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Abstract

:

Variable (feature) selection plays an important role in data analysis and mathematical modeling. This paper aims to address the significant lack of formal evaluation benchmarks for feature selection algorithms (FSAs). To evaluate FSAs effectively, controlled environments are required, and the use of synthetic datasets offers significant advantages. We introduce a set of ten synthetically generated datasets with known relevance, redundancy, and irrelevance of features, derived from various mathematical, logical, and geometric sources. Additionally, eight FSAs are evaluated on these datasets based on their relevance and novelty. The paper first introduces the datasets and then provides a comprehensive experimental analysis of the performance of the selected FSAs on these datasets including testing the FSAs’ resilience on two types of induced data noise. The analysis has guided the grouping of the generated datasets into four groups of data complexity. Lastly, we provide public access to the generated datasets to facilitate bench-marking of new feature selection algorithms in the field via our Github repository. The contributions of this paper aim to foster the development of novel feature selection algorithms and advance their study.
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1. Introduction


With the consistent growth in the importance of machine learning and big data analysis, feature selection stands to be one of the most relevant techniques in the field. Extending into many disciplines, we now witness the use of feature selection in medical applications, cybersecurity, DNA micro-array data, and many more areas [1,2,3]. Machine learning models can significantly benefit from the accurate selection of feature subsets to increase the speed of learning and also to generalize the results. Feature selection can considerably simplify a dataset, such that the training models using the dataset can be “faster” and can reduce overfitting. A Feature Selection Algorithm (FSA) can be described as the computational solution that produces a subset of features such that this reduced subset can produce comparable results in prediction accuracy compared to the full set of features. The general form of an FSA is a solution that algorithmically moves through the set of features until a “best” subset is achieved [4].



The existence of irrelevant and/or redundant features motivates the need for a feature selection process. An irrelevant feature is defined as a feature that does not contribute to the prediction of the target variable. On the other hand, a redundant feature is defined as a feature that is correlated with another relevant feature, meaning that it can contribute to the prediction of a target variable whilst not improving the discriminatory ability of the general set of features. FSAs are generally designed for the purpose of removing irrelevant and redundant features from the selected feature subset.



In real-life datasets, knowledge of the full extent of the relevance of the features in predicting the target variable is absent; hence, obtaining an optimal subset of features is nearly impossible. The most common ways to evaluate FSAs in such scenarios would be to employ the feature subsets in a learning algorithm and measure the resultant prediction accuracy [5]. However, this can prove to be disadvantageous, since the outcome would be sensitive to the learning algorithm itself along with the feature subset(s) [5].



Consequently, the production of controlled data environments for the purpose of evaluating FSAs has become necessary for the development of novel and robust FSAs. One way of standardizing this is through the use of synthetic datasets. The performance of FSAs depends on the extent of the relevance and irrelevance within the dataset; so, to produce an artificially controlled environment in which the relevance is known can be of significant advantage in their performance evaluation. This can be more conclusive for researchers given that the optimal solutions are known and thus do not rely on external evaluations to determine their performance. Moreover, researchers can easily indicate which algorithms are more accurate based on the number of relevant features selected [6]. In addition, the use of synthetic datasets provides a standardized platform for FSAs with different underlying architectures to be compared in a model agnostic manner. The existing literature in the field lacks a systematic evaluation of FSAs based on common benchmark datasets with controlled experimental conditions.



This paper presents a set of 10 synthetic datasets generated in a way that specifies the relevant, redundant, and irrelevant features for the purpose of standardizing and giving an unbiased evaluation of an FSA’s performance. The proposed datasets are also organized in ascending complexity to determine the level of performance for any algorithm. In total, 10 datasets are created, drawing inspiration from various natural and algorithmic sources including mathematical models, computational logic, and geometric shapes. These standardized datasets are chosen due to their generalizability compared to the more chaos-driven real-life datasets. Within this framework, we propose the use of synthetic data over real-world data. If an FSA is not able to perform desirably within a synthetic environment, then it is unlikely to perform adequately in real-world conditions. Furthermore, we evaluate the performance of eight popular FSAs to demonstrate the benchmarking capacity of the proposed synthetic datasets. These feature selection algorithms were chosen based on their relevance within the industry and their novelty in the field.



The datasets were generated using Python. The code to access and modify the proposed synthetic datasets is available on our GitHub repository (https://github.com/ro1406/SynthSelect, accessed on 24 January 2024). Researchers are encouraged to download and manipulate the relevance of features as required for the testing of their own FSAs. The goal of this paper is primarily to facilitate the development and evaluation of novel feature selection algorithms and further study existing algorithms. The contributions of this paper are summarized below:




	
Introduce a universal set of synthetic datasets for the evaluation of different types of feature selection algorithms within a controlled unbiased environment with known optimal solutions.



	
Conduct a comprehensive evaluation of popular feature selection algorithms using the aforementioned synthetic datasets to benchmark their performance, allowing us to gauge their performance on real-world datasets.



	
Provide public access on GitHub to the proposed synthetic datasets to facilitate common benchmarking of both novel and existing FSAs.








This paper is organized as follows: in Section 2, we present the related works and a literature review. In Section 3, we describe the generation of the ten synthetic datasets and discuss their characteristics and inspirations. In Section 4, we describe the methodology used for the evaluation of the performance of eight selected FSAs. In Section 5, we present and analyze the results of Section 4. In Section 6, we provide a synopsis for using our generated synthetic datasets to test and evaluate an FSA of interest. Finally, conclusions and some insights into future work are presented in Section 7.




2. Literature Review


Synthetic datasets were popularized by Friedman et al. in the early 1990s, where continuous valued features were developed for the purposes of regression modeling in high-dimensional data [7,8]. Friedman’s 1991 paper continues to be widely cited in the feature selection literature because it addresses the complex feature selection problem through an application of synthetically generated data. In 2020, synthetically generated adaptive regression splines were used to develop a solution for feature selection in Engineering Process Control (EPC) [9]. Although specifically used in the context of recurrent neural networks, the importance of synthetic data can be seen in the development of reliable feature selection techniques.



In [10], Yamada et al. highlighted the relevance of using synthetic data for the development of novel feature selection techniques. The authors discussed the challenge of feature selection when considering nonlinear functions and proposed a solution using stochastic gates. This approach outperforms prior regression analysis methods (such as the LASSO method—for variable selection) and also is more generalizable towards nonlinear models. Examples of applications of these nonlinear models were discussed including neural networks, in which the proposed approach was able to record higher levels of sparsity. The stochastic gate algorithm was subsequently tested on both real-life and synthetically generated data to further validate its performance. The general use of synthetic datasets appears to be for the purposes of validating feature selection algorithms, which is similarly presented in [11] for the production of a feature selection framework in datasets with missing data. Ref. [12] explained that the lack of available real data is a challenge faced when considering unsupervised learning in waveform data and suggested the use of synthetically generated datasets to produce real data applications.



Other applications of synthetic data for unsupervised feature selection have been proven effective in the literature, as in the case of [13]. The authors presented two novel unsupervised FSAs, experimentally tested using synthetic data. The authors recommended the study of the impact of the noisy features within the data as an area of further work. Synthetic data have also been used for evaluating dynamic feature selection algorithms [14], the process of dynamically manipulating the feature subsets based on the learning algorithm used [15]. Unsupervised feature selection has been growing in relevance, as it removes the need for class labels in producing feature subsets. Synthetic datasets have also been used for comparatively studying causality-based feature selection algorithms [16].



