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Abstract: This paper considers the proportional-integral-derivative (PID) control for continuous-time
positive systems. A three-stage strategy is introduced to design the PID controller. In the first stage,
the proportional and integral components of the PID control are designed. A matrix decomposition
approach is used to describe the gain matrices of the proportional and integral components. The posi-
tivity and stability of the closed-loop systems without the derivative component of PID control are
achieved by the properties of a Metzler and Hurwitz matrix. In the second stage, a non-negative
inverse matrix is constructed to maintain the Metzler and Hurwitz properties of the closed-loop
system matrix in the first stage. To deal with the inverse of the derivative component of PID con-
trol, a matrix decomposition approach is further utilized to design a non-negative inverse matrix.
Then, the derivative component is obtained by virtue of the designed inverse matrix. All the presented
conditions can be solved by virtue of a linear programming approach. Furthermore, the three-stage
PID design is developed for a state observer-based PID controller. Finally, a simulation example is
provided to verify the effectiveness and validity of the proposed design.

Keywords: PID control; continuous-time positive systems; linear programming
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1. Introduction

Proportional-integral-derivative (PID) control can improve the transient performance
of systems and keep a good disturbance attenuation level. Linear matrix inequality was
introduced in [1] to reach an optimized PID controller. The Lyapunov stability theory was
employed to design the Ho, PID controller of fuzzy systems in [2]. In ref. [3], a decen-
tralized output-feedback PID control was proposed for discrete-time large-scale systems
by using a Lyapunov—Krasovskii functional. For more details on PID control, the read-
ers can refer to [4,5] and references cited therein. Dealing with the derivative is key
to the PID design. For discrete-time systems, a common PID design approach transforms
the derivative component into a delay term. Thus, the PID control of the system becomes
the control of a time-delay system. However, such a strategy fails in continuous-time sys-
tems. The derivative component will yield an inverse matrix. On the one hand, the inverse
matrix is coupled with the derivative term of the state. On the other hand, the inverse
matrix is dependent on the derivative component. These increase the complexity of the PID
control design of continuous-time systems. Moreover, it is difficult or impossible for some
practical systems to obtain system states directly. At this time, it is necessary to use the ob-
server to estimate the system states and then carry out stability analysis and stabilization.
The Luenberger-type observer was first proposed in [6]. An observer-based adaptive PID
control approach was studied in [7] to track the desired trajectory of nonlinear system.
In [8], the observe-based PID control was studied for saturated systems with multiplicative
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noise using binary coding scheme, where the controller gain matrix was obtained by solving
a set of matrix inequalities. Up to now, there is still room to improve the PID design and
observer-based PID control of continuous-time systems.

Recently, there has been an increasing research interest in positive systems [9-12].
There exists a close relationship between positive systems and other control systems. The coop-
erative consensus of multi-agent systems can be transformed into the control issue of a positive
system [13,14]. The positivity of observer state X(t) was taken into account for the first time [15].
Interval observer design needs to use the positive system theory [16,17]. Linear programming
was applied to study the design of positive observer for positive systems in [18-20]. The
edge consensus of nodal networks can be regarded as the consensus of positive complex
networks [21]. Positive systems have distinctive research approaches from general systems
due to the positivity restriction. The copositive Lyapunov function is more suitable than
the quadratic Lyapunov function for positive systems [10], and linear programming is
more powerful for describing and computing the corresponding conditions of positive
systems than linear matrix inequalities [22,23]. Besides the stability requirement, the pos-
itivity of such class of systems has to be guaranteed and one of the challenges is how
to handle such a property. A proportional-integral controller was first proposed in [24]
for positive systems based on an approximate controller and integrator. A systematic
proportional-derivative control approach was proposed in [25] and [26] for positive systems
by introducing a low past filter. By employing the copositive Lyapunov function and linear pro-
gramming, a PID control framework was constructed in [27] for discrete-time positive systems.
For the PID control of continuous-time positive systems, there has not been a systematic
design approach. The literature [25,26] employed the output signal of a low past filter as the
derivative component of the proportional-derivative control. Such a strategy can avoid the in-
terdependence of the derivative of the controller and the state. It cannot handle the case that
the derivative of the state or output is chosen as the derivative component of the PID controller.
The discrete-time PID control framework in [27] transformed the PID control problem into
the control of a time-delay system. Thus, the derivative component is dealt with by virtue
of a time-delay approach. However, it fails for the PID control of continuous-time positive
systems. This motivated us carry out this work.

