied
before. We obtain both an expression of the interpolation polynomials and results about
their convergence in the case of continuous functions with a convenient modulus of conti-
nuity. Also, this is particularly for differentiable functions. The results are similar to those
obtained in [14] when considering the Chebyshev—Lobatto system. Section 2.7 is devoted
to presenting some numerical experiments where distinct nodal systems satisfying the
separation property and mechanical models are employed. The results are compared with
those obtained by using as nodal systems the roots of para-orthogonal polynomials with
respect to a Bernstein-Szeg6 measure (see [1,17]). When we use the jump function, a Gibbs
phenomenon appears. Finally, Sections 3 and 4 are devoted to Materials, and Discussion
and Conclusions.

2. Results
2.1. The Interpolation Polynomials: Expressions

The aim of the present subsection is to study a problem of interpolation on the unit
circle, which can be considered an intermediate case between Lagrange and Hermite
interpolation problems, the one appearing if we fix the Lagrange values on all the nodal
points and we fix the values for the derivatives only on half of the nodes. As usual, when
we interpolate on the unit circle T = {z : |z| = 1}, we work in the space of Laurent
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polynomials A[z] = span{zF : k € Z} because of the density of A[z] in the space of
continuous functions on T. Due to the characteristics of the problem, we consider nodal
systems with 21 nodes that we denote by {&;2, }]221, where |aj,| = 1forj=1,---,2nand
jon 7 A 2n for j # k. If we consider two sequences {u; 5, }]221 and {vzj_1,4 };1:1, we pose
the following problem:

Compute the Laurent polynomial  _, 4(z) working in the subspace A_ 4[z] = span{zF :
—p < k < g}, with p and g non-negative integers such that p + g = 3n — 1, and satisfying
the interpolation conditions

. / .
H—P,q(‘xj,Zn) = uj,Zn/ fOI'] = 1,- .. ,21’1, and H—p,q(“Zj—l,Zn) = ij—l,n/ fOI'] = 1,' <, N

For simplicity, we eliminate the second subindex in the notation of the nodal points as well
as in the interpolation conditions. Thus, we write {rx]-}]zﬁl, {u ]-}]2»21, and {vy; 1 }]7-’:1 instead.

To solve this problem, we decompose it into two separate problems for which we
introduce the following notation: We denote by H.F _ ;(z) the Hermite—Fejér-type interpo-
lation polynomial (Hermite—Fejér interpolation polynomial in the sequel) in the Laurent
space Ay 4, satisfying the conditions

HF pgla;) =uj, j=1,---,2n, and HF", (a3 1) =0, j=1,---,n, )

and we denote by HD_4(z) the polynomial in the Laurent space A ,, satisfying the
conditions

HD_pg(aj) =0, j=1,---,2n, and HD", (aj 1) =vpj 1, j=1,---,n )

It is clear that
pr,q(z) - H]:fplq(z) + HDfp/q (Z)

If F is a function defined on T and we take uj = F(zxj) forj =1,---,2n, we de-
note by HF _,,(F,z) the Hermite-Fejér interpolation polynomial related to F and sat-
isfying (1). If F is a regular function on an open set containing T and we take v;; 1 =
F'(agj—1), j=1,---,n, we denote the Laurent polynomial satisfying (2) by HD—4(F,z).
Thus, H—pq(F,z) = HF —pg(F,z) + HD—p4(F,z). When u; = F(a;) forj = 1,---,2n
and the values vy; | for j = 1,-- -, n are arbitrary, if we denote this vector of values by
Tn = (v2j-1)iy, we write H_p o(F, vn,2) = HF —pq(F,z) + HD—p4(2).

Our first aim is to obtain the expressions of these interpolation polynomials when we
use nodal systems more general than the equally spaced ones. Indeed, the case in which
the nodal points are equally spaced was studied in [15]. The novelty of the present paper is
that the considered ones are not related to para-orthogonal polynomials on the unit circle,
being only characterized by satisfying some suitable separation properties.

2n
Throughout the paper, we denote the nodal polynomials by W, (z) = [ [(z — ;) and
=1
n
we use the factorization Wa,,(z) = Yy (2)Zy(z) with Y, (z) = [ [(z - agj—1) and Zy(z) =
j=1

n
[z az;). Now, by taking into account the expressions given in [15], we can state the
j=1
following result:

Proposition 1. (i)  The HermiteFejér interpolation polynomial HF _p 4(z) satisfying (1) has

the expression
n

HF pg(z) = ) unc Az (2) + ) upk—145_1(2), 3
= =1



Mathematics 2024, 12, 869 4 0f 27

where
A (2) = oy Wo (2) Yo (2) Z7, ()
* 2P (z — agpe) (Wy, () )2
and
Ageq(z) =
ahy_ Won(2)Ya(2) (1 . 1)( Wa (@21 n Yy (a-1) ))
2P (z — age—1)* W, (k1) Y}, (a2 —1) T\ 2W, (k1) 2V (agk-1)

pab, Wy (z)Ya(z)
2P (z — ap—1) Wy, (@ok—1) Y (k1)

(ii)  The interpolation polynomial HD _, 4(z) satisfying (2) has the expression

n
HD_py(z) = Y vp_1By_1(2), (4)
k=1

where
“gk—l W, (2)Yy(2)

zP (z — a1 )Wy, (aok—1) Yy (@pk—1)

By 1(z) =

P
Proof. From [15], we obtain expressions (3) and (4) with A}, (z) = %"Azk (z), Ay _4(z) =

p p-1 14
Bt Ay 1 (2) + P21 By 1(z) and By (z) = 25 By 1(z), being

Won(2) TTi= (2 — @9j-1)

Axy(z) = ,
2(7) (z — 2o ) Wy, (o) TTiq (e — a9j1)
Ay 1 (2) Waon (2) TTizq i (2 — a2j-1) y
_1\Z) =
S (z — 1) Wy, (@e—1) T jog (@1 — 42j-1)

[1 (2= ayq) ( Wy, (k1) n (Tl ok (2 — @2j-1))z=a )]

2W5, (k1) TTjq s (@ak—1 — a2j-1)

and .
BZk*l (Z) = / el (Z) Hj:l/j#k(z — azj_l) .
Wi (a2—1) Ty o (k1 — 1)
By doing some computations for the first term, we obtain
A (z) = Woy (2)Yy(2) _ Wi (2) Y (2) H;’lzl,j;ék(ﬂ‘Zk — ag;) B
(z — k) Wy, (k) Yo (k) (2 — o) W, (k) Yo () TT7q o (ke — o)

Wi (2)Yu(2) Zy (k)
(z — agr) (W, (a2k))?

Proceeding in the same way for the rest, we obtain

B Way, (Z)Yn (Z)
A 1(z) = (z — agk—1)*Ws, (a—1) Y} (k1)

<1 C(z- “2k1>< Wo,, (k1) n Y (k1) >)/

2W5, (apk—1)  2Yj (aok—1)
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and

B Wan (2)(z — age—1) TTj jk (2 — 42j1)
Wy (eak-1) (2 — k1) T g (@21 — @2j-1)
Way, (Z)Yn (Z)
Wy, (k1) (z — age—1) Yy (aok—1)

Byk—1(2)

. : * * *
Hence, we obtain the expressions for A3, A5, _;,and B3, ;. O

The barycentric expressions of these interpolation polynomials are given below. They
are very convenient for practical or numerical purposes (see [18]).

