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ties with logarithmic weight wg(x) = [~ In F°(x)] (n=1)B_ This can be seen as a generation result of the
isotropic Moser-Trudinger inequality with logarithmic weight. Furthermore, we obtain the existence
of extremal function when S is small. Finally, we give Lions’ concentration-compactness principle,
which is the improvement of the anisotropic Moser-Trudinger-type inequality.
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1. Introduction

It is well-known that important geometric inequalities, for example, the Sobolev
inequality, Moser—Trudinger inequality, etc., and the existence of extreme functions play a
key role to study partial differential equations. For a bounded domain Q) C R” with n > 2,

we have W&’p (Q)CL1(0),1<g< % for 1 < p < n by the calssical Sobolev embedding
theorem. Particularly, for p = n, Wy (Q2) C L1(Q), Vg > 1. But W, (Q) € L®(Q). For the
borderline case p = n, the Moser-Trudinger inequality is the perfect replacement. In 1971,
Moser [1] proved the sharpening of Trudinger’s inequality as follows:

sup / el gy <C, 1)
ueWy"™ (Q), || Vul|, <1

forVa <, = nw,’;:ll and w,,_1 stands for area of the (1 — 1)-sphere. Moreover, a,, is sharp,
which means that if & > «;,, then the inequality (1) can no longer hold. Inequality (1) is the
so-called Moser-Trudinger inequality, the extremal of which is related to the existence of
solutions of some semi-linear Liouville-type equations.

As far as we know, there have been many important studies related to the Moser—
Trudinger inequality, for example, [2-8], etc. In the references listed above, readers can see
the Moser—Trudinger inequality in R” and in hyperbolic spaces, the existence of an extremal
function for the Moser-Trudinger inequality, etc. These important geometric inequalities
play a key role in geometry analysis, calculus of variations, and PDEs; we refer to [9-14]
and references therein. And recently, the authors of [15] studied a system of Kirchhoff
type driven by the Q-Laplacian in the Heisenberg group H". They obtained the existence
of solutions via variational methods based on a new Moser—Trudinger-type inequality for
the Heisenberg group H". Moreover, in [16], the authors also focus on a Kirchhoff-type
problem and establish the existence of a radial solution in the subcritical growth case by
the Moser-Trudinger inequality and minimax method.
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Let gg(x) = (—In 1x[)("=1),0 < B < 1. Clalnchi and Ruf [17,18] proved the weighed
Moser-Trudinger-type inequality involving the radical functions in unit ball B:

_on
(1=
sup | (=D0=F) dx < )
JB
uew(}md( 'Q,B)rH”Hngl

1
forany o < ag, = n[(1—p)w,|]TF Tp Nullgs = (J5 |Vu|"gﬁ(x))%. Moreover, the constant
apy is sharp, ie., if & > ag,, the supremum in (2) will be infinite. We note that the
authors applied Leckband’s inequality [19] to prove the weighed Moser-Trudinger-type
inequality (2). Note that when B = 0, by the Pélya-Szegt principle, (2) recovers the classical
Moser-Trudinger inequality (1). Furthermore, Roy [20] proved the existence of an extremal
function for inequality (2).

Recently, many researchers have intended to establish anisotropic Moser-Trudinger-
type inequalities. Let F € C?>(R"\{0}) be a nonnegative and convex function, the polar
F°(x) of which represents a Finsler metric on R". By F(x), a Finsler-Laplacian operator Ar
is defined by

Arpu := 2 o, F(Vu)F,(Vu)),
where Fz, = agF In Euclidean modulus, Ar is nothing but the common Laplacian. The
Finsler-Laplacian operator is closely related to the Wulff shape, which was initiated in
Wulff” work [21]. More details about the properties of F(x) and F°(x) can be seen in

Section 2.
For a bounded smooth domain (3 C R”, Wang and Xia [22] proved that, for

_1_
VA < Ay =niTgl T,

sup Mgy <, (3)
ueW&’"(Q),fQF”(Vu)dxgl 0

where
Ky = |x € R"|F%(x) <1 4)

denotes the volume of a unit Wulff ball in R".