This paper investigates PID control of continuous-time positive systems in terms
of linear programming. First, the PID controller of positive systems is designed by virtue
of a matrix decomposition technique. Under the PID controller, an inverse matrix occurs
in continuous-time positive systems. By guaranteeing the Metzler and Hurwitz proper-
ties of the closed-loop system matrices, the positivity and stability of continuous-time
closed-loop systems are reached. The challenges in the proposed design lie in (i) how
to construct the PID controller for continuous-time positive systems, (ii) how to deal with
the inverse matrix induced by the derivative component of the PID controller, and (iii) how
to guarantee the positivity and stability of positive systems by virtue of linear program-
ming. The remaining part of this paper is organized as follows: Section 2 provides some
preliminaries, Section 3 presents the main results, two illustrative examples are given
in Section 4, and this paper is summarized in Section 5.

Notations: Denote by R" and R"*™ the set of n-dimensional real vectors and the space
of n x m real matrices, respectively. For a vector x = (x1, xp, . .. ,xn)T, x~=0(~0,=<0,<0)
implies that x; > 0 (> 0,< 0,< 0) foreachi = 1,2,...,n. For an "*" matrix A, A > 0
(> 0,=< 0,< 0) means that aj > 0 >0<0<0),VvVi=12,...,nj=12,...,m and
a;j is the ith row jth column element of matrix A. Let AT be the transpose of matrix A.
If square matrix A is invertible, write A1 as its inverse. Define 1,, = a,..., 1)T and

n

1,(,,‘> = (0,...,0,1,0,. ..,O)T. Let I, represent the n x n identity matrix and 1, stand

—1 n—i
for the 15" matrix whose all elements are 1. A matrix is a Metzler matrix if all of its
non-diagonal elements are non-negative.
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2. Preliminaries
Consider the continuous-time system:
{ %(t) = Ax(t) + Bu(t), 1)
y(t) = Cx(t),

where x(t) € R",u(t) € R, and y(t) € R° are the system state, the control input, and
the system output, respectively. The initial condition satisfies x(ty) > 0. It is assumed that
A is a Metzler matrix, and B = 0,C = 0.

The objective of the paper is to design a PID controller for system (1) such that
the closed-loop system is positive and stable. Depending on the problem under consid-
eration, the controller takes different forms. However, it is necessary to design at least
three controller gain matrices. These matrices are designed using a matrix decomposition
technique. Under this framework, the conditions to ensure the positivity and stability
of the closed-loop system can also be regarded as the conditions to be satisfied by the con-
troller gain matrices. See the section of Main Results for more details.

The following definitions and lemmas are introduced for later development.

Definition 1 ([9]). System (1) is positive if x(t) = 0 and y(t) = 0 for any nonnegative initial
state and nonnegative input.

Lemma 1 ([9]). System (1) is positive if and only if A is a Metzler matrix, and B = 0,C = 0.

Noting the assumptions on the considered system, system (1) is positive by the above
lemma.

Lemma 2 ([9]). A matrix A € R"*" is Metzler if and only if there exists a positive scalar ¢ such
that A +¢l, = 0.

Lemma 3 ([9]). Let A € R"*" be a Metzler matrix. Then, the following statements are equivalent:

(i)  The matrix A is Hurwitz;
(ii)  There exists a R" vector v = 0 such that Av < 0.

3. Main Results

This section is divided into two subsections. The PID control problem is addressed
in the first subsection. Then, a state observer-based PID controller is considered.

3.1. PID Control

In this subsection, the PID controller is designed for system (1) as follows:
u(t) = Kpy(t) + Ki9(t) + Kpy(t), )

where Kp € 7%, K; € R"*%, and Kp € R"** are proportional, integral, and derivative gain
matrices, respectively; the integral part satisfies 9(t) = Cx(t) — a®(t), « > 0. The control
system structure is depicted in Figure 1.
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Figure 1. The control system structure.