Most recently, synthetic datasets were presented as a valuable benchmarking technique for the evaluation of feature selection algorithms [17]. That paper presented six discrete synthetically generated datasets that drew inspiration from digital logic circuits. In particular, the generated datasets include an OR-AND circuit, an AND-OR circuit, an Adder, a 16-segment LED display, a comparator, and finally, a parallel resistor circuit (PRC). These datasets were then used for the purposes of testing some popular feature selection algorithms. Similar work with discrete-valued synthetic datasets was presented in [18], where the authors produced a Boolean dataset based on the XOR function. The CorrAL dataset was proposed in that paper containing six Boolean features    x 1  ,  x 2  , … ,  x 6   , with the target variable being determined by the Boolean function    (  x 1  ∧  x 2  )  ∨  (  x 3  ∧  x 4  )   . Features    x 1  , … ,  x 4    were the relevant features,   x 5   was irrelevant and finally,   x 6   was redundant (correlated with the target variable). CorrAL was later extended to 100 features, allowing researchers to consider higher-dimensional data than the original synthetically generated dataset [19].



In [20], the authors developed synthetic data that mimic microarray data. This was based on an earlier study conducted on hybrid evolutionary approaches to feature selection, namely, memetic algorithms that combine wrapper and filter feature evaluation metrics [21]. Initially, the authors presented a feature ranking method based on a memetic framework that improved the efficiency and accuracy of non-memetic algorithm frameworks [22].



Another well-known synthetic dataset is the LED dataset, developed in 1984 by Breiman et al. [23]. This is a classification problem with 10 possible classes, described by seven binary attributes (0 indicating that a LED strip is off and 1 indicating that the LED strip is on). Two versions of this dataset were presented in the literature, one with 17 irrelevant features and another with 92 irrelevant features—both containing 50 samples. Different levels of noise were also incorporated into the dataset, with 2, 6, 10, 15, and 20% noise, allowing the evaluation of FSAs’ tolerance to the extent of noise in the dataset. These synthetic datasets were then used to test different feature selection algorithms, as indicated in [24]. A similar discrete synthetic dataset is the Madelon dataset [25], where relevant features are on the vertices of a five-dimensional hypercube. The authors included 5 redundant features and 480 irrelevant features randomly generated from Gaussian distribution. In [1], the authors tested ensemble feature selection for microarray data by creating five synthetic datasets. It was demonstrated empirically that the feature selection algorithms tested were able to find the (labeled) relevant features, which helped in the evaluation of the stability of these proposed feature selection methods.



Synthetic datasets with continuous variables have also been presented in the literature. In [26], the authors presented a framework for global redundancy minimization and subsequently tested this framework on synthetically generated data. The dataset contained a total of 400 samples across 100 features, with each sample being broken up into 10 groups of highly correlated values. These points were randomly assigned using the Gaussian distribution. This dataset, along with other existing datasets, was used as the testing framework for the algorithms proposed. Synthetic data have also been used in applications such as medical imaging, where Generative Adversarial Networks (GANs) are employed to produce image-based synthetic data [27]. However, the limitations of synthetic data must also be noted, as they often pose restrictions when it comes to the various challenges encountered in the feature selection process [17,28,29].



More specifically, it is important to acknowledge the fact that synthetic data often come with a lack of “realism”, meaning that the data generated are not as chaotic as what could be expected in the real world. Many real-world applications come with a tolerance for outliers and randomness, which cannot be accurately modeled with synthetic data [29]. Furthermore, synthetic datasets are often generated due to the lack of available real-world data, which poses an obstacle in itself. In many cases, the limited nature of the available data restricts researchers from being able to model (and thus synthesize) the data accurately. This can potentially lead to synthetically generated data that are less nuanced than their real-world counterparts. However, this is more often the case for high-dimensional information-dense applications, such as financial data [30,31].



Feature selection methods are categorized into three distinct types: filter methods, wrapper methods, and embedded methods. Filter methods are considered a preprocessing step to determine the best subset of features without employing any learning algorithms [32]. Although filter methods are computationally less expensive than wrapper methods, they come with a slight deficiency in that they do not employ a predetermined algorithm for the training of the data [33]. In wrapper methods, a subset is first generated, and a learning learning algorithm is applied to the selected subset so that the metrics pertaining to the performance of this specific subset are recorded. The subsets are algorithmically exhausted until an optimal solution is found. Embedded methods, on the other hand, combine the qualities of both filter and wrapper methods [34]. Embedded feature selection techniques have risen in popularity due to their improved accuracy and performance. They combine filters and classifiers and havee the advantages of different feature selection methods to produce the optimal selection on a given dataset.



Despite a wide variety of algorithms for feature selection, there is no agreed “best” algorithm, as FSAs are generally purpose-built for a specific application [24]. By this, we are referring to the fact that different FSAs work well on different data, depending on their size, type, and general application. In this paper, we introduce a collection of synthetic datasets that can be used to test the performance of different FSAs in a more standardized evaluation process.




3. Synthetic Datasets


In this section, we explain the generation of our proposed datasets. We discuss each of the ten datasets in terms of its inspiration and method of generation. Other details including the type of data, size, number of relevant, redundant, and irrelevant features are further discussed. Additionally, the complexity of each of the datasets is assessed to give a more complete picture regarding the type of data being generated. This will allow for further analysis of the performance of each feature selection algorithm and the difficulty it may encounter in finding relevant features.



3.1. Datasets


As mentioned above, we present here ten different datasets ranging from a simple dataset specified by a single straight line equation to datasets defined by complex geometric shapes and patterns. To generate our datasets, we used k probability distributions to generate k relevant features. We then generated redundant features by applying various linear transformations of the relevant features. Finally, we added irrelevant features randomly generated from an arbitrarily chosen distribution.



3.1.1. Straight Line Dataset (y = X)


The straight line dataset is our simplest dataset that used the simple equation y = X to create its classes. The dataset consists of two relevant features,   F 1   and   F 2  , generated using two normal distributions, N(1, 5) and N(2, 3). These features were then used to generate 20 redundant features, which were combined with 100 additional irrelevant features. In total, the dataset consists of 200 instances and is split using the equation   F 2 > F 1   (Figure 1).




3.1.2. Trigonometric Dataset


The trigonometric dataset is a numeric dataset based on the sine function. It consists of two relevant, five redundant, and fifty irrelevant features, as well as 200 instances of data. We generated the relevant features,   F 1   and   F 2  , using normal distributions with N(2, 2) and N(−2, 1), respectively. We then divided the data points into two classes using the inequality   F 2 > 5 sin ( F 1 )   (Figure 2).




3.1.3. Hypersphere Dataset


The hypersphere dataset is a numeric dataset based on spheres. It consists of 3 relevant, 20 redundant, and 100 irrelevant features, for 400 instances of data. We generated   F 1   and   F 3   using exponential distributions with   λ 1 = 10   and   λ 3 = 5  , respectively, and   F 2   using a gamma distribution with   α = 10   and   β = 5  . We then divided the data points into two classes using the inequality    30 2  > F  1 2  + F  2 2  + F  3 2    (Figure 3).




3.1.4. Cone Dataset


The cone dataset, similar to the hypersphere, is inspired by geometry. We used three relevant features,   F 1  ,   F 2  , and   F 3  , generated using three normal distributions, N(5, 9), N(0, 25), and N(10, 25). We then combined them with 20 redundant features and 100 irrelevant features. The classes were assigned using the equation:   F  1 2  + F  2 2  < F  3 2    (Figure 4).




3.1.5. Double Spiral Dataset


The double spiral dataset consists of data points found along one of two spirals drawn in three-dimensional space. The dataset consists of three relevant features used to generate 30 redundant features. Then, 120 irrelevant features were added to the dataset. Each of the three relevant features was generated using the following equations for each class, based on a continuous variable   F 3   (Figure 5):



Equation for Class 1:


  0 ≤ F 3 ≤ 2 π  F 1 = F 3 · cos ( 6 · F 3 )  F 2 = F 3 · sin ( 6 · F 3 ) .  