In this paper, we intend to establish the anisotropic Moser-Trudinger-type inequality
with logarithmic weight. We believe that these sharp inequalities will be the key tools
to study the existence of solutions for some quasi-linear elliptic equations, such as the
Finsler-Laplacian equation. For g € [0,1), we let

wp(x) = [~ InF(x)]F~),

which is the weight of logarithmic type defined on a unit Wulff ball W, = {x € R" : F’(x) <
1}. And WS’"(Wl,wﬁ) represents the functions of completion of C}(W;) with respect to
the norm

=

]y = ('/Wl F'(Vu)wg(x)dx)n,  u € CH(Wy).

Let W0 "nd(WV1, wp) be the subspace of W&’" (W1, wg) of all radial functions with respect
to F. In this paper, radial functions with respect to F means that u(x) = ii(r), where
r = F(x).

In the following, for convenience, we denote

AMT(n, A, B) = sup Ml =DO=H) 5 5)
MGW md(wl’wﬁ) H Hw <1 Wi
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We now state our main results.
Theorem 1. For any
1
A< A =t T T (1 ], ©
we have AMT (n, A, B) < oo. Moreover, this constant A issharp, ie., if A > Ag,, AMT(n, A, B)
is infinite.

Next, we prove the existence of an extremal function for the anisotropic Moser—
Trudinger-type inequality with logarithmic weight.

Theorem 2. There exists Bo € [0,1) such that, for VB € [0, Bo), AMT(n, Ag , B) is attained.
Finally, we establish the Lions-type concentration-compactness property, which can be
seen as an improvement of the anisotropic Moser-Trudinger-type inequality in Theorem 1

for some situations.

Theorem 3. Let {uy} be a sequence in WO a (W1, wg) such that [ugllws = 1 and ue — ug in

Wy a(Wr, wp). Then we have
(=5
lim sup ePApnlul DO g0 o, (7)
k—oo W1

_ 1
forany p < p(uo) := (1 [[uollg,) " D0-F.

2. Preliminaries

In this section, we give preliminaries involving the Finsler-Laplacian, co-area formula
with respect to F and convex symmetrization u* of u with respect to F.

Let F : R" — R be a function that is C*(R"\{0}), convex, and even. And F(x) is a
homogenous function, that is, for any t € R, ¢ € R",

E(t5) = |t|F ().

Furthermore, we assume for any ¢ # 0, F(&) > 0.
By the homogeneity property of F, we can find two positive constants 0 < ¢; < ¢ < o0
such that
c1lg] < F(§) < 28], V¢ eR™

The operator

Afpu := Z 5% F(Vu)Fs (Vu))

is called Finsler-Laplacian, which was studied by many mathematicians. For some impor-
tant works involving the Finsler-Laplacian, we refer to [22-26] and the references therein.
F°(x) is the support function of F(x), which is defined as F°(x) := sup(x, {), where

cek
K = {x € R" : F(x) < 1}. Then we can check that F°(x) is also a function that is

C%(R™\{0}). And F°(x) is also a convex and homogeneous function. What is more, F°(x)
is dual to F(x) in the sense that

o D (50
PR=wrre  FO=rey

Denote the unit Wulff ball of center at origin as

Wi = {x € R"|F°(x) < 1}
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and

= Wi,

which is the volume of a unit Wulff ball W;. Also, we denote W, as the Wulff ball of center
at origin with radius 7, i.e.,

Wy = {x e R"|F’(x) <r}.

For later use, by the assumptions of F(x), we can obtain some properties of the function
F(x); see also [25,27,28].

Lemma 1. We have

(i) [F(m) = F(n)| < F(m +n) < F(m) + F(n);

(i) & <|VF(m)| <C and t <|VF(m)| < C for some C > 0and m # 0;
(i) {m, TF(m)) = F(m), (m, VF(m)) = F* () for m 0

(iv) F(VFO( )) =1, F°(VF(m)) =1form #0;

(v) F°(m)Fz(VF°(m)) = m for m # 0.

Now, we give the co-area formula and isoperimetric inequality with respect to F,
respectively. For a domain Q) C R", G C ), let u € BV(Q)), which we denote as a function
of bounded variation. The anisotropic bounded variation of u with respect to F is defined by

/ Vulp = sup{/ u divtdx, T € CY(Q;R"), F°(1) <1},
Q Q
and the anisotropic perimeter of G with respect to F is defined by

Hr(G) = /Q IV Xc|pdx,

where A is the characteristic function defined on the subset G. Then we have the co-area
formula (see [26])

[ 1vule = [ Heul > Dar ®)

and the isoperimetric inequality
1 11
HE(G) = nicjf |G 7. ©)
Furthermore, (9) becomes an equality if and only if G is a Wulff ball.