Remark 1. For geneml systems [1 —4], the feedback variable in the integral part is assumed to satisfy
the relation O(t fo . For positive systems, such a form will lead to some obstacles
when dealing wlth the posztzvzty property. Following the method in [24], a tuning parameter
« is introduced to overcome the obstacles. See Remark 3 for details. The derivative part adopts
the derivative of the output signal. This is a standard use though it will lead to the interdependence
of the gain matrix Kp and x(t). In [25,26], a filter was introduced to transform the deriva-
tive part into a new state variable. Such a solution fails to deal with the mentioned interdepen-
dence issue. This paper presents a strategy to deal with the derivative part of the PID control.
Moreover, the PID control in (2) is related to the output feedback rather than the error between
the reference signal and the output signal. If the input signal of the PID controller (2) is the error,
the positivity and stability of the augmented system consisting of the state x(t), the integral part, and
the error should be ensured. In this case, however, the positivity and stability conditions contradict
each other. Therefore, we only consider the PID control constructed based on the output signal.
In future work, how to deal with this problem will be a very interesting topic.

Theorem 1. If there exist constants g1 > 0,62 > 0,& > 0, R" vectors z, > 0,v > 0, an R° vector
@ = 0, and R vectors &+ ~ 0,&7 < 0,7, = 0,57 <0,&" =0,&~ <0,7" =0,77 <0
such that

1/ CvA+BYS &1 C+BZ 51T e =0, ©)
RIS IO SR E s ISR 1) @
A AP T AV Y ®)
Av+BET +BE + Byt + By~ <0 (6)
Cv—aw <0, 7)
and
" 12T A+ ol = 0 ®)

hold for1 =1,--- ,sand 1 = 1,--- ,n, then under the controller (2) with Kp = K;; +Kp and
Ki = K] +K; satisfying

T _
PURED »Y 5 AN v o
P 1Jcv P 1Jcv 7 9
s 1T s S 0T ©)
K;r _ 1=1 U 15 K= = 1=1 U 15

o 1 1o
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and Kp satisfying M = (I, — BKpC)~! with
M=y" 1Yz, (10)
the closed-loop system (1) is positive and stable, where A = A + BKpC.

Proof. The system (1) under the controller (2) can be rewritten as follows:

{ (In — BKDC)X(t) = Ax(t) + BKpr(t) + BK[ﬁ(t),
d(t) = Cx(t) — ad(t).

LetX(t) = ( x'(t) 97 (t) )'. Then, we have

Iy —BKpC 0 \.,. ( A+BKpC BK; \_
(1=BRC 0 Yoo (AFERC B Yy -
Left multiplying both sides of (11) by the inverse matrix of ( I = gKD ¢ ? > gives
S

(1) = < MA + MBKpC MBK; )x(t)‘ 12

C —ulg

A+ BKpC BK;

First, we prove that ( ) in system (11) is a Metzler and Hurwitz

C —uls
matrix. Due to 1; > 0,C = 0, and v > 0, it is easy to obtain that 1; Cv > 0. Using (3)
and (9) gives
s +1(1)T S C*I(I)T
arphmlbils oy gl bl o) G g 4 prer S0
+ 1] Cv + 1] Cv +1TC Bk +SC "=
It follows that A + BKpC is a Metzler matrix by Lemma 2. From (4), (9), and B = 0,
() s L —1OT

it derives that Bz’ 1111 CHE BZ’=117#;5 = BK; > 0.