Equation for Class 2:


  0 ≤ F 3 ≤ 2 π  F 1 = F 3 · cos  6  F 3 +  π 2     F 2 = F 3 · sin  6  F 3 +  π 2    .  












3.1.6. Five-Class Multi-Cut Dataset


The multi-cut dataset is a numeric dataset with each data point belonging to one of five classes (Figure 6). It consists of 6 relevant, 20 redundant, and 100 irrelevant features for 500 instances of data points. We generated   F 1   and   F 2   using N(10, 5) and N(−10, 5), respectively;   F 3   and   F 4   using  γ -distributions with   ( α , β )   = (10, .4) and   ( α , β )   = (15, .5), respectively; and   F 5   and   F 6   using exponential distributions with   λ = 7   and   λ = 20  , respectively. Based on the generated samples, we defined the following split equation in order to define the five classes of the target variable:


   Class =       1 :     − 65 ≤ f < − 45 ∪ − 35 ≤ f < − 30       2 :     − 40 ≤ f < − 35 ∪ 0 ≤ f < 5       3 :     − 30 ≤ f < − 20 ∪ − 45 ≤ f < − 40       4 :     − 20 ≤ f < − 10       5 :     − 10 ≤ f < 0      ,  



(1)




where f is an arbitrarily selected linear combination of the relevant features given by:


  f =  F 1  − 2  F 2  + 5  F 3  − 4  F 4  + 8  F 5  − 7  F 6  .  












3.1.7. Ten-Class Multi-Cut Dataset


This dataset is an extension of the five-class dataset with double the number of possible classes. It consists of 6 relevant, 20 redundant, and 100 irrelevant features for 500 instances of data. We generated   F 1   and   F 2   using N(10, 5) and N(−10, 5),   F 3   and   F 4   using  γ -distributions with   ( α , β )   = (10, .4) and   ( α , β )   = (15, .5), and   F 5   and   F 6   using exponential distributions with   λ = 10   and   λ = 20  . Similar to the five-class dataset, we defined the following equation to define the ten classes of the target variable (Figure 7):


   Class =       1 :     − 65 ≤ f < − 60 ∪ − 45 ≤ f < − 40       2 :     − 60 ≤ f < − 55 ∪ − 10 ≤ f < − 5       3 :     − 55 ≤ f < − 50 ∪ − 5 ≤ f < 0       4 :     − 50 ≤ f < − 45 ∪ 0 ≤ f < 5       5 :     − 40 ≤ f < − 35 ∪ 5 ≤ f < 10       6 :     − 35 ≤ f < − 30       7 :     − 30 ≤ f < − 25       8 :     − 25 ≤ f < − 20       9 :     − 20 ≤ f < − 15       10 :     − 15 ≤ f < − 10      ,  



(2)




where   f =  F 1  − 2  F 2  + 5  F 3  − 4  F 4  + 8  F 5  − 7  F 6   .




3.1.8. Yin–Yang Dataset


The image of the Chinese philosophical concept of Yin-Yang, depicted in Figure 8, inspired this dataset. To generate a dataset, we converted the pixels in an image of the Yin–Yang symbols into over a hundred thousand data points; the coordinates of each pixel are the relevant features, and the color defines the class of the binary target variable. As a result, we had two relevant features and added ten redundant and fifty irrelevant features. We scaled down the dataset to 600 instances.




3.1.9. 4D AND


The four-dimensional AND dataset is one that uses categorical data as its relevant features. We used four binary features,   F 1   to   F 4  , to generate eight redundant features using the NOT function. We then added 100 irrelevant features into the dataset. The relevant features were then used to split the dataset using the simple equation:   F 1 · F 2 + F 3 · F 4   (Figure 9).




3.1.10. 5D XOR


The five-dimensional XOR dataset is very similar to the AND dataset. We used five binary features, ×1 to ×5, to generate ten redundant features using the NOT function. We then added 100 irrelevant features. We had a total of 100 instances, and the dataset was split using the XOR function as follows:   F 1 ⊕ F 2 ⊕ F 3 ⊕ F 4 ⊕ F 5   (Figure 10).



Table 1 provides a summary of our generated datasets.






4. Methodology


In this study, we selected an array of FSAs and tested their performance on our synthetically generated datasets. Our tests involved running the algorithms on our datasets and tasking them to provide a number of features equal to the number of originally generated relevant features and then twice that number. Each time, we used the number of correct features selected as the performance metric. We defined a correct feature as either a relevant feature or a redundant feature of a relevant feature that had not been selected yet. If an algorithm selected two redundant features that were generated from the same relevant feature, then it counted as only one correct feature being selected.



Despite a wide variety of algorithms for feature selection, there is no agreed “best” algorithm, as FSAs are generally purpose-built for a specific application [24]. By this, we are referring to the fact that different FSAs work well on different data, depending on their size, type, and general application. One of the most popular feature selection algorithms that is well-tested within the field is Minimum Redundancy Maximum Relevance (mRMR) [35]. mRMR selects features based on calculations of which features correlate most with the target (relevance)—and which features correlate least with each other (redundancy) [36]. Both of these optimization criteria are used to develop the feature selection information. Other feature selection algorithms include decision tree entropy-based feature selection [37], Sequential Forward Selection (SFS) [38], and Sequential Backward Selection (SBS) [39].



4.1. Feature Selection Algorithm Testing


For this work, we used the following list of FSAs:




	
Entropy—an algorithm that tries to maximize the information gained by selecting a certain feature with entropy as the measure of impurity [40].



	
Gini Index (Gini)—similar to Entropy, this algorithm aims to maximize the information gain when selecting features but uses the Gini Index as its measure of impurity [41].



	
Mutual Information (MI)—this algorithm uses the concept of mutual information, which measures the reduction in uncertainty for the target variable given the selection of a certain feature [41].



	
Sequential Backward Selection (SBS)—this algorithm sequentially removes features until there is significant increase in the misclassification of a supporting classifier. We used a Support Vector Machine with an rbf kernel for our experiments [42].



	
Sequential Forward Selection (SFS)—this algorithm is similar to SBS; however, it is the sequential adding of features until there is no significant decrease in the misclassifcation of a supporting classifier. We use a Support Vector Machine with an rbf kernel for our experiments [42].



	
Symmetrical Uncertainty (SU)—uses the interaction of a feature with other features to determine which features are best [43].



	
Minimum Redundancy Maximum Relevance (mRMR)—this algorithm is a minimal-optimal feature selection algorithm that sequentially selects the feature with maximum relevance to the target variable but also has the minimum redundancy when compared to the previously selected features [44].



	
Genetic Feature Selection Algorithm (GFA)—a genetic algorithm inspired by the concepts of evolution and natural selection used from the sklearn-genetic library [45].








In the next section, the selected FASs are ranked and evaluated on their ability to identify the correct features in the generated datsets and also on their robustness or resilience to noise.




4.2. Complexity


When developing testing benchmarks for feature selection algorithms, an understanding of how difficult or complex the datasets used are is crucial. While designing and generating our synthetic datasets, we developed an understanding of how hard it would be for a feature selection algorithm to accurately pick out the relevant features. By using this information, we can measure the sophistication of feature selection algorithms based on how well they perform on datasets with different levels of complexity.



There is limited literature on a commonly agreed “difficulty” or “complexity” of synthetically generated datasets. Only a few papers such as [46,47] have attempted to define the complexity of a dataset. However, neither are regarded as the standard to measure complexity in the field. Hence, we propose groupings of complexity based merely on empirical results. To do so, we tested eight different FSAs on all the datasets and kept a record of the percentage of correct features identified across all datasets, where a correct feature is defined in the next Section 4. We used the distribution of the average percentage of identified correct features as the basis for grouping the datasets in terms of difficulty. A statistical test was applied to validate the groupings, where we expected datasets in each group to have a similar performance across the different FSAs.