Corollary 1. (i) The Hermite—Fejér interpolation polynomial HF —p4(z) satisfying (1) has the
barycentric expression

f ahy Z), (aar ) i ah < 1 Wh(ag1) Y (aga) —|—p)u
=1 (z—aa) Wy, (a26))* " (z—aak1) Wy, (k1) Vi (1) \Z=@k1  2W5, (1) 2Yj(a1) 2%-1 )
= 5
i LAACS) + Wy ( 1 Whlamn)  Yi(agra) +p>
oy Eaa) WG, (a))? 7 (z—aok 1) W, (o) Vi (@i a ) \ 2021 2, (o) 2V (o)

(ii) The interpolation polynomial HD _p 4(z) satisfying (2) has the barycentric expression

n P
Aok—1

v
=) E o)Wy, ()Y () “ 261 .
n b Z; (aax) + ey ( 1 W (1) Y (aga) +p>
(z—a2) Wy, (a26))? " (z—ao1)Wy, (k1) Yy (aoe1) \ 2= 2k-1 2Wj, (aoi1) 2 (o)

k=1

Proof. (i) It is obtained in the usual way, that is, by simplifying the common factors after
dividing the expression of HF _p ;(z), given in Proposition 1, by the interpolation polyno-
mial H_,(1,z), which corresponds to constant function 1.

(ii) Proceeding in the same manner with HD_, ;(z) leads to it. [

Remark 1. Since it is usual to choose the subspaces of Laurent polynomials in a balanced way, we
take p = E[3] and q = E[¥5-L]. Thus, for n being even, we take p = 3 along with q = 3 —
and for n being odd, we take p = 3”2—*1 together with q = 3”2—*1 Without loss of generality, in
what follows, we consider and develop the case in which n is even and thus we work in the space
A7 3%,’37” 1 [Z] .

2.2. Nodal Systems: Properties and Auxiliary Results

We consider nodal systems {oz]-}]z»il fulfilling the following separation property: there
exists A > 0 such that for 2n > %, the length of the shortest arc between two consecutive
nodes «; and &1, that we denote by lx]‘/—lx\j+1, satisfies

— 2 A()) T A() . ) .
DC]' — 06]'+] = % + (27’1)2 = ; + m with |A<])| S A, ] = 1,' = ,27’1, (7)
where 3,11 = a1. We assume that the nodes are numbered in clockwise order. We use
Landau’s notation for complex sequences, writing that a, = O (by) if \ Z—: | is bounded. Thus,

we write ajfal =2+ (’)(4%). We will use the same O to denote different sequences.
Unless otherwise mentioned explicitly, the limits we obtain from (7) will be uniform.

So as to study the convergence behavior of the interpolation polynomials, we present
below, in several lemmas, some properties related to the nodal system. Most of these
properties are based on the following well-known relation between arcs and strings linked
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to the convex nature of the arcsin function:
For z1,z, € T, it holds that
2 —_ —_—
—(@ =) S|z -] < (21 -2).
2n
Lemma 1. Let Wa,(z) = [ [(z — «;) with {zxj}]zﬁl satisfying separation property (7). Then,
j=1
(i) It holds that
W/ W//
|Way (z)| < 2¢4, % < 2¢% and | 2’;22” <24, VzeT.
(i)  There exists a positive constant B > 0 such that for n large enough,
W), (a;
[Wan )] 222 g, Vj. (8)

(iii) Let us assume that z is not a nodal point and aq and wy,, are the nodal points nearest to z.
Then, there exist positive constants K and E such that

[Wau (2)| < 2nK and [Wau(2)] < 2nK
|z — o] |z — g,
and
1 nE

forj>1, and n],E,forj > 1.

T < = P T <
lz—aj| " j—1 |z — &zl
Proof. (i) and (ii) See Proposition 1 in [11].

(iii) It suffices to apply separation property (7) and the mean value theorem. Notice

that the result is valid for every z, which is not a nodal point. It suffices to renumber the
nodes in such a way that a1 and «y,, are the nodal points nearest toz. 0O

As an immediate consequence of the preceding lemma, we obtain certain properties
for the polynomials Yy (z) and Z,(z). They are similar to the former ones. Since Y;(z) =
]—I]’~’:1 (z— rxzj_l) and Z,(z) = ij‘zl(z — oczj),

— 2w AQ2j-1)+A(2j) 2m  A1(2j-1)
gj-1 = Aoj41 = — = T @ 4212 (]):74—71(71]2 )w1th
. . ©)
. A2j—-1)+ A2 A .
and
— 2 A(2)) +A(2j+1 2 Aq(2j
a2j_a2j+2:7+ 2 4n2(] ): n + 171(2]) " (10)
, A(2j) +A(2j+1 A
Ay = AEDFACED A5y L,

Therefore, from Lemma 1, we obtain the following lemma:

Lemma 2. (i) It holds that
Y/ YI/
1Y, (2)| < 2472, Mqﬂ < 2¢2"% and Yo 2)| <2¢472, Yz € T, and

n2

Z/ Z//
|Z,(2)] < 2¢4/2, 7| "ng)l < 2¢4/2 and 7| ';7(22” <2e42 vz e T.
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(ii)  There exists a positive constant By such that for n large enough,

Y7 (g
@ > By, Vj, and

Zy (ap;
M > By, V.
n
(iii)  If we assume that z is not a nodal point and «y and wy, are the nodal points nearest to z, then
there exists a positive constant K such that

Ya@| _ o 1202

< nkK.
|z — |2 — |

Proof. (i) and (ii) are obtained from Lemma 1 by using separation properties (9) and (10).
(iii) By applying the mean value theorem and (i), we have

Yu(2)| = [Ya(2) = Yu(a1)] = [Ya () = Yu(e™)] <

max |Yr'l(z)|l\z —a1] < e ?mn|z — ay| < Kn|z — ay).
zeT 2

We obtain the second inequality proceeding in a similar manner. O

We finish this subsection with some properties, which play an important role in the
study of the convergence of the interpolation polynomials.

Lemma 3. There exists a positive constant D such that for every n and for every z € T, it holds that

(i)

[Wop (2)]P 2n 1 D(1+1Inn), p=1,
np ]; |z —aj|P < D, p>1 ()
(ii)
[Yu(2)]P & 1 < D(1+1Inn), p=1,
np = |z _“2j—1|p D, p>1

Proof. (i) By applying Lemma 1, we have

1 [Wan()IP |W2n 1 |W2n(Z)|p

n—1
1
— - - — ran\l <«
P -l (Z ERTTA P ]v) 2= P

n EP n—1 E
oPHIKP 4 oPeAP (Z o1y + Z jP) — opFlgp 4 2P+16APEPHn_1,p,
j=2 j=1

where H,,_1p is the (n — 1)-partial sum of the harmonic series } ;22 ]lp

Hence,
D(1+1Inn), p=1,

p+lpp p-‘rlApp
2PHIRP 42 EPH, 1, < { D, e

(ii) It can be obtained in the same way as (i). To simplify the notation, we consider n as
even. Indeed, if we do the same, applying Lemmas 1 and 2, we obtain
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Yu(2)[? ¢ 1 _ 1 Y@l @) v 1
nt S lz—agpalP nPz—wl nf 5z —agpalP T

n
KP4 orehr L y B S
nt = |z —agj P

P j=2 |Z_“2] 1|P j=241 |Z o) 1|P
a1 2 1 2 1
KV +2Pe2P — ) +) <
P\ G lz—aalP -z —ag iyl
P oPp2PEP : : P oppApEp 3 — 1
K 2Pe2PE =K 2 2 E =
e L 2]— E 2]—1 e I
J = j=1
4 D(1+1Inn), p=1,
KV +2Pe3PEPH, 1, < { o 5

O

In what follows, we bound 2¢4 and 2¢% by A and we denote B = min{B, B; }, where
A, B, and Bj are the constants appearing in Lemmas 1 and 2.