A+ BKpC BKj

Together with C > 0 and —al; < 0, it holds that ( c al
- S

) is a Metzler
matrix. Using (5) and (9) yields

T 4T _
K+ — Lim1 gl Ry K= _ Ziz1bi 1 Ry
P 1/Cv  —1/cv P 1Jcv T 1jCy
T _ T _
PERED v s SR L5 SR vy (L I ¥
I o ~— 1Jo''! o ~ 1Jo
Then,
+ §+ S + 6 1;F _
KCV<1 Cv-@ ,KpCr = CCVz@,
. ,; ,7 1T (13)
Ko = =n",K o= = o@= _.
o =n" 17 n
Under (13), the following inequality holds:
Av + BKpCv + BKj®w
= Av + BKjCv + BK, Cv + BKf @ + BK; @ (14)

< Av+Bg" + B¢ + Byt + By .
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Using (6), (7), and (14) gives

( A+BKPC BKI )( v ) 0. (15)

C —ulg @

This shows that A+ BKpC - BK
C —uls

Next, the positivity and stability of system (12) is considered. By (3)—(7), A + BKpC
and BKj can be obtained. Let B = BK; and A = A + BKpC. Then,

() = ( MA MB )x(t). (16)

—alg

is a Hurwitz matrix by Lemma 3.

By (8) and (10), it derives that MA + G2I, > 0, that is, MA is a Metzler matrix. Fur-

MA MB

C —al

system (16) is positive by Lemma 1. With (15), it holds that Av + B@ < 0. Together with
MA MB .

C —al ) is also

a Hurwitz matrix. Therefore, system (16) is stable by Lemma 3. The proof is completed. [

thermore, z, > 0 results in MB >~ 0. Then, is a Metzler matrix. Therefore,

M > 0, it follows that M(Av + B@) < 0, which verifies that

To illustrate how to compute the conditions in (3)—~(8) and the corresponding controller
gains, a suggestive algorithm is provided in Algorithm 1.

Remark 2. From Theorem 1, it is clear that Kp can be calculated via the equation M = (I, —
BKpC)~l. The detailed solution process is summarized below: (i) M can be calculated by
Algorithm 1 and its invertibility can also be guaranteed, (ii) it is easy to obtain that BKpC =
I, — M~ from the equation M = (I, — BKpC)~!, and (iii) the value of Kp can be computed.

Algorithm 1 Parameter selection and matrix invertibility.

Input: System matrices A, B, and C; Parameters my, mp, m3, gl,gl, 52,62, «, and «;
Output: ¢1,62,a, M;

1: Define a collection ® = ¢ and initialize ¢; = ¢,
2: whileg; <=¢; do

3: repeat

4: if (3)—(7) are feasible, then save g1 and « in ®; Compute Kp and K; and put the solutions

in (8)

5: repeat

6: if (8) is feasible, then save ¢, and M in set @

7. else

8: G2 <= G+ M3

9: end
10: until g > G,
11: else
12: & <— & + My
13: end

14: untila > o
15: ¢1 < G1 + myq
16: end

Remark 3. Suppose that the traditional integral part 9(t) = fot Cx(t)d(7) is introduced for sys-

tem (1).  Then, the corresponding closed-loop system (12) becomes X(t) = Ex(t),
where E = ( MA+ é/IBKP ¢ MgKI )x(t). It is required that the system matrix E is a Metzler

and Hurwitz matrix to reach the positivity and stability of the system. For the positivity, the condi-
tion MBK > 0 and C > 0 are satisfied. As for stability, it follows from Lemma 3 that there exists
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avectorv= (v' @")" = 0such that the stability condition MA + MBKpC  MBK; >U =<

C 0
0 holds true, where v = 0 and @ = 0. However, it is clear that Cv = 0, which contradicts with
the stability condition. A tuning parameter a is therefore introduced in (2).

Remark 4. In [27], a PID controller was proposed for discrete-time positive systems by virtue
of the co-positive Lyapunov function associated with the linear programming approach. However, it is
not feasible to develop the presented PID control approach for continuous-time positive systems. Such
a topic is challenging and several aspects should be emphasized. Due to the existence of the derivative
part of the PID controller, the inverse matrix appears in (12), where M, Kp, and K; are all unknown.
Dealing with the inverse matrix in the system (12) and reaching positivity and stability are essential.
In Theorem 1, the positivity and stability of the closed-loop system (12) cannot be directly guaranteed
by using a similar method to [27]. A three-stage strategy is presented in Theorem 1 to construct
a PID control framework on continuous-time positive systems by virtue of linear programming.
The linear programming method is embodied below. The controller gain matrices are designed
using the matrix decomposition technique in this paper. Under this framework, the positivity and
stability conditions can be transformed into linear programming, that is, the conditions (3)—(8)
in Theorem 1 are described in a linear form. Moreover, these conditions can be solved by using
the linear programming toolbox in MATLAB.

