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Abstract: We consider systems of reaction—diffusion equations. We describe a new effect in the wave
interaction for these systems: the collision of several travelling fronts may induce chaos or periodic
oscillations. This effect depends on the initial locations of the travelling fronts: For some initial
positions chaos occurs and for others it does not. In a space-homogeneous system, we need at least
three fronts to create time-periodic behaviour, while to create chaos, we should have four fronts. We
also provide a short review of previously known results, and different known mechanisms of chaos
generation for reaction—diffusion systems. Our results can be used for pattern coding, in particular,
for morphogenesis.
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1. Introduction

In this paper, we prove the existence of a new effect in the interaction of wave fronts for
reaction—diffusion systems. These systems have important applications in biology, ecology,
chemistry (combustion), and physics (see, for example, [1,2]). They exhibit travelling front
propagation, an effect important in ecology, when one species replaces another. This could
be a result of climate change or species invasive properties. The first existence of such fronts
was proved mathematically in seminal works [3,4] for reaction—diffusion equations (see [2]
for more detail). Recall the travelling wave is a solution of the form U(x — V't), where V is a
constant speed. Great attention was devoted to this domain after the remarkable paper [5].
The results of this work allow us to understand the large-time behaviour of solutions for a
large class of reaction—diffusion equations, in particular, what can happen if two travelling
waves meet. Although we are not capable of describing the collision process in detail, the
result will always be either a new travelling wave or a constant solution U(x, ) = const. An
exhaustive survey of these classical results can be found in [2].

From an application point of view, systems of reaction—diffusion equations are of much
greater interest; however, up to now there is an absence of general analytical results on the
existence and interaction of travelling waves, with the exception of some particular classes of
systems. For example, the results on the existence of the waves can be extended to the case
of so-called monotone reaction—diffusion systems. An n-component system with a reaction
part fi(u), where u = (uy,...,u,) and f; are smooth functions, is called monotone if % >0

for all i # j. The reason why monotone systems can be investigated successfully and the
results are similar to the simplest case of one equation (1 = 1) can be explained as follows.
In both cases, the corresponding dynamical systems generate monotone semiflows S', t > 0,
in appropriate phase function spaces H. A semiflow defined on the partially ordered Banach
space H is monotone if it conserves a partial order >> in that space. The general theory of
monotone dynamical systems was developed first in the seminal works of M. Hirsch’s (see [6]
for an overview).
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For monotone reaction—diffusion systems the partial order can be defined as so: u >> v
if u; > v; for each i. For chemical kinetics, the monotone dynamics means the following.
Let u;(x,t),i = 1,...,n be concentrations of reagents participating in chemical kinetics.
Let us consider two sets of concentrations, u and v, which both evolve according to given
monotone chemical kinetics. Then, if all initial concentrations u;(x,0) are more than the
corresponding initial v concentrations, u;(x,0) > v;(x,0) for each i and x € (), where the
domain (); is a chemical reactor, this relation is conserved for all t > 0: u;(x,t) > v;(x, t)
for all i,x,¢ > 0. Roughly speaking, larger input concentrations produce larger output
concentrations at each time moment.

However, unfortunately the reaction—diffusion systems that are most interesting for
applications are not monotone. What could happen in the non-monotonic case? Some
investigations and results, obtained using mainly asymptotical and numerical methods, have
shed light on this problem. The question of the existence of chaotic regimes in chemistry
received great attention in the 1980s-1990s. First, one can note that if a reactor is well stirred
and we consider a spatially homogeneous state, then we can take a system of reaction—
diffusion under zero Neumann boundary conditions, where the reaction part generates
chaotic behaviour (clearly, in this case we need at least three reagents). It is easy to show then
that if diffusion coefficients are sufficiently large, this dynamical chaos is stable under space
perturbations. This case, however, is not interesting for us since it it just the usual dynamical
chaos, where diffusion effects play no role. Moreover, in this case we do not have any wave
phenomena. In the space-homogeneous case, the first two beautiful ideas were proposed in
Kuramoto’s book [7]. The first one can be outlined as follows. Suppose that the reaction part
generates a limit cycle, i.e., we are dealing with a chemical oscillator. If diffusion is absent (the
diffusion coefficients are equal to zero), then we have an infinite set of oscillators located at
points x of the reactor. All oscillators oscillate the same way, but each of them has its own
phase ¢(x) depending on the point x. For small diffusion coefficients one can develop an
asymptotic approach, which has a transparent physical sense: it describes a weak interaction
between oscillators via diffusion. The phase becomes a function of x and time t. One can show
that the phase evolution is governed by the famous Burgers equation, which can be linearized
and reduced to the heat transfer equation. If the heat conduction coefficient is positive, all the
solutions of the Burgers equation are time convergent. Physically, this means that all oscillators
are synchronized in the limit of large times. If the heat conduction coefficient is negative, we
have an exponential instability of solutions of the Burgers equation for the phase. This can be
interpreted as chaos (turbulence) describing the desynchronization of the oscillators. Such
an effect arises for special reaction parts and, moreover, the diffusion coefficients should be
different. It is not easy to justify these asymptotical results using rigorous methods (however,
if we replace a space-continuous model with a discrete one, i.e., consider oscillators on a
lattice, then it can be achieved using standard methods). Moreover, we do not have wave
phenomena here. Nonetheless, this Kuramoto model can be extended to describe moving
chaos that captures more and more new territories.

The second idea from [7] describes chemical wave fronts unstable in space, and it was
pioneered independently by Sivashinsky [8] for combustion and other authors for fluid
dynamics [9,10]. This instability problem, leading to the intriguing Kuramoto-Sivashinsky
equation, is studied in many works, and we do not consider it in this paper.

A number of non-trivial wave effects induced by diffusion in chemistry were found
in [11,12] using numerical simulations. In these works, simple cubic autocatalytic models are
investigated. It is shown that complex dynamics, induced initially by the propagation of a
constant-velocity constant-form reaction wave, is possible. The chaotic nature of this wave can
be confirmed by numerical methods (but it is hard to justify it using analytical approaches).

