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Abstract: This paper presents an investigation into original analytical solutions of the (2+1)-dimensional
combined potential Kadomtsev–Petviashvili and B-type Kadomtsev–Petviashvili equations. For this
purpose, the generalized Kudryashov technique (GKT) and exponential rational function technique
(ERFT) have been applied to deal with the equation. These two methods have been applied to the
model for the first time, and the the generalized Kudryashov method has an important place in
the literature. The characteristics of solitons are unveiled through the use of three-dimensional,
two-dimensional, contour, and density plots. Furthermore, we conducted a stability analysis on the
acquired results. The results obtained in the article were seen to be different compared to other results
in the literature and have not been published anywhere before.

Keywords: exact solution; stability analysis; symbolic computation; generalized Kudrayshov tech-
nique; exponential rational function technique
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1. Introduction

In recent years, there has been an increasing interest in the quest for exact solutions
within the domain of nonlinear partial differential equations (NPDEs). Exact solutions
are solutions to mathematical equations that can be expressed in a closed form, meaning
they can be written as a formula or as an explicitly defined function. Exact solutions
are valuable for several reasons; for example, they provide insights into the underlying
behavior of the equations. By analyzing the form of an exact solution, we can gain a deeper
understanding of the phenomena described by the equations, and they can be used to
validate approximate solutions. If an approximate solution agrees with an exact solution,
we can be more confident in its accuracy and it can be used to make predictions about
real-world phenomena. In some cases, exact solutions can be used to make predictions
about the behavior of physical systems.

Exact solutions have been used to study a wide range of phenomena; for example,
Einstein’s field equations, which describe the curvature of spacetime, have exact solutions
that describe the motion of planets and stars; the Navier–Stokes equations, which describe
the flow of fluids, have exact solutions that can be used to study the behavior of fluids in
various situations; and the equations of elasticity and plasticity, which describe the behavior
of materials under stress, have exact solutions that can be used to study the deformation
of materials. The study of exact solutions is an active area of research, and new exact
solutions are being discovered all the time. These solutions provide valuable insights into
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the behavior of complex systems and can be used to make predictions about the behavior
of real-world phenomena.

The examination of solutions of these equations has become crucial across various
fields of science and technology, including control theory, fiber optics, solid-state me-
chanics, transport infrastructure, atomic engineering, fluid dynamics, and various other
research fields. Numerous successful approaches have been devised for investigating
dynamic structures, such as lump solutions [1,2], the matrix eigenvalue problem [3], auto-
Backlund transformations [4], the auxiliary equation method [5], the generalized Riccati
equation mapping technique [6], the addendum to the Kudryashov technique [7], the
unified method [8], the modified extended tanh-function approach [9], the Hirota bilinear
technique [10], the Lie symmetry approach [11], the improved Bernoulli sub-equation func-
tion procedure [12], the modified (G′/G)-expansion method [13], the bilinear method [14],
an extended (G′/G)-expansion method [15], the tanh–coth method [16,17], and so on.

In this research, our objective is to investigate a (2+1)-dimensional combined potential
Kadomtsev–Petviashvili equation incorporating the B-type Kadomtsev–Petviashvili (pKP-
BKP) equation:

b1(45u2
xuxx + 15uxxu3x + 15uxu4x + u6x) + b2(6uxuxx + u4x)

+b3(3uxuxy + 3uxxuy + u3xy) + b4uxx + b5uxt + b6uyy = 0.
(1)

where we can choose b as a function of x in some formulations of the KP-pKPBKP equation.
This choice can introduce spatial variation into the strength of internal wave effects, leading
to more intricate wave dynamics and patterns. The equation introduced by Ma in [18]
denoted as Equation (1) has been demonstrated to possess an N-soliton solution. Ma
provided a comprehensive analysis of this equation, where the parameters bi(i = 1, . . ., 6)
are constants capable of influencing the amplitude, depth, width, and periodicity of the
associated wave with arbitrary values. The spatial dimensions are represented by x and
y, while u signifies the amplitude of the relevant wave and t corresponds to time. This
equation exhibits versatility as it can be transformed into various other nonlinear equations,
each manifesting distinct physical characteristics. Specifically, when b1 = b3 = b4 = 0,
b2 = b5 = 1, and b6 = −1, Equation (1) reduces to a (2+1)-dimensional potential
Kadomtsev–Petviashvili (pKP) equation. The derived pKP equation models the dynamics
of a wave and is expressed as follows:

6uxuxx + u4x + uxt − uyy = 0.