Remark 5. In [25,26], a proportional-derivative control approach was introduced for positive
systems. It should be pointed out that the design of the derivative part in Theorem 1 is different
from the ones in [25,26], in which a new dynamic was chosen as the variable of the derivative part.
Essentially, the derivative part is a compensating control. In such a scheme, the corresponding
proportional—derivative control design is simpler. In Theorem 1, the derivative of the output is
selected as the derivative part. It is a commonly used strategy for the PID design. The corresponding
design is more sophisticated and full of challenges.

3.2. Observer-Based PID Control

In Theorem 1, the PID controller is dependent on the output signal. It is clear that
the output cannot contain all information about the state. Thus, the output-based PID
controller has restrictions. In this subsection, a state observer is established to estimate
the state of the system (1):

{ X(t) = A%(t) + Bu(t) + L(y(t) — C%(t)), 17)
y(t) = C2(1),

where L € R"*¢ is the observer gain matrix to be determined, and £(¢) € R" and j(t) € R°
are the observer state and output, respectively. Then, the state observer-based PID controller
is designed as follows:

u(t) = Kp£(t) + Ko(t) + Kpk(t), (18)

where Kp € ™", K; € R™*", and Kp € R"™" are proportional, integral, and derivative
gain matrices, respectively, and the integral part 9(t) satisfies

B(t) = 2(t) — ad(t), (19)
where & > 0.

Theorem 2. If there exist constants g1 > 0,62 > 0,63 > 0,0 > 0, R" vectors z, = 0,v > 0, >
0,x = 0,07 = 0,07 = 0,07 = 0,0, <0,00 <0,00 <0, and R" vectors & = 0,& <
0,7, = 0,7 <0,&" >0, <0,7" = 0,7~ < 0such that

0HT

1 vA+BY", &Y + By 10T L, = 0, (20)
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1] CoA -y 01 c—ys 0710 C+ ol = 0, (21)
L 1 17+1(t)T + Zl 1 T]l 7’1) t 0’ (22)
s o+1 +2 =0, (23)
ﬁjﬁjfjfwfjﬂnﬁjniffwfjﬁg <o =07, (24)
Av+BET+BE +0t 40 +Byt+By~ <0, (25)
Ao —o0T —0 <0, (26)
v—ax <0, (27)

and
"1 DT 2 A+ sl =0 (28)

hold for1 =1,--- ,sand 1 = 1,--- ,n, then under the PID control law (18) with Kp = Klf +
Ky, Ky = K{ + K; satisfying

T _ T
U ¥ Y VA v Y v 1
P v P 1,,v 7
K+ — 1 1 771 1(1) K- = l 1 771 1(1) (29)
1 ’ 1 ’
X 1, X -
L+ _ S 0+1(1) - _ f Ol—lgl)
1STCcO ’ 1/]Co

and Kp satisfying M = (I, — BKp)~! with (10), the closed-loop system (1) is positive and stable,
where A = A + BKp.

Proof. Define the observer error as e(t) = x(t) — £(t). Using (1) and (17) derives that
é(t) = (A—LC)e(t). (30)
Substituting (18) into (17) yields
(I, — BKp)%(t) = (A+ BKp)%(t) + BK8(t) + LCe(t). (31)
Letx(t) = ( 27(t) e’ (t) dT(t) )'.Itfollows from (19), (30), and (31) that
I,—BKp 0 0 A+BKp LC  BK;
( 0 I, 0 )x(t) = ( 0 A-LC 0 )x(t). (32)
0 0 I Iy 0 —aly
By M = (I, — BKp)~!, the resulting closed-loop system can be expressed as

0 A—-LC 0
I 0 —aly

MA +MBKp MLC  MBK;
x(t) (33)

