. mathematics

Article

Chern Flat and Chern Ricci-Flat Twisted Product
Hermitian Manifolds

Shuwen Li, Yong He *{), Weina Lu and Ruijia Yang

check for
updates

Citation: Li, S.; He, Y,; Lu, W,; Yang, R.
Chern Flat and Chern Ricci-Flat
Twisted Product Hermitian Manifolds.
Mathematics 2024, 12, 449.
https://doi.org/10.3390/
math12030449

Academic Editor: Xiangmin Jiao

Received: 3 January 2024
Revised: 23 January 2024
Accepted: 26 January 2024
Published: 30 January 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

School of Mathematical Sciences, Xinjiang Normal University, Urumgqi 830017, China; Isw@stu.xjnu.edu.cn (S.L.);
Iwn@xjnu.edu.cn (W.L.); yrj@stu.xjnu.edu.cn (R.Y.)
* Correspondence: heyong@xjnu.edu.cn

Abstract: Let (M, g) and (My, h) be two Hermitian manifolds. The twisted product Hermitian
manifold (M; x ¢Ma,G) is the product manifold M; x M, endowed with the Hermitian metric
G = g+ f?h, where f is a positive smooth function on M; x M. In this paper, the Chern curvature,
Chern Ricci curvature, Chern Ricci scalar curvature and holomorphic sectional curvature of the
twisted product Hermitian manifold are derived. The necessary and sufficient conditions for the
compact twisted product Hermitian manifold to have constant holomorphic sectional curvature are
obtained. Under the condition that the logarithm of the twisted function is pluriharmonic, it is proved
that the twisted product Hermitian manifold is Chern flat or Chern Ricci-flat, if and only if (My, g)
and (M, h) are Chern flat or Chern Ricci-flat, respectively.
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MSC: 53C55

1. Introduction

Warped product and twisted product are important methods used to construct new
classes of geometric spaces, and these models are widely applied in theoretical physics.
In 1969, warped product was firstly introduced by O'Neill and Bishop to construct Rieman-
nian manifolds with negative sectional curvature [1]. In 2001, Kozma, Peter and Varga [2]
extended the warped product to real Finsler manifolds. Asanov [3,4] obtained some models
of relativity theory by studying the warped product Finsler metric. In 2018, the notion of
warped product was extended to Hermitian geometry by the work of He and Zhang [5],
and they obtained the necessary and sufficient conditions for the compact nontrivial doubly
warped product (abbreviated as DWP) Hermitian manifold to have constant holomorphic
sectional curvature.

The notion of twisted product, as a generalization of warped product, was first in-
troduced by Chen [6]. In 1993, Ponge and Reckziegel [7] extended twisted product to
pseudo-Riemannian manifolds. Then, Ferndndez-Lépez showed that a mixed Ricci-flat
twisted product semi-Riemannian manifold can be expressed as a warped product semi-
Riemannian manifold [8]. In 2017, Kazan and Sahin [9] deeply investigated the twisted
product and multiply twisted product semi-Riemannian manifolds, which further pro-
moted the development of twisted product in Riemannian geometry. Kozma, Peter and
Shimada [10] extended the twisted product to real Finsler manifolds and studied some
geometric properties relating to Cartan connection, geodesic and completeness. Recently,
Xiao and He [11] extended the twisted product to complex Finsler manifolds and gave
the formulae of holomorphic curvature and Ricci scalar curvature of the doubly twisted
product (abbreviated as DTP) complex Finsler manifold. In light of the above results, we
shall extend the twisted product to Hermitian manifold, and attempt to derive the Chern
curvature, Chern Ricci curvature, Chern Ricci scalar curvature and holomorphic sectional
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curvature of the twisted product Hermitian manifold. In addition, we intend to find the
necessary and sufficient conditions for the compact Hermitian manifold to have constant
holomorphic sectional curvature.

One of the most important problems in geometry is to characterize Chern flat or
Chern Ricci-flat manifolds. In 1967, Tani [12] firstly gave the definition of Ricci-flat space
in Riemannian geometry. Later, Bando and Kobayashi [13] constructed Ricci-flat metrics
on Einstein—K&hler manifolds. Liu and Yang [14] obtained the sufficient and necessary
conditions for the Hopf manifold to be Levi-Civita Ricci-flat. Recently, Ni and He [15] gave
the necessary and sufficient conditions for DWP-Hermitian manifold to be Levi-Civita
Ricci-flat. In 2012, Di Scala [16] showed that quasi-Kédhler Chern flat almost Hermitian
structures on compact manifolds correspond to complex parallelizable Hermitian structures
satisfying the second Gray identity. Wu and Zheng [17] proved that the compact Hermitian
manifold with complex dimension 3, having vanishing real bisectional curvature, must be
Chern flat. Based on the above mentioned studies, we are interested in the condition under
which the twisted product Hermitian manifold is Chern flat or Chern Ricci-flat.