In [13], the wave solutions are found using numerical simulations for a disease propaga-
tion model, which has the form of a two-component reaction—diffusion system. The results
in [13] show that spatio-temporal chaos can be generated by waves. Ref. [14] also concerns
a two-component reaction—diffusion system, describing a predator-prey model taking into
account species migration. It is shown that there are possible patterns corresponding to
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spatio-temporal chaos. These patterns appear inside a space subdomain and then the chaotic
pattern invades all the area.

In our work, we propose a model, which, in contrast to those mentioned above, can be
studied using rigorous methods, and moreover, it permits us to describe wave collisions.
The main result can be outlined as follows. There are possible interesting phenomena in
the collisions of wave fronts. In contrast to one-component and monotone cases, in the
general situation, when travelling wave fronts meet they are capable of producing chaotic
or periodic solutions. The result of the collision of waves depends on their initial positions.
We show that in the spatially homogeneous case time periodical solutions are possible
for n > 2 and chaotic solutions for n > 3. The result of the waves meeting are so-called
generalised travelling waves (GTWs), earlier studied in [15]. GTWs have solutions of
the form

u=U(x,q(t), u;=U(x—gqt)),

where U(x) is a function and ¢;(t) satisfies the system of ordinary differential equations

dqi
= = Qia), M

where g = (q1,...,qx), and Q is a smooth vector field. This means that the solution is a
family of travelling fronts where each front moves with the speed Q;(q). However, the
fronts are not independent: each component, in general, depends on each other.

Let us outline the physical mechanism beyond the complicated dynamics. This mech-
anism is fundamental and it is connected with spontaneous symmetry breaking. To start,
let us consider the simplest case of a reaction—diffusion equation. We consider the scalar,
time-dependent Ginzburg-Landau (TDGL) equation. This equation describes the dynamics
in a bistable medium where there are two stable thermodynamically equivalent states. This
basic equation belongs to a family of canonical equations which govern the dynamics of
condensed matter at a critical point. The scalar Ginzburg-Landau equation corresponds
to the simplest case, where the system mass is not conserved and the order parameter is
a scalar [16,17]. The TDGL equation is well studied and describes interesting effects, in
particular, there exist kink solutions and solutions describing kink chains [18]. The TDGL
equation reads

1
Ur = Euxx + u— us. (2)

This equation describes a dissipative process. In fact, the Ginzburg-Landau energy,

which is o
Elu( )] = [ (i + (1 —u?))dx

decreases along trajectories defined by (2). This energy is the sum of two contributions, the
Landau term [(1 — u?)2dx and the Ginzburg gradient term [ u2dx. The Landau term has
two absolute minima u+ = +1, which correspond to two stable phases minimizing the
free energy of a bistable medium. There exist, however, more non-trivial solutions (kinks)
corresponding to transitions from one phase to another:

Uging = tanh(x —q),

where g defines a kink location. The kink is a standing wave because the system is bistable
and both phases u4 are energetically equivalent. We have a family of kink solutions
parameterized by g. The existence of such a family, which can be considered as a one-
dimensional manifold embedded in the infinite-dimensional phase space, is connected
with the translation invariance (symmetry) of our bistable medium: all positions g are
equivalent. Interesting solutions of the TDGL are studied in [18]. They describe kink
chains where the kinks are separated by long intervals. The kinks move very slowly due
to an exponentially weakening interaction between the closest kinks. It is very difficult to
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detect this slow evolution using numerical methods [18]. In this paper, we use an approach
similar to in [18].
Even more interesting phenomena arise if we consider a more complicated model:

up = %uxx +u—ud 4+ Ag(u, x), 3)
where A > 0 is a small parameter, g can be interpreted as a small perturbation violating
the phase symmetry. This weak perturbation breaks the bistability symmetry. In this
case, the equilibrium spatially homogeneous system states 1+ become energetically non-
equivalent. This perturbation g causes two effects. The first effect is that the shape of the
kink experiences a slight deformation and the second effect is that the kink begins to move
slowly, i.e., g depends on t. For the kink coordinates 4 we obtain

dq/dt = AQ(q,8(-,7)), (4)

where Q is a linear functional of the perturbation g:

Q=C" [ glumanele,), )0 (x, )i,

Here,
~ auk' k(x q )
U(x,q) = 2k 4)
q g
denotes the so-called Goldstone’s mode, which appears in all physical models with symme-
try, and
C=- / U(x,q)%dx.

The expression for Q can be obtained in different ways. The most natural asymptotic
derivation (although non-rigorous) of (4) can be achieved using energetic arguments (see
Appendix B). The rigorous justification has been presented in many works (see, for exam-
ple, [18]). An asymptotic approach was first developed in [19].

Furthermore, let us consider the n independent instances of Equation (2) for unknown
uij(x,t), i = 1,...,n, where each equation contains a small perturbation g;(uy,...,uy).
Then, using the same arguments and methods as for a single equation we can show that
there is a set of kink solutions tanh(x — g;(t)) where each kink moves according to

dg;/dt = AQi(q,8i(-,-)), a=(q1,---,9n)- )

Using different g; we can obtain a rich family of different Q; that allows us to find
complicated effects in multi-component kink collisions.

The construction has a transparent interpretation. In a multi-component system
where separate components interact weakly, there arises a weak interaction between kinks.
When the kinks become closer to each other, this interaction leads to the formation of
a complicated connected state of kinks. This connected state can evolve chaotically or
periodically in time. However, the chaos emerges when these kinks come closer together.
If at initial moment ¢ = 0 the wave fronts are far from each other, then the interaction is
absent and we observe a collection of usual travelling fronts which move independently.
The complicated time behaviour and oscillations arise when the fronts are close enough.
This mechanism of chaos onset is illustrated in Figure 2.

We think that such behaviour is also possible in systems other than reaction-diffusion
systems, because the effect is quite general and admits an energetic interpretation (see
Appendix B).