Remark 2. In [17], it was proved property (11) when considering as nodal polynomials the para-
orthogonal polynomials related to measures in the Szeg6 class with the Szeg8 function having
analytic extension outside the unit disk (see [1,19]). Here, we have proved it by using only the
separation properties satisfied by the nodal points. It is clear that those para-orthogonal polynomials
in [17] also hold separation property (7).

2.3. Convergence of Hermite—Fejér and Hermite Interpolation in the Case of Continuous Functions

Proposition 2. There exists a positive constant L > 0 such that for every function F bounded on
T, it holds that
\H]:_%n%n_l(l-",zﬂ <L|Flelnn

foreveryz € T.

Proof. The result can be obtained in a more general situation, that is, with p and g such
that p + g = 3n — 1, with p = O(n). Thus, we begin the proof in this general situation. It is

clear that ;

[ HF —pq(F,z)| < k_zl | F(anr) A (2)| + 1:21 |F(a—1)Ap_1(2)]-

By applying the preceding lemmas to the first summation, it holds that

: . |5 Wai (2) Y (2) Z), (a8 |
(aox) A3 =Y |F(a 2k 2
; 2k 2k )| Z ‘ 2k ‘ |ZP(Z _D(Zk)HWén([XZk)P — (12)
‘Wzn )| A2 .Az
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Proceeding in the same way for the second one, it holds that

n

Z (agk-1) A% 1(2)| <[ F [l x

3 01 Won (2)Ya (2) ( . ( W(021) | Y (i) )) .
= 2P (2 — w12 W), (k1) Yi (k1) 21 ZW/ (@pk—1) ZYr/L(’XZkfl)
I E oo i ‘XZk,lWZn(Z)Yn(Z)
P 2P (2 — agr1) Wy, (1) Y (agx—1) | —
| Flleo %
i [Way (2) Y (2)] { Wy, (k1) Y/ (1)
1+ |z —apr_q 1 + ‘ +
& o= e PIW, (o) Veae Dl | eIt oy
< [W2,, (2)Yn(2)]
F <
I Flleo P X 1||w2n<azk Y, (aZk_1>|
[Wai(2)]|Ya (2)] 3efn L |Wou(z
F || 1+|z—« k— + || F ||
H ” n 282 21 |Z_“2k 1|2 ‘ 2 1| B H ” 282 Z |Z—0¢2k 1|

Zn(2)] 5~ [Yu(z 3e! - [Ya(2)l
” F HOO 212132 Z |Z Aok_1 ‘2 H F HOO 2nB3‘W2n(Z)| Z ‘Z*IJQ]( 1‘+
- |W2n
Flleo
IEl B? | Z \ — Mok~ 1|
For simplicity, now we take p = =t and apply Lemma 3, obtaining
3 AD 3A’D 3AD
Y | Faae-1) A5 1 ()] S F oo | G + =55 (1+1Inn) + 2o (1+Inn) | <
= B3 2B (13)

D
IE lloo 7z (1 +1nm)

for some positive constant K. Hence, from (12) and (13), we obtain that there exists L
such that
|H‘7:737n,37n71(F,Z)| <L|F|eInn

O

In order to prove convergence of the Hermite-Fejér interpolation polynomials related
to some continuous functions, first, we recall the following definition and we present an
auxiliary result.

The modulus of continuity w(F, §) of a given function F(z) continuous in a subset A
of Cisw(F,d) = sup |F(z1) — F(z2)].

21, Zp€A, |z1—22| <6

Lemma 4. Let F be a continuous function on T with the modulus of continuity w(F,d) =
o(|Ind|~Y) when & — 0. Then, for each natural number N, there exists a Laurent polynomial
Py € A_y,n and there exists e > 0 with {en} — 0 such that || F — Py [Jeo< 123

Proof. This result is a consequence of Jackson’s theorem and the proof can be seen in
Lemma 2 of [15]. O

Proposition 3. Let F be a continuous function on T with the modulus of continuity w(F,d) =
o(|Iné|~1) when & — 0. Then, ’H]—"_% T (F, z) converges to F uniformly on T.



Mathematics 2024, 12, 869

10 of 27

| Pn —

Proof. Let n be large enough and N = E[{/n]. Then, it holds that —% < —N and
N < 3—" — 1. By the preceding lemma, we know that there exists Py € A_yn C A_% 3

such that | F— Py [lo< 13, with {ex} — 0. Then,

IF=HF g on 1 (F) <[ F=Pn oo+ [| PN = HF _gp n_1(Pn,) [loo +
I HF _sp 3y (PN) = HF s sw_(F,) oo -

If we now apply Proposition 2, it holds that

I HF 3o (PNy) = HF gy w1 (F,) o=l HF _3p 3n 1 (Pn = F,) [ <

€
L||Py—Fleolnn< Lﬁlmn < Lien

Inn

for some constant L;. The last inequality follows from the fact that the sequence {7

is bounded.
On the other hand,

HF 33y 1(P) o=l Py = Py +HD 3y 3 3 (P) ko=l HD 3y 3y 4 (Px,) [l

By applying (4) and the generalization of Markov’s inequality (see [20]),
IP" o< (2r +4) [ P fleo, for P € Ay,
and we have, forz € T,

|HD 3n 3n PN i “2k71W2n( )Yn( ) (Dézk 1)
2 -1 4 1 Z — aZk*l)WZI’l(azkfl)YnOszfl)

n 20472 |Wo,, (z) Py (a0—1)| < i Al Py llo [Wan(z)]
2n2B1 Bz — apr_1| o B |z e
A Py oo 1 i Wan(z)| _ Al PY o
2nB2  n = |z — ag 1| 2nB?
AN Pyl
232 n

| <

k=1

D(1+1Inn) <
N

D(1+1Inn) < LZZ | Pn |lo (1+1nn)

and for some constant Ly and since || Py [Jeo< 255+ || F [|co, We obtain

N
| HD 3 31 (Py) llooS Lo (34 [ F o) (14 Inm) <
1
L (

for some positive constant L3. Therefore, it goes to zero. [

1+1
+npmyrumosuii§ﬂ

InN ni

Next, we study the complete problem, that is, the Hermite interpolation problem with
nonvanishing conditions for the derivatives. In [17], under suitable conditions for the nodal
systems, it was given a sufficient condition on the derivatives, which cannot be improved,
in order to obtain convergence for continuous functions. Now, we prove that other similar
conditions work.

