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Abstract: Traditional fuzzy rule-based systems struggle with scenarios where knowledge gaps exist
in the problem domain, due to limited data or experience. Fuzzy rule interpolation (FRI) effectively
addresses the challenge of inference in fuzzy systems when faced with unmatched observations, due
to the employment of an incomplete or sparse rule base. It generates temporary, interpolated rules for
the unmatched observations, ensuring continued inference capability. However, the resultant valuable
interpolated rules are conventionally discarded. This paper introduces a formal approach for dynamic
fuzzy rule interpolation (D-FRI), based on the concept of density-based rule promotion and assisted
by the use of the OPTICS clustering algorithm, through exploiting frequently appearing interpolated
rules on the fly. This enhances the system’s knowledge coverage, efficiency, and robustness over time.
An implementation of such a D-FRI system is presented, which combines transformation-based fuzzy
rule interpolation (T-FRI) with OPTICS clustering. This offers an effective mechanism for evaluating
and subsequently selecting potentially powerful interpolated rules for the system to dynamically
enrich its knowledge base. The implemented system is verified by experimental investigations.

Keywords: fuzzy rule interpolation; dynamic rule interpolation; OPTICS clustering; density-based
rule promotion

MSC: 37M99

1. Introduction

In a traditional fuzzy inference system with a sparse rule base, the absence of a
corresponding rule for an observation results in the failure to generate any inferred outcome.
A sparse rule base means the inference system lacks certain knowledge coverage of a
problem domain. Furthermore, when applied to real-world problems, a static rule base
may also lose its relevance and effectiveness due to the nature of the dynamics of the
underlying changing world. Fuzzy rule interpolation (FRI) approaches introduce a novel
way to enhance the reasoning potential when the rule base is incomplete, especially when
it can dynamically update itself. This significantly supports type-1 fuzzy systems that
deal with simple membership functions, involving less computational complexity while
requiring less domain-specific knowledge [1–5].

In general, there exist two categories of fuzzy rule interpolation (FRI) methodolo-
gies. The first approach is centred on the utilisation of α-cuts, whereby the α-cut of an
interpolated consequent is calculated from the α-cuts of its antecedents, as outlined by the
resolution principle [6–9]. The second methodology employs the concept of similarity of
fuzzy value and analogical reasoning [10–17]. Specifically, within this latter category, an FRI
algorithm generates intermediate fuzzy rules based on the principle of similarity. Among
such methods, transformation-based fuzzy rule interpolation (T-FRI) is the most popu-
lar [12]. T-FRI can manage multiple fuzzy rules in both rule interpolation and extrapolation
while guaranteeing the uniqueness, convexity, and normality of the interpolated fuzzy
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sets. Furthermore, it accommodates multiple antecedent variables and varying shapes
of membership functions. Consequently, this paper takes classical T-FRI techniques to
generate interpolated rules, forming the foundation for a novel dynamic FRI methodology.

In the seminal T-FRI method, intermediate rules artificially generated through fuzzy
rule interpolation (FRI) are discarded once an interpolated outcome is derived. Nonetheless,
these interpolated rules may embed information that holds the potential to extend the
coverage of a sparse rule base. Therefore, developing a methodology for collecting the
interpolated rules generated during the FRI procedure is imperative for formulating a
dynamic fuzzy rule interpolation mechanism.

In dynamic fuzzy reasoning, adaptive rule-based methodologies have gained popular-
ity for traditional fuzzy systems that employ a dense rule base. These systems often apply
various optimisation techniques to improve inference accuracy by cultivating a dynamic
and dense rule base [18–23]. However, these adaptive strategies, built upon a dense rule
base, can hardly apply to sparse rule-based fuzzy systems where the rules are inadequate for
comprehensive coverage of the problem domain. Unfortunately, approaches designed for
sparse rule-based dynamic fuzzy rule interpolation are rather limited. One such approach
is fundamentally framed within a predefined quantity space of domain variables, called
hypercubes [24]. This technique employs K-means clustering and genetic algorithms (GAs)
to sort through hypercubes of interpolated rules. Subsequently, it generates a new rule
from the selected hypercube via a weighting process. Whilst simple in conception, it forms
the foundation of dynamic fuzzy rule interpolation (D-FRI) strategies and is fundamental
for future methodologies that seek to manipulate pools of interpolated rules.