Note that numerical simulations show that chaotic waves exist for realistic models of
population dynamics; see [14]. They extend our possibilities in pattern formation and can
be applied for pattern coding and morphogenesis problems; see [20,21]. A key difference
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between chaotic waves and usual travelling fronts can be understood if we consider the
somitogenesis problem [22-24]. Somitogenesis is the process of somite formation. Somites
are paired blocks that produce layered periodical patterns in the developing embryos of
animals. Somites appear in the initial stages of morphogenesis, and further, they give rise
to different organs, for example, skeletal muscle. The clock and wavefront (CWF) model,
first proposed in [25], see also [26], allows us to describe the somite formation as a result of
the oscillating expression of genes (which was detected in experiments, see [27]). However,
such a model permits us to explain only how periodical gene expression oscillations encode
periodical layers. To encode arbitrary patterns we need waves with chaotic dynamics [21].
Chaotic waves also help in practical problems of pattern coding [20].

2. Statement of the Problem

We consider the Cauchy problem for general reaction—diffusion systems:

ou %u
—— _— >
Ey Daxz—l—F(u), xeR, t>0 (6)
with the initial condition
u(x,0) = ug(x). 7)

Here, u = (uy,...,uy), F = (Fy,...,Ey), and D is a diagonal matrix with positive
diagonal elements d;, i = 1,...,m. The function F(u) has the form

F(u) = f(u) + Ag(u),

where f = (f1,..., fm), §=(81,-.-,9m), A is a small positive parameter, and f(u) satisfies
the following conditions:

flug) = flu) =0

for some constant vectors 14 and u_, u_ < u (the inequality is understood component-
wise),

of:
MEO, i,j=1,...,m,i#j, u € By, (8)
E)uj
and f(u) € C%(Bi). Here, B, denotes the set of u € R™ satisfying the inequality
u_ —x < u < uy +x, where « is a small positive number. The main case, where all
conditions to f are fulfilled, is given by the relations

fi(u) = U; — u?, i = 1/2. (9)

Here, u+ = +£1. Below, we consider this case in order to simplify the statement, and
moreover, due to the basic role of the Ginzburg-Landau model in physics.

If A = 0 and if we suppose for simplicity that uo(+o0) = u, then the large-time
behaviour of solutions of the Cauchy problem (6) and (7) is described by travelling-wave
solutions. We recall that a travelling wave is a solution of the form u(x, t) = w(x — ct).
Here, c is an unknown constant, the wave velocity, and the function w(x) is a solution of
the problem

Dw" +cw + f(w) =0, w(doo) = 1. (10)

In the case (9), this problem is particularly easy: w(x — q) = tanh(x — q), where g is a
constant and ¢ = 0, i.e., in this case we are dealing with standing waves. To simplify the
subsequent statement, we restrict ourselves by the case (9). The general case of a weakly
perturbed monotone system satisfying (8) can be considered in a similar way. Then, we
define the non-perturbed kink solution by

ugink = W(x,q) = (w(x —q1),..., w(x = qu)), (11
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where g = (q1,...,4n) is a vector determining the kink positions: q; defines the position of
the kink for the i-th component.

3. Generalized Travelling Waves (GWTs), Universal Dynamical Approximation, and
Function Spaces

3.1. GWT

GWTs can be defined as more general solutions

u(x, t) =v(x,q1(t),...,qm(t)), (12)

where the function ¢;(t) satisfies the system of ordinary differential equations
T \®i(g,A), i=1,...,m, (13)

where ®(g,A) depends on the perturbation g. The existence of such solutions is proved
in [15]. Due to the translational invariance of system (6), the right-hand side ®; is a function
of the difference g; — q;. We can, thus, reduce (13) to a shorted system

%:/\Cbi(y,)\), i=1,...,n, (14)
wheren =m —1land y; = q; — qu.

Further, we apply the idea of universal dynamical approximation (UDA)
(see Appendix A). The right-hand side @ in (14) depends on g, it is a linear functional of g.
By adjusting the perturbation g, we can approximate any prescribed smooth vector field
Q(y) by @ with an arbitrarily small accuracy € > 0 (in a compact domain which contains
an absorbing set of the system dq/dt = Q(q)).

This fact, and fundamental results of the theory of dynamical systems (see Appendix A),
allows us to prove that there can exist periodic (for n > 3) and even chaotic (for n > 4)
solutions enjoying special properties. They can describe a collision of wave fronts leading
to chaos.

3.2. Function Space and Invariant Manifold

To formulate the results, first let us introduce useful function spaces. Let E = C(R)
be the Banach space of bounded continuous functions and C?(R) the space of functions
the first and second derivatives of which belong to C(R). The operator Au = Du", with
the domain D(A) = C2(R), is sectorial in C(R) [28]. (Here, " denotes the derivative with
respect to x.) Hence, we can introduce the space E* = D(A{) with the norm

[ttlla = [l ATull,

where || - || is the uniform norm, and « > 0, Ay = A —al, a > 0, I is the identity operator
(see [29]).

It is shown [15] that under certain conditions system (6) has an invariant locally
attracting manifold M, for all sufficiently small A > 0. This manifold is a C!-graph
o =V(q,A)in E*, where 1/2 < a < 1.

The dynamics of system (6) reduced to M, is defined by the system of ordinary
differential equations

g (t) = A®(q,7), (15)

where ®(g, A) is continuous together with its first derivative with respect to g. This function
is a sum of the main term ®(*) and a perturbation ®1):

®(q,71) = @ (q) + @M (q,7), (16)
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@0 (g.0) =~ [ g(W(zg) Uz, (17)
where W(z, q) is defined by (11),
@ (g, 1), [@Vg(g,4)] < CA, (18)
where
U(z) = ?coshfz(z). (19)

The system of equations (15) describes a slow motion of the kink system. These
equations have a transparent energetic interpretation. Equation (15) for kink coordinates g;
show an energetic balance: the energy dissipation per unit time equals the energy change
per unit time due to the kink interaction (see Appendix B).