The structure of this paper is as follows. In Section 2, we briefly recall some basic
concepts of Hermitian geometry and related symbolic conventions. In Section 3, we
shall extend the concept of twisted product to Hermitian geometry, and derive the Chern
connection coefficients of a twisted product Hermitian manifold. In Section 4, we shall give
the formulae of Chern curvature, Chern Ricci curvature and Chern Ricci scalar curvature of
the twisted product Hermitian manifold. In Section 5, we focus on investigating the twisted
product Hermitian manifold with constant holomorphic sectional curvature. In Section 6,
under the condition that the logarithm of the twisted function is pluriharmonic, we shall
show that the twisted product Hermitian manifold is Chern flat or Chern Ricci-flat if and
only if (My, g) and (My, h) are Chern flat or Chern Ricci-flat, respectively.

2. Preliminary

In this section, we briefly introduce the definitions and notations which we need in
this paper.

Let (M, ], G) be a n-dimensional Hermitian manifold with complex structure | and
Hermitian metric G. Let T®M denote the complexified tangent bundle of M, which can be
decomposed as

T°M =T"Me 1M,

where T"? M and T%! M are eigenspaces of | corresponding to eigenvalues v/—1and —/—1,
respectively.

Letz = (zl, .-+, z") denote the local holomorphic coordinates on M, then vector fields
{9,} and {9z} form the basis of T'°M and T%'M, respectively, where 9, = %,85‘ = %.
On the Hermitian holomorphic tangent bundle T' M, the coefficients of Chern connection
V are [18]

b = GF3,Gg, (1)

and their complex conjugate.

Definition 1 ([18]). Let V be the Chern connection, its Chern curvature tensor K on the Hermitian
manifold (M, ], G) is defined by

K = Kp,002" @ dzP @ dz7 © dz7, )

where
Kgo = _GeBKZW/ 3)
oi'y? = _a?rfya' 4)



Mathematics 2024, 12, 449

30f12

Definition 2 ([14]). The first and the second Chern Ricci curvature on the Hermitian manifold
(M, ], G) are defined by

/-1 1< dz ANdzP, (5)

K? — -V — K dz /\dz/3

respectively, where

(1) G’YUKALB’)/O" (6)
iﬁ) =G Kypap @

Definition 3 ([14]). The Chern Ricci scalar curvature on the Hermitian manifold (M, ], G) is
defined by

S¢ = GPKY) = K. ®)

For research purposes, we introduce the following two definitions.

Definition 4 ([19]). Let D be open in C". A function f € C?(D) is said to be pluriharmonic if it
satisfies the differential equations

Pf
0z09zF 0 ©)

Definition 5 ([20]). The complex Laplace operator

L= ch @ (10)
0z#9zP

is a second-order elliptic partial differential operator with smooth coefficients.

Clearly, if f is a pluriharmonic function, then L(f) = 0.

3. Twisted Product Hermitian Manifold

Let (M;,g) and (My,h) be two Hermitian manifolds with dimcM; = m and
dimc My = n, respectively, then M = M; x M, is a Hermitian manifold with dimcM = m + n.

Wedenotez; = (z!,...,2") € Myandz, = (z"*1,...,2"") € My, s0z = (z1,22) € M.
Let m1; : My X My — Mj,m : My X Mp — M, be the natural projection maps, then
m(z) = 21, m2(z) = 2.

Let T*9M; and TY°M, be the holomorphic tangent bundle of M; and M, respec-
tively. Denote v; = (v!,---,v™) € TWM; and v; = (0", ..., o"™"") € TOM,, then
v = (v1,v2) € TOM. Letdrmy : TYO(M; x Mp) — TYOMy, dmy : TO(My x Mp) — TYOM,
be the holomorphic tangent maps induced by 711 and 71, then d7ry (z,v) = (21, v1), dm(z,v) =
(z2,v2), where z is called the base coordinates (or points) on M and v is called the fiber coordi-
nates (or tangent directions).