Learning from interpolated rules involving multiple antecedent variables can be inter-
preted as a complex task of optimisation or clustering. Techniques like genetic algorithms
(GAs) and particle swarm optimisation (PSO) are prominent in the domain of systems
learning and optimisation. Meanwhile, clustering methodologies such as K-means, mean-
shift, density-based spatial clustering of applications with noise (DBSCAN) [25,26], and
ordering points to identify the clustering structure (OPTICS) [27] exist. Notably, OPTICS is
an improved version of DBSCAN as a density-based clustering algorithm. Unlike K-means,
where every data point is ultimately categorised into a cluster, OPTICS can filter out noisy
data, effectively excluding noise from the constructed clusters. When employed to select
rules from a pool of interpolated rules, OPTICS can help mitigate the influence of outliers
and assemble clusters largely populated by commonly encountered observations. Conse-
quently, the interpolated results within these clusters are more generalised and reliable for
referencing in a dynamic system. Inspired by this observation, the present work applies
OPTICS to implement a novel approach to D-FRI.

Dynamic fuzzy rule interpolation is particularly effective in domains where knowledge
is either incomplete or sparse, and the environment is either dynamic or non-stationary.
Examples include real-time decision-making, adaptive control, and problems requiring
robust solutions with limited or evolving data, such as financial or intelligence data analy-
sis [24], and environmental or medical risk monitoring [28]. The main objective of dynamic
fuzzy rule interpolation (D-FRI), in the context of this paper, is to enhance the inference
capability of fuzzy rule-based systems, especially in situations where the rule base incom-
pletely covers the problem domain. Interpolated outcomes are temporary rules generated
during the process of running classical fuzzy rule interpolation when an observation does
not match any existing rules in the rule base. Such outcomes, therefore, fill the existing
knowledge gaps and allow the overall fuzzy system to make inferences when encountering
similar observations in the future. Particularly in D-FRI, the interpolated outcomes are
evaluated, with those of a sufficient occurrence frequency being promoted into the rule
base, thus enhancing its dynamic coverage of the underlying domain. In so doing, the
system’s knowledge coverage, efficiency, and robustness are improved over time.

The key contributions of this work are multi-fold: (1) A novel framework for dynamic
fuzzy rule interpolation. (2) An innovative integration of T-FRI and OPTICS clustering.
(3) A density-based rule promotion procedure that enables the system to identify and
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promote the most frequently occurring and relevant interpolated rules, thus bridging the
gap between static rule-based systems and the need for adaptive inference mechanisms in
changing environments, thereby advancing the practical applicability of fuzzy rule-based
systems. (4) An initial implementation and experimental study of the integrated system
that demonstrates the potential of developing practically feasible fuzzy rule-based systems
with limited knowledge.

The paper is structured as follows. Section 2 introduces the core computational
mechanisms of T-FRI and those of OPTICS. Section 3 illustrates the proposed OPTICS-
assisted density-based dynamic fuzzy rule interpolation framework. Section 5 provides
experimental results over different datasets. Section 5.3 presents a discussion regarding
the experimental results. Finally, Section 6 concludes the paper and outlines the potential
improvements that would be interesting to make in the future.

2. Foundational Work

This section provides an overview of the fundamental principles and procedural steps
of T-FRI and OPTICS. Within the context of this paper, as with many recent techniques
developed in the literature, triangular membership functions are employed to represent
fuzzy sets, both for popularity and simplicity.

2.1. Transformation-Based Fuzzy Rule Interpolation (T-FRI)

Without losing generality, the structure of a sparse rule base can be denoted as R,
which includes Ri ∈ R fuzzy rules [12]. The specific rule format is delineated as follows:

Ri : IF x1 is Ai,1 AND ... AND xN is Ai,N THEN y is Bi,

where i spans the set {1, . . . , |R|}, with the term |R| signifying the total count of rules
present in the rule base. In the given domain, each xj with j ∈ {1, . . . , N} represents an
antecedent variable, with N indicating the overall number of these variables. The notation
Ai,j indicates the linguistic value attributed to the variable xj within the rule Ri, and it can
be represented as the triangular fuzzy set (a0,j, a1,j, a2,j). Here, a0,j and a2,j define the left
and right boundaries of the support (where the membership values become zero), and a1,j
denotes the peak of the triangular fuzzy set (with a membership value of one).