4. Main Result
The main new result is given by the following theorem.

Theorem 1. For n > 3 there is a smooth function g such that for sufficiently small A > 0
systems (15) and (16) have solutions q(t) enjoying the following properties:
(A) for0 < t < T, where T = o(A~1), one has

qi(t) = q:(0) — Agit + O(A?), (20)

where ¢; is a constant which is positive for i = 1 and negative fori = 2,...,n;
(B) for t >> T the dynamics (15) of q; is defined by chaotic hyperbolic dynamics.

Comments:

(i) On hyperbolic chaotic dynamics, see [30]. Among systems, which we can find in
real applications, the Lorenz system has a dynamical behaviour close to hyperbolic. By
adjusting g we can change the chaotic dynamics of 4.

(ii) The physical interpretation of this theorem is transparent. First, the fronts (kinks)
move independently and, therefore, with almost constant velocities. When the kinks get
close to each other they start interacting. This interaction can lead to chaos or periodic
oscillations (if the perturbation g is adjusted in an appropriate way) (see Figure 2).

5. Proof

Outline of the proof

Our plan is as follows. First, we prove the existence and boundedness of the solutions;
after this, we introduce new coordinates (g, v) in the phase space. The vector g defines the
kink coordinates, whereas v is a kink form correction. Using these coordinates, we obtain
the existence of a locally invariant n-dimensional manifold. Then, we can describe the
dynamics on this manifold. The proof of (B) uses some new ideas.

5.1. A Priori Estimates, Global Existence, and Uniqueness

We assume that the function g(u) is smooth, and f is defined by (9).

Lemma 1. For sufficiently small A > 0, there exists a constant vector b = (b, ..., by) such that
the solution u(x, t) of the Cauchy problem (6) and (7) satisfies the inequality

uy —b<u(x,t) <u_+0b (21)

forallx € Rand t > 0 if
uy —b<ug(x) <u_+b, xR (22)

Proof. The proof is standard; see [15]. O
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We note that the global existence and uniqueness of the classical solutions of (6) and
(7) is well known (see, for example, [3,5]).

A priori estimate (21) implies that for sufficiently small A > 0 Equations (6) and (7)
generate a semigroup S’ if we restrict ourselves by initial data satisfying (22). If the initial
condition u( belongs to E? for some & > 0 and satisfies (22), then for any t > 0, the solution
Stup belongs to E* for any 0 < a < 1 and satisfies (21). We denote by (, ) the inner product
in L}*(R) and in Ly (R).

5.2. Invariant Manifold

In this subsection, we define an invariant locally attracting manifold M, describing the
large-time behaviour of the solutions of Equations (6) and (7). If A = 0, then this manifold
is defined by the relation

My = {u:u=wx-x"]}
where w(x) is given by
w=(wy,..., wy)", w; =tanh(x — xY).
The shift x* can be considered as a coordinate on this manifold. The global semiflow S

reduced to M can be described by the equation dx/dt = 0. It is shown that for small A # 0
the invariant manifold M), still exists and is close to My [15]. We outline it following [15].

5.3. Coordinates in the Neighbourhood of My
Denote W§ the neighbourhood of My in the space E*:

Wy ={u e E* :i}rcbf |lu(z) —w(z — xp)|la < J}- (23)

In the case & = 0, we use the notation Wj.
We study solutions of (6) with the initial conditions 1 from W§, a > 0. Let us
introduce new variables (g, v) as follows. For each u € W§ we put

v(z—q) =u(z) —w(z—q) € E, (24)

where a real number g should satisfy the following equation

plg.n) = (w() —w(-— ), UC—) = [ ()~ wz-q)UE-gdz=0. (2

Here, U is defined by (19).
Below, we denote by C all positive constants independent of u and A.

5.4. Change of Variables

Consider the solution u(x, t) of the Cauchy problem (6) and (7). Suppose that u(z,t) €
W§ for 0 < t < T for some T > 0. For each t fixed, we define g(t) and v(¢,t) by the
following relations:

(g u(, 1) =0, (1) = u(g+q(t)t) —w(g). (26)

The function () determines the shift of the unperturbed wave and v is a perturbation
of the wave. Equations (6) and (7) reduce to system (15) in a small neighbourhood of locally
attracting invariant manifold [15].

5.5. Concluding Steps

The idea is illustrated by Figures 1 and 2. We suppose that the nonlinearity f has the
form (9). Consider a system of ordinary differential equations

dy "
i Qly), yeR (27)
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where Q(y) € C*(R"). Suppose that B is a bounded domain in R" with a smooth boundary
0B such that .
y- Q) =Y yiQi <-4, & >0, ify€aB (28)
i=1
i.e., the corresponding vector field on the boundary 08B fits inside B. This means that the set

B is absorbing. We suppose that dynamics (27) has hyperbolic invariant set I', which lies
inside B: I C B.

Figure 1. This image shows the main idea of the proof. Let y be the mutual distances between kinks
(see proof). We have the two domains in the y-space R” (in this image n = 2), Bs and B/, and a
structurally stable attractor .A. There are embeddings A C B’ C B;. These domains are shown as
ellipses. The attractor A, which is a limit cycle, is shown by a closed curve. The vector field Y (y)
is equal to a constant vector field ¢ outside of B (it is shown by arrows). In the transient domain
Bs — B’ we have a smooth homotopy between the constant field ¢ and Q. We choose the field ¢ as
follows: (a) it should be directed toward the interior of Bs at a part 0E of the boundary 0By; (b) some
components of the vector ¢ must be positive and other ones are negative. Condition (a) implies that
the y-trajectories enter for absorbing set B'. Therefore, for large times t these trajectories are defined
by the attractor .A. Condition (b) entails that the y-dynamics describes a collision of travelling fronts
(see the next image).

0.8

0.6

0.4

02

-02

-04 -

-06

-0.8 [

-10 -5 0 5 10
X
Figure 2. This image shows the time evolution of travelling fronts (kinks) under condition (b) of the
previous image. At the initial moment ¢ = 0 the kinks are far from each other. The kink velocities and
their initial coordinates can be chosen so that when the kink coordinates g(t) approach the boundary
of the domain By, they end up on the boundary set 9E, where the trajectories of the semiflow S,
enters for B;. Beginning with this moment, the kinks interact and form a connected state. Their
coordinates can evolve in time in a periodical (for m > 2) or chaotic manner (for m > 3).
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As an example, we can consider the Lorentz system, which has the form

d d d

Depending on the positive parameters b, 7, and o, the solution of these equations can
have convergent, periodic, or chaotic behaviour. Then, the absorbing set B is defined by

B={y:ye€ R3, ry%er% =b(y3 —r)z < brz}.