4.3. Noise Resilience


Noise is a common feature of most datasets. As a result, research has been conducted into the handling of noise in all kinds of datasets and applications [48,49,50]. In this work, we explored the robustness of Feature Selection Algorithms through two kinds of noise: asymmetric label noise and irrelevant feature addition. Asymmetric label noise was created by selecting a random fraction of data points in the dataset and swapping their labels to the other class using fixed rules. For example, a point selected from the ith class would be converted to the (i + 1)th class in that dataset. Meanwhile, in our following experiments, we removed the irrelevant features from the dataset and then replaced these features while tracking the change in the FSA performance. Other methods of adding noise exist in the literature, like the addition of Gaussian noise to the data samples. We decided to limit ourselves to two methods of noise addition as it seemed sufficient for the scope of this work. Below is the summary of our noise addition methods:




	
Class Changing: Randomly change the target variable classes to different classes for a subset of data.



	
Reducing the number of irrelevant features: Randomly dropping a subset of irrelevant variables from the generated data, i.e., reducing the level of noise in the dataset.








For each of the two noise addition methods, we varied the size of the subset of the data to which noise was added by varying a percentage of the classes of the instances (or number of irrelevant features, respectively), between 0% and 50%. As the level of noise moves from 0% to 50% for class changing, the level of noise increases. Furthermore, the level of noise increases, as the percentage of the removed irrelevant features decreases from 50% to 0%.





5. Results


In this section, we present the results of the evaluation of the performance of the selected FSAs on our generated datasets. We begin first by counting the number of correct features identified by each algorithm for each dataset. We use the results to group the datasets in terms of complexity and examine the performance of each FSA across the different complexity groups. Further evaluation of the FSA performance was conducted by adding the two kinds of noise to the datasets, and we examine the percentage of correct features identified as the level of noise increases.



5.1. Number of Correct Features Identified Per Dataset


We examine the number of correct features identified per dataset when selecting the number of features as the actual number of relevant features (as in Table 1) and twice the actual number of relevant features. Since a full length discussion of each FSA’s results on each of the datasets would be too long and derail us from the main purpose of the paper, we have included the entire discussion in Appendix A.



In the first round of experiments, we see that the SBS and SFS were the top performing FSAs on average. The SBS was able to identify all the relevant features for six out of ten of our datasets, and the SFS was able to do the same for five. Similar results were achieved when the FSAs were tasked with finding twice the number of relevant features. On the other hand, we see that the GFA and Gini performed the worst, with each only once finding all the relevant features of a dataset when tasked with finding twice the number of relevant features. The average fraction of correct features selected by each algorithm is summarized in Table 2. This average is calculated using the results reported in Appendix A for each dataset.



When it comes to the datasets, we see that the FSAs often did well on the Straight line, Yin–Yang, and 4D AND datasets. At the same time, most of the FSAs failed to identify even one of the relevant features in the 5D XOR and the Double spiral datasets with the exception of the MI algorithm, which was able to identify one correct feature in the Double spiral dataset when selecting the feature subset size equal to the number of relevant features and twice the number of relevant features. Furthermore, the Entropy algorithm was able to find one of the relevant features when tasked with finding twice the number of relevant features in the 5D XOR dataset. The average performance of all the FSAs is given in Table 3 for each of the datasets.




5.2. Groupings of the Generated Datasets


As discussed in Section 4.2 above, we used the empirical results to construct groupings of the datasets. As observed in Figure 11, we see that the 4D AND and Straight line datasets had the best performance, while the 5D XOR and Double spiral datasets showed the worst performance. Figure 11 also suggests that the Yin–Yang dataset can be placed in the top level group; however, based on Figure 12 we see that the Yin–Yang dataset can be placed in a higher level of complexity when selecting twice the number of relevant features.



Using both set of results, we conducted a series of Kruskal–Wallis tests to compare the set of results for each dataset. We conducted the test comparing the average fraction of correct features identified per dataset in each possible grouping of neighbors in Figure 11. We concluded the final groups when the Kruskal–Wallis test within the group showed no statistical difference but the test between the consecutive groups showed a statistically significant difference. These tests show that the four most complex datasets are actually statistically significantly different. As a result, we decided to use these four complexity groups:




	
Group 1—Low Complexity: Straight line (  y = x  ), 4D AND;



	
Group 2—Medium Complexity: Yin–Yang, Trigonometric, Hypersphere, Cone;



	
Group 3—High Complexity: Ten-class multi-cut, Five-class multi-cut;



	
Group 4—Very High Complexity: Double spiral, 5D XOR.








In the next section, we evaluate the noise resilience of the eight FSAs considering the complexity groupings identified above.




5.3. Noise Resilience of the FSAs


Now that we have tested several FSAs on the proposed datasets and provided a comprehensive ranking of the datasets in terms of the FSAs’ performance, we now examine the resilience of different FSAs to noisy data. We explore the two methods of adding noise to the datasets described in Section 4.3 in order to to examine the stability and resilience to noise of the FSA.



Note: Some of the figures in this section have overlapping lines. As a way to combat that, we added small lines around the markers on the graph to indicate what other markers (of the same color) are hidden behind this line. A combination of the visible markers and these lines should be able to give any reader a complete understanding of our results.



5.3.1. Class-Wise Noise


	
Group 1—Low Complexity






Figure 13 depicts the average percentage of correct features identified across the complexity group 1 datasets for varying ratios of induced class flip noise when selecting a feature subset of a size equal to the number of relevant features (a) and twice the number of relevant features (b).



Most FSAs experienced a sharp decline in performance when 30% or more of the classes were changed as shown in Figure 13a. Most FSAs had a stable performance when less than 20% of the classes were changed, indicating a limited robustness to mislabelled data for the easy datasets. A similar trend is observed when twice the number of features were chosen as shown in Figure 13b, but a few algorithms performed slightly better on average, such as the SBS, Symmetric uncertainty, mRMR, and Entropy. We also notice that in general most algorithms performed the same or slightly better when selecting twice the number of relevant features.



	
Group 2—Medium Complexity






Figure 14 shows the average percentage of correct features identified across the complexity group 2 datasets.



FSAs in this group have a much more stable performance and resilience to mislabelled data, as illustrated in Figure 14a,b. In particular, almost all the FSAs obtained a stable performance with up to 20% of the classes changed, as shown in Figure 14a, with SU achieving a stable performance even with over half the classes changed. However, this performance was relatively poor. In contrast, SBS maintained a relatively stable and highly accurate performance regardless of the number of features it was asked to select. In general, we observe an obvious trend in which most of the FSAs performed better when allowed to select a larger subset of features, as shown in Figure 14b.



	
Group 3—High Complexity






Figure 15 shows the average percentage of correct features identified across complexity group 3 datasets.



As shown in both Figure 15a,b above, almost every FSA consistently performed the same regardless of the level of noise. Similar to group 2, Figure 15b shows a higher average performance than Figure 15a. As expected, none of the algorithms performed with over 75% accuracy, since this is the hard group of datasets. However, most algorithms were very stable but were unable to achieve over 50% accuracy when tasked with selecting fewer features. This indeed emphasizes the importance of determining the number of features to be selected, especially for a considerable level of data complexity. As seen in Figure 15b, only five FSAs were able to achieve 50% accuracy or higher. Moreover, a notable observation is that the GFA and MI failed harshly in this category identifying less than 30% of the features correctly on average. Hence, the GFA and MI are unsuitable to use for a dataset with complex decision boundaries.



	
Group 4—Very High Complexity






Figure 16 shows the average percentage of correct features identified across complexity group 4 datasets.