When b1 = b5 = 1, b2 = b4 = 0, b3 = 5, and b6 = −5, Equation (1) undergoes a
transformation into a (2+1)-dimensional B-type Kadomtsev–Petviashvili (BKP) equation.
This BKP equation serves as a valuable physical model and can be expressed as follows:

45u2
xuxx + 15uxxu3x + 15uxu4x + u6x + 5(3uxuxy + 3uxxuy + u3xy) + uxt − 5uyy = 0

Recently, several researchers have explored Equation (1) employing diverse ap-
proaches. For instance, Ma et al. delved into the precise solutions of Equation (1) utilizing
the Hirota bilinear method [19], while Feng et al. acquired resonant multi-soliton solutions
through the application of the linear superposition principle [20]. In contrast to previous
investigations, we will apply two different methods to find original analytical solutions,
namely the generalized Kudryashov technique and the exp rational function method, and
we will present a stability analysis of the obtained results. The aim of this paper is to ob-
tain exact solutions of the (2+1)-dimensional combined potential Kadomtsev–Petviashvili
equation via two different methods, which are the GKT and ERFT methods, and to search
for the stability of some of the obtained solutions. For this purpose, Section 2 provides a
brief description of the GKT and ERFT. Thereafter, in Section 3, we utilize the mentioned
methods on the (2+1)-dimensional B-type Kadomtsev–Petviashvili (BKP) equation. A
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stability analysis and visual representations of the obtained results are given in Section 4.
Finally, Section 5 provides the conclusions of the paper.

2. Methodology

This section provides a detailed explanation of the GKT and ERFT.

2.1. The Generalized Kudryashov Technique

Within this section, we introduce the GKT to find exact solutions of NPDEs [21–24].
We examine a general NPDE presented as:

P(u, ux, uy, ut, uxx, uyy, . . .) = 0, (2)

where P is a polynomial of u(x, y, t) and its partial derivatives, in which the highest order
derivatives and nonlinear terms are involved.

The main steps of the GKT are as follows:
Step 1: We use the wave transformation to transform the nonlinear partial differential

equation into an ordinary differential equation, and this transformation comes from Lie
symmetries. In the search for a traveling wave solution of the equation, we apply the
traveling wave transformation:

ξ = x + y − ct (3)

By using Equation (3), Equation (2) reduces to a nonlinear ordinary differential equa-
tion (ODE).

H(u, u′, u′′, . . ., ) = 0, (4)

where the prime denotes derivation with respect to ξ.
Step 2: Assume that the solution to Equation (4) can be expressed in the subsequent

rational form:

u(ξ) =

N
∑

i=0
αiRi(ξ)

M
∑

j=0
β jRj(ξ)

(5)

where αi(i = 0, 1, . . ., N), β j(j = 0, 1, . . ., M) are constants to be determined such that
αN ̸= 0, βM ̸= 0 and R = R(ξ) satisfies the ODE

dR
dξ

= R2(ξ)− R(ξ) (6)

It is obvious that the solution of Equation (6) is

R(ξ) =
1

1 + Aeξ
(7)

where A is an integration constant.
Step 3: To obtain the positive integers N and M in Equation (5) through the application

of the homogeneous balance method, the relationship between the highest-order derivatives
and the highest-power nonlinear terms in Equation (4) is considered.

Step 4: By substituting Equation (5) into Equation (4) along with Equation (6), we
derive a polynomial in terms of R(ξ). Next, by setting all coefficients of R(ξ) to zero,
we establish a system of algebraic equations. Utilizing Maple, we can solve this system
to determine the values of αi(i = 0, 1, . . ., N), β j(j = 0, 1, . . ., M). Finally, if we substitute
these values and Equation (6) into Equation (5), we can obtain the precise solutions for the
reduced (4).
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2.2. The Exponential Rational Function Technique (ERFT)

In the literature, some methods, such as the new generalized exponential rational func-
tion method [25] and the new modification of the exponential rational function method [26],
give more general forms of the solutions.

Step 1. The solution of Equation (4) can be expressed as follows [27]:

u(ξ) =
N

∑
n=0

ηn

(1 + eξ)n , (8)

where ηn (ηN ̸= 0) are constants to be determined later. Determine the integer
N by the homogenous balance method. This method consists of balancing the
highest-order linear term with the highest-order nonlinear term in Equation (4).

Step 2. Putting Equation (8) into Equation (4) and separating all terms with the same
order of enξ (n = 0, 1, 2, . . .), we convert the left-hand side of Equation (4) into
another polynomial in enξ . Then, we equate each coefficient of this polynomial to
zero, yielding a set of algebraic equations for ηn unknown parameters. Finally, we
solve the equation system to construct a variety of exact solutions for Equation (2).

3. Implementations

This section provides the (2+1)-dimensional combined potential Kadomtsev–Petviashvili
and B-type Kadomtsev–Petviashvili equations. For this purpose, first of all, applying the
transformation Equation (3) to Equation (1) yields the following ordinary differential equation:

b1(45(u′)2u′′ + 15u′′u(3) + 15u′u(4) + u(6)) + b2(6u′u′′ + u(4))

+b3(3u′u′′ + 3u′′u′ + u(4)) + b4u′′ − b5cu′′ + b6u′′ = 0.
(9)

If we integrate this equation once with respect to ξ, we find:

15b1(u′)3 + 3(u′)2(b2 + b3)− b5cu′ + (b4 + b6)u′

+b1

(
15u′ + b2

b1
+ b3

b1

)
u′′′ + b1u(5) = 0.