Proposition 4. Let F be a continuous function on T with the modulus of continuity w(F,d) =

o(|Iné|~1) when & — 0and let v, = (02]‘71)?:1- Then,

(i) If|| yu |lg= o(n) for some q,1 < q < oo, then 7-[737;1 37,171(13, Yn, z) converges to F uniformly
onT.

(i) If || vu lleo= 0(2;), then ’H_% 37,1_1(1-“, Yn, z) converges to F uniformly on T.
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Proof. (i) If we apply expression (4), we obtain

3n
Dézi,lwzn(Z)Yn(Z)
2% (z— op—1) W3, (ao—1) Y, (apk—1)
- |Wan (2)][Yn(2)] A & [Wau(2)]

Ugk—1| < U2k—1/-
L W )| Wtz 2 — a2 = 28 A il gy 2

vok—1] <

n
‘HD 3n 3n 1 Z

Firstly, we assume that g > 1. In this case, we take p > 1 such that % + % = 1 and apply
Lemma 3. Then, we obtain

A g W@l

2B82n = n|z — ag_q]|

1 !
A [ |Wa(z 1 " || Yn llq
< 7] <= )
~ 2B%n ( n? Z ||z — g 1P Z 261 - 282 n

k=1

Secondly, we assume that g = 1. If we apply Lemmas 1 and 2, we have

3 [Wan(2)|Yn(2)]

HD 3n 3n z S Dor S

(HD_ 3 31(2)] Z |W£n(a2k71)||y7;(,,¢2k71)||z7“2k71|| 21|

Ay a2 A () P

nlz — aq| <
2[)’2nkzzln|2—lx B ||v 1l < 2B2nnlz —a || 1|+232n Zn|z—a - ||02k71| <
AK A’E Tn 1

287271|01|+28 Z|r02k 1|<L || HH

for some positive constant Ly.

Hence, if we take into account the expression H_,, ,—1(F, vn,z) = HF —pn-1(F,z) +
HD_, n—1(z) and Proposition 3, then the result is proven.

(ii) Proceeding in a similar way, we obtain

3 |Wan (2)]|Yn(2)]
HD n 3n z S 0 <
Dy 342G < L e Va2 o] 72
A i |Yn( ) | < A [ 70 oo [Yn(2)] ¢ 1
28212 (= |z — 1| =08 g no Slz—agal T
A v e AD || v [l
e < 22 1 flee
B n D(1+1nn) < JEr— Inn

and taking into consideration our hypothesis, the result is proven. O

2.4. Interpolation of Smooth Functions: Convergence of the Interpolation Polynomials
Proposition 5. If F is an analytic function in an open annulus containing T, then H 3 30 (F, z)
272

uniformly converges to F on T and the order of convergence is O(r% Inn), for some r such that
0<r<1.

Proof. We assume that F(z) = Y3 a;z¥ with |a;| < Prl*l for some positive constant P
and 0 < r < 1. Thus, F can be expressed as F(z) = F; ,,(z) + F2,4(z) + F3,1(2z), where

3n 1 3n 1

Fi,(z Z ar2¥, Fpu(z 2 arzF and F (2 2 a2k, (14)

k= 32" k=—o0
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[e)

k=231 3n

Since Hif%n,%fl(Fl,n/Z) = Fl,i’l(z)’

H 331 (F,2) = F(2)| = [H_sp sn_y (Fon 2) +H_gp 31 (F3n,2) — Fan(2) — F3(2)] <
H s w1 (Fan 2) = Fan(2) [+ [ H _sp sn 1 (Fan, 2) = F3,0(2)].

In this way, we have to study both absolute differences, that is, |H _ 33 (Fin,z) — Fin(2)]

for i = 2, 3. For simplicity, we develop the case i = 2.
3n

Note that |F, ,(z)| < Z |lapzk| < Z prk = P—r which goes to zero uniformly
k= 371 k= 3n

onT.
In order to obtain H_ s 3. (F2,u,2), first, we compute
272

H 32n 3n l(Z Z) H.IT" 32n 3n 1(2 Z)‘I‘HD 32n 3n 1(2] Z)

On the one hand, by taking into account Proposition 2, we obtain [HF s s 4 (zf ,2)| <
272
n .
LInn. On the other hand, since HD,%%,l(Z]/Z) = kz ]."‘JzilB;k—l(Z) according to (4),
=1

by applying (8) and Lemmas 2 and 3, it follows that

Wan (2)][Yn(2)]
HD n 3n Z] < B | 7 -
(HD 3 34 (2, 2)] kZ]’ 21 Z]\z ao—1|[Wa, (aa—1)] Y7 (w2k—1)]
JA [Wau(2)| & 1 JA
D(1+1 .
28°n o |2 - e < 257, P )
Hence,
jAD Inn
|H—37"/37”—1(Z] 2)| < Llnn+ J5 (14 Inn) < Q(lnn T (15)
and therefore
’Hf%,%’,l(PZ,nrz)’_ H737n,37n71 kgakz ,Z kgﬂ”k% 32n 3n 1(Z Z) <

o)

Z |ak|"H 3 z z ) 2 ak|Q<lnn+k) < PQlnn Z . +Pann Z ok

M“"

3n __3n
k=3 k=3

for some positive constant Q.

- 3

Taking into account that ZS = 17_ . and 23 krk = r7 < o " + 4 2),
=31 f—an

then

|H737",37"71(F2,n12)| < Tr% Inn

for some positive constant T and thus it goes to zero uniformly on T.
The corresponding result for the absolute difference |#H _ 3 (F3,n,2) — F3.1(2)| can

be obtained in a similar way. [

Proposition 6. IfF(z Z a2 is a function defined on T with |a;| < K-
k=—0o0

constant K, k # 0and s > 2, then H

kE for some positive

x an_+(F,z) converges to F(z) uniformly on T. Moreover,
1 8 Y

_3n
2

N

Inn

)2

the order of convergence is O (
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Proof. As we proceed as in the previous proposition, we write F(z) = F; ,,(z) + F,(z) +
F3,(z), where F, ,,(z), F>,4(z), and F3 ,,(z) are those given in (14). Since 7-[_37” 3 (Fip,z) =

Fl,i’Z(Z)/
H gy sy 1(F2) ~F) < H_y 31 (Fan )~ Fo(2) |+ 1H_gp 5, (B 2) — Fau(2)].

Thus, we have to study the behavior of |H _ 3,31 (Fin,z) — Fi4(z)| for i = 2,3 to obtain
the uniform convergence of H _ 3,3 (F,z) to F.
Indeed, if z € T,

M _sn 31 (Fan 2) = Fon(2)] < [H_sp 3y (Fan, 2)| + [Fon(2))]

and, by applying the integral test, it holds that

By taking into account (15), we have

00
‘Hf?tTn’%nil(FZ,ﬂrz)‘ = H 3n 3n 1 23: ﬂkZ Z
-2

[ee)

Y mH 3 3 (Z52) 2 |ak|’7-l 3 (2 z)‘ <
k:?yn k= 3n
> KQ k > 1 1 & 1
S (1) sxam| Ll b ) <
k=31 k=3 k=32
1 > 1
KQInn <1+n) Y g

By applying the integral test again, we obtain

2

1 1 1 Inn
H 331 (P 2)| < KQInn (1+ n) N T O<(3n )52>.