Note that the dynamics of system (27) on the hyperbolic set I' is structurally stable
due to the theorem on the persistence of hyperbolic sets (see [31-33] and Appendix A).
This implies that there is a small constant ¢ > 0 such that if we perturb the field Q by
a perturbation Q, which is e small in C! norm on the absorbing set, then the perturbed
system (27) defined by the vector field Q + Q also has a hyperbolic invariant set I, which is
topologically equivalent to I', close to I and the dynamics of the perturbed system restricted
to I" is orbitally topologically equivalent to the dynamics (27) restricted to I'.

Our first step is to compress the domain B. We define a family of vector fields
Qs = Q(67'y), where § € (0,1) is a positive constant. Note that |Qslcrpy < cs~ L.
System (27) becomes

d — n
S =0Q0y), yeR (29)

It is clear that this system is equivalent to (27) and it has an absorbing set B; such that
diam(Bs) = O(6). We can take such a § € (0,1) that the B is contained in the ball in R" of
radius 1/2 centred at 0. This absorbing set B; contains the attractor A of the system (29).
Then, there is an open domain B’ with a smooth boundary 9B’ such that

AcB c B;.
Moreover, one can suppose that B’ is sufficiently close to Bs:

inf ly — 7| > do, (30)
{y€dB;, j<dB'}

sup |y — | <26, 31)
{y€aB;, 7€aB'}
where 0X denotes the boundary of a set X and 4y is a small positive number such that
Jp << 6. If &y > 0is small enough, then B’ is also an absorbing set such that the field Q is
directed toward to the interior of B’ at dB;.
Let us set m = n + 1 and let us define g; by

Qi(uy, ... um) = (271)_1/2;9_1 exp(—u%/sz)Pi(ul, e Um), (32)

where p > 0 is a small parameter such that p << e (where ¢ is the constant of persistence
introduced above and depending on the field Q only) and P; are smooth functions of u,
which will be adjusted later. We note that g; is well localized at u#; = 0. The value u; = 0
corresponds to x = g;. We substitute g; from (32) into the right-hand side of (17) and
by the standard Laplace method we obtain an asymptotic estimate of the integral on the
right-hand side of (17) that gives

0 -
@ (q) = ®i(q) + p¢° (9),
where ¢"(g) is a small smooth correction bounded in C?(R") norm and

P; = Pi(tanh(qi — ql),tanh(qi — qZ), . ,tanh(qi — qm)>
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To simplify computations, we set
Py(u) = Cy = const.

We introduce new variables y; by y; = q; — gm, i = 1,...,n. These variables are conve-
nient to take into account the translation invariance of our problem. Then, g, — q; = y; — v,
where i, € {1,...,n}. Note that the variables (y, 7,;) have a clear meaning: the quantity
gm determines the speed of movement of the kink system as a whole, and the quantity y
determines the mutual distances between the kinks.

In these new variables, the system of differential equations for q reduces to the follow-
ing system for y:

dy; .
=Y + ), (33)

wherei =1,...,nand
Y;(y) = P;(tanh(y; — y1), tanh(y; — y2),.. ., tanh(y; — yx), tanh(y;)) — Cm,

|Yi\cl(Rm) <ap,

where ¢; is a positive constant uniform in p and A. Let r(y) be the distance between a point
y and the set B'. This distance r equals the distance between y and the boundary 9B’ when
y lies outside of B/, and r = 0 if y lies inside B’. We define Y as

Yi = Qi(y)X(s() (1") +C_l<1 _X(So(r)))’ (34)
where x;,(r) is a C2-smooth monotone increasing function defined on [0, ) such that
X§0(7")El, 0<7’<50/2,

X (1’) =0, r>dp.

Relation (34) means that outside a neighbourhood of B the field Y equals the constant
vector ¢ = (¢1,...,Cn), whereas inside B this field equals Q. It is clear that one can choose
appropriate functions P;(y) such that the relation (34) holds. Then the theorem on the
persistence of hyperbolic sets [31,32] implies that with g defined by (16), sufficiently small
p,A > 0 and appropriate ¢, Jy the y-dynamics defined by the system dy/dt = Y (y) gener-
ates a hyperbolic chaotic dynamics if a hyperbolic chaotic dynamics exists for system (27)
(see Appendix A).

The proof is complete.

5.6. Effects of Dependence on Initial Data

The front collisions exhibit interesting phenomena of dependence on initial data (initial
kink coordinates). Consider Figure 1. We see that depending on the initial data y(0) the
y-trajectories can either enter an absorbing set, or pass by. In the latter case, chaos is absent
and we have usual travelling waves. The kink speed oscillations are of the order O(A?).
Figure 3 shows the case where all the trajectories enter the absorbing set; therefore, we
observe the complicated large-time behaviour of interacting fronts. However, there appears
an additional interesting effect: the speeds of the travelling fronts depend on the initial
data. This dependence is smooth.

Bistability effects are illustrated by Figure 4. The prescribed dynamics has two local
attractors, each attractor has its own area-of-attraction basin. The y-trajectories are defined
by a constant vector field, these trajectories enter different attractors depending on their
initial data. For some initial data, chaotic or periodical large-time behaviour does not occur.
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5w s o 5 10 1
Figure 3. This image shows the case where the front collision leads to periodical large-time behaviour of
interacting fronts for all initial data. In this case the fronts have different speeds for different initial data.

-2 -1 0 1 2 3 4 5 6

Figure 4. This image shows the case where we have a bistable situation. The prescribed dynamics
has two local attractors, each attractor has its own area-of-attraction basin. The y-trajectories, defined
by a constant vector field and shown by arrows, enter different attractors depending on the initial
data. Some trajectories pass by the attractors.