(10)

3.1. Implementation of the GKT to the Combined (2+1)-Dimensional Potential
Kadomtsev–Petviashvili and B-Type Kadomtsev–Petviashvili Equations

By employing the homogeneous balance principle in Equation (10), we derive the
balancing number as N = M + 1. Setting M to 1 leads to the determination of N as 2.
Consequently, the solution can be formulated as follows:

u(ξ) =
α0 + α1R + α2R2

β0 + β1R
, (11)

Here, R(ξ) represents Equation (7). Considering this, Equation (11) will be substituted
into Equation (9). Thereafter, we equate all coefficients of the functions R(ξ) to zero,
resulting in a system of equations. This system is given in the appendix (see Appendix A).
From the solutions of this system, we identify several scenarios that are subsequently
discussed in detail as follows:

Case 1:
α0 = − α1

2 , α1 = α1, α2 = −2β1,

β0 = − β1
2 , β1 = β1, c = 4b3+16b1+4b2+b4+b6

b5

Therefore, the analytical solution of the (2+1)-dimensional combined potential Kadomtsev–
Petviashvili and B-type Kadomtsev–Petviashvili equations is given as:
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u(x, y, t) =
− α1

2 + α1
B1(x,y,t) −

2β1
B2

1(x,y,t)

− β1
2 + β1

B1(x,y,t)

, (12)

where B1(x, y, t) = 1+A
(

cosh
(

x+ y− 4b3+16b1+4b2+b4+b6
b5

t
)
+ sinh

(
x+ y− 4b3+16b1+4b2+b4+b6

b5
t
))

and A is an integration constant.
Case 2:

α0 = β0(α1+2β0)
β1

, α1 = α1, α2 = −2β1,

c = b4+b2+b3+b6+b1
b5

,
β0 = β0, β1 = β1,

Therefore, the analytical solution of the (2+1)-dimensional combined potential Kadomtsev–
Petviashvili and B-type Kadomtsev–Petviashvili equations is given as:

u(x, y, t) =

β0(α1+2β0)
β1

+ α1
B2(x,y,t) −

2β1
B2

2(x,y,t)

β0 +
β1

B2(x,y,t)

, (13)

where B2(x, y, t) = 1+ A
(

cosh
(

x + y − b4+b2+b3+b6+b1
b5

t
)
+ sinh

(
x + y − b4+b2+b3+b6+b1

b5
t
))

and A is an integration constant.

3.2. Implementation of the ERFT to the Combined (2+1)-Dimensional Potential
Kadomtsev–Petviashvili and B-Type Kadomtsev–Petviashvili Equations

By employing the homogeneous balance principle in Equation (10), we derive the
balancing number as N = 1. Therefore, the solution will take the following form:

u(ξ) = η0 +
η1

1 + eξ
(14)

When we insert this equation into Equation (10), we discover the ensuing system of
equations as follows:

e5ξ : b5cη1 − b3η1 − b1η1 − b2η1 − b6η1 − b4η1 = 0,

e4ξ : 3b3η2
1 + 3b2η2

1 + 15b1η2
1 + 2b3η1 + 2b2η1 − 4b4η1

−4b6η1 + 4b5cη1 + 26b1η1 = 0,

e3ξ : −60b1η2
1 − 6b6η1 + 6b2η1 − 15η3

1b1 + 6b2η2
1 − 66b1η1

+6b5cη1 + 6b3η2
1 + 6b3η1 − 6b4η1 = 0,

e2ξ : 3b3η2
1 + 3b2η2

1 + 15b1η2
1 + 2b3η1 + 2b2η1 − 4b4η1

−4b6η1 + 4b5cη1 + 26b1η1 = 0,

eξ : b5cη1 − b3η1 − b1η1 − b2η1 − b6η1 − b4η1 = 0

By solving this system, the following outcomes are generated:

η1 = −2, c =
b1 + b2 + b3 + b4 + b6

b5
. (15)

Therefore, the analytical solution of the (2+1)-dimensional combined potential Kadomtsev–
Petviashvili and B-type Kadomtsev–Petviashvili equations can be given as

u(x, y, t) = η0 −
2

1 + cosh
(

x + y −
(

b1+b2+b3+b4+b6
b5

)
t
)
+ sinh

(
x + y −

(
b1+b2+b3+b4+b6

b5

)
t
) . (16)
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4. Stability Analysis and Graphical Representations

In this section, we will present the plots of the results. Plots will be given in three
dimensions, in two dimensions, and as contour figures. In two-dimensional figures, a red
line was drawn when t = 0, a green line was drawn when t = 0.5, and a blue line was
drawn when t = 1. Figure 1 represents the periodic solution shape for Equation (12).

Figure 1. Plots of Equation (12) when y = 0, α1 = 0.1, β1 = b1 = b2 = b3 = b4 = b5 = b6 = 0.5, A = 1.

Figure 2 represents the kink solution shape for Equation (13).

Figure 2. Cont.
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Figure 2. Plots of Equation (13) when y = 0, α1 = β0 = β1 = b1 = b2 = b3 = b4 = b5 = b6 = 0.5,
A = 1.

Figure 3 represents the kink solution shape for Equation (16).

Figure 3. Plots of Equation (16) when y = 0, η0 = 0.1, b1 = b2 = b6 = 0.2, b3 = 1, b4 = 0.9, b5 = 0.6.