As shown in Figure 16a,b, almost every FSA consistently performed very poorly, with most FSAs consistently not finding any features, as shown in Figure 16a. The MI, Entropy, and SBS managed to identify some of the relevant features but still eventually failed even at very low noise levels. The SBS ultimately performed the best when selecting a higher number of features (as in Figure 16b) but still achieved a maximum of below 40% accuracy. However, due to the erratic behavior of these FSAs and most of them identifying little to no correct features at 0% noise levels, we can conclude that any improvements seen here are merely coincidental or due to the random noise. Hence, the final group with the highest difficulty led to most FSAs failing completely when any mislabelled data were presented.



Table 4 and Table 5 below exhibit the average performance of each FSA across all noise levels and all datasets in each complexity group. The two tables provide the average and standard deviation values for the number of correct features identified when the size of the selected feature subset is equal to the number of relevant features (Table 4) and twice the relevant features (Table 5).



A well-performing FSA is has a high average and low standard deviation indicating high accuracy and high stability. As expected, all the algorithms performed better or equally well when selecting a higher number of features, as the performance of the FSAs in each group shown in Table 5 was better than their performance shown in Table 4. Furthermore, as the data complexity level increases, the FSAs suffer from reduced accuracy with increased stability.



From the above analysis, we can identify the best performing algorithm for each data complexity group:




	
Group 1—Low Complexity: SBS;



	
Group 2—Medium Complexity: SBS;



	
Group 3—High Complexity: SFS;



	
Group 4—Very High Complexity: MI.








It is worth noting that group 4 has MI as the most accurate algorithm; however, it is also the most unstable algorithm in Table 4. Moreover, the SBS may seem like the most accurate algorithm when selecting more features, as shown in Table 5; however, it has an extremely large standard deviation, making it very unstable.



All Datasets


A further examination of the trends across all the datasets presented in Figure A1a,b (Appendix A) and the last column in Table 4 and Table 5 above reveals the following main takeaways:




	
There is no significant degradation in the performance of the FSAs when up to 20% of the class labels are changed. This observation holds true when selecting both the actual number of relevant features and twice the number of relevant features. This suggests that the additional features found were often not relevant when there were mislabelled data.



	
While the overall accuracy of the FSAs across all datasets increases when twice the number of relevant features are selected (Table 4 and Table 5), their overall stability, measured by the standard deviation, remains nearly the same for a higher number of selected features.










5.3.2. Irrelevant Feature Noise


	
Group 1—Low Complexity






Figure 17 depicts the average percentage of correct features identified for the datasets in complexity group 1 for varying ratios of removed irrelevant features when selecting the actual number of relevant features (a) and twice the number of relevant features (b).



Most FSAs are easily able to consistently find all the relevant features, as shown in Figure 17a,b. This is demonstrated by the straight line at 100% of the correct features found in both figures for some FSAs. However, there are a few FSAs that performed poorly, such as the Gini, GFA, and MI that identified less than 50% of the correct features. Generally speaking, most algorithms continued to maintain their performance, while others improved their accuracy when selecting a higher number of features, as shown in Figure 17b.



	
Group 2—Medium Complexity






Figure 18 depicts the average percentage of correct features identified for the datasets in complexity group 2 for varying ratios of removed irrelevant features when selecting the actual number of relevant features (a) and twice the number of relevant features (b).



As seen in Figure 17, the FSAs have a consistent performance with group 2 datasets too. There are slight differences in performance between the group 1 datasets and the group 2 datasets. This is expected to a certain extent since most popular FSAs are generally robust to the number of irrelevant features in the dataset. Further, Figure 18 exhibits a clear improved performance of all FSAs when twice the number of relevant features are identified.



	
Group 3—High Complexity






The results for the group 3 datasets are displayed in Figure 19.



On average, many FSAs continued to maintain consistent performance showing a great level of resilience to additional irrelevant features, even for harder datasets. However, this performance is less than that seen for the datasets in groups 1 and 2. Hence, even though the graphs in Figure 19a,b show some consistent performances, the average number of features identified have dropped significantly in comparison to easier groups.



	
Group 4—Very High Complexity






Figure 20 shows the average percentage of correct features identified for the very high complex datasets.



Figure 20a,b show the poor performance most FSAs have on the datasets in group 4, with the majority of them consistently achieving an accuracy of 0% or near. The best FSAs—MI and SBS—also fail to exceed 35% accuracy and have a relatively erratic behavior, which is very unusual compared to their performance for the datasets in groups 1, 2, and 3. This further illustrates how these datasets in group 4 make it difficult for FSAs to identify the correct features. In addition, none of the FSAs is able to achieve a major improvement when selecting a higher number of features.



We can easily summarize the trends seen across each group in Table 6 and Table 7.



As expected, all algorithms perform better or equally well when selecting a larger number of features. The performance of the FSAs in each group shown in Table 7 is generally better than their performance shown in Table 6. As illustrated in Section 5.3.1, a desired FSA is the the one with high average and low standard deviations, which indicate high accuracy and high stability. Similar to the trend observed in Table 4 and Table 5, the more complex a dataset is, the less accurate the FSAs are in identifying the correct features. Furthermore, Table 6 and Table 7 show that the majority of the FSAs suffered from high standard deviations relative to the average performance in the group 4 datasets. These FSAs are not of much use in this case.



Based on the resilience of FSAs to irrelevant features-related noise, we can conclude the best performing algorithm for each difficulty group:




	
Group 1—Low Complexity: SBS;



	
Group 2—Medium Complexity: SBS and SFS;



	
Group 3—High Complexity: SFS;



	
Group 4—Very High Complexity: MI.








It is worth noting that the stability of several FSAs was unaffected by the number of features selected, showing that the algorithms are extremely stable in regard to the number of irrelevant features being used, as expected of an FSA.



All Datasets


A further examination of the trends across all datasets presented in Figure A2a,b (Appendix A) and the last column in Table 6 and Table 7 above reveals that, on average, most FSAs were relatively stable when dealing with noise based on the number of irrelevant features as would be expected. Most FSAs show consistent performance across every noise level but with a higher overall performance when selecting a larger number of features.





5.3.3. Discussion


Comparing the overall performance of Figure A1 and Figure A2, we see that on average, FSAs are able to identify fewer relevant features when the noise is based on the class being mislabelled than when the noise relates to the number of irrelevant features in the datasets. This is numerically seen where the highest percentage of correct features found across all datasets when altering the target variable is 60–70% depending on the number of selected features, while the lowest percentage of correct features found is 10–20%. However, the highest percentage of correct features found when the noise is based on irrelevant features is 70–80% and the lowest percentage is 20–40%. This illustrates how the irrelevant features did not affect the performance of the FSAs as much as the class changing, as expected. This can be graphically seen since Figure A2 has more straight lines showing consistent performance across different levels of noise, but there is a lack of horizontal lines in Figure A1.



This is expected since most FSAs are built to deal with a varying number of irrelevant features to begin with and, hence, are more resilient to that kind of noise. On the other hand, most FSAs are highly reliant on the distribution of the data with respect to the target variable, which is what changes when we add noise through changing the classes. This shows that most FSAs are not resilient to mislabelled data but highly resilient to additional irrelevant features.



The analysis conducted in this section is an example of how one can evaluate their own feature selection algorithm using the provided datasets. Following the analysis in this work, users of the feature selection process can draw valuable insights into the performance, points of failure, resilience to noise, and stability of the FSAs of interests. In addition to providing details about a particular FSA, this can allow a standardized form of FSA comparison that can be used to benchmark an FSA against other popular or newly developed FSAs.



Our aim of this analysis is to have it serve as a stepping stone to more a comprehensive but standardized analysis and comparison of FSAs. Further guidance on how the reader can use the datasets for their own analysis is provided in the following section.