6. Concluding Remarks

What can happen when chemical waves meet? This is a hard problem, with theoreti-
cal results obtained for waves described by reaction—diffusion equations and monotone
reaction—diffusion systems. For the most important case of non-monotone systems this
problem has been studied in a few works using numerical methods (for example, [34]).

In this paper, based on some previously obtained results, we propose the first model, which
allows us to investigate this problem on chemical wave collisions using analytical methods. We
show that this reaction—diffusion model exhibits a rich variety of non-trivial phenomena.

The results presented show that for the case of four components the collision of travel-
ling fronts can generate chaotic waves and for the case of three components this collision
can generate time-periodic waves. There arise interesting effects of dependency on the
initial data: depending on the initial positions we obtain either chaos, periodical dynamics,
or convergent dynamics, when the result of the wave meeting is a new travelling front.

These phenomena have a transparent physical interpretation. The wave fronts come
closer and form a bound state where the waves interact by exchanging energy. For each
reagent, dissipation, associated with wave motion, is equal to an energy transferred from
other reagents. Such effects are possible in open systems only, and some reagents should
be activators, whereas other are inhibitors.

To conclude let us note the following. Assume we would like to have a very compli-
cated wave motion, say, with an attractor of fractal dimension 100. Then, the method of
this paper needs a system with >100 reagents. There arises a natural question: is it possible
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to obtain such a complicated behaviour (have an attractor of dimension 100) with only two
reagents? It is possible for reaction—diffusion systems in multidimensional domains [35].
Whether it is true or not for the one-dimensional case is as yet unknown.

Finally, we conclude that the possibility of the emergence of complex dynamic regimes
as a result of the interaction of waves is shown by rigorous methods. We think that complex
coherent waves of gene expression found in Drosophila morphogenesis [36] (see, in particular,
Figure 2 from this paper) and neurodynamics [37] cannot be explained by the usual approach
based on travelling fronts of constant form and velocity. We believe, therefore, that the gener-
alized travelling front concept could be useful in the future to handle data on gene expression
where we are dealing with many genes. In [36], the gene expression was measured for a
hundred genes in the time course of the Drosophila embryo’s development. It was shown that
there exist six temporal waves of coherent gene expression during this Drosophila morpho-
genesis. Moreover, it was found that the most powerful gene expression waves correspond to
great morphogenetic movements. The time-duration analysis of Drosophila embryogenesis
first made in [36] reveals a connection between waves of gene expression and morphogenetic
processes. The coherent gene expression means that the genes and the corresponding waves
interact. Such spatio-temporal patterns of gene expression corresponding to many interacting
gene waves are similar to wave patterns, which can be described using generalized travelling
waves. In fact, it is impossible to describe the complex gene patterns existing in real organ-
isms by usual travelling waves. Consider a simple example. Gene expression leads to cell
differentiation, and different cells form tissues. To explain, for example, a periodic pattern
corresponding to the stripes of a zebra’s skin, it is sufficient to have a single morphogen with
two expression levels, high and low. Depending on these expression levels, the morphogen
can induce black (B) or white (W) cells. By a usual travelling wave one can obtain a periodic
sequence of cells, say, BWBW. ... However, to encode a non-periodic pattern, say, BWAE
BWW EEE..., we need a whole group of genes and their complex expression depending on
spatial localization. These cellular patterns can be obtained using generalized travelling fronts;
see [21] for more details. We think, therefore, that the generalized travelling front concept can
be useful in the future to handle such data on gene expression, in particular, when we are
dealing with many genes.
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Appendix A. Universal Dynamical Approximation

Let us recall the concept of the realization of the vector fields for dissipative systems
proposed by P. Polacik in [38]. For definiteness, we consider the case of a system with
continuous time (the case of iterations is treated similarly). We consider dynamical systems
which enjoy the following properties A and B:

A Dynamical systems (defined by vector field F) generate global semiflows SY, in an ambient
Hilbert or Banach phase space H. These semiflows depend on some parameters P (which could be
elements of another Banach space B). They have global attractors and finite-dimensional locally
attracting invariant C'-manifolds M, at least for some P .

B The dynamics of Sk, reduced to the invariant manifolds can be almost completely tuned by
variations of the parameter P.
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This can be described as follows. Assume that the differential system

d
T =0, Qec'(BY) (A1)
defines a global semiflow in a ball B C R" of radius R > 0 centred at 0.
For any prescribed dynamics (A1) and any € > 0, one can choose suitable parameters
P = P(n,F,e) such that
1. the semiflow Si, has a Cl-smooth locally attracting invariant manifold Mp diffeo-
morphic to B";
2. the reduced dynamics S| v, is defined by equations

da ~ ~
7 =0@P), Qec'(s, (A2)

where }
1Q — Qlci(pn) <e€. (A3)

According to the terminology introduced by [38] we say that our family of semiflows
e-realizes the vector field Q if the estimate (A3) holds. The properties A and B mean that our
class system realizes all finite dimensional vector fields, with an arbitrarily high accuracy.
In other words, one can say that by tuning P, the reduced dynamics on the invariant
manifold can be specified with an arbitrarily small error. Therefore, roughly speaking, all
robust dynamics (stable under small perturbations) can be generated by systems which
satisfy the above formulated properties. Such systems are denoted as UDA systems (systems
having the property of universal dynamical approximation). In order to show that the UDA
concept also covers the case of chaotic dynamics, let us recall some facts about chaos and
hyperbolic sets. Let us consider systems of differential equations defined by (A2) which
satisfy the following conditions:

Condition on the structural stability of prescribed dynamics (SSPD). System (A2)
generates a global semiflow S*, t > 0, defined on the n-dimensional closed ball B* C R" and having
structurally stable (for example, hyperbolic) local attractors A, 1 =1,... k.

Comment. Recall that structural stability is a fundamental property of dynamics,
which means that the topological structure of the trajectories of the system (A2) on 4;
are unaffected by C!-small perturbations of the vector field Q. In particular, under small
perturbations hyperbolic rest points remain so and only slightly shift, they cannot be
transformed into cycles, and vice versa, hyperbolic cycles cannot become points.