A solution to a differential equation is called stable if small perturbations in the initial
conditions lead to solutions that remain close to the original solution. This is relevant
in various fields like physics, engineering, and economics. The stability property of the
solutions is closely related to the momentum in a Hamilton system. From this point of
view, the following formula is given for the Hamiltonian system of the solution:

ΨH =
1
2

∫ ϵ

−ϵ
u2(ξ)dξ,
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where u(ξ) is the solution of the model. Then, we calculate the momentum of the Hamilton
system as follows:

∂Ψ
∂c

|c=σ> 0,

where σ is an optional constant [28,29].
Assuming the values of the constants α1 = 1, β1 = 1, y = 1, A = 1, c = 2 in

Equation (12), and considering the solution in the square area of [−2, 2] and performing
the necessary operations, we find the condition as follows:

∂Ψ
∂c

|c=2= 9.029945870 − 6.283185305I.

According to the above result, our solution is stable for the assumed conditions.
Assuming the values of the constants α1 = 1, β0 = 1, β1 = 1, y = 1, A = 1, c = 2 in

Equation (13), and considering the solution in the square area of [−2, 2] and performing
the necessary operations, we find the condition as follows:

∂Ψ
∂c

|c=2= −1.475503757.

According to the above result, our solution is unstable for the assumed conditions.
Assuming the values of the constants η0 = 1, c = 2 in Equation (16), and considering

the solution in the square area of [−2, 2] and performing the necessary operations, we find
the condition as follows:

∂Ψ
∂c

|c=2= 1.205362104.

According to the above result, our solution is stable for the assumed conditions.

5. Conclusions

In our paper, we have effectively obtained explicit solutions for traveling wave pat-
terns for the (2+1)-dimensional combined potential Kadomtsev–Petviashvili and B-type
Kadomtsev–Petviashvili equations employing direct methods through the GKT and ERFT.
These two methods have been applied to the model for the first time, and the generalized
Kudryashov method has an important place in the literature. When we compared our
results with the existing literature, we identified a variety of solutions, each demonstrating
a unique behavior. We conducted an analysis of stability and provided visual representa-
tions, including 2D, 3D, and contour plots of the obtained solutions. Our results exhibit
distinctions from those present in the existing literature, characterized by the inclusion of a
multitude of arbitrary constants, yielding a comprehensive array of solutions. In addition,
we have enriched our paper with a stability analysis and graphical representations. The im-
portance of the figures lies in discerning the configurations of the acquired wave solutions,
with each figure defining a specific type of wave solution. Graphical representations are
instrumental in understanding wave motions. The capacity to determine solutions holds
significance across various fields, including mathematics, physics, and, notably, fiber optics.
The research techniques employed in this study can be extended to a broad spectrum of
nonlinear dynamical models encountered in diverse engineering and scientific disciplines.
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Appendix A

It is important to highlight that this process involves a sequence of intricate steps
carried out using Maple software. We will present the obtained determining equation
system for the GKM.