3. Anisotropic Moser-Trudinger-Type Inequality with Logarithmic Weight
In this section, we prove Theorem 1. Firstly, we give a useful formula involving the

change in functions in a unit Wulff ball W;. For u € WO "WV, wg) and any 0 < B < B,
we let

=)
o™

‘m

Apn | (n=)(-p)
i)

Bn
Then we have the following lemma.

v(x) = ( u(x)u(x) [ (10)

Lemma 2. Let u € Wér"ad(WLw/g) with |[u]|ws < 1. Define v by (10); then we have |[v]|w; <1
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Proof. By the property of F(x) in Lemma 1, we have

noy = (B -)0-p) L= B e (o R
F'(Vo) ()‘B,n> a—prt (Vu)u(x)| 1F
(1_B) n(vy wﬁ(x) ") w 5%5
< Top T D, T .

Hence, by the co-area Formula (8), we have

B

Iollzy = ), F(Vo)op(x)ax

< (1_B> (v ! n.n—1 d %gd
S =g I T Vies(] niculu’ (s)|"s" " wp(s)ds) =F dx
1
B=p
= 8 g; / ' (r)|"wp (r)r" / lu' (s " 1ds) T dr
J ( 13)
= —(nk,)0 / / [t/ (s s"1ds) =P |dr
0
J u
= (nxy,) / |/ (r " ldr)a
1—
= F"(Vu)wgdx) =P
(], F'(Vujapdz)
< L
O
Next, in this paper, we frequently need to change the variable in the following way.
Foru € WO 'ea(W1, wp), we change the variable as follows:
Fo(x) = e i
and set
1 1+(m-1)(1-p) n—1
p(t) =man— (1= ) " ulx). 11
i1 1 .

Then we have ¢/(f) = —n A"« (1 — ﬁ)Tlﬁ’(e’%)e’Ttl. By Lemma 1 and co-area

Formula (8), we can transform the norm as follows:
fW F"(Vu)|log F°(x)|P*~Ddx

= [y, F"( (F°(x)) VF°(x))| log F°(x)[F"~Ddx
= Jy, [ (F* (x ))] |log F° (x)[F(n=Dgdx

— [V [ (F° (x))]"| log F° (x) B =D (P (x) "~ 1dF° (x) (12)
_ 0+00Kn[u e*% ’t|ﬁ” Dot gs

_ oo [P
= G

The functional changes as follows:

i/ Mnplul VR g :/ elvl Y TR it (13)
K?’l W] 0
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and

1 7t D) oo s ET=F)
7/ Mu D0 ﬁ)dx:/ Al TP —t gy (14)
Kn JWq 0

where A = ﬁ
Now it is easy to prove Theorem 1 by Lemma 2.

Proof of Theorem 1. Let u € Wyt (Wi, wg) with ||ully, < 1. Define v by (10). By

Lemma 2, we have ||v||wﬁ < 1 for VB < B. By the definition of AMT(n, Agu, B),

we obtain
n,% . (n—l)n(l—B) ~
/ e)xﬁ,n|u\( T)(1-B) dx = / EAIS’”M dx < AMT(n, AB n/nB)' (15)
Wl Wl ’

Since (15) holds for Vu € W}

orad (W1, wp) with [|uf|, < 1, then we have

AMT (1, A, B) < AMT(n,Ag,, B),

for any 0 < B < B < 1. Hence, we obtain that the function p — AMT(n, /\/g’n,‘B) is
decreasing on [0,1). Thus, by the anisotropic Moser-Trudinger-type inequality (3), we
obtain AMT (1, Ag,, B) < .