6. How to Use Our Datasets


In this section, we give a concise and easy-to-follow guide on how to test new FSAs not included in this paper. All the datasets presented in this paper are available at our Github repository (https://github.com/ro1406/SynthSelect, accessed on 24 January 2024), with some helper functions to load them, as well as to adjust the number of redundant and irrelevant features for both numeric and categorical datasets. The latter mentioned functions can be used to conduct independent testing and allow developers to create their own datasets. However, we recommend using the datasets presented here to allow for standardized bench-marking of FSAs in the community.



6.1. Basic Test


These are the steps to test the basic performance of an FSA algorithm. Repeating the following steps multiple times is recommended to account for the variation in FSA performance. The results across datasets can also be aggregated within complexity levels for better comparison to the previously tested algorithms.



	
Run the selected FSA on each dataset within a group, setting it so that the FSA must return features equal to the number of relevant features for each dataset.



	
The score of any FSA would be the precentage of relevant/non-repeated redundant features correctly selected.



	
It is important to note that FSAs might break and report the first n columns. It is a good idea to shuffle the arrangement of the columns during testing.






	
Repeat with the FSA set to return a number of features equal to double the number of relevant features for each dataset.







6.2. Stability Test


After testing the basic performance of an FSA, one can test how stable the algorithm is. To do this, one can follow the following steps:




	
Begin by selecting either the Class flip or Irrelevant feature noise. Code is provided in this Github (https://github.com/ro1406/SynthSelect, accessed on 24 January 2024).



	
For each level of noise, move through the same steps listed in Section 6.1 using the newly formed dataset.



	
Report the score across all noise levels and groups to have a suitable metric to compare to previously tested FSAs.










7. Conclusions


In this paper, we have presented the synthetic generation of ten separate datasets that were tested using eight feature selection algorithms. These generated datasets were designed specifically for the purposes of re-usability by researchers and for the evaluation of relevant feature selection algorithms. By conducting the experiments shown in this work, we have confirmed the promise of using synthetic datasets for determining the performance of FSAs. By allowing researchers to experiment with the specific details of datasets, such as the number of relevant, irrelevant, or redundant features, target variables, and beyond, we are able to grasp a stronger sense of any FSA’s performance. Additionally, the existence of such synthetic data and their generation allows for the development of novel feature selection techniques and algoithms. The datasets generated are provided to readers through our GitHub repository, as explained in Section 6. Researchers are encouraged to adjust the datasets according to their specific criteria. For future work, we recommend researchers continue working with the generation of datasets other than numerical, such as categorical and ordinal data. More specifically, we recommend the generation of synthetic data pertaining to time series and regression problems. This allows for further testing and evaluation of feature selection algorithms for a broader scope in the field.
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Appendix A




 





Table A1. 4D AND.






Table A1. 4D AND.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	4
	4



	GFA
	0
	3



	Gini
	2
	3



	MI
	4
	4



	mRMR
	4
	4



	SBS
	4
	4



	SFS
	2
	2



	SU
	2
	3








The majority of the FSAs found the four correct features for the 4D AND dataset, with the other FSAs finding two and three features, respectively. This shows that it is relatively easy to identify the important features in this dataset. However, the genetic feature selection algorithm was unable to find any correct features initially but found three out of the five correct features when made to choose its top eight features. This can be explained due to the stochastic nature of feature selection algorithms. Since genetic feature selection algorithms rely on random initialization, it is possible that we do not obtain the relevant features in some cases. However, increasing the top features to twice its initial implementation increases the likelihood of finding them.





 





Table A2. 5D XOR.






Table A2. 5D XOR.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	0
	1



	GFA
	0
	0



	Gini
	0
	0



	MI
	0
	0



	mRMR
	0
	0



	SBS
	0
	0



	SFS
	0
	0



	SU
	0
	0








A similar trend can be seen for the Straight line dataset where all FSAs except for Mutual Information were able to find both correct features regardless of the number of features chosen. Mutual Information, however, was only able to find one correct feature even when the number of selected features was four.





 





Table A3.   y = X  .






Table A3.   y = X  .





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	2
	2



	GFA
	1
	2



	Gini
	1
	1



	MI
	1
	1



	mRMR
	2
	2



	SBS
	2
	2



	SFS
	2
	2



	SU
	2
	2








However, a drastically different trend can be seen for the nonlinearly separable categorical XOR dataset, where none of the FSAs were able to find even a single correct feature out of the five possible correct features. Only Entropy was able to find a single correct feature when asked to select the top 10 features. Since none of the FSAs found even a single correct feature, they found the irrelevant features to be more useful in determining the final class.





 





Table A4. Cone.






Table A4. Cone.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	2
	2



	GFA
	2
	2



	Gini
	1
	1



	MI
	1
	1



	mRMR
	1
	1



	SBS
	3
	3



	SFS
	3
	3



	SU
	1
	3








In terms of the Cone dataset, only the SFS and SBS found all three correct features each time, and the SU identified only one correct feature at first but then found all three when asked to pick the top six features. Entropy also consistently found two out of three features. However, the other three algorithms only found one feature each time despite the decision boundary not being very complicated.





 





Table A5. Double spiral.






Table A5. Double spiral.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	0
	0



	GFA
	0
	0



	Gini
	0
	0



	MI
	1
	1



	mRMR
	0
	0



	SBS
	0
	1



	SFS
	0
	0



	SU
	0
	0








Lastly, only the MI was consistently able to identify only one of the three correct features in the Double spiral dataset, with none of the other FSAs identifying even one of the correct features. The SBS, however, did manage to find one correct feature when selecting the top six features.





 





Table A6. Hypersphere.






Table A6. Hypersphere.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	2
	3



	GFA
	1
	2



	Gini
	1
	1



	MI
	1
	1



	mRMR
	2
	2



	SBS
	3
	3



	SFS
	3
	3



	SU
	1
	2








A similar trend holds true for the Hypersphere dataset where the SBS and SFS find all the correct features consistently; the SU only finds one initially and eventually finds two correct features. However, this time only the Gini and MI were unable to find the majority of the correct features even when selecting the top six features for the dataset. Together, the Cone and Hypersphere datasets indicate how the Gini and MI fail to perform well on curved surface decision boundaries in higher dimensions.





 





Table A7. Trigonometric.






Table A7. Trigonometric.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	1
	2



	GFA
	1
	1



	Gini
	1
	2



	MI
	1
	2



	mRMR
	1
	1



	SBS
	2
	2



	SFS
	2
	2



	SU
	1
	1








Moreover, the Trigonometric dataset has all FSAs finding at least one out of the two correct features, with the SBS and SFS performing the best consistently and the Entropy, Gini, and MI finding the correct features when selecting the top four features.





 





Table A8. Five-class multi-cut.






Table A8. Five-class multi-cut.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	2
	3



	GFA
	2
	1



	Gini
	2
	3



	MI
	2
	2



	mRMR
	2
	4



	SBS
	1
	2



	SFS
	2
	4



	SU
	3
	4








The five-class multi-cut dataset has six correct features, which none of the algorithms found. The most correct features found was four, by the mRMR, SFS, and SU, all when choosing the top 12 features only. This shows how difficult this dataset is for feature selection algorithms when the data in the same class are disjoint. Most FSAs found two of six features easily but failed to make any major progress toward finding all six.





 





Table A9. Ten-class multi-cut.






Table A9. Ten-class multi-cut.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	3
	3



	GFA
	1
	2



	Gini
	2
	3



	MI
	1
	2



	mRMR
	3
	4



	SBS
	4
	4



	SFS
	5
	5



	SU
	2
	3








The Ten-class multi-cut dataset also has no FSA that could find all six features; however, the SFS came the closest, finding five of the six correct features consistently. SBS also performed well and much better than the in the Five-class multi-cut dataset consistently finding four out of six correct features. In fact, every FSA except for the SU performed better on the Ten-class multi-cut dataset than the Five-class multi-cut dataset. This is an interesting finding that needs to be explored.