R12 : 120b1β5
1α2 + 90b1α2

2β4
1 + 15b1α3

2β3
1 = 0,

R11 : −270b1α2
2β4

1 + 90b1α3
2β0β2

1 + 720b1β4
1α2β0

+540b1α2
2β0β3

1 − 360b1β5
1α2 − 45b1α3

2β3
1 = 0,

R10 : 6b3β5
1α2 + 45b1α3

2β3
1 − 45b1α2

2β3
1α0 − 270b1α3

2β0β2
1

+1260b1α2
2β2

0β2
1 − 90b1α2β4

1α0 + 180b1α3
2β2

0β1 + 90b1α1β0α2β3
1

+285b1α2
2β4

1 + 390b1β5
1α2 + 3b2α2

2β4
1 + 6b2β5

1α2 + 1800b1β3
1α2β2

0
+3b3α2

2β4
1 + 45b1α1β0α2

2β2
1 − 2160b1β4

1α2β0 − 1620b1α2
2β0β3

1 = 0,

R9 : −6b2α2
2β4

1 − 120b1α2
2β4

1 − 12b3β5
1α2 − 180b1β5

1α2 − 15b1α3
2β3

1 − 6b3α2
2β4

1
−360b1α2β0β3

1α0 + 360b1α1β2
0α2β2

1 − 270b1α1β0α2β3
1 + 180b1α1β2

0α2
2β1

−180b1α2
2β0β2

1α0 − 3780b1α2
2β2

0β2
1 + 1710b1α2

2β0β3
1 + 270b1α2β4

1α0
+270b1α3

2β0β2
1 + 135b1α2

2β3
1α0 + 36b2β0β4

1α2 + 18b3α2
2β3

1β0 − 12b2β5
1α2

−135b1α1β0α2
2β2

1 − 540b1α3
2β2

0β1 + 1440b1α2
2β3

0β1 + 120b1α3
2β3

0 + 18b2α2
2β3

1β0
+36b3β0β4

1α2 − 5400b1β3
1α2β2

0 + 2340b1β4
1α2β0 + 2400b1β2

1α2β3
0 = 0,

R8 : 3b2α2
2β4

1 + 720b1α2
2β4

0 + 15b1α2
2β4

1 + 31b1β5
1α2 − 360b1α3

2β3
0

+7b2β5
1α2 − 90b1α1β0α2β2

1α0 + b4β5
1α2 + b6β5

1α2 + 990b1α2β0β3
1α0

−630b1α2β2
0β2

1α0 + 630b1α1β3
0α2β1 − 990b1α1β2

0α2β2
1 + 7b3β5

1α2
+6b2α1β0α2β3

1 + 45b1α2
1β2

0α2β1 + 6b3α1β0α2β3
1 − 540b1α1β2

0α2
2β1

+135b1α1β0α2
2β2

1 − 180b1α2
2β2

0β1α0 + 540b1α2
2β0β2

1α0
−4410b1α2

2β3
0β1 + 3975b1α2

2β2
0β2

1 − 720b1α2
2β0β3

1 − 300b1α2β4
1α0

+540b1α3
2β2

0β1 − 90b1α3
2β0β2

1 − 135b1α2
2β3

1α0 + 45b1α2β3
1α2

0
−b5cβ5

1α2 + 90b2β2
0α2β3

1 + 180b1α1β3
0α2

2 − 36b3α2
2β3

1β0
−72b2β0β4

1α2 + 39b3α2
2β2

0β2
1 − 6b3α2β4

1α0 + 39b2α2
2β2

0β2
1 − 36b2α2

2β3
1β0

−6b2α2β4
1α0 + 90b3β2

0α2β3
1 − 72b3β0β4

1α2 + 5850b1β3
1α2β2

0 − 1080b1β4
1α2β0

+3b3α2
2β4

1 + 300b1α1β0α2β3
1 − 7200b1β2

1α2β3
0 + 1800b1α2β4

0β1 = 0



Mathematics 2024, 12, 427 10 of 13

R7 : 720b1α2β5
0 − 2340b1α2

2β4
0 + 6b4β4

1α2β0 − b3β5
1α2 − b1β5

1α2
−180b1α1β2

0α2β1α0 + 270b1α1β0α2β2
1α0 + 24b3α1β2

0α2β2
1

−b4β5
1α2 − b6β5

1α2 − 930b1α2β0β3
1α0 − 540b1α2β3

0β1α0
−1710b1α1β3

0α2β1 + 930b1α1β2
0α2β2

1 + 24b2α1β2
0α2β2

1
−12b2α1β0α2β3

1 − 135b1α2
1β2

0α2β1 − 12b3α1β0α2β3
1

−45b1α1β0α2
2β2

1 + 540b1α2
2β2

0β1α0 − 540b1α2
2β0β2

1α0 + b5cβ5
1α2

−180b2β2
0α2β3

1 + 540b1α1β4
0α2 + 4770b1α2

2β3
0β1 − 1650b1α2

2β2
0β2

1
+90b1α2

1β3
0α2 − 540b1α1β3

0α2
2 − 180b1α3

2β2
0β1 − 135b1α2β3

1α2
0

+45b1α2
2β3

1α0 + 36b3α2
2β3