Now we prove the constant Ag, is sharp. We need to show that, if A > A, g,
AMT (n, A, B) is infinite. By (14), we only need to test

+o0 _ %
/ Myl DB ¢ gy
0

where A > 1.
Consider the family of functions of Moser’s type

. . I ngB(n—1)
By direct computation, we have f0+°° L2 4t = 1. However, as m — +oo,

(1-p 1

S T e ) teo o 5
/ Mol DO gy / ML s oo, i A > 1.
0 m

The proof of Theorem 1 is completed. [

4. Existence of the Extremal Function

In this section, we complete the proof of Theorem 2. Firstly, we give a uniform bound
foru € ngud(wh wg). Foru € Wl (W1, wg), we denote by u(r) the value of u(x) with

0,rad
r = F°(x). By the Holder inequality and co-area Formula (8), forany 0 < r < s < 1and
u e W&,’:;d(Wl,wﬁ), we have
|u(r) —u(s)]
= | J{ v (t)dt]
_ n-1 (n—1)p _n-1 _(n=1)p
< [la' ()|t |logt| 7t~ |logt|T # dt (16)
< () (k) T (o, U (Vi) (—In 1) 0
= ) =Rl T e pax)r(—Ing)
(n=1)(A=p)

n

(n=1)(1-p)
= (=) .

(S, F"(Vi)wgdx)r (—In )™
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In particular, whens =1, forany0 < r <land u € W0 md(Wl,aJlg), we have
n . (-1)1-p) 1 (n-1)(1-p)
u(r)| < T / F"(Vu)wgdx)n (= Inr o, 17
Wl < () P (T () (17)

The definition of ¢(¢) in (11) and (12) shows that the anisotropic norm changes as

_ (Y I”ﬂg

and (13) shows that the functional I4(¢) and Jg(u) changes as

dt / F*"(Vu)| log FO(x)| B0~V
1

)=

|l!7| n—1) 1 (n—1)(1-B) td / nﬁ|1| n—1) 1 B) L
e t = dx := u). 18
Wy },B( ) (18)

For 6 € [0,1), we define
As={yp € C'[0,00)| 9(0) =0, T(y) < 5}.

Then the existence of an extremal function in Theorem 1 reduces to find gy € A;
such that

Qp = Ig(1po) = sup Ig(¢). (19)

peh

Let g (x) be a maximizing sequence of (19), that is, J5(§x) — Qp. Since
[, P (Vg)llog F'(x) [F Dax < 1,
Wy

then there exist a subsequence (still denoted by §x) and a function §y € W, 0 rod (W1, W)
such that
Sk — %, & — $o pointwise. (20)

Next, we give an inequality and we will use it several times. For any h € C1[0, o) and
t > A > 0, by the Holder inequality, we have

W) = h(A)+fAh’(s)ds
— WA+ fAh’(s)s ’””}zs - on
< (A + ([ W (s)["sPr=Dds)n ([ s=Pds)
= B(A) + (J4 W (s)|"sPrVds)u (11— — A1-F)"5

Now we give a lemma involving concentration-compactness alternative, by which we
only need to prove that the maximizing sequence §(x) in (20) does not concentrate at 0,
and then we can pass to the limit in the functional. Firstly, we give a definition.

We say a sequence of functions uy € W0 "va(W1, wp) concentrates at x = 0, denoted by

F'(Vug)wpdx — &,
if lullwy, < 1andany 1> 7 >0, [y, F"(Vug)wpdx — 0.

Lemma 3. [Concentration-compactness alternative] For any sequence &y, 0 € W0 o (V1L wg),

such that 0 — 7 in W0 a1, wp), then up to a subsequence (still denoted by y), either (i)
Jp(0x) — Jp(D), or (ii) Ty concentrates at x = 0.
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Proof. We assume that (ii) does not hold; then we only need to show that (i) holds. Since
(ii) does not hold, then there exist A > 0 and ¢ € (0, 1) such that for sufficiently large k,

A || P(n=1)
n ~ 0 B(n—1) k >
/wl\wA F"(Voy,)|log FO(x)| dx = /0 0 g dt >4,

where we use the variable of change

0 t (n— 1)(1 B) 5
F°(x) =e "and A, "B T (x) = vp(£). (22)
By (21), we have
[or(H) =0 A)] < (L= )H (1P — A1 P < (1 —gpne ™
Since for any k,
o) < A",
we have for t > T, T sufficiently large,
vk(t)i("*)n(“ﬁ) < [A (n—l)’(lfﬁ) n (1 _ 5)% (n— 1)n<1 ’”]7(;171)"(17;3)

(23)

We note that in (23), we applied the inequality if a > b > 0, p > 1. Then, for x € R
large enough, (1 +ax)? <14 bPxP.
We split the integral Ig(vy) = Iy (vg) + I2(vk), where

T (n-1)(1-)
Il(yk):/o el gy

and
(n=1)(1-p)

L(v) = /T elvK! ! ~tdt.