For the reader’s convenience, the lowercase Greek indices like «, B, 7, - - run from 1 to
m + n, the lowercase Latin indices like i, j, k, s, ¢, - - - run from 1 to m, while the lowercase

Latin indices with a prime like i/,j',k’,s',t,--- run from m + 1 to m + n. Quantities
associated with (M3, g) and (Mp, h) are denoted with upper indices 1 and 2, respectively;
12

for example, I', , T i are Chern connection coefficients of (M3, g) and (My, h), respectively.
In the followmg, we use the Einstein summation convention.
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Definition 6. Let (M, g) and (Mp, h) be two Hermitian manifolds. Let f : My x My — (0, +-00)
be a positive smooth function. The twisted product Hermitian manifold (My x ¢M, G) is the
product manifold M = My x My endowed with the Hermitian metric G : TM — (0, +00):

G(z,v) = g(m(2),dmi(v)) + f2h(ma(2), dma(v)), (11)

forz = (z1,22) € Mand v = (v1,v2) € T"OM. The function f is called the twisted function and
G is called the twisted product Hermitian metric for simplicity.

In particular, if f only depends on Mj, then (M X ¢M,G) is a warped product
Hermitian manifold. If f only depends on M, then (M; x ¢Mp, G) is the product Hermi-
tian manifold.

Denote ) 5
0°g o°h
$i = poigg” T = ol (12
Then, the fundamental tensor matrix (G 'XB) of G has the following forms
(8 P
(Gaﬁ) - < 0 fzhi’]">’ (13)
its inverse matrix (GP*) is also given by
oy (8 0

Proposition 1. Let (M1 x My, G) be a twisted product Hermitian manifold. Then, the Chern
connection coefficients associated with G are given by

1 2
r;-k = l";k, F}/k/ = 2f71§ll(,aj/f + r;/k/, (].5)
Tl =2f'05djf, Thy =Th =Th, =Tf =Th =0. (16)

Proof. By puttinga =k, =7, = j in (1), we have
T = G'%9; Gz = G0 Grs + G'*'9; Gy (17)
Plunging (13) and (14) into (17), we can obtain
Tl = f 210505 (fPhyy)
= 2f715]i,aj/f + K f aj/hk,?

2
= 2f 160y f + Ty

Similarly, the other equalities of Proposition 1 can be deduced. [

4. Curvatures of Twisted Product Hermitian Manifold

In this section, we shall derive the Chern curvature, Chern Ricci curvature and Chern
Ricci scalar curvature of the twisted product Hermitian manifold.



Mathematics 2024, 12, 449

50f12

Proposition 2. Let (My x ¢Mp, G) be a twisted product Hermitian manifold. Then, the coefficients

of Chern curvature tensor K & are given by

1 2 2
Kt _ Kt i Kt/ _ J h'lf 51‘/ B
kjs kjs” Kjs’ 92/ 97 K K'j's”

82 In ZInf / ZInf

Kk’js — {5k” K /] 3 — 72%5;«, K]t(/ - = A ;f,‘ ]t(/,
a 19z 0z 0z s 07/ 0Z°

_ _ yt t _ ot _ vt _
Kisis = Kijis =Ko = Kiois = = K5 =Kg =K =0,

t t Voo
KkJs Kigrs Kk]s’ - Kkj'? =0

Proof. By puttinga =k, =j,0 =s',e =t in (4), we have
o ¢
Kk/]lsl - a F ’k/
Substituting the second equality of (15) into (22), and using (4), we have

2

K]t(/]/S/ - _a?(zf_léli’a]/f + F;’k’)
/ Pf ;
=2f 26, (95f) (9 f) —2f " - s,(sk, 0 r/k,
2 /
=22 sk
92/ 9z° K'j's

Similarly, we can obtain other equalities of Proposition 2. [

Proposition 3. Let (M x (M, G) be a twisted product Hermitian manifold. Then,

1
Kk?ﬁ = Kk?ﬁr
Koo — fza In f
K'i'js Jd7197° ki’
0*In f
)
Kk/?j/E - 2f 7/ 0z Shk/ i’
o%In f
_ 2
Kozjg = 2" s Mew
?%In f
2 2
k/z’ s/ 2f oz ]a g/ hk’ il +f Kk’z/]'s”
ka?ﬁ = Kk?jg = Kk?jfg = Kk?j?f = Kk/?j/? - Kk?j/? =Y
Kyzps = Kk/?j? - Kki7j’§ - Kk?j? - Kk?j/? =0.