Considering an instance O, it is typically denoted by the sequence AO,1, . . . , AO,j
with j ∈ {1, . . . , N}. In this sequence, AO,j = (a0, a1, a2) represents a specific triangular
fuzzy value of the variable xj. For any triangular fuzzy set A, defined as (a0, a1, a2), its
representative value, termed as rep(A), can be described as the average of its three defining
points, which is given by:

rep(A) = (a0 + a1 + a2)/3 (1)

Building upon the foundational concepts outlined above, T-FRI employs the following key
procedures when observation fails to match any rules within the sparse rule base.

Closest rule determination. The Euclidean distance metric is applied while measuring
distances between a rule and an observation (or between two rules). The algorithm selects
the rules closest to the unmatched observation to initiate the interpolation procedure.
The distance between a rule Ri and the observation O is computed by aggregating the
component distances between them, as shown below:

d(Ri, O) =

√√√√ N

∑
j=1

d2
j , dj =

d(Ai,j, AO,j)

rangexj

(2)

where d(Ai,j, AO,j) = |rep(Ai,j)− rep(AO,j)| defines the distance between the representa-
tive values in the domain of the jth antecedent variable. Additionally, the term rangexj is
calculated as the difference between the maximum and minimum values of the variable xj
within its domain.
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Intermediate rule construction. The normalised displacement factor, symbolised as ωi,j,
represents the significance or weight of the jth antecedent in the ith rule:

ωi,j =
ω†

i,j

∑M
i=1 ω†

i,j
(3)

where M (with M ≥ 2) indicates the count of rules selected based on their minimum
distance values related to observation O. The weight ω†

i,j is given by:

ω†
i,j =

1
1 + d(AO,j, Ai,j)

(4)

Intermediate fuzzy terms, denoted as A††
j , are calculated utilising the antecedents from the

nearest M rules:

A††
j =

M

∑
i=1

ωi,j Ai,j (5)

These intermediate fuzzy terms are subsequently adjusted to A†
j to ensure their representa-

tive values aligning with those of AO,j:

A†
j = A††

j + δjrangexj (6)

where δj quantifies the offset between AO,j and A†
j in the domain of the jth variable:

δj =
rep(AO,j)− rep(A†

j )

rangexj

(7)

From this, the intermediate consequent, symbolised as B†, is derived similarly to Equation (6).
The aggregated weights ωBi and shift δB are calculated from the respective values of A†

j ,
such that

ωBi =
1
N

N

∑
j=1

ωi,j, δB =
1
N

N

∑
j=1

δj (8)

Scale transformation. Let ASj be represented by the fuzzy set (a††
0 , a††

1 , a††
2 ), resulting from

a scale transformation applied to the jth intermediate antecedent value A†
j = (a†

0, a†
1, a†

2).
Given a scaling ratio sj, the components of ASj are defined as:

a††
0 =

a†
0(1 + 2sj) + a†

1(1 − sj) + a†
2(1 − sj)

3
(9)

a††
1 =

a†
0(1 − sj) + a†

1(1 + 2sj) + a†
2(1 − sj)

3
(10)

a††
2 =

a†
0(1 − sj) + a†

1(1 − sj) + a†
2(1 + 2sj)

3
(11)

This means that the scale rate sj is determined by

sj =
a††

2 − a††
0

a†
2 − a†

0
(12)

For the corresponding consequent, the scaling factor sB is then computed using

sB =
∑N

j=1 sj

N
(13)
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Move transformation. ASj, after performing a scale transformation, is then shifted based
on a move rate mj. This adjustment ensures that the final scaled and shifted fuzzy set retains
the geometric properties of the observed value AO,j. In implementation, mathematically,
this implies that the move rate mj is determined such that

mj =
3(a0 − a††

0 )

a††
1 − a††

0
(14)

where a0 is the lower limit of the support of AO,j = (a0, a1, a2). From this, the move factor
mB for the consequent can then be derived as follows:

mB =
∑N

j=1 mj

N
(15)