Since 7 converges pointwise to ¥, then vy also converges pointwise to v. Then, by

(n=1)(1=p) .
lop(B)| < £ n ? and the dominated convergence theorem, we have that I; (v;) — I (v).

By (23), we have for any small € > 0 and T large enough,

L(ve) = e‘vk| _tdf
o) = JF o
<eAf el(l= )]/3"1 —tgy,
which is smaller than €. Then Ig(vx) — Ig(v), thatis, Jg(0) — Jg(d). O
The following lemma is proved in [29]. For J, a > 0, let

A3 ={p € C'0,)lp(0) =0, [ lg'par <o},

Lemma 4 ([29]). Foreach a > 0and ¢(t) € A}, we have

/OOE(P"%(t)*tdt S e¢ eCT(n 1)n 1187! 1+ ot T (25)
a

where B, = 6(1 — <Sﬁ)‘”+1 and ¢ = L=¢pn-1(a). The inequality tends to an equality if
"By — 00,4 = ccand § — 0.
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Let fi(x) € Wé'fad(Wl,wlg) such that f;(x) concentrates at 0, that is, [ fillw, <1

|F"(V f) lwg — do. Define fi(t) from fi(x) by the same transformation as in (22). Then
since fi(x) concentrates at 0, we have that fi(x) — 0 in Wo od(W1,wp) and converges

pointwise to 0.

Lemma 5. Let fi(t) be as above. Then one of the following alternatives holds:

(i) We can find points ay. € [1,00) such that

| fie(ax) | =D IR — gy = —2logay; (26)

(ii) If such ay. does not exist, then

lim sup TNV gy g
k—oc0
What is more, if the first alternative (i) holds, we can find ay to be the first point in [1, 00)

satisfying (26) and satisfying a — oo as k — oo.

1), | fr(t )|m —t < 0. However, if

Proof. Since |fi(t)| < P , then if t € [0,
€1[0,1), —2logt > 0, then |f(t)| " D0-F) —t < —2logt, which implies that we cannot

find a; satisfying (26) in [0, 1).
Now we assume (i) does not hold. Then we have |fi(t)| "~ TN < —2logt,

[1, 00). Furthermore, we have

efOITDITP =t =2 4g 4 e 11, 00).

Define the dominating function as follows:

1, te(01),
ht) = { L, tel,0).

27

Then, by the dominated convergence theorem, we obtain that Ig(f) — 1.
Let (i) hold. We choose the first a; > 1 satisfying (26). We now prove that a; — co
as k — co. For any large number M, we need to prove that there exist kg € N, such that for

any k > ko, a > M. Firstly, we choose y small, such that
ut < —2logt+t,t € [0,M).

Now, since fk concentrates, we have for t € [0, M) and any k > ko,

- M |f,£|ntﬁ(n—1)d : 1 |
EIIR < L dn DR < ut <t —2logt.
el [T < ([ ) <n g
Then we obtain for any k > kg, ap > M. O
Now we define the concentration level at 0,

FeeWgm (Wywg) ko0

We can give the estimate for the concentration level.

Lemma 6. For B € [0,1), we have that

]g'“’ﬁ (O) <1+ €1+%+...+n]j .
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Proof. To prove the lemma, it is sufficient to assume the sequences f; satisfy the first
alternative in Lemma 5, because if fk satisfy the second alternative, we can obtain the
inequality (27) by Lemma 5.

Firstly, we show that

lim [ i TR

k—o0 JO

:l,

where f; and aj are as in Lemma 5. Since F”(ka)w/g — 0 and (21), we have that fy — 0
uniformly on compact subsets of R*. Then for any €, A > 0, we obtain | f¢(#)] R < e

for t < A and k large enough. By the property of ay, that is, for t < ay, |f(t)| " D0-F <
t —2log t, we obtain

/“k NG
0

A Yl
/ olfie(B) 0D ftdt+/ eI FIB — g,
0

A
< 66/ e_tdt—}—/ e~ 2logt gy
0 A
1 1
_ €1 _ ,—A - =
= e(1—e )+(A ak).