A+ BKp LC BK;
First, we prove that the matrix ( 0 A—-LC 0 ) in system (32) is a Met-
I, 0 —uly,
zler and Hurwitz matrix. Dueto1, > 0,v = 0,1 = 0,C = 0, and @ > 0, it is not hard
to obtain that 1,) v > 0 and 1/ C@ > 0. Under (20) and (29), it holds that

T _ T
1 gl l) +B :1:1 él 1nL)
1;{ 1) v

G1
1;v

+ €1
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that is, A + BKp is a Metzler matrix. By (21) and (29), we have

0T
> o/ 1! * o1l G2 2
C — == C I, =A-LC
1TCa> 1/ Co M 1/ Co " - 1/ Cw

I}’liol

which implies that A — LC is a Metzler matrix. Using (22), (29), and B > 0 gives

noo+4(0T no —40T

tl’?rl 4B =11 An :BKIEO.

1, x 1, x
Together with (23), (29), and C > 0 yields that Tt o | a0 o0
ogether with (23), (29), an yields tha Teo + 1T o = = 0.

A+ BKp LC BK;
It follows from —al, < 0 that 0 A-LC O is a Metzler matrix. Apply-

I 0 —aly,
ing (24) and (29) gives
S R ¥ AR MY i My
Ky = 1T:’KP5 15K+< 1, b K =2 1]
n nX x’
ot1) ny o+lsT 07 1) .y 5*13.
1/]Co — ~1/Co’'1/Cow — ~ 1/Ca

Then, we have
KIJ,rv = §+,K1§v = C*,KI*X = 77+/KfX = 17*,9+ <LtCo» <0",00 <L Cow <0".
Thus, the following inequalities hold:

Av + BKpv + LCw + BKIX
= Av+ BKjv+ BKpv+ L*C@ + L™ Cw + BK} x + BK; x

< Av+BE +BE +0" +0~ + Byt + By, (34)
A®—LCoO = Ao —LTCow0 — L Co < Aw —ot —0~.
By (25)—(27), one gets
A+BKp LC  BK; v
0 A—LC 0 @ | <o. (35)
I, 0 —aly X

A+ BKp LC BK;
Therefore, it is direct that ( 0 A-LC 0 ) is a Hurwitz matrix by Lemma 3.
I, 0 —uly,
Next, the positivity and stability of the system (33) are considered. Let B = LC,
F = BKj, and A = A + BKp. Then, the system (33) can be reduced to

MA MB MF
jc(t):( 0 A—-LC 0 )x(t). (36)

I, 0 —al,

It follows from (28) and (10) that M.A is a Metzler matrix. Noting the facts that
MA MB MF

MB > 0 and MF > 0, it yields that ( 0 A—-LC 0 ) is a Metzler matrix and
I 0 —aly

the system (36) is positive. With (35), it can be obtained that Av + Bo + Fx < 0. It

follows from M = 0 that M(Av + Bw + Fx) < 0. Together with (25)—(27), it yields
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MA MB MF
that 0 A-LC O is a Hurwitz matrix. Therefore, the system (36) is stable
I, 0 —ual,
by Lemma 3. [

If integral and derivative parts in (18) are removed, the controller (18) is reduced to
u(t) = Kpx(t), (37)
where Kp € R"™*" is controller gain matrix to be designed. Substituting (37) into (17) derives that
®(t) = (A + BKp)%(t) + LCe(t), (38)

where e(t) = x(t) — £(t) is the observer error. Define X(t) = (£ (t) e'(t))". The corre-
sponding closed-loop system can be obtained by combining (30) and (38):

(t) = ( A+OBKP AECL . )x(t). (39)

Based on the above derivation, the state observer (17)-based proportional controller is
designed in Corollary 1.

Corollary 1. If there exist constants g1 > 0,62 > 0, R" vectors v = 0,@ > 0,0;" = 0,0" >~
0,0" = 0,0, <0,0° <0,0° <0,and R vectors & = 0,¢; <0,&" =0, < 0 such that

1, vA+BY], Cfrlgzl)T +BY, Cfl,(f)T +c¢1l, =0,

17CoA -y 0r1 T c—ys 0710 C+ ol = 0,
01T 4y 01T o,
gh=er e =2¢ 0" 20 20,00 <07 %07,
Av+BZt+BZ 40" +0 <0,
Ao —ot —0™ <0,

holdfori=1,--- ,sand 1 =1,--- ,n, then the closed-loop system (39) is positive and stable with
Kp = K} + K} satisfying
_ T T O
=16 18) [+ — Y1 01+1s(l) - _ Y10 15(1)
1,)v 1JCo 1] Co

-
18 1;(1[)

Ki =
P 1v

Kp =
The proof of Corollary 1 is similar to Theorem 2 and omitted.