 





Table A10. Yin–Yang.






Table A10. Yin–Yang.





	Algorithm
	Real_Feat
	2 × Real_Feat





	Entropy
	2
	2



	GFA
	1
	1



	Gini
	1
	1



	MI
	1
	1



	mRMR
	2
	2



	SBS
	2
	2



	SFS
	2
	2



	SU
	0
	0








The majority of the FSAs identified both of the correct features consistently, while the Gini and MI only found one out of the two correct features even when picking the top four features. However, the SU was consistently the poorest performer being unable to identify any of the correct features.



Below are the results of the noise testing of each FSA across all datasets.



Figure A1 contains the trends for the FSAs’ performances across all datasets for the various noise levels with class-wise noise.





[image: Mathematics 12 00570 g0a1] 





Figure A1. Class flip noise results for all feature selection algorithms across all datasets. (a) Class flip noise results selecting the actual number of relevant features; (b) class flip noise results selecting twice the actual number of relevant features. 






Figure A1. Class flip noise results for all feature selection algorithms across all datasets. (a) Class flip noise results selecting the actual number of relevant features; (b) class flip noise results selecting twice the actual number of relevant features.
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Figure A2 contains the trends for the FSAs’ performances across all datasets for the various noise levels with irrelevant feature-based noise.
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Figure A2. Noise results for irrelevant features across all datasets. (a) Irrelevant feature noise results selecting the actual number of relevant features; (b) irrelevant feature noise results selecting twice the actual number of relevant features. 






Figure A2. Noise results for irrelevant features across all datasets. (a) Irrelevant feature noise results selecting the actual number of relevant features; (b) irrelevant feature noise results selecting twice the actual number of relevant features.
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Figure 1. Plot numerical order. displaying the   y = X   dataset. 






Figure 1. Plot numerical order. displaying the   y = X   dataset.
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Figure 2. Plot displaying the trigonometric dataset. 






Figure 2. Plot displaying the trigonometric dataset.
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Figure 3. Plot displaying the hypersphere dataset. 






Figure 3. Plot displaying the hypersphere dataset.
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Figure 4. Plot displaying the cone dataset. 






Figure 4. Plot displaying the cone dataset.
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Figure 5. Plot displaying the double spiral dataset. 






Figure 5. Plot displaying the double spiral dataset.
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Figure 6. Plot displaying the five-class multi-cut dataset. 






Figure 6. Plot displaying the five-class multi-cut dataset.
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Figure 7. Plot displaying the ten-class multi-cut dataset. 






Figure 7. Plot displaying the ten-class multi-cut dataset.
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Figure 8. Plot displaying the Yin–Yang dataset. 






Figure 8. Plot displaying the Yin–Yang dataset.
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Figure 9. Plot displaying the 4D AND dataset. 
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Figure 10. Plot displaying the 5D XOR dataset. 






Figure 10. Plot displaying the 5D XOR dataset.
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Figure 11. The bar chart shows the average performance of the feature selection algorithms per dataset. Bars sharing the same color are in the same complexity grouping. 
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Figure 12. The bar chart shows the average performance of the feature selection algorithms per dataset when looking for 2× # of relevant features. Bars sharing the same color are in the same complexity grouping. 
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Figure 13. Class flip noise results for all feature selection algorithms across the group 1 datasets. (a) Class flip noise results selecting the actual number of relevant features; (b) class flip noise results selecting twice the actual number of relevant features. 
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Figure 14. Class flip noise results for all feature selection algorithms across group 2 datasets. (a) Class flip noise results selecting the actual number of relevant features; (b) class flip noise results selecting twice the actual number of relevant features. 
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Figure 15. Class flip noise results for all feature selection algorithms across group 3 datasets. (a) Class flip noise results selecting the actual number of relevant features; (b) class flip noise results selecting twice the actual number of relevant features. 
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Figure 16. Class flip noise results for all feature selection algorithms across group 4 datasets. (a) Class flip noise results selecting the actual number of relevant features; (b) class flip noise results selecting twice the actual number of relevant features. 
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Figure 17. Noise results for irrelevant features across group 1 datasets. (a) Irrelevant feature noise results selecting the actual number of relevant features; (b) irrelevant feature noise results selecting twice the actual number of relevant features. 
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Figure 18. Noise results for Irrelevant features across group 2 datasets. (a) Irrelevant feature noise results selecting the actual number of relevant features; (b) irrelevant feature noise results selecting twice the actual number of relevant features. 
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Figure 19. Noise results for irrelevant features across group 3 datasets. (a) Irrelevant feature noise results selecting the actual number of relevant features; (b) irrelevant feature noise results selecting twice the actual number of relevant features. 
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Figure 20. Class flip noise results for irrelevant features across group 4 datasets. (a) Irrelevant feature noise results selecting the actual number of relevant features; (b) irrelevant feature noise results selecting twice the actual number of relevant features. 
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Table 1. Summary of datasets.






Table 1. Summary of datasets.





	Dataset
	Relevant Features
	Redundant Features
	Irrelevant Features
	Instances
	Discrete Target Variable Equation





	Straight line
	2
	20
	100
	200
	   F 2 < F 1   



	4D AND
	4
	8
	100
	100
	   F 1 · F 2 + F 3 · F 4   



	5D XOR
	5
	10
	100
	100
	   F 1 ⊕ F 2 ⊕ F 3 ⊕ F 4 ⊕ F 5   



	Hypersphere
	3
	20
	100
	400
	    30 2  > F  1 2  + F  2 2  + F  3 2    



	Cone
	3
	20
	100
	400
	   F  1 2  + F  2 2  < F  3 2    



	Trigonometric
	2
	5
	50
	200
	   F 2 > 5 sin ( F 1 )   



	Double spiral
	3
	30
	120
	200
	Class 1:    0 ≤ F 3 ≤ 2 π  F 1 = F 3 · cos ( 6 · F 3 )  F 2 = F 3 · sin ( 6 · F 3 )  

Class 2:    0 ≤ F 3 ≤ 2 π  F 1 = F 3 · cos  6  F 3 +  π 2     F 2 = F 3 · sin  6  F 3 +  π 2     



	Yin–Yang
	2
	10
	50
	600
	-



	Five multi-cut
	6
	20
	100
	500
	Equation (1)



	Ten multi-cut
	6
	20
	100
	500
	Equation (2)










 





Table 2. Average and standard deviation of the FSA performance across datasets, for feature subset size equal to the number of relevant features and twice the number of relevant features from the datasets. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.






Table 2. Average and standard deviation of the FSA performance across datasets, for feature subset size equal to the number of relevant features and twice the number of relevant features from the datasets. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.





	Feature Selection

Algorithms
	Avg Fraction

of Features

(±std div)
	Avg Fraction

of 2×# of Features

(±std div)





	Entropy
	0.57 ± 0.38
	0.69 ± 0.38



	GFA
	0.3 ± 0.25
	0.46 ± 0.33



	Gini
	0.33 ± 0.19
	0.44 ± 0.3



	MI
	0.4 ± 0.26
	0.47 ± 0.31



	mRMR
	0.48 ± 0.35
	0.58 ± 0.38



	SBS
	0.68 ± 0.45
	0.73 ± 0.38



	SFS
	0.67 ± 0.42
	0.7 ± 0.41



	SU
	0.35 ± 0.31
	0.51 ± 0.39










 





Table 3. Average and standard deviation of the FSA performance per dataset, for feature subset size equal to the number of relevant features and twice the number of relevant features from the datasets. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.