Therefore,
a (=] 1
lim sup F el gy <ef(1—e )4 —.
k—00 0 A

Now, as € — 0 and A — oo, we have

a n
lim sup Clf IO ~t gy < g,

k—o0 0
On the other hand,
lim sup e|fk( e *tdt > / e tdt =1 —e % 1.
k—ro00 0 0

Next, we prove that

lim [ el TP < Mttt
k—o0 Jay

s |f|n B(n—1) .
Set 9, = fak ‘f(’i‘jwdt. Then, by (21) with A = 0 and t = a;, we have

/“k lf’l”fﬁ” P o1 @I 1y
ay
— 1_(1_@)(1—@(”—1)' (28)
k

Define the function g (t) = |fi(t)| 7. Then

/ % UfeOI DT gy / o) gy (29)
Ak

3
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By |fk("71>(17ﬁ) (t)| < t, we have
oo L F— 1 oo % 1\t
fuk |8kl = T-p" fuk fe T
® (n—1
S @0
< 25i=6—0
Now, applying Lemma 4 with § = (5; and a = a;, we obtain
fa‘f el fie())| = DA=F) —t gy
1 Y 31
< " 11—uke%(%)”’lﬁn+1+%+-~+ﬁ, ey
I i

where B, = 5; (1 — |(5]f|ﬁ)_”Jrl and ¢ = %gk(ak)nlj. Therefore, it is left to show that

n 15
limsup Gy := lim sup (g (ax) 1 — ay + gi(ar) k <0.
k—o0 k—o0 (n — 1)(1 — |(Sl’(‘|ﬁ)”*1
We split Gy as follows:
G = -2 10g a -+ (ak—Zloguk)ékl

(n=1)(1=p)(1—|og|=T)"
= —2loga;+ a0 — _ 2(log a) Jy —

(n=1)(1=p)(1—|gg[n=T)»~1 ("—1)1(1—5)(1—\5E\"‘1)”’1
_ 5 agd (1- (1|5 [ T)" ) (32)
= {—2loga; + (nj’)‘(’iiﬁ)} + % .

(n—1)(1—B) (1|6 7T )11
_ 2(logak)25k
1
(n=1)(1—B) (1— |65 |71 )11
= If+I5—1Ik

We make use of the Maclaurin series expansion. Firstly,
S =1-— (_21(;% +1)1=A)(n-1)

= (1—B)(n—1)2B% 4 C(21BU2 4 o((18%)2),

Ak

(33)

for some positive constant C, which depends only on §, n. Thus, we have

1 2 I
‘Iﬂ = 4C@ +ﬂk0((%ak)2) — 0, as k — oo.
k k

Also,

logak)z) — 0, ask — oo.

log a;.)? log a;.)3
151 < BB ¢ BOBR 1 qr0g 0

ay

To estimate I%, we first use the binomial expansion of (1 — |(5,’:|ﬁ)”_1 to obtain
|I§\ < Caydr|6f | =8 Now, using (30) and (33), we obtain

1 n—1
14 SC(Ogaii)%O, ask — oo.
ay!

Then we have completed the proof of the Lemma. [
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Proof of Theorem 2. We assume J5(gx) does not converge to Jz(go), where i, § is as
in (20). Thus, by Lemma 6, we obtain

Mg = lim Jp(g) < 1+t 2+,
k—o0
If we can find some ¢ € A; such that
Ig(@) > 143+ Hi,

1 1
then clearly Qﬁ >1+et2t i and thus, we obtain a contradiction.
Consider the function hy,(t) as follows:

1-YHn—1)"ut, 0<t<mn,
ha(t) =< (¢ —1)17, n<t<Ty,
(T —1)' 7, t> T,

where T,, = (n — 1)el#1)" =71 4 1. It has been proved in [29] that Jo~ 1y |"dt < 1and

P ¥ 1 1
> 14t

Set ¢%(t) = [why(t)]' 7P for a € (0,1). Then

0

/°° (0T 1)y (1) 7T —t 4y
0

Ig(9n)

> @ T =Dl (1 4 ettt 7" (n)).