0β1 − 78b3α2
2β2

0β2
1 + 18b3α2

2β3
1β0

−78b2α2
2β2

0β2
1 + 18b2α2

2β3
1β0 + 6b6β4

1α2β0 + 120b3β3
0α2β2

1
−2700b1β3

1α2β2
0 + 186b1β4

1α2β0 + 7800b1β2
1α2β3

0 − 5400b1α2β4
0β1

+12b3α2β4
1α0 + 36b2α2

2β3
0β1 − b2β5

1α2 + 12b2α2β4
1α0

−150b1α1β0α2β3
1 − 180b3β2

0α2β3
1 + 42b3β0β4

1α2 + 90b1α2
2β0β3

1
+540b1α1β2

0α2
2β1 + 120b2β3

0α2β2
1 + 42b2β0β4

1α2 − 24b2α2β0β3
1α0

+90b1α2β0β2
1α2

0 + 150b1α2β4
1α0 − 24b3α2β0β3

1α0
+1710b1α2β2

0β2
1α0 − 6b5cβ4

1α2β0 + 360b1α3
2β3

0 = 0,

R6 : −2400b1α2β5
0 − 15b1β3

1α3
2 + 2760b1α2

2β4
0 + 90b1α2

1β4
0 − 6b4β4

1α2β0
−120b1α3

2β3
0 + 12b2α2

2β4
0 − 120b1β1α0β4

0 − 180b1α1β2
0β2

1α0
−b4β5

1α0 − b2β5
1α0 − b3β5

1α0 + 15β4
1b1α2

0 − b6β5
1α0 + 1710b1α2β3

0β1α0
+15b1α3

1β3
0 + 540b1α1β2

0α2β1α0 − 270b1α1β0α2β2
1α0 − 6b2α1β0β3

1α0
−b1β5

1α0 + 12b3α2
2β4

0 + 330b1α2β0β3
1α0 − 1500b1α2β2

0β2
1α0

+3b2β4
1α2

0 + 120b1α1β5
0 + 3b3β4

1α2
0 − 45b1α2

1β2
0β1α0

+1500b1α1β3
0α2β1 + 30b1α1β0α2β3

1 − 30b2α2β2
0β2

1α0 + 48b2α2β0β3
1α0

−30b1α1β0β3
1α0 − 180b1α1β3

0β1α0 + 30b2α1β3
0α2β1 + 6b2α1β0α2β3

1
−48b2α1β2

0α2β2
1 + 45b1α1β0β2

1α2
0 + 135b1α2

1β2
0α2β1

+30b3α1β3
0α2β1 − 48b3α1β2

0α2β2
1 − 30b3α2β2

0β2
1α0

+6b3α1β0α2β3
1 − 540b1α2

2β2
0β1α0 − b5cβ4

1α1β0
+180b1α2

2β0β2
1α0 − 270b1α2β0β2

1α2
0 − 14b5cβ3

1α2β2
0 + 6b5cβ4

1α2β0
+48b3α2β0β3

1α0 − 6b3α1β0β3
1α0 − 180b1α1β2

0α2
2β1

−6b2β2
0β3

1α0 + 104b2β2
0α2β3

1 + 90β2
1b1α2

0β2
0 + 90β3

1b1α2
0β0

+5700b1α2β4
0β1 + 6b3β3

0α1β2
1 + b4β4

1α1β0 + 14b4β3
1α2β2

0
−246b2β3

0α2β2
1 − 1710b1α1β4

0α2 − 2070b1α2
2β3

0β1 + 195b1α2
2β2

0β2
1

+6b2β3
0α1β2

1 + 84b2β4
0α2β1 + 90b1α2

1β3
0β1 + 15b1α2

1β2
0β2

1
−6b3β0β4

1α0 + b3β4
1α1β0 + 30b1β3

1α1β2
0 + b1β4

1α1β0 + 464b1β3
1α2β2

0
−30b1β4

1α0β0 − 150b1β3
1α0β2

0 − 240b1β2
1α0β3

0 + 240b1α1β4
0β1

+b2β4
1α1β0 + 3b3α2

1β2
0β2

1 − 72b3α2
2β3

0β1 + 39b3α2
2β2

0β2
1 − 6b3α2β4

1α0
−3630b1β2

1α2β3
0 − 6b1β4

1α2β0 + 150b1β2
1α1β3

0
+b5cβ5

1α0 + 3b2α2
1β2

0β2
1 − 6b3β0β4

1α2 − 6b6β4
1α2β0

+6b2β2
0β3

1α1 − 6b2β0β4
1α2 − 6b2β0β4

1α0 − 330b1α1β2
0α2β2

1
−30b1α2β4

1α0 − 270b1α2
1β3

0α2 + 540b1α1β3
0α2

2 + 135b1α2β3
1α2

0
+84b3β4

0α2β1 − 246b3β3
0α2β2

1 + 104b3β2
0α2β3

1 − 6b3β2
0β3

1α0 + 6b3β2
0β3

1α1
−72b2α2

2β3
0β1 + 39b2α2

2β2
0β2

1 − 6b2α2β4
1α0 + b6β4

1α1β0 + 14b6β3
1α2β2

0 = 0,
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R5 : 3000b1α2β5
0 + 45b1β3