Remark 6. The observer aims to estimate the state of the system (1). Due to positivity of the con-
sidered system, the observer to be designed must also be a positive observer. Therefore, the initial
state of the observer satisfies that %(ty) = 0. Moreover, the initial observer error satisfies that
e(ty) = x(tg) — £(tp) = 0. The most important point in the selection of matrix L and PID con-
troller parameters is to guarantee the positivity and stability of the considered system and observer
under the designed controller. The conditions (20)—(28) in Theorem 2 are sufficient conditions
for the positivity and stability of the system and can also be regarded as the conditions to be satisfied
in the selection of matrix L and PID controller parameters. The detailed process can be summa-
rized as follows: (i) The vectors v, x, @, &,", &, 1,7, 1, ,0,", 0, and the constant a can be obtained
by calculating conditions (20)—(27) using the linear programming toolbox in MATLAB, and then
the matrices K;;, Ky, K;r, K, L*, L~ can be calculated by substituting the above vectors into (29).
(ii) It is easy to obtain the value of matrix M in terms of the same method as in (i). (iii) The value
of Kp can be calculated from the relation M = (I, — BKp) ™.
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Remark 7. In this paper, the positivity and stability of the original system are achieved via

A+ BKp LC BK;
a three-stage strategy. First, it follows from (20)—(27) that 0 A—-LC 0 in
I 0 —aly

system (32) is a Metzler and Hurwitz matrix. By solving the conditions (20)—(27), the gain matrices

A+ BKp LC BK;
Kp,K; and L can be obtained. Then, the matrix 0 A—LC 0 is derived.
I 0 —ul,

The positivity of the system (33) can also be guaranteed by introducing a non-negative matrix
M. It follows from (25) that (A + BKp)v + LC®@ + BK;x < 0. Due to M > 0, the inequality
M(A + BKp)v+ MLCw + MBKx < 0 is valid, meaning that the system (33) is stable under
the designed PID control law. Finally, the gain matrix Kp can be derived using the equation
BKpC=1,— ML

Remark 8. For positive systems, there have been some results on the observer-based proportional
controller [28-30]. It is well known that the observer-based PID controller has the advantages in stability,
reliable operation, and convenient adjustment, for example. Although the observer-based PID controller
of general systems was investigated in [4,5], they were developed in terms of linear matrix inequality.
Thus, it is challenging to apply existing designs to positive systems. Linear programming has been
verified to be more effective for handling the issues of positive systems [9-12,22,23]. In Theorem 2,
the gain matrices are designed by virtue of a matrix decomposition technique. Under such a framework,
all positivity and stability conditions can be reduced to linear programming.

4. Numerical Example

Consider the system (1) with

—0.53 052 0.36 0.07 0.05 0.02 021 0.14 0.13
A= ( 048 —0.55 047 ),B = ( 0.01 0.03 0.05 ),C = ( 0.15 0.18 0.19 )
049 051 —-0.62 0.04 0.08 0.06 0.12 0.17 0.23
Choose the constants « = 3,61 = 1.1, and ¢ = 1.3. By solving the conditions (20)-(27)
in Theorem 2, we have
—142.0598 —142.0845 —141.7419 134.0799 134.0632 134.3987
Ky = ( —118.7047 —118.7644 —118.5528 ),K; = ( 126.4719 126.4264 126.6184 ),
—143.5864 —143.6578 —143.5290 131.1262 131.0581 131.1771
—0.5277 —0.5282 —0.5280 —0.1019 —0.1047 —0.1061
K, = ( —0.5277 —0.5280 —0.5279 ),L = ( —0.0798 —0.0790 —0.0793 ),
—0.5282 —0.5286 —0.5285 —0.1836 —0.1783 —0.1739