These attractors can have a complex form, since structurally stable dynamics may be
chaotic. If a hyperbolic invariant set I' is attracting and this set is not a rest point or a limit
cycle, we say that I is a chaotic (strange) attractor [31]. Hyperbolic sets have a fundamental
property of hyperbolic sets, so-called persistence. Informally speaking, this means that the
hyperbolic sets are stable (robust) with respect to small sufficiently smooth perturbations
(see [31] for details).

Appendix B. Energetic Interpretation of Equations for Kink Coordinates

The system of equations (15) describes a slow motion of a kink system. These equations

have a transparent energetic interpretation. Let us multiply the equation for u; by % and
integrate over all x. Then, we have

K; = —dE;/dt + AR;, (Ad)

where

©  Ju:
Ki:/ (aiif)de,

—00

E= [ (G54 - a)?)an
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and

e} .
R; = [m gi(u,x)%dx.

The relation (A4) shows an energetic balance. The term K; is always positive and
defines the energy dissipation, the term E; is a non-perturbed kink energy and the term
R; shows the change in energy due to the perturbation g;. If we substitute into K; the
unperturbed kink solution u;(x — q;(t)) (removing the terms that describe the deformation
of the kink form), we obtain that

K; ~ (%)2 /ﬁ O; [2dx, (A5)

Here, and below, the symbol ~ means that we take into account only the main terms as
A — 0, for example, A + 2A? ~ A. The same substitution gives E; ~ 0 that is a consequence
of translation invariance, and

dg; [ -
Ri I [ gi(uggue (v, 9), ) (46)

We substitute these asymptotics for K;, E;, and R; into (A4) and see that

dqiv2 da;
Eh~ o (A7)
is equivalent to (15). We obtain, thus, that the main motion, Equation (15), for kinks
represents an energetic balance: the energy dissipation per unit time K; equals the energy
change per unit time R; due to the kink interaction.

A rigorous derivation of Equation (15) for kink coordinates can be found in [15].

References

1. Nicolis, G.; Prigogine, 1. Self-Organization in Nonequilibrium Systems: From Dissipative Structures to Order through Fluctuations;
J. Wiley and Sons: New York, NY, USA, 1977.

2. Volpert, A.; Volpert, V.; Volpert, V. Traveling Wave Solutions of Parabolic Systems; Translation of Mathematical Monographs;
American Mathematical Society: Providence, RI, USA, 1994; Volume 140.

3.  Kolmogorov, A.N.; Petrovskii, G.I; Piskunov, N.S. A study of the equation of diffusion with increase in the quantity of matter
with application to a biological problem. Bull. Moscow Univ. Sec. A 1937, 1, 1-25.

4.  Fisher, R.A. The wave of advance of advantageous genes. Ann. Eugen. 1937, 7, 353-369. [CrossRef]

5. Fife, P.C.; MacLeod, J.B. The approach to solutions of nonlinear diffusion equationsto traveling front solutions. Arch. Rat.
Mech. Anal. 1997, 65, 335-361. [CrossRef]

6.  Hirsch, M.; Smith, H. Monotone dynamical systems. In Handbook of Differential Equations, Ordinary Differential Equations;
Canada, A., Drabek, P, Fonda, A., Eds.; Elsevier: Amsterdam, The Netherlands, 2005; Volume 2.

7. Kuramoto, Y. Chemical Oscillations, Waves and Turbulence; Springer: Berlin/Heidelberg, Germany; New York, NY, USA; Tokyo,
Japan, 1984.

8.  Sivashinsky, G. Nonlinear analysis of hydrodynamic instability in laminar flames—I. Derivation of basic equations. Acta Astronaut.
1977, 4, 1177-1206. [CrossRef]

9.  Homsy, G.M. Model equations for wavy viscous film flow. Lect. Appl. Math. 1974, 15, 191-194.

10. Nepomnyashchii, A.A. Stability of wavy conditions in a film flowing down an inclined plane. Fluid Dyn. 1974, 9, 354-359.
[CrossRef]

11. Merkin, ].H.; Petrov, V.; Scott, S.K.; Showalter, K. Wave-induced chaos in a continuously fed unstirred reactor. Phys. Rev. Lett
1996, 76 3, 546-549. [CrossRef]

12.  Brons, M; Sturis, ]. Explosion of limit cycles and chaotic waves in a simple nonlinear chemical system. Phys. Rev. Stat. Nonlinear
Soft Matter Phys. 2001, 64, 026209. [CrossRef]

13.  Sun, G.Q;Jin, Z; Liu, Q.-X,; Li, L. Chaos induced by breakup of waves in a spatial epidemic model with nonlinear incidence rate.
J. Stat. Mech. Theory Exp. 2008, 7, P08011. [CrossRef]

14. Petrovskii, S.; Malchow, H. Wave of Chaos: New Mechanism of Pattern Formation in Spatio-temporal Population Dynamics.
Theor. Popul. Biol. 2001, 59, 157-174. [CrossRef]

15.  Vakulenko, S.; Volpert, V. Generalized travelling waves for perturbed monotone reaction-diffusion systems. Nonlinear Anal. TMA
2001, 46, 757-776. [CrossRef]

16. Cross, M.C.; Hohenberg, H. Pattern formation outside of equilibrium. Rev. Mod. Phys. 1993, 65, 3 [CrossRef]


http://doi.org/10.1111/j.1469-1809.1937.tb02153.x
http://dx.doi.org/10.1007/BF00250432
http://dx.doi.org/10.1016/0094-5765(77)90096-0
http://dx.doi.org/10.1007/BF01025515
http://dx.doi.org/10.1103/PhysRevLett.76.546
http://dx.doi.org/10.1103/PhysRevE.64.026209
http://dx.doi.org/10.1088/1742-5468/2008/08/P08011
http://dx.doi.org/10.1006/tpbi.2000.1509
http://dx.doi.org/10.1016/S0362-546X(00)00130-9
http://dx.doi.org/10.1103/RevModPhys.65.851

Mathematics 2024, 12, 429 16 of 16

17.