Interpolated Consequent Calculation. In adherence to the analogical reasoning principle,
the determined parameters sB (from the scaling transformation) and mB (from the move
transformation) are collectively utilised to calculate the consequent of the intermediary
rule B†. As a result, the interpolated outcome BO is generated in reaction to the unmatched
observation in question. This methodology ensures that the computed output by the FRI
algorithm, while derived from intermediate rules, closely reflects the characteristics of the
given observation, thus maintaining the intuition behind the entire inference process.

2.2. OPTICS Clustering

OPTICS, a data density-based clustering algorithm [27], builds upon the foundation
of DBSCAN [25], aiming to identify clusters of varying densities. Notable advantages of
OPTICS over K-means and DBSCAN include its adeptness at detecting clusters of various
densities, its independence from pre-specifying the number of clusters (a requirement in
K-means), its ability to identify clusters of non-spherical shapes (unlike the sphere-bound
K-means), and its proficiency in distinguishing between noise and clustered data. This last
trait is shared with DBSCAN but contrasts with K-means, which assumes every data point
belongs to one and only one cluster.

In addition, OPTICS provides a hierarchical cluster structure, allowing for nested clus-
ters, a feature missing in both K-means and DBSCAN. This is measured by the parameter
ξ, the minimum steepness on the reachability plot that forms a cluster boundary. However,
OPTICS can be sensitive to its parameter settings, particularly the minimum number of
points needed to define a cluster. Its computational complexity may also be more demand-
ing because, unlike DBSCAN, where the maximum radius of the neighbourhood ε is fixed,
in OPTICS, ε is devised to identify clusters across all scales, especially with large datasets.
Nonetheless, in practice, for most datasets and specifically with an appropriate indexing
mechanism, OPTICS runs efficiently, often close to O(n log n). Yet, it should be noted that
degenerate cases can push the complexity closer to O(n2). For completion, Table 1 presents
the basic concepts and parameters concerning OPTICS and Figure 1 provides a simple
illustration of its working.

Formally, Algorithm 1 outlines the process of OPTICS. Also, as an illustration, Figure 2
shows the impact of different parameter settings upon the results of OPTICS clustering (as
compared to that which employs DBSCAN) running on the classical Iris dataset [29]. Note
that both algorithms share the same MinSample in defining the minimum size of a cluster;
while DBSCAN relies purely on a fixed epsilon value, OPTICS uses ξ to define reachability
without such a fixed value. The reachability plot and the ξ parameter are central to the
OPTICS algorithm, providing a means to visualize and automatically identify clusters in
data. In particular, the reachability plot shows the proximity of points in a space ordered
by OPTICS, and the ξ parameter helps to define what is considered a cluster based on the
steepness of slopes in this plot.



Mathematics 2024, 12, 402 6 of 20

Figure 1. Illustration of OPTICS.

Table 1. Concepts and parameters of the OPTICS clustering algorithm.

Concept Definition

ξ
Parameter used to specify the steepness that defines a cluster in the reachability
plot, with clusters determined as regions in the reachability plot that exhibit a
steep decrease, followed by a gentler increase in reachability distance.

MinPts
The minimum number of points needed to form a dense region, signifying that
at least the MinPts are contained within its ε-neighbourhood for it to be
considered a core point.

Reachability
Distance

Smallest distance to reach a point while considering density (number of points)
in the neighbourhood.

Core Distance Smallest radius required for a point to cover the MinPts in its neighbourhood.

Ordering Sequence in which points are processed, resulting in cluster ordering rather than
explicit cluster assignments.

Algorithm 1 OPTICS clustering algorithm.
Start:
Procedure OPTICS(Dataset D, MinPts, ξ, maxSamples):

Step 1. Initialise all points in D as unprocessed.
Set OrderedList = ∅ and SeedList as an empty priority queue.