Table 3. Average and standard deviation of the FSA performance per dataset, for feature subset size equal to the number of relevant features and twice the number of relevant features from the datasets. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.





	Dataset
	Avg Fraction

of Features

(±std div)
	Avg Fraction

of 2×# of Features

(±std div)





	Straight line
	   0.75 ± 0.25   
	   0.88 ± 0.22   



	4D AND
	   0.69 ± 0.35   
	   0.84 ± 0.17   



	Yin–Yang
	   0.69 ± 0.35   
	   0.69 ± 0.35   



	Trigonometric
	   0.63 ± 0.22   
	   0.81 ± 0.24   



	Hypersphere
	   0.58 ± 0.28   
	   0.71 ± 0.26   



	Cone
	   0.58 ± 0.28   
	   0.67 ± 0.29   



	Ten-class Multi-cut
	   0.44 ± 0.22   
	   0.54 ± 0.16   



	Five-class Multi-cut
	   0.33 ± 0.08   
	   0.48 ± 0.18   



	Double spiral
	   0.04 ± 0.11   
	   0.08 ± 0.14   



	5D XOR
	   0.00 ± 0.00   
	   0.03 ± 0.07   










 





Table 4. The average and standard deviation of the correct number of features identified across all noise levels by each FSA for selecting 1× the number of relevant features. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.






Table 4. The average and standard deviation of the correct number of features identified across all noise levels by each FSA for selecting 1× the number of relevant features. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.





	FSA
	Group 1
	Group 2
	Group 3
	Group 4
	All Datasets





	SU
	0.53 ± 0.15
	0.3 ± 0.0
	0.42 ± 0.0
	0.0 ± 0.0
	0.37 ± 0.02



	MI
	0.39 ± 0.23
	0.33 ± 0.07
	0.25 ± 0.0
	0.08 ± 0.09
	0.28 ± 0.06



	Gini
	0.36 ± 0.15
	0.35 ± 0.11
	0.33 ± 0.0
	0.0 ± 0.0
	0.31 ± 0.06



	GFA
	0.33 ± 0.14
	0.43 ± 0.11
	0.18 ± 0.07
	0.02 ± 0.05
	0.24 ± 0.03



	SBS
	0.67 ± 0.29
	0.87 ± 0.14
	0.42 ± 0.0
	0.02 ± 0.05
	0.54 ± 0.09



	mRMR
	0.5 ± 0.35
	0.45 ± 0.13
	0.44 ± 0.04
	0.0 ± 0.0
	0.39 ± 0.11



	SFS
	0.42 ± 0.23
	0.77 ± 0.25
	0.51 ± 0.03
	0.0 ± 0.0
	0.49 ± 0.13



	Entropy
	0.44 ± 0.43
	0.45 ± 0.27
	0.42 ± 0.0
	0.02 ± 0.05
	0.39 ± 0.15










 





Table 5. The average and standard deviation of the correct number of features identified across all noise levels by each FSA for selecting 2× the number of relevant features. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.






Table 5. The average and standard deviation of the correct number of features identified across all noise levels by each FSA for selecting 2× the number of relevant features. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.





	FSA
	Group 1
	Group 2
	Group 3
	Group 4
	All Datasets





	SU
	0.64 ± 0.18
	0.6 ± 0.0
	0.58 ± 0.0
	0.0 ± 0.0
	0.52 ± 0.03



	MI
	0.42 ± 0.21
	0.38 ± 0.11
	0.32 ± 0.03
	0.08 ± 0.09
	0.34 ± 0.06



	Gini
	0.44 ± 0.21
	0.43 ± 0.07
	0.5 ± 0.0
	0.0 ± 0.0
	0.41 ± 0.07



	GFA
	0.53 ± 0.22
	0.58 ± 0.11
	0.19 ± 0.06
	0.06 ± 0.06
	0.33 ± 0.08



	SBS
	0.67 ± 0.29
	0.92 ± 0.09
	0.53 ± 0.04
	0.12 ± 0.14
	0.62 ± 0.09



	mRMR
	0.69 ± 0.31
	0.47 ± 0.12
	0.67 ± 0.0
	0.0 ± 0.0
	0.50 ± 0.10



	SFS
	0.44 ± 0.23
	0.8 ± 0.19
	0.68 ± 0.06
	0.02 ± 0.05
	0.56 ± 0.10



	Entropy
	0.56 ± 0.39
	0.55 ± 0.3
	0.56 ± 0.06
	0.04 ± 0.06
	0.50 ± 0.15










 





Table 6. The average and standard deviation of the correct number of features identified across all noise levels by each FSA for the number of relevant features. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.






Table 6. The average and standard deviation of the correct number of features identified across all noise levels by each FSA for the number of relevant features. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.





	FSA
	Group 1
	Group 2
	Group 3
	Group 4
	All Datasets





	SU
	0.67 ± 0.0
	0.33 ± 0.05
	0.47 ± 0.08
	0.0 ± 0.0
	0.42 ± 0.04



	MI
	0.47 ± 0.22
	0.4 ± 0.0
	0.25 ± 0.0
	0.23 ± 0.11
	0.36 ± 0.04



	Gini
	0.5 ± 0.0
	0.4 ± 0.0
	0.4 ± 0.03
	0.0 ± 0.0
	0.38 ± 0.01



	GFA
	0.5 ± 0.1
	0.62 ± 0.13
	0.22 ± 0.06
	0.08 ± 0.09
	0.35 ± 0.05



	SBS
	1.0 ± 0.0
	1.0 ± 0.0
	0.42 ± 0.0
	0.1 ± 0.11
	0.66 ± 0.02



	mRMR
	0.92 ± 0.08
	0.6 ± 0.0
	0.42 ± 0.0
	0.0 ± 0.0
	0.51 ± 0.01



	SFS
	0.67 ± 0.0
	1.0 ± 0.0
	0.61 ± 0.04
	0.02 ± 0.05
	0.65 ± 0.02



	Entropy
	1.0 ± 0.0
	0.75 ± 0.08
	0.42 ± 0.0
	0.0 ± 0.0
	0.57 ± 0.02










 





Table 7. The average and standard deviation of the correct number of features identified across all noise levels by each FSA for 2× the number of relevant features. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.






Table 7. The average and standard deviation of the correct number of features identified across all noise levels by each FSA for 2× the number of relevant features. Green represents cases where over   66 %   of the correct features were chosen, and red represents cases where under   33 %   of correct features were chosen.





	FSA
	Group 1
	Group 2
	Group 3
	Group 4
	All Datasets





	SU
	0.67 ± 0.0
	0.6 ± 0.0
	0.61 ± 0.04
	0.0 ± 0.0
	0.54 ± 0.01



	MI
	0.61 ± 0.12
	0.5 ± 0.0
	0.33 ± 0.0
	0.29 ± 0.12
	0.45 ± 0.03



	Gini
	0.5 ± 0.0
	0.5 ± 0.0
	0.51 ± 0.03
	0.0 ± 0.0
	0.45 ± 0.01



	GFA
	0.69 ± 0.11
	0.72 ± 0.07
	0.35 ± 0.13
	0.1 ± 0.05
	0.45 ± 0.04



	SBS
	1.0 ± 0.0
	1.0 ± 0.0
	0.57 ± 0.03
	0.21 ± 0.09
	0.74 ± 0.03



	mRMR
	1.0 ± 0.0
	0.62 ± 0.04
	0.67 ± 0.0
	0.0 ± 0.0
	0.62 ± 0.01



	SFS
	0.67 ± 0.0
	1.0 ± 0.0
	0.81 ± 0.04
	0.04 ± 0.06
	0.72 ± 0.02



	Entropy
	1.0 ± 0.0
	0.88 ± 0.04
	0.51 ± 0.03
	0.08 ± 0.06
	0.66 ± 0.03
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