Hence,

_(Fan,z) — FZ,n(Z)’ goes to zero and the order of convergence is

o <(31nn)’:2) The term ‘H_%n 3 _1(B3n,z) — B3 (z)‘ can be studied in a similar manner
3 ,

and finally the result follows. [

Remark 3. In [15], when considering the roots of unimodular complex numbers as nodal systems,
we obtained similar results to those given in Propositions 5 and 6 although the order of convergence
given in [15] is better than those.

2.5. The Case of the Bounded Interval

In this subsection, we consider very general nodal systems in the interval [—1, 1].
Let 1 be even and let {x; }”+1 be a nodal system ordered as follows: x,41 < x; <
- < xp < xpwithx, g =—1 and x1 = 1. We also assume that the nodal points satisfy
the separation property
a(j)

T . .
arccos Xj 1 — arccos x;j = P + 2 being |a(j)| <a, j=1,---,n, (16)
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with a being a positive constant such that 2;“ <n.
Now, our aim is to solve the following interpolation problem, intermediate between
those of Lagrange and Hermite on the interval [—1, 1]:

. 341 L. . .
Given two sequences of real numbers {g; ;’ill and {vy; 1} /2;; , find an algebraic polynomial

h37n+1(x) € ]P’ngH[x] satisfying

h37”+1(xj) =4q,j=1,--,n+1, and )

/ o ) . n
h37"+1(x2j*1) - ’02]71r] - 1/' o /E +1

When q; = f(x;) forj = 1,---,n+1, with f being a function defined on [~1,1], and
Vig = (vzj,l)].%;;l being arbitrary, we denote the interpolation polynomial satisfying
(17) by h%,ﬂ(f, V%H,x). When q; = f(xj) forj=1,--- ,n+1and vy;_1 = f'(xzj_1) for
j=1,---,% +1, f being a differentiable function on [—1, 1], we denote the corresponding
interpolation polynomial by h3zl L (frx).

To obtain the expression of the polynomial h%y, +1(x) satisfying (17), first, we study

the corresponding problem on T obtained through the Szeg6 transformation. By this
1

z+ 3
transformation between [—1,1] and T, which is x = TZ' our real nodal system becomes
{zx]-}]zll, where a7 = 1 and &, 47 = —1, thatis, {ocj}]zil = {-1,1} U {zx]-}}“zz U {DT]-}}“ZZ.
According to what was said, we will denote the corresponding nodal polynomial by
Wy, (z). Furthermore, since forj =1,--- ,n+1, aj=xj+1,/1— x]z, thatis, a; = gt arecos ¥y
we have ,
— a(j)

T .
Q) — @j41 = AICCOS Xjyq — AICCOSXj = — + 2= 1,---,n.

Clearly, {« j}?”l satisfies relation (7) with A(j) = 4a(j), A = 4a,and 2n > 4.

Thus, the transformed problem is that of finding a polynomial H _ T (z) in the
space A_zn 34 [z] such that
H737n’37n71(al) = q1, H,%/%”,N“n-&-l) = qdn+1s
Moy a(®) =My y 1) =gy forj=2--n

2
H s @,1(“1) =0,H 4 Ln,l(anﬂ) = 0and
272

272
n

! — g/ T — Y r— 2 H—
7‘[737”,%71(0(2]‘,1) = /H_%n,%n_l(ﬂéz];l) = 102]',10(2]‘,11/1 — x2]-_1, fOr] =2,--- 'y

In Proposition 1, we have given the expressions to compute the polynomial % 3 3. _,(z)
272

(18)

satisfying (18). Indeed, by taking into account that the nodal points are conjugated, the
expressions can be simplified and it is immediate seeing that H _ 3 g (z) has real coeffi-

cients. Thus, if we define

1 1

1
for x = ZJEE and z € T, then p%y,(x) fulfills that p%(x]') =gjforj=1,--,n+1
Since . . . p
/ _ - ! / _ I j
Py =3 (H ey @+ %y (3)(-2))
2
and % = z%il,

1 1
/ — 294/ /
P = g (FH g O Hopy o (3))
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and therefore p’;, (x2j_1) = ﬁZZUQj_lﬁézj_h /1 — x%j—l = vyj_1, where the last equality
7 j—

comes from the fact that 22% =21v/1— x2.
Since 7—[’737” W (1) = 7-[’737” W (—1) = 0, taking into account that

ZzH/ 3n 31171(Z> _HLM 3n 1(%)

272 272

p’%(l) = lim p’, (x) = lim

x—=1" 2 z—1 z2 —1

and applying L'Hopital’s rule, we obtain that p’, (1) = 7-[’137” T (1). Proceeding in a
similar way, we also obtain that p’%n (-1) = —7—[/7’37”,37”71 (—1).

Since we cannot assure that p’;, (1) and p%, (—1) are equal to v1 and v, 1, respectively,
we modify p < (x) by adding twci auxiliary f)olynomials to adjust the values in 1 and
—1. Thus, to obtain the polynomial & I (x) satisfying (17), we consider the polynomials

Q%n 41(x)and R 341 (x) satisfying the conditions

H . n
Q37n+1(xj') :0,] =1,---,n+1; Q,37n+1(1) =1land ng,%+1(x2j_1) :0,] =2,--- /E"‘l
and
7 . n
R37n+1(xj) = 0,] = 1,- ce N+ 1, R/37,,,+1(—1) =1and R/37,,+1(X2]'_1) = 0/] = 1,. . ’E’
that is,
n+1 5+l n+1 3
[T (x—xj) IT (x —xi-1) [T (x—xj) IT(x —x2-1)
=1 j=2 j=1 j=1
Qan (%) = ; i Ran 1 (x) = :
>+ n+1 7+1 7+ (71)% n (1+x.)H% (1+x . )
1—12(1 — x]) 1—12 (1 — ij_l) =1 7] j=1 2j—1
= =

Hence, we obtain that the polynomial P41 (x) fulfilling (17) has the expression

hyp 1 (0) = pap (1) + (01 = ply (D) Q1) + (@it — Py (“D))Rgy 4 (1) (19)

Our next step is to study some convergence problems by applying the results ob-
tained in the previous subsections. Thus, we have to transform the expression of the
polynomial & S (x) given above, for which purpose we begin by transforming Q37n 11 (x)
and R%n“(x) here.

1
Indeed, if we take into account that x = ZJ;Z forx € [-1,1]and z € T, then x — Xj =

%(z — lX]')(Z —07]-) forj=1,---,n+1,and, in particular, for j = 1 and j = n + 1, it holds

thatx — 1= L (z—1)>and x + 1 = 2 (z + 1), respectively.

Moreover, if x = 1, then 1 — x; = %(1 — oaj)(l —oT]') forj=2,---,n,andif x = —1,
then1+xj = —3(1+a;)(1+a) forj=2,-- ,n.