Step 2. For each point in D, if point is unprocessed:
Obtain neighbours with RegionQuery and process point.
If point is a core point:

Add its unprocessed neighbours to SeedList with their respective reachability distances.
Step 3. While SeedList is not empty:

Pop point p with the smallest reachability distance from SeedList.
Mark p as processed and add to OrderedList.
If p is a core point:

For each unprocessed neighbour n of p:
Update the reachability distance of n and add/update its position in SeedList.

Step 4. Return OrderedList.
End.
Function RegionQuery(point, ξ, maxSamples):

Return all points within reachability distance considering ξ and restricted by maxSamples.
End.
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Figure 2. Cont.
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Figure 2. Different OPTICS clustering settings on Iris dataset (Example 1–5, observations within the
same cluster are shown in the same colour).

It can be seen from the illustrations that under different settings, the results from
the OPTICS clustering algorithm (regarding the variation of ξ) exhibit more effective
clusters (in smaller groups and located in denser areas). This contrasts sharply with
the outcomes of applying DBSCAN, where clusters are relatively larger across various
densities (across Examples 1–3). DBSCAN may even generate few or no clusters when
encountering a greater MinSample value (Example 4 with MinSample = 10 and Example 5
with MinSample = 15). The above empirical findings indicate that OPTICS offers stronger
robustness when determining groups within a dense area of data points. More importantly,
it facilitates clustering parameter optimisation in exploring given datasets. This differs
from the existing GA-based approach [24] that utilises pre-defined hypercubes to depict the
knowledge space. Applying a clustering algorithm avoids strict boundaries like hypercubes.
Furthermore, the reachability feature in OPTICS introduces a new level of robustness on top
of DBSCAN, which can determine tighter clusters, enabling the approach proposed herein
to support the generalisation of the interpolated rules with more informative content.



Mathematics 2024, 12, 402 9 of 20

2.3. Membership Frequency Weight Calculation and Interpolated Rule Promotion

Apart from the generic structure proposed for OPTICS-D-FRI, a key contribution of
this work lies in providing a means to compute the membership frequency weights that
are exploited to decide on whether an interpolated rule should be promoted to become a
generalised rule, thereby enriching the existing sparse rule base. Algorithm 2 summarises
the underlying procedure for such a computation.

To aid in understanding, a demonstration of how to compute frequency weights is
provided here, based on a sparse rule base as indicated in Table 2. For simplicity, suppose
that all fuzzy terms are represented by their respective representative values. This table
shows that one of three membership functions (say, M0, M1 and M2) may be taken by each
of the three antecedent variables at a time and that there are three potential consequent
values too. For classification tasks, the consequent values may be crisp, denoting three
different classes (say, classes 0, 1, and 2). Thus, the first row of this table represents a fuzzy
rule, stating that “If x1 is A1 and x2 is A2 and x3 is A3 then y is 0”, where fuzzy sets A1,
A2, A3, and B2 are defined with certain membership functions M1, M0, and M1 (whose
representative values are 1, 0 and 1), respectively. The use of representative values herein
helps simplify the explanation of the relevant calculations.

Algorithm 2 Rule base frequency weight and rule scoring application.
Start:
Input: Sparse rule base RS,

Ri : IF x1 is Ai,1 AND ... AND xN is Ai,N THEN y is Bi,

where i spans the set {1, . . . , |RS|} with |RS| denoting the total count of rules present in the sparse
rule base, N indicates the overall number of these variables, and the notation Ai,j indicates the
linguistic value attributed to the variable xj within the rule Ri (herein represented as a triangular
fuzzy set (a0,j, a1,j, a2,j)).
Output: Frequency weights table and frequency score

Step 1. For each rule Ri in RS:
Extract representative values Rep(Ai,j) = (a0,j, a1,j, a2,j)/3 from each antecedent and

Rep(B) ∈ {0, 1, · · · , C} from the consequent (where C is the total number of decision categories,
e.g., the number of possible classes for classification problems).

Step 2. Identify all q different rules per decision category Rep(B) ∈ {0, 1, · · · , C} and calculate
the frequency by 1/n from each antecedent domain, where n stands for the number of unique
Rep(Ai,j) within q different rules of each class, with i ∈ {1, . . . , q} in each domain j ∈ {1, . . . , N}.