18.
19.

20.

21.

22.
23.

24.
25.

26.
27.

28.
29.
30.

31.
32.

33.
34.

35.
36.

37.

38.

Cross, M.; Greenside, H. Pattern Formation and Dynamics in Nonequilibrium Systems; Cambridge University Press: New York, NY,
USA, 2009.

Carr, ].; Pego, R.L. Metastable patterns in solutions of u; = € Uyy — f(u). Commun. Pure Appl. Math. 1989, 42, 523-576. [CrossRef]
Maslov, V.P.; Omel'yanov, G.A. Asymptotic soliton-form solutions of equations with small dispersion. Russ. Math. Surv.
1981, 36, 73-149. [CrossRef]

Chen, Y.; Sano, H.; Wakaiki, M.; Yaguchi, T. Secret Communication Systems Using Chaotic Wave Equations with Neural Network
Boundary Conditions. Entropy 2021, 23, 904. https://doi.org/10.3390/e23070904. [CrossRef] [PubMed]

Vakulenko, S.A.; Grigoriev, D. New way for cell differentiation: Reaction, diffusion and chaotic waves. Biosystems 2022, 212, 104605.
[CrossRef] [PubMed]

Maroto, M.; Bone, R.A.; Dale, ]. Somitogenesis. Development 2012, 139, 2453-2456. [CrossRef]

Resende, T.; Ferreira, M.; Teillet, M.A; Tavares, A.T.; Andrade, R.P.; Palmeirim, I. Sonic hedgehog in temporal control of somite
formation. Proc. Natl. Acad. Sci. USA 2010, 107, 12907-12912. [CrossRef]

Pourquié, O. The chick embryo: a leading model for model in somitogenesis studies. Mech. Dev. 2004, 121, 1069-1079. [CrossRef]
Cooke, ].; Zeeman, E. A Clock and Wavefront model for control of the number of repeated structures during animal morphogenesis.
J. Theor. Biol. 1976, 58, 455-476. [CrossRef]

Baker, R.; Schnell, S.; Maini, P. A clock and wavefront mechanism for somite formation. Dev. Biol. 2006, 293, 116-126. [CrossRef]
Heltberg, M.L.; Krishna, S.; Jensen, M. On chaotic dynamics in transcription factors and the associated effects in differential gene
regulation. Nat. Commun. 2019, 10, 71. [CrossRef]

Lunardi, A. Analytic Semigroups and Optimal Regularity in Parabolic Problems; Birkhauser: Basel, Switzerland, 1995.

Henry, D. Geometric Theory of Semilinear Parabolic Equations; Springer: Berlin/Heidelberg, Germany, 1981; Volume 840.

Ruelle, D. A review of linear response theory for general differentiable dynamical systems. Nonlinearity 2009, 10, 855-870.
[CrossRef]

Ruelle, D. Elements of Differentiable Dynamics and Bifurcation Theory; Elsevier: Amsterdam, The Netherlands, 2014.
Guckenheimer, ].; Holmes, P. Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector Fields; Springer: New York, NY,
USA, 1983.

Katok, A.; Hasselblatt, B. Introduction to the Modern Theory of Dynamical Systems; Cambridge University Press: Cambridge, UK, 1995.
Kosek, J.; Marek, M. Collision-Stable Waves in Excitable Reaction-Diffusion Systems. Phys. Rev. Lett. 1995, 74, 2134-2137.
[CrossRef]

Vakulenko, S. Complex Attractors and Patterns in Reaction-Diffusion Systems. . Dyn. Diff. Equ. 2018, 30, 175-207. [CrossRef]
Papatsenko, I.; Levine, M.; Papatsenko, D. Temporal waves of coherent gene expression during Drosophila embryogenesis.
Bioinformatics 2010, 26, 2731-2736. [CrossRef]

Zimmer, B.; Kuegler, P.B.; Baudis, B.; Genewsky, A.; Tanavde, V.; Koh, W.; Tan, B.; Waldmann, T.; Kadereit, S.; Leist, M.
Coordinated waves of gene expression during neuronal differentiation of embryonic stem cells as basis for novel approaches to
developmental neurotoxicity testing. Cell Death Differ. 2011, 18, 383-395. [CrossRef]

Polacik, P. Complicated dynamics in scalar semilinear parabolic equations in higher space dimension. J. Differ. Equ. 1991, 89, 244-271.
[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1002/cpa.3160420502
http://dx.doi.org/10.1070/RM1981v036n03ABEH004248
https:// doi.org/10.3390/e23070904
http://dx.doi.org/10.3390/e23070904
http://www.ncbi.nlm.nih.gov/pubmed/34356445
http://dx.doi.org/10.1016/j.biosystems.2021.104605
http://www.ncbi.nlm.nih.gov/pubmed/35026320
http://dx.doi.org/10.1242/dev.069310
http://dx.doi.org/10.1073/pnas.1000979107
http://dx.doi.org/10.1016/j.mod.2004.05.002
http://dx.doi.org/10.1016/S0022-5193(76)80131-2
http://dx.doi.org/10.1016/j.ydbio.2006.01.018
http://dx.doi.org/10.1038/s41467-018-07932-1
http://dx.doi.org/10.1088/0951-7715/22/4/009
http://dx.doi.org/10.1103/PhysRevLett.74.2134
http://dx.doi.org/10.1007/s10884-016-9552-4
http://dx.doi.org/10.1093/bioinformatics/btq513
http://dx.doi.org/10.1038/cdd.2010.109
http://dx.doi.org/10.1016/0022-0396(91)90121-O

	Introduction
	Statement of the Problem
	Generalized Travelling Waves (GWTs), Universal Dynamical Approximation, and Function Spaces
	GWT
	Function Space and Invariant Manifold

	Main Result
	Proof
	A Priori Estimates, Global Existence, and Uniqueness
	Invariant Manifold
	Coordinates in the Neighbourhood of M0
	Change of Variables
	Concluding Steps
	Effects of Dependence on Initial Data

	Concluding Remarks 
	Appendix A
	Appendix B
	References 