Proof. By puttinga = k', =1,y =j,0 =" in (3), we have

€ t t/
K el/Kk/]/s/ - G Kk/]’s/ - Gt/ /Kk’]/s/

vy = —G

Plunging (13) and the second equality of (18) into (30), a trivial caculation yields

(18)

(19)
(20)
(21)

(22)

(23)
(24)
(25)
(26)

(27)
(28)
(29)

(30)
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82 ll’lf t/
a a 515 +Kk/]/S/)
2

8 lnf 7
2 2 F
f a g hk” _f ht’ /Kk’]’s’

alnf
2
=222

Kk’?j’?’ - _fzht/?(

., 2
K" + f Kk’?j/?'
Similarly, we can obtain other equalities of Proposition 3. [

Proposition4. Let (My X fM, G) be a twisted product Hermitian manifold. Then, the coefficients
of the first and the second Chern Ricci curvature tensor are given by

1
W _ ) ) _ ) _
K =K' K =Kz =0, (31)
2
K\ =2f? L(In )l + 2L (In f)h +K), (32)

and

1
K(g):K(g>+2921nf () _,9Inf

ki azka*i’ L 9
2
@ .0 Inf @) 8 Inf
ki 28 K ozt + Kk’ i Kkz o azkafl" (34)
Proof. Letting « = k/, =7’ in (6), we have
(1) = o = i o v
Kk/7 = GWUK](’T"Y? = G]SKk,i7]§ + G] SKk’z’]’s + G S Kk’l’]'? + G] s Kk’?j’?' (35)

Substituting (14), (24) and (27) into (35), and noticing that (10), we can obtain

Blnf o AT BInf
— 2f2,j5 _ 21.7's" (~ £2 2
Kf 2f2gF S + (fafas T fK,l,],S,)
=2f? L(lnf) = —|—2L(1nf)hk/, +h S/Kk,z,] .
2

— 2L (In f)h o7+ 2L(1nf)hk, 7+ K.
Similarly, we can obtain other equalities of Proposition 4. [

Theorem 1. Let (My X ¢Mp, G) be a twisted product Hermitian manifold. Then, the Chern Ricci

: il . .
scalar curvature of G along a nonzero vector v = (vl, v’ ) € TYOM is given by

S6(0) = Sg(01) + £2Sy(v2) + 2L(In f) +2f 2L(In ). (36)

Proof. According to (8), we have

7 (1 17 (1 7 (1 157 (1
S(v) = G + GFTK(Y 4 Gk 4 GFTK(L. (37)
Substituting (14), (31) and (32) into (37), after a straightfoward computation, we see that
1 2
S6(0) = §KY 1 £ 27 R (In F)hyy +2L(0n i + K1)

= Sg(v1) + f2Sp(v2) + 2L(lr1f) + 2f—2L(1nf).
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Thus, we complete the proof. [

According to Definitions 4 and 5, we can obtain the following.

Corollary 1. Let (M1 X M, G) be a twisted product Hermitian manifold. Suppose In f is a
pluriharmonic function, then Sg(v) = Sg(v1) + f 25, (v2).

5. Holomorphic Sectional Curvature of Twisted Product Hermitian Manifold

In this section, we would like to derive the holomorphic sectional curvature of the
twisted product Hermitian manifold, and give the necessary and sufficient conditions
for the compact twisted product Hermitian manifold to have constant holomorphic sec-
tional curvature.

Definition 7 ([21]). Let (M, G) be a Hermitian manifold. Then, the holomorphic sectional curva-
ture of G along a nonzero vector v = (', o) e T"OM is defined by

1
KG('U) - _W’U,)K‘Xﬁ/yﬁv Uﬁv’y‘a (38)

Theorem 2. Let (Mg X My, G) be a twisted product Hermitian manifold. Then, the holomorphic

. ; i . .
sectional curvature of G along a nonzero vector v = (v',v" ) € T'OM is given by

Kol0) = ez 87Kelon) + £K e2) — 2 oL o

0z/9z°
0’In f ],S_'_E)zlnf i 4 821nf .
0z 9z° 0z/0Z° 92/ 9z

(39)

)]