K =

0.6585 0.6443 0.6373
0.6108 0.6154 0.6135
0.8509 0.8642 0.8767

0.5281 0.5286 0.5284

0.5281 0.5289 0.5287
0.5286 0.5293 0.5291

oo (i )

Substituting the above gain matrices into A = A + BKp yields that

—0.9494 0.0896  0.0022
A= 0.0102 —1.0303 0.0209 .
0.0446  0.0461 —1.0096

Given ¢3 = 1.5, it follows from (28) that

()

0.0367
0.0207
0.8777

0.0044
0.7755
0.0083

0.9719
0.0438
0.0003

()
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0.9719 0.0438 0.0003
Then, we have M = | 0.0044 0.7755 0.0083
0.0367 0.0207 0.8777
—1.5021 —3.6024  3.0650
Using M = I, — BKp gives Kp = 1.7859  10.8409  —5.4568
—0.6642 —11.5869 2.9045

The choice of parameter & can be obtained by using a similar algorithm to Algorithm 1.
Detailed instructions are as follows: (i) the stability condition requires that @ > 0, (ii) a similar
algorithm to Algorithm 1 is used to choose the corresponding parameters, and (iii) a suitable
value of « can be found if the conditions in Theorem 2 hold.

Figure 2 presents the state simulations under the designed PID control law (18) and
state observer (17), where the initial state x(to) = (1521 18)" and the initial observer
state £(tg) = (8 6 4)' satisfying e(ty) = x(tg) — £(tg) = 0 were given. It can be found
from Figure 2 that the system states remain non-negative and asymptotically converge
to zero. The simulations of x(t) and £(¢) are shown in Figure 3. Figure 4 shows the error
trajectories between x(t) and %(t). From Figures 3 and 4, the observer design is effective
in estimating the states. Figure 5 is the simulation result of the control signal. The com-
parison simulations of PID control and proportional control are described based on the
state observer in Figure 6. From Figure 6, it is clear that the system states under the PID
controller have a faster convergence speed than the states under the proportional controller.

25

%I (t)
(t)
20 o 23(¢)/]
@,
R
158 % & e
%y
BN
10 X ,
&
*
5F ,
‘\\
0 L w O 0:0:0:000:016-040:6-6-00:0-0-0040 005010
0 2 4 6 8 10 12 14 16 18 20
Figure 2. The simulations of state x(#).
< (t)
-+ (1)

20 T
15

10 10

Figure 3. The trajectories of state x () and observer state £(¢).
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Figure 4. The trajectories of the error e(f).

200
150 —u (1)
1 —uy(t)
00 Il
—us(1)
50— -
0
50 ]
-100 =
-150 -
-200 =
-250 -
300 L L L L L
5 10 15 20 25 30
Figure 5. The control signal u(f).
02
l$)~0
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0.2 E;‘EQ\ seset®
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0.8 R oy L i
Lok O opE
B4 o o R
RS E \‘ a o M 4
] 5@ K
12 A WP
" N g =xprp, (t) — zp(t)
14l ‘-.q Y e _,EI‘J -O-J,’PIDZ(t) *Ipz(t)*
. =
a, i -6 T t) —xp(t
16l o pID, (t) — zp,(t)|]
18
0 2 4 6 8 10 12 14 16 18 20

Figure 6. The comparison of x(t) with different controllers.

5. Conclusions

This paper focuses on the problem of PID control for continuous-time positive systems.
A matrix decomposition technique is adopted to construct the PID control law. A novel
approach is employed to solve the inverse matrix in the closed-loop system. By virtue
of a three-stage strategy, the positivity and stability of continuous-time positive systems
are guaranteed. Furthermore, the state observer-based PID controller is also considered.

In this paper, the PID control is proposed for single positive systems via a multi-stage
design strategy. There exist some obstacles to apply it to hybrid systems. In future work,
it will be interesting to develop the presented PID control approach to hybrid systems.
Moreover, it will also be a very interesting work to build the PID controller framework
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of continuous-time positive systems based on the error between the reference signal and
the output signal in the future.
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