1β3
0 − 1380b1α2

2β4
0 − 270b1α2

1β4
0 + 24b3β5

0α2
−4b4β4

1α0β0 + 16b6β2
1α2β3

0 + b4β5
1α0 − 24b2α2

2β4
0 + b2β5

1α0 + b3β5
1α0

+16b4β2
1α2β3

0 − 45b1α2
1β2

0α2β1 + b1β5
1α0 + 360b1β3

1α0β2
0 + b6β5

1α0
−30β4

1b1α2
0 − 6b3β4

1α2
0 − 45b1α3

1β3
0 − 540b1α1β2

0α2β1α0
+90b1α1β0α2β2

1α0 + 360b1β1α0β4
0 − 24b2α2α0β3

1α0
−24b3α2

2β4
0 − 6b2β4

1α2
0 − 360b1α1β5

0 + 480b1α1β2
0β2

1α0
−30b1α2β0β3

1α2
0 + 56b1β4

1α0β0 + 676b1β2
1α2β3

0
−1950b1α2β3

0β1α0 + 390b1α2β2
0β2

1α0 − 390b1α1β3
0α2β1

+60b1α1β0β3
1α0 + 540b1α1β3

0β1α0 − 16b5cβ2
1α2β3

0 + 24b2β5
0α2

+24b2α1β2
0α2β2

1 − 12b2α2β3
0β1α0 + 60b2α2β2

0β2
1α0

+12b2α1β0β3
1α0 − 24b3α2β0β3

1α0 − b6β4
1α1β0

−60b2α1β3
0α2β1 − 12b2α1β2

0β2
1α0 + 135b1α2

1β2
0β1α0

−60b3α1β3
0α2β1 + 24b3α1β2

0α2β2
1 − 12b3α2β3

0β1α0
+12b3α1β0β3

1α0 + 2b3β2
0β3

1α1 − 660b1α1β4
0β1 + 6b3β3

1α2
0β0

−12b3α1β2
0β2

1α0 − 4b5cβ3
1α1β2

0 + 14b5cβ3
1α2β2

0
−135b1α1β0β2

1α2
0 + 180b1α2

2β2
0β1α0 + 60b3α2β2

0β2
1α0

+270b1α2β0β2
1α2

0 + b5cβ4
1α1β0 + 12b3β4

0α1β1 − 14b2β2
0α2β3

1
−270β2

1b1α2
0β2

0 − 240β3
1b1α2

0β0 + 12b2β4
0α1β1 − 180b2β4

0α2β1
−240b1α2

1β3
0β1 − 30b1α2

1β2
0β2

1 + 1950b1α1β4
0α2 + 270b1α2

2β3
0β1

+270b1α2
1β3

0α2 − 180b1α1β3
0α2

2 − 45b1α2β3
1α2

0 − 12b2β3
0β2

1α0
+148b2β3

0α2β2
1 + 4b5cβ4

1α0β0 + 660b1β2
1α0β3

0 − 6b2α2
1β2

0β2
1

−8b2β2
0β3

1α1 + 8b2β0β4
1α0 − 14b1β3

1α2β2
0 + 30b1α1β2

0α2β2
1 − b4β4

1α1β0
−b2β4

1α1β0 + 6b3α2
1β3

0β1 − 6b3α2
1β2

0β2
1 − 14b6β3

1α2β2
0

+36b3α2
2β3

0β1 + 12b3α1β4
0α2 − b5cβ5

1α0 + 6b2α2
1β3

0β1 − 2340b1α2β4
0β1

+6b2β3
1α2

0β0 + 36b2α2
2β3

1β1 + 12b2α1β4
0α2 + 4b6β3

1α1β2
0 − 14b3β2

0α2β3
1

−180b3β4
0α2β1 + 148b3β3

0α2β2
1 − 12b3β3

0β2
1α0 − 360b1β2

1α1β3
0

−8b3β2
0β3

1α1 + 8b3α0β4
1α0 − b3β4

1α1β0 − 56b1β3
1α1β2

0 − b1β4
1α1β0

−4b6β4
1α0β0 + 4b4β3

1α1β2
0 − 14b4β3

1α2β0 = 0,

R4 : −1710b1α2β5
0 − 45b1β3

1α3
0 + 240b1α2

2β4
0 − 54b2β5

0α2 + 3b3α2
1β4

0
+24b2α2β3

0β1α0 + 4b4β4
1α0β0 + 6b4β2

1α1β3
0 − 16b6β2

1α2β3
0 + 15β4

1b1α2
0

−6b4β3
1α0β2

0 + 180b1α1β2
0α2β1α0 + 3b2α2

1β4
0 + 3b2β4

1α2
0

+12b2α2
2β4

0 + 285b1α2
1β4

0 + 12b3α2
2β4

0 + 6b2β5
0α1 − 12b3β3

1α2
0β0

−6b2α1β0β3
1α0 − 6b2β4

0β1α0 − 6b3β4
0β1α0 − 390b1β1α0β4

0
+930b1α2β3

0β1α0 + 18b2β3
0β2

1α0 − 420b1α1β2
0β2

1α0 − 54b3β5
0α2

+12b2β2
0β3

1α0 + 30b1α2β2
0β2

1α0 − 30b1α1β3
0α2β1 + 16b5cβ2

1α2β3
0

+45b1α3
1β3

0 − 4b5cβ4
1α0β0 + 6b5cβ3

1α0β2
0 − 9b5cα2β4

0β1
+24b2α1β2

0β2
1α0 − 135b1α2

1β2
0β1α0 + 135b1α1β0β2

1α2
0

−6b3α1β3
0β1α0 + 24b3α1β2

0β2
1α0 − 6b3α1β0β3

1α0 + 3b3β4
1α2

0
+4b5cβ3

1α1β2
0 + 210β3

1b1α2
0β0 − 90b1α2

1β3
0α2 − 6b6β3

1α0β2
0

+9b4α2β4
0β1 − 18b3β4

0α1β1 + 285β2
1b1α2

0β2
0 − 18b2β4

0α1β1
−22b2β3

0α2β2
1 + 210b1α2

1β3
0β1 + 15b1α2

1β2
0β2

1 − 930b1α1β4
0α2

+117b2β4