To relate these expressions to the nodal polynomials, we recall that

n

Wau(z) = (z=1)(z+ 1) [ [(z — aj) (z — @),

j=2

which implies that

Wi (1) =2 '”2(1 — a;)(1 — @) and Wj, (—1) = —2f£(1 +a)(1+®),
J= =
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and

=

2
(z—1)(z+1) Hz—zxzj 1
j=2

Y, (z) =

which implies that

3
ZH 1—0(2] 1 1—0(2] 1)andY
j=2

Hence, we obtain

— 1),

%
ZH 1+0(2] 1 1+062] 1)
j=2

. 1 . 1 L ] o 1 Wzn(Z)
® g(’“—xi)_mg<‘z_“l)(z %) = T T o)z 1)
L 1 2 1 Y,
W 1m0 = g LG )G =m0 = g e
o T _ 17 WD)
(iii) j:z(l_Xj) = i1 ]:2(1—ocj)(1—oc]) =~
(iv) JTIA—=2x1) = gl,l [T —anj1) (1 —a57) Yn(ﬂl)
]':2 22 j:2 22
n _1\n—1 n N7/
v) H(l—i—x]-):(z% (1+tx]-)(1+zx]): (=1) I;/f”( )
j=2 j=2
5 1)1 3 C1VEy(—
(w)ITU+x%4)=£427*IIU+ay1KP+M;0 D) ?(1)
j=2 2271 5 22
Therefore, ,
(24 1) Wau(2)Ya(2)
Qy )= Ty v
and
Ry () = =%
Wy

B(=1)1z 7 W, (—1)Y(=1)

(20)

(21)

Proposition 7. Let f be a continuous function on [—1,1] with w(f,8) = o(|Ind|~) when

5 — Oand leth3n+l(f VgH,x) € IP@

2+1
Vigr = (1)1 -

1 < g < oo, then the sequence h37n+1(f Vi x x) uniformly converges to f on [—1,1].

be the interpolation polynomial satisfying (17) with
Ifll Vigr llo= o(g5) or || Vi llg= o(n) for some q such that

Proof. By using the Szeg6 transformation, we define a function F on T by means of

F(z) =F(z) = f(x) forz € T.
Let us write
Tn =

(0,1031/1 — x3a3, - -+ ,10,_1,/1

/1= xyzlflfxn—lz 0, —10p—14/ 1- xy%,llxn—lz s

,—1v31/1 — x3a3)

and denote by H _ 33 (F, 77, z) the interpolation polynomial satisfying the conditions

H_S%/%n_l(F/,Y:;/[xl) :f(x

1), Mg o (B, 7 i)

= f(xn+1)/

H_m w_q(Fovp ) =

Hf%,%’fl(FI ’YZIDT])

= f(xj) forj=2,---,n,

H/,%l,%,l(l:r ,Y:;/al) =0, HL%,%,l(Fr 7:/0‘n+1) =0and

n
! * _ 7 Pr— -
H g g g (F v i) = H,s%,%,l(l‘",’%ﬂ(zjfl) = 10y 101y /1 — x5, for j = T
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3 7‘[7@,3171(1:,')/:,2)4’7'[7@,37”71(F,’)/,*1,%) .
If we write pa. (f, 75, x) = 22 22 and we take into account
2

expression (19), we obtain
a1 (F, Vg, ) = pag (£, %) + (01 = Py (1) Q3 1 (1) + (01 — Py (~1)Rap 5 (3).

Hence,

Py (F i) = () + (01 = Py (1) Qap 1 (1) + (01 = Py (<1) )Ry 3 ()] =
‘%_s;,azn_lm YD)+ H gy y (Fnl) F@)+E(1)
2

2

N
+
—_
—
=
S~—

(1 = (1) Qg1 () + (w1 =Py (D) R

1 1 1 1
SH oy (Bz) —FG)| + 2‘”—3;,3;—1 (F, T Z) - P(Z) ‘+

[or = py (V)] | Qy 1 (0)] +

Ot — Py (<1)|[Ryp 1 ()]

We study the behaviour of the first two terms in the last expression by applying Proposi-
1
tion 4. To carry this out, we take into account that || v;; [l4< 27 || Va oy [lgand || 7} [l <|
Vi 11 |lo. Hence, under our hypothesis, we have ¢ > 0 and then || 7-[737” 32471(1-" v —
F ||o< € for every z € T and n large enough.
To study the last two terms, we take into account the following facts:
(@) o1l <[ Viyq llgand [op41] <|| Vi iy [lg for gsuch that1 < g < co.
(ii) By applying Lemmas 1 and 2, we obtam that the polynomials Qan g (x) and Rau g (x)
given in (20) and (21) can be bounded for every x € [—1,1], as

A2 1 AT

Therefore, it is immediate that |711Q37,, 41(x)| and |Un+1R37n +1(x)| go to zero when n
goes to co.

Finally, we use the same arguments as those of Theorem 6 in [14] in the following way:
We know that for an n large enough, there exists N = E[/n] such that N> < n < (N +1)?
and there exists Py € A_y,y satisfying || F — Py ||o< = With {ex} — 0. Therefore,
I 7—[_37”,37”_1(13 T ) — Py llo< €+ 3. Notice that for an n large enough, A_y N C
Ay iy

On the one hand, by applying twice the mentioned Markov’s inequalities, we obtain

9n 9n
19 (i) = P o= (5= 1) 5 1My g a(E i) = P s

(e )

2
Hence, | H” 5, 3, (E,750) oIl P 1o +342 (e 125).
On the other hand, applying Markov’s inequality again, we obtain

2
o0 = 00< [ee] 1. N7
| P floo< (ON? +N) | P o< 10n (I F oo +5235 )
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and therefore

81n? (s EN )’

" * < EN
|1 g 50 () o 10m (1 E lloo 475 ) + 5 (64 1o

InN

n2

from which we deduce |p’37,,(1)||Q37,,+1(x)| < (10n(|| Fllo +5) + 814n2 (S"’IISTNN)) A4
the same inequality for ];9'37,1(—1)||R37Mrl (x)]. O
2

2.6. Interpolation of Smooth Functions: Convergence

Now, our objective is to study the rate of convergence for the interpolation polynomials
related to smooth functions in the sense given in [21]. Thus, first, we assume that f is a
function defined on [—1, 1] that can be written as f(x) = Y2, a;T;(x), where |a;| < % for
some positive constant C and a natural number ¢. In the expression, T;(x) denotes the
Chebyshev polynomial of the first kind of degree I.

To obtain the interpolation polynomial h% +1(f, x) satisfying (17) with the nodal
system fulfilling (16), we decompose f as follows: f = fi, + fo,, where fi,(x) =

3n
2,2:;1 a;Ty(x) and fp ,(x) = 2;0:3—”+2 a;T;(x). Since h3—”+1 (fin,x) = fin(x), we only need
2 2

to compute hngH(Tl,x) for | > 3 + 2 to obtain h%,ﬂ (fan, x).

Lemma 5. There exist positive constants Ky and Ko such that for every natural number I,

Ky—.
+ an

IInn 2
n

|h37n+1(Tl,x)| < K; <11’11’1 +

Proof. We define a function F on T by F(z) = F(z) = Z]Jrzi = Tj(x) and we compute the

interpolation polynomial H 3 (F, 75, z), where

7 = (0, 1w34/1— x;%DT?)r s 11 /1 = xifllxn—lz 0, =10, -14/1— x%,ﬁ"n—l/ Tty

—1034/1 — x3a3),
. Apj—1+&2j 1 /
bemg Xz]‘,l = % and 272]‘,1 = Tl (ij,l).