Proof. According to (28), (29) and (38), we have

1 K —i! il —
—(K ool +K,,7U "o ol +K,,,v o' v of
GZ(UU) kijs ki k'i (40)

+Kypm0" 0 /5" + Kyt 7'l 7).,

i'js

Kg(v) = —

Using (27) and noting that hk,lf/vk,ﬁi/ = h, we have

9’In 2
Kk’z’]’s’v TJ ZJ] s ( f2 e J:/ hk’ . +f2Kk’i7j’?)Uk 7 U] =5’
= 2f*hs > h‘f T~ K (02). (41)
Similarly, we can obtain
K k=i j=s __ Kl k=i j=s __ 2K 42
KijsV 00T = Ko 0'0/0” = ="Ky (01), (42)
;i azh’lf Il 8 lnf
K =i' j=s _ ~ 2 kK —i' j=s _ ~ 2
K50 7 UT =2f aZ]Thkﬁ,v v v/ = 2f ha 9 VT, (43)
_ 0’In f i 9*In f
_nf2 _ng2
Kk,l,],sv BT =2f =7 afshk,,v BT =2f ha oz T, (44)
Il g a In il 0 In
Kk’?]?Uk 'Ul U]U — 2f2 a {;hk/ =70 U U]US - 2f2h azjaf.ii ] S (45)

Plunging (41)—(45) into (40), we can obtain (39). O

According to Definition 4, we can easily obtain
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Corollary 2. Let (My x ¢Mp, G) be a twisted product Hermitian manifold. Suppose In f is a
pluriharmonic function, then

Kg(v) = (§°Kg(01) + f2H°Ky(02)).

1
G*(v,9)
Theorem 3 ([21]). Let (M, G) be a compact Hermitian manifold. Then, M has constant holomor-
phic sectional curvature x if and only if, at every point of M,

©,5,0 = — ( Gz + GuzG5), (46)
where ,
Q%EW 2 (Kﬂcﬁw + KWﬂfﬁ T vaﬁ T K’rﬁw> (47)

Proposition 5. Let (M x (M, G) be a twisted product Hermitian manifold. Then,

Oijs = Oijer (48)
02 o“Inf
_ _ _ )
®k/i7j§ - ®k/§ji7 - ®ji7k” - ®j§k"7 - f ozioz® ki’ (49)
02 lnf 0?In f
— )
®k/l7]"§ = Y35 /7 = *f (azk’BES ]’l’ + 9% ]a shk’ ,) (50)
0? lnf 0’In f
— )
®k’i7j57 = ]l/k’s’ = f (a oz 77 k/s’ + Py ]afs/ hk’ /) (51)
azlnf In f In f
77— f(a]as/ k//“‘ak,a l’h]S/ a]aﬂ/hk//
o%In f
HERT )+ f ®k/z’]s (52)
®k’1]s = ®ki7]§ = ®ﬁk’§ = ®k§]z’ ®k’l] 5T ®ki7j? =0. (53)
Proof. By puttinga = k', =i,y =j,0 =" in (47), we have
1
®k’i7]"? = Z (Kk’?j'? + K]'/?klf +K ’s’]’zl + K/ /k/s7)- (54)

By using (27), we obtain

alnf

1, ,®Inf 2 2 2y
Oryz = 72 92/ 9z purpelL R Kk’f’f’?’“sz 9z oz hyg + fK Js’k”
0%In f 02 lnf 2
2 2 2 2K
+2f Py hg+ f Kk,;],;,—i—Zf ot hys + fKywg)
1, Inf 9?In f 9?In f 9?In f
= —f (a ]afs’hk/?_‘_ a k,a l’h] i + a ]a l’hk/' a k,a S’h]/l/) +f @k/ ]/S/‘

Similar calculations give the rest of the equalities of Proposition 5. [

Theorem 4. Let (M1 X My, G) be a compact twisted product Hermitian manifold. Then, G has
constant holomorphic sectional curvature x if and only if k = 0 and the following equalities hold
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1
O =0, (55a)
1
L(nf) =0, (55b)
RInf
——— =0, 55
92 o7 (55¢)
2
Iy, (55d)
0z/07°
7 s'J 'K 2
2L(Inf)+h @k,;,].,;, =0. (55e)

Proof. According to Theorem 3, (13) and (53), (M; x M, G) has constant holomorphic
sectional curvature if and only if

1
Oyijs = —5(GiGs + Gis Gy, (362)
1
Opijs = _§KGk'?GJ?' (56b)
®k/i7j/§ = O/ (56C)
Oy =0, (56d)
1

Substituting (13) and (48)—(52) into (56a)—(56e), and noticing that f2 # 0, (56a)—(56e) are
thus equivalent to the following equalities