1
Now we can choose & = a. sufficiently close to 1 such that Ig(¢7;) > 1+ eIttt
Let us estimate the term I'(¢y*). Since (¢y* )’ = 0 for t > T, we have

. Q) e B(n—1)
I( 701(*) = 0+ |(¢?1),/‘5)tn—1 dt
&)/ |nB(n—1) Ty (¢ )| #B(n=1)
I \(¢(1>_ |ﬁ et |, ‘(¢(1)—L>"*1 dt (35)
= h(B)+L(p).

Now, by direct calculation, we obtain
"N
O R e A e
1— n 1 _ _1,—
S ‘””(1*5)/0 (1= =) 0B (n — 1)p-1¢F

— aﬁl_ﬁ)"(l _ l)n(l—ﬁ)(n —1)F1pl-p

n
N LIt %ynﬂ)(l—ﬁ)
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and

T —-n _
L(B) = TP p) [Pl A

T,—1
Py [ T e as
1

n -1 s
(1B g _ 1. 1) (11
L e DLl I
_8)n 1., n— n
< M- - LR - )
_ (1-B)n,q 1 n-1,_ " \p(n-1)
P ) - Sy (e VB,

where B, = (;4;)"~! — 1. Note that by the above estimates, we have
L(0)+ L(0) <al <1.

Thus, we can choose f = B, depending only on n, such that I;(B.) + L(B«) < 1.
Thus, we have finished the proof of the Theorem. [

5. Improvement of the Anisotropic Moser-Trudinger Inequality

In this section, we complete the proof of Theorem 3, which can be seen as an improve-
ment of the anisotropic Moser—Trudinger inequality when uj; — u.

Proof of Theorem 3. If 1y = 0, then we can directly obtain (7) by Theorem 1. Thus, it is
left to consider the case 1y # 0. By (16), we have that 1y — 1y uniformly on W; \ W,
Vr € (0,1). Then, by (17) and dominated convergence theorem, we have u; — uyin L7V, )
forany g < oo.

For any R > 0, k € N, we define the functions

vR x = min{|uy|, L}sign(uy) and WRk = Uk — VR k-
Since I%im ||UR,0||Z)/3 = Hu0||ﬂ,ﬂ, for Vp < p(up), then there exist R large enough
— 00

such that

1
po := p(1 = [[orollcs,) VP < 1.

Since vg x — vRp a.e. in Wy as k — co and v i is bounded in W&’fud(Wl,wlg), uptoa

. 1n
subsequence, we can assume that vg y — vg o weakly in Wy, (W1, wg). Then we have

timin o], > ool
and
limsup [wg ][5, = 1~ lim inf [log 1, < 1 [orolll,-
k—o0 k—o0
Then we can find kg € N such that for Vk > kg, we have
(] o+1
plloelldy P < = < 1. (36)
Using uy = wgx + vr r and |vg x| < R, we obtain
g T < (1-+ €)faog | T + Con, ) RFTTT,

where

(n=1)(1-p) np+1-p

C(n,B,e)=1—(1+e) mp ) -D0-H, 37)
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Now we choose € > 0 such that w < 1. By (36), we have
n
/ ePApalus TP g (38)
Wy
n n
< / ePApn (1) [wg k| DOF) +pAg , C(n,pe)R-DAF) 4.
Wy
G| i
0B | _“RE | D) (1F)
< C/ ep/\}g,n (1+€)HwR,kle3 ‘ H“’R/kleg ‘ dx
Wy
X (+e)(1+pg) | ®Rk | n=T)(1=F)
Agn(1+e€) \ \
< cf & P Toraleg dx (39)

Wi

for any k > ko, where C depends only on 1, 8, €, p and R. Combining (38) with Theorem 1
and the choice of €, we obtain (7). The proof is completed. [

6. Conclusions

In this paper, we mainly study the anisotropic Moser-Trudinger-type inequality for
radical Sobolev space with logarithmic weight wg(x) = [~ In F° (x)]P("=1), B € [0,1). More-
over, we obtain the existence of an extremal function when f is small. The extremal function
is densely related to the existence of solutions of Finsler-Liouville-type equations. Finally,
we obtain the Lions-type concentration-compactness principle, which is the improvement
of an anisotropic Moser-Trudinger-type inequality. However, we note that the singular
anisotropic Moser-Trudinger-type inequality with logarithmic weight in a unit Wulff ball
W and the anisotropic Moser-Trudinger-type inequality with logarithmic weight in R”
are still open questions.
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