: 2 o 1 —1
Thus, we obtain that 1y 1/1 — X5 1021 = 2“2171(0‘2];1 — ;1 ) and therefore

—10pj 14 /1 = x3; a1 = —§D¢2j—1(“lzj_1 —ag1)
By applying (19) and taking into account that T} (1) = 12 and T/(—1) = (—1)""112,
we have

hay y (Ty,x) = pap () + (12 = P'sTn(l))Q%nH(x) + (=) - p’%(—l))R%H(x),

Iy -1 I, -1
wherepa%(x):’}-[_a%lg%_l(zzz ,’Y;,Z):H.F_%,B%_l(zzz ,Z)+HD_%’%_1(Z).

.y 1 —1
From Proposition 2, we know that |HF 3 3, 1 (% +2Z ,z)| < LInn. Furthermore, we
272

. o . . I ol _
are in conditions to apply Proposition 4 since w(2%—,6) = o(|Ind|~!) and || 7} | < [ =

o(fy)- Hence, [HD s an_4(2)] < AD Linn,
Therefore, [p, (x)| = |H*%,37"71(zl+2ﬂ,7;;,z)| < Linn 4 4R e,

n
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Z4z!

Now, we take into account that p’, (1) = H" 5, 5, | ( I 1). By applying the
2 272

aforementioned Markov’s inequality twice, we obtain that

i -1 2 I -1
z'+z 81n z 4z
(R (2,vz,> oo =5 I H_gp 30 (2,7:;,> =

ADlInn
B2 ’

1 2
84”<L1nn+

and therefore |p%, (1)] < 814”2 (Llnn + % L 12” ). An analogous expression can be deduced
for pfy (1)
Hence,

ADIllnn A% (_, 81n? ADIInn\\ 1
|h32n+1(Tl,x)|<Llnn+Bzn+62(21 +2(Llnn+821/l)>1’lz_

81.42 ADIInn 2422 IlInn 12

from which the result follows. [

Proposition 8. Let f be a function defined on [—1,1] by f(x) = log:o a; T (x) with |a;| < %for

some positive constant C and a real number t such that t > 3. Then, h I (f,x) converges to f

()1

uniformly on [—1,1] and the order of convergence is O <1“”> .

Proof. By using the decomposition of f, given at the beginning of this subsection, we have

F(0) = gy 1 (£, 2)] = [ fon(x) =By 1y (fa, )]

On the one hand, we have |f ,(x)| < 32 la]| T;(x)| < C 32 117 < Cﬁ (37,,1)H,
I=3142 I=3142
which goes to 0 uniformly when # tends to co.
On the other hand, by applying Lemma 5, we obtain

oo [e9) 1
P g (f2n,%)] < )y arlhsy (T x)| < € Y. 7l (T x)] <
=3 +2 =342
= 1 Ilnn 12
cy lt(l@(lnn—i— : >+/c2n2> =
I=342
= 1 Inn & 1 1 & 1
I n I n l
1=342 1= 42 =342
By using the fact thatl 32 117 <4 ( 37,11)H again, we obtain
=342
CKy Inn CKilnn 1 CKy 1 1
han g (o X)] < — - /
7+l =131 =2 (32— 3n2 (33

which converges to 0 when # tends to co. [

Finally, we treat the case of analytic functions.
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Proposition 9. Let f bean analytic function on [—1,1] that can be writtenas f(x) = Y12, a;Ty(x),
where |a;| < Kr! for some constant K > 0and 0 < r < 1. Then, h%ﬂ(f, x) converges to f

uniformly on [—1,1] and the order of convergence is O (r37" Inn).

Proof. We write f = f;, + fo,, with f; , and f,, having the expressions given at the
beginning of this subsection. Since h I (fin,) = fin, we have

[f = s 2 (FO1 = [fon =g (P2 )] < A fanl + gy (o)

On the one hand,

(o) 0 ] r37”+2
fonl =1 ), aTi|< ), Kr = Ko—
=% 42 =342

On the other hand, by applying Lemma 5, we obtain

e [}

oy (fon )l = Iy i O X aTi)l < 8 Jaillhy (Tl SK Y Ay (T)] <

Kic, ™"
n

(

3 2 3 2 3 2
l_ us l_ n l_ us
i3+2

2
K (ICllnnrl+lClllnnrl+lCzlzrl) — KKilnn>
n n 1

+

e8]
=3 +2

1—r (1—r)2 n? 1—r (1—r)3

an an
(3 +2)rz 12 pFA3 ) KK, ((32" +2)2 N (3n+5)r—3(n+1)r2>r32n+2’

which goes to zero when # tends to co. [

Remark 4. The last results are similar to those given in [14], where we use the Chebyshev—Lobatto
points as a nodal system. In that particular situation, the order of convergence is faster than those
obtained in the present propositions, Propositions 8 and 9.

2.7. Numerical Experiments

This subsection is devoted to presenting some graphs related to the application of the
method with the nodal systems dealt with. Actually, we have been interested in these types
of nodal systems for some years. Notice that the different theories of interpolation have
been developed based, in many cases, upon the roots of orthogonal polynomials; but this is
a quite theoretical situation outside the equispaced nodal systems on T (closely connected
with the four Chebyshev families on the bounded interval). Indeed, the separation property
stated in (7) was obtained as a result of the study of the roots of para-orthogonal polynomials
with respect to a measure that is an analytical modification of the Lebesgue measure on
the unit circle. But we can obtain a lot of nodal systems with the same property using
mechanical models.

So, all our examples are related to nodal systems on T satisfying the separation
property because of different origins and particular functions, which are interpolated using
barycentric expressions (5) and (6). We use distinct nodal systems presented in two different
papers, where they were studied in detail. We also use the parameters considered there.
Next, we list the nodal systems and the functions that will be employed.

1. Our first example uses a measuring instrument based on a Cardan device. The full
description of the nodal system and the proof that the system satisfies, (7), can be

oo
found in [11]. We choose F(z) = ¥ k%(zk 4 z7%) as the test function.

2. Our second example uses a measuring device based on a countdown process. The
full description of the nodal system and the proof that it satisfies, (7), can be found

1
in [11]. As the test function, we take F(z) = Z;Z sin H%
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3. The third example is based on the analysis of certain positions of a natural satellite
orbiting its planet. A detail description of the nodal system and the proof that (7) is
satisfied can be found in [11]. We choose F(z) = ¢* + et as the test function.

4. Finally, we present an example that uses a nodal system constituted by the roots of
a para-orthogonal polynomial with respect to a Bernstein-Szeg6 measure. The full
description of the nodal system and the proof that it satisfies, (7), can be found in [19].
We select a jump function as the function to be approximated through interpolation.

In order to obtain a simple graphical representation, we always use a real-valued
function F(z) with z = ¢, All the graphs depict F(e?) and the real part of the interpo-
lation polynomial, the only component which has interest as a consequence of this piece
of work. Thus, when considering 7—[737,1 I (F,z) with z = €%, all the graphs represent
§R(’H737n T (F,e')). In this case, it is easy to prove that the original interpolation con-
ditions lead to zeroth-order contact points where the derivatives are not prescribed and
first-order contact points where the derivatives are prescribed. In some cases, we use the
Hermite—Fejér polynomial HF _ 3 g (F, ). In a similar way, the original interpolation
conditions originate zeroth-order contact points where the derivatives are not prescribed
and zeroth-order contact points where null values for the derivatives are prescribed. At
these last nodes, ®R(HF _ 3,3 (F, e')) will necessarily have a horizontal tangent.