Step 3. Update the frequency weights table of each antecedent domain regarding each possible
class Rep(B) ∈ {0, 1, · · · , C}.

Step 4. Compute Rep(A f j) on each interpolated rule and match against frequency weights
W f = (w1, w2, . . . , wj) within the frequency weights table for each Rep(B) ∈ {0, 1, · · · , C}.

Step 5. Sum of the frequency weights SRep(B) = w1 + w2 + · · · + wj for each Rep(B) ∈
{0, 1, · · · , C}, resulting in ScoreB = [SRep(B)=0, SRep(B)=1, . . . , SRep(B)=C]

Step 6. Take Max(ScoreB) = Max[SRep(B)=0, SRep(B)=1, . . . , SRep(B)=C], and replace the inter-
polated consequent with the outcome of Max(ScoreB).
End.

For example, consider the two rules that each conclude with class 0 (i.e., the first
and last one, where Rep(B = 0)). Both rules are associated with the second membership
function (Rep(A1) = 1). However, regarding the first antecedent variable, there is just
one unique fuzzy set for it to take, so 1/1 = 1 for this variable. Regarding the second
antecedent variable, it involves two different fuzzy sets (M0 and M1), as depicted by
Rep(A1) and Rep(A2), which gives 1/2 = 0.5 for each unique variable. Generalising the
intuition underlying this example, the frequency weights can be determined following the
procedure in Algorithm 2.
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The results are displayed in Table 3, again denoted using their representative values
for fuzzy terms.

Table 2. Example sparse rule base represented with representative values.

Rep(A1) Rep(A2) Rep(A3) Rep(B)

1 0 1 0

2 1 1 2

0 2 0 1

2 0 1 2

1 1 1 0

From the above, again for illustration, suppose that after step (7), the interpolated
rule taken from the pool for checking is RS

i : [Rep(A1) = 1, Rep(A2) = 2, Rep(A3) = 1,
Rep(B) = 0] (whose interpretation in terms of a conventional product rule for classification
is obvious). Matching it against the frequency weights computed from the existing sparse
rule base leads to the following: ScoreB = [SRep(B)=0 : 1+ 0+ 1 = 2, SRep(B)=1 : 0+ 1+ 0 =
1, SRep(B)=2 : 0 + 0 + 1 = 1]. In this case, Rep(B) = 0 is associated with the highest score,
while the selected rule is considered with the same outcome. Therefore, this selected
interpolated rule is promoted, becoming a new rule in the sparse rule base.

Table 3. Frequency weights of sparse rule base.

Rep(A1) Rep(A2) Rep(A3)

Rep(B) M0 M1 M2 M0 M1 M2 M0 M1 M2

0 0 1 0 0.5 0.5 0 0 1 0

1 1 0 0 0 0 1 1 0 0

2 0 0 1 0.5 0.5 0 0 1 0

3. Density-Based Dynamic Fuzzy Rule Interpolation

This section describes the proposed method, by employing OPTICS to construct a
dynamic fuzzy rule interpolation, hereafter referred to as OPTICS-D-FRI for simplicity.

Structure of Proposed Approach

To provide an overview of the approach introduced herein, Figure 3 illustrates the
structure of OPTICS-D-FRI. Throughout the subsequent procedures, steps are enumerated
with a notation ’(k)’, representing the sequence of operations involved.

Initiated with a given sparse rule base, denoted as R, and an unseen observation (which
has not been utilised to derive any outcome previously), the first step of the inference process
tests whether any rule exists within R that can match the observation; if so, the respective
rule is triggered to produce the outcome. In scenarios where the observation does not match
any rule (2), the T-FRI (3) is employed to begin the rule interpolation process. The outcome,
RT

i , is accumulated into a pool of interpolated rules. After accumulating a complete batch of
observations in the interpolated pool (6), the OPTICS algorithm clusters the corresponding
observation points (4). Then, the interpolated rules are categorised in alignment with
the clustering outcomes of the observations (5–6). After that, the recurrence frequency of
interpolated rules within each cluster is calculated. Those rules RS

i : Am,1, Am,2, . . . , Am,N , Bz
(with m denoting the number of attributes in the rule antecedent space and z representing
the fuzzy consequent) of a frequency FreqRS

i
surpassing the mode frequency mode(FreqCi)

within the cluster Ci, are selected to progress onto the subsequent phase (7).
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Figure 3. Proposed OPTICS-D-FRI framework.