1 1
®k§;§ == EK(gk;g s T 8ks& ]-;), (57a)
Inf
3oz e = KM (57b)
9?In f o%Inf
ooz 7 T ez T = O (57¢)
9*In f o%Inf
' Il - /h 77— O/ 57d
azioz’ K dzigze K &7
2 2 2 2
% k/-7 a ln[, h-/7 + a ,,ln;]-c, hk17 + Ln;f,h-/f/
0z'9z® *"  9zKozt T°  azf'ezt N 9zkoz !
2
2
The above equalities are equivalent to
1 1
Oijs = _EK(gkfgﬁ + 8Ks8j7), (58a)
1
L(nf) = —x, (58b)
o%Inf
. =0, 58
027 07 (58¢)
2
IInf _y, (58d)
0z/9z°
2 = 2
2L(n f) + 1T @iy = —xf2. (58€)
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_ 1 _
. . i’k 5] . . . ik 9?2
In fact, contracting (57b) with /** and g succes&ze/ly, and noticing that L = g™ =, we
can obtain (58b). Contracting (57c) and (57d) with W'k, respectively, we can obtain (58¢c) and
! o ! 2 !
(58d). Contracting (57e) with W% and k' successively, and noticing that L = I’ k 5 ka,(;,, ,
Z" 0z
we can obtain (58e).
Proof of the necessity.
Let us suppose that x # 0, combining (58a) and (58b), we have
1 1
20555 = L(In ) (813875 + 8158)- (59)

1
since ®k¥j§' 8, depend only on z;, which says that f only depends on M;. These are

contradicted by the fact that (M; x My, G) is a twisted product Hermitian manifold.
Thus,

x = 0. (60)

Plunging (60) into (58a), (58b) and (58e), we can check that (58a)-(58e) can be simplified as
(55a)—(55e).

Next, we prove the sufficiency.

Suppose that ¥ = 0 and (55a)—(55¢) hold; this immediately confirms that (57a)—(57¢)
hold, i.e., (M7 x sz, G) has constant holomorphic sectional curvature x. Thus, we com-
plete the proof. O

6. Chern Flat and Chern Ricci-Flat Twisted Product Hermitian Manifolds
Let (M;,g) and (My, h) be two Chern flat or Chern Ricci-flat Hermitian manifolds,

respectively. We would like to know under what conditions the twisted product Hermitian
manifold (M x My, G) is Chern flat or Chern Ricci-flat.
Definition 8 ([22]). A Hermitian manifold (M, G) is called Chern flat if
K=0,
where K is the Chern curvature tensor.
Definition 9 ([22]). A Hermitian manifold (M, G) is called Chern Ricci-flat if
KW =0,

where K1) is the first Chern Ricci curvature tensor.

Theorem 5. Let (M x fMy,G) be a twisted product Hermitian manifold. Suppose In f is
pluriharmonic, then (My X My, G) is Chern flat if and only if (M1, ) and (M, h) are Chern flat.

Proof. Since In f is pluriharmonic, then

2

o = @
2

ng}gzi =0 (62)
2

nglanzfl T (63)

PInf _ (64)

0z/9z8
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According to Definition 8 and (2), (M; x fMy, G) is Chern flat if and only if

Using Proposition 3 and (61)~(64), and noticing that f2 # 0, (65) is equivalent to following
equalities
1
K- =0,
kz;s (66)
Ky = 0.
which means that (Mj, g) and (My, 1) are Chern flat. O

Theorem 6. Let (My x My, G) be a twisted product Hermitian manifold. Suppose In f is
pluriharmonic, then (My X fMa, G) is Chern Ricci-flat if and only if (My,g) and (M, h) are
Chern Ricci-flat.

Proof. Suppose that In f is pluriharmonic, then
L(ln f) = L(In f) = 0. (67)
By Definition 9 and (5), (M; x sz, G) is Chern Ricci flat if and only if
KSE) —0. (68)
Using (31), (32) and (67), (68) is equivalent to the following equalities

1
o
% | (69)
1
wr = O

Which means that (M3, g) and (Mp, h) are Chern Ricci flat. [

7. Conclusions

In this paper, we extended the twisted product to Hermitian manifold. Based on
this, we confirmed that the compact twisted product Hermitian manifold has constant
holomorphic sectional curvature if and only if ¥ = 0 and a system of differential equations
holds. Under the condition that the logarithm of the twisted function is pluriharmonic,
we obtained the necessary and sufficient conditions for the twisted product Hermitian
manifold to be Chern flat or Chern Ricci-flat, respectively, so then we gave an effective way
to construct Chern flat or Chern Ricci-flat Hermitian manifolds.
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