Example 1. Our first example presents, in a graphical way, the peculiarities of ’Hf% 3 (F,z)
and HF _ 3 (F,z). We use a nodal system with 2n nodes and n = 30. The objective function is
F(z)= ¥ kiﬁ(zk + 27K, In Figure 1 below, F(e") is depicted in black and §R(’H_37n 37”_1(1-", %)) in
k=1 ’
red. We added the interpolation points in blue; notice that the region contains only 12 nodes. The only
change below is that we represent §R(’H.7-"_3Tn T (F,e)) instead of %(’;’-L_;;T,1 g (F,e%)).
The more relevant facts are

1. The set of contact points between the objetive function and §R(’H737n T (F,e)) is a mix of

zeroth-order contact points (even nodes, numbering in increasing order for the arguments,
that is, starting from 8 = 0) and first-order contact points (odd nodes, numbering in the
same way).

2. Inasimilar way, the contact points between the function and the real part of the Hermite—Fejér
interpolant, which is R(HF _ 3,91 (F,e)), are zero-order contact ones. But at the odd

nodes, it has a horizontal tangent.

Example 2. Our second example is included to show the convergence of the Hermite—Fejér inter-
polant HF _ g (F, z) and the interpolant H_ 3 (F, z), taking derivatives, and allowing
us to satisfy the hypothesis of Proposition 4. We employ a nodal system with 2n nodes and n = 100.
The objective function is F(z) = # sin ZJ%, a quite variable function near % and 3% (&i). In
Figure 2 below, the function F(e'®) with 6 € [Z% — 0.3, 5 +0.3], which is close to 5, is depicted in
black. Furthermore, R(HF _ T (F,e'®)) is depicted in red. We added the interpolation points

in blue. Below, we represent, in a greater interval, R(H_su su_,(F,¢®)) and the function for
272

6 € [0, 5 +0.3]. Near T and 3% we take null values for the derivatives and far from both points,
we use the derivatives of the function, allowing the hypothesis of Proposition 4 to be satisfied.
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polynomials in red. Above with 9‘?(’)—[_37",3%_1 (F,e?)) and below with R (H.F_ g (F,e?)).

Figure 1. Representation of F(z) = (2 +z7%) in black and the real parts of the interpolation

e

Example 3. This example is considered to represent the convergence of H737n I (F, z) corre-
sponding to an analytical function on an open annulus containing T. We use a nodal system
with 2n nodes and n = 40. The objective function is F(z) = e* + e:. In Figure 3, at the
top, the function F(e®) with 6 € [0,27] is depicted in black and §R(”H73Tn ,37,171(13, e'%)) is de-
picted in red. The relevant fact is that both functions are indistinguishable. In the middle, we
represent the difference between both functions to observe the accuracy. Finally, at the bottom,
—logyo |R(H_ 3,3 (F,e'))| is represented in black when this value is less than or equal to 10.5,

and in red for 10.5 or in other cases; this gives a clear idea of the order of the error.

Example 4. Our last example is included to present 7-[_37" 3%,_1(1-",2) and 7-[]-"_37;1 3%,_1(1-",2)

when F(z) = { (1) Z: g;gg i 8 is the interpolated function, in which case they are equal. We
use a 2n-node system with n = 400.

Note that the function is discontinuous and we have not developed a theory for these types of
functions. Observing Figure 4, the more relevant facts are

1. Far from i, we can intuit convergence.
2. Near %i, a phenomenon similar to a Gibbs phenomenon with a singular aspect appears.
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1
Figure 2. Representation of F(z) = Z; = sin Z_% in black along with the real parts of the interpolation

polynomials in red. Above, %(Hfﬁs%’%fl (F,e'%)). Below, %(7—[737”,37”71 (F,e)) using a subset of
derivatives.
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Figure 3. At the top, representation of F(e!?) (where F(z) = ¢ + et) in black together with
R(H_ I TR (F,e?)) in red. In the middle, representation of the difference between the functions. At
the bottom, in black, —log;, |R(H _ g (F, eie)) | when this value is less than or equal to 10.5, and
in red for 10.5 or in other cases; this gives a clear idea of the order of the error.
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Figure 4. Above, representation of the jump function F(e) in black together with
R(H_3 2 (F, ¢'%)) in red. Below, detail near one jump.

3. Materials

To perform the numerical experiments included in this piece of work, we created four
variants of a common program (rootl.nb, root2.nb, root3.nb, and root4.nb), which can be
obtained at the url https:/ /github.com/eberriochoa/slhseparationproperties (accessed on
31 January 2024), which enlists different programs. The notation and formulae are included
in the paper. These files are the text of notebooks elaborated on with Mathematica® 14.0.
These programs (notebooks) should run correctly with recent previous versions and future
versions because we use only simple commands. It is possible that minimal adaptations
can be needed. Furthermore, we do not use compiled routines.

4. Discussion and Conclusions

In this paper, we have developed a theory working around two topics, namely, nodal
systems on the unit circle not related with measures and an interpolation method between
Lagrange and Hermite methods.

(i) Nodal systems on the unit circle not related with measures.
In [11] and previous papers, we established a new type of nodal system on the
unit circumference addressed to the classical interpolation methods of Lagrange and
Hermite. Indeed, we characterized the nodal arrays by satisfying only a property of
separation generalizing the uniform separation. With the goal of using these nodal
systems in a new method of interpolation introduced in [15], in the present work,
we carried out an important advance in the type of nodal system used. Although
this property of separation is the one satisfied by the nodal points corresponding
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to the roots of para-orthogonal polynomials with respect to measures in the Szeg®
class with analytic extension outside the unit disk, we develop our work without
using any measure. Thus, our results are rather general. We also highlight the
importance of these nodal systems due to the large number of applications and their
relevance. Examples of nodal systems treated in this work appear in some situations
that are studied in Applied Physics such as celestial mechanics and mechanical
applications. Thus, our results allow us to interpolate functional values in applied
sciences. In addition, these systems originate others in the interval with identical
separation properties. Thus, the first important conclusion is that we can use different
interpolation methods based on nodal systems, which are not related with measures,
and we can use these methods confidently. This conclusion is fully supported in the
article and the previous cited papers.
(ii) Aninterpolation method between Lagrange and Hermite methods.

An important conclusion is related with the use or not of supplementary information
that we could have in some interpolation problems. At least, when the supplementary
information is related with derivatives in a relevant part of the nodal system regularly
distributed and we approximate or reconstruct a smooth function, we must conjecture
that we must use the information. Indeed, if we interpolate a smooth function by
using our nodal systems, the accuracy obtained using this intermediate method of
interpolation is better than that obtained using Lagrange interpolation. This conjecture
is supported in Sections 2.4 and 2.6 and we must point out that smooth functions are
in many cases the object of interpolation methods.

A future research direction could be the analysis of the Gibbs—-Wilbraham phenomenon

associated with this intermediate interpolation method with our nodal system.
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