0α2β1 + 3b2β2

1α2
0β2

0 − 12b2α2
1β3

0β1 + 390b1α1β5
0

−2b2β0β4
1α0 − 12b3α2

1β3
0β1 + 3b3α2

1β2
0β2

1 − 24b3α1β4
0α2

−30b3α2β2
0β2

1α0 − 12b2β3
1α2

0β0 − 26b1β4
1α0β0 − 570b1α1β3

0β1α0
+6b3β5

0α1 + 3b3β2
1α2

0β2
0 − 630b1β2

1α0β3
0 + 3b2α2

1β2
0β2

1 − 22b3β3
0α2β2

1
−24b2α1β4

0α2 − 4b6β3
1a1β2

0 + 6b6β2
1α1β3

0 + 117b3β4
0α2β1

−2b3β0β4
1α0 + 26b1β3

1α1β2
0 + 276b1β2

1α1β3
0 − 46b1β2

1α2β3
0

−6b5cβ2
1α1β3

0 − 90b1α2β0β2
1α2

0 + 12b3β2
0β3

1α0 + 18b3β3
0β2

1α0
+630b1α1β4

0β1 + 189b1α2β4
0β1 − 12b3β3

0α1β2
1 + 4b6β4

1α0β0
−12b2β3

0α1β2
1 − 276b1β3

1α0β2
0 − 30b1α1β0β3

1α0 − 16b4β2
1α2β3

0
−6b2α1β3

0β1α0 + 30b2α1β3
0α2β1 − 30b2α2β2

0β2
1α0 + 30b3α1β3

0α2β1
+9b6α2β4

0β1 − 4b4β3
1α1β2

0 + 2b2β2
0β3

1α1 + 24b3α2β3
0β1α0 = 0,
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R3 : 422b1α2β5
0 + 2b6α2β5

0 + 15b1β3
1a3

0 + 38b2β5
0α2 − 120b1α2

1β4
0

−4b3β3
0β2

1α0 + 38b3β5
0α2 + 2b4α2β5

0 − 6b4β2
1α1β3

0 − 15b1α2
1β3

0
−66b1β2

1α1β3
0 − 6b2α2

1β4
0 − 12b2β5

0α1 − 12b3β5
0α1 − 180b1α1β5

0
+180b1β1α0β4

0 + 120b1α1β2
0β2

1α0 + 240b1α1β3
0β1α0 − 6b5cβ3

1α0β2
0

+150b1α1β4
0α2 − 4b5cα1β4

0β1 + 9b5cα2β4
0β1 − 12b2α2β3

0β1α0
−12b2α1β2

0β2
1α0 + 45b1α2

1β2
0β1α0 − 12b3α2β3

0β1α0
−12b3α1β2

0β2
1α0 + 6b5cβ2

1α1β3
0 − 4b4β2

1α0β3
0 − 9b4α2β4

0β1
−60b1α2

1β3
0β1 − 120β2

1b1α2
0β2

0 − 60β3
1b1α2

0β0 + 4b2β4
0α1β1

+12b3α1β3
0β1α0 + 12b2β4

0β1α0 − 6b3α2
1β4

0 + 6b4β3
1α0β2

0
+66b1β3

1α0β2
0 − 21b3β4

0α2β1 − 6b3β2
1α2

0β2
0 + 6b3α2

1β3
0β1

+236b1β2
1α0β3

0 − 6b3β2
0β3

1α0 + 6b2α2
1β3

0β1 + 6b2β3
1α2

0β0
+6b2β3

0α1β2
1 − 6b2β2

0β3
1α0 + 6b3β3

1α2
0β0 − 45b1α1β0β2

1α2
0

+4b4α1β4
0β1 − 2b5cα2β5

0 − 6b2β2
1α2

0β2
0 + 4b5cβ2

1α0β3
0

+12b3α1β4
0α2 + 12b2α1β4

0α2 − 6b6β2
1α1β3

0 + 12b3β4
0β1α0

+6b6β3
1α0β2

0 − 4b2β3
0β2

1α0 − 150b1α2β3
0β1α0 − 21b2β4

0α2β1
−4b6β2

1α0β3
0 + 4b6α1β4

0β1 + 12b2α1β3
0β1α0 + 4b3β4

0α1β1
−236b1α1β4

0β1 + 51b1α2β4
0β1 + 6b3β3

0α1β2
1 − 9b6α2β4

0β1 = 0,

R2 : −32b1α2β5
0 − 2b6α2β5

0 − 8b2β5
0α2 + 3b3α2

1β4
0 + 15b1α2

1β4
0 − 8b3β5

0α2
+7b2β5

0α1 + b6α1β5
0 + b4α1β5

0 + 7b3β5
0α1 + 31b1α1β5

0 − b5cα1β5
0

+b5cβ1α0β4
0 − 7b3β4

0β1α0 − 31b1β1α0β4
0 − 30b1α1β3

0β1α0
−6b2α1β3

0β1α0 − 6b3α1β3
0β1α0 + 4b4β2

1α0β3
0 − 7b2β4

0β1α0 − 4b4α1β4
0β1

+4b6β2
1α0β3

0 − 4b6α1β4
0β1 − 2b3β3

0β2
1α0 − 26b1β2

1α0β3
0 + 26b1α1β4

0β1
+2b3β4

0α1β1 + 2b5cα2β5
0 − b4β1α0β4

0 − 4b5cβ2
1α0β3

0
+15β2

1b1α0β2
0 + 3b2α2

1β4
0 − b6β1α0β4

0 + 4b5cα1β4
0β1 − 2b4α2β5

0
+2b2β4

0α1β1 − 2b2β3
0β2

1α0 + 3b3β2
1α2

0β2
0 + 3b2β2

1α2
0β2

0 = 0,

R1 : b3β4
0β1α0 + b1β1α0β4

0 − b3β5
0α1 − b4α1β5

0
+b5cα1β5

0 + b6β1α0β4
0 + b2β4

0β1α0 − b5cβ1α0β4
0

+b4β1α0β4
0 − b1α1β5

0 − b6α1β5
0 − b2β5

0α1 = 0,
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