Regarding every potential outcome Bz, stage (8) computes a linguistic attribute frequency
weight based on the sparse rule base, represented by (WBz

sparse = [W0
A0, W1

A1, . . . , WN
AN]), where

WN
AN = [aN0, aN1, . . . , aNm], and aNm signifies the frequency weight of an attribute within

the antecedent AN corresponding to Bz. The procedure following this calculates a score,
ScoreB = [SB1, SB2, . . . , SBz], for each consequent Bz regarding the antecedent linguistic
attributes of the rule RS

i : Am,1, Am,2, . . . , Am,N (9). If the resultant score, SBz, for Bz from
the rule RS

i : Am,1, Am,2, . . . , Am,N , Bz is the highest, this rule is selected (10) and promoted
into the original sparse rule base, leading to an enriched rule base P = R ∪ {RS

i } (10).
Otherwise, if the score SBz does not stand out within ScoreB, the consequent Bz is substituted
by Bz = BMAX(ScoreB)

, and then the entire process iterates.
Note that the computational complexity of OPTICS and that of T-FRI [12] are

OOPTICS(n2) and OT−FRI(n2), respectively. Therefore, the overall computational com-
plexity of the proposed approach is OOPTICS−D−FRI = OOPTICS(n2) + OT−FRI(n2). This
means that OOPTICS−D−FRI = O(n2) (Algorithm 3).
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Algorithm 3 OPTICS-D-FRI Procedure.
Require: Sparse rule base R, unseen observations
Ensure: Enriched or promoted rule base P

1: Initialize rule base R
2: Initialize interpolated rule pool RT

i = ∅
3: for each observation do
4: if there exists a matching rule in R then
5: Trigger and execute respective rule
6: else
7: Apply T-FRI to compute rule interpolation
8: Add interpolated outcome to RT

i
9: end if

10: end for
11: Cluster all unseen observations using the OPTICS algorithm, obtain clusters C = {C1, C2, . . . , Ci}
12: for each cluster Ci do
13: Categorize interpolated rules with respect to Ci of the related observation that generates each

interpolated rule
14: Select all unique rules in the cluster for the next phase
15: end for
16: for each potential outcome Bz do
17: Compute linguistic attribute frequency weight WBz

sparse
18: Calculate score ScoreB for each Bz
19: for each rule in selected rules do
20: if SBz is highest in ScoreB then
21: Promote the corresponding rule
22: P = R∪ {RS

i }
23: else
24: Substitute Bz with BMAX(ScoreB)

25: P = R∪ {RS
i }

26: end if
27: end for
28: end for

4. Illustrative Example of OPTICS-D-FRI

To showcase the running process of the OPTICS-D-FRI algorithm, for simplicity, a
trivial scenario (with a small dataset and a set of new observations) is assumed. However,
this example illustrates the key steps of the algorithm, including data clustering with
OPTICS, rule interpolation with T-FRI, and the rule promotion process, which takes into
consideration different aspects, including rule uniqueness, rule base attribute frequency
weights, and rule scoring.

Dataset:

Observation Feature 1 Feature 2 Class

1 1.0 3.0 A
2 2.0 4.0 A
3 10.0 12.0 B
4 11.0 11.0 B

5 (New) 2.0 3.5 ?
6 (New) 1.5 3.2 ?
7 (New) 10.5 12.5 ?
8 (New) 9.5 11.5 ?
9 (New) 1.8 2.9 ?

10 (New) 2.2 4.1 ?
11 (New) 10.2 11.8 ?
12 (New) 9.8 11.6 ?
13 (New) 2.1 3.3 ?
14 (New) 1.7 3.6 ?
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4.1. Dataset and Sparse Rule Base

Consider a dataset with observations in a two-dimensional feature space and their
corresponding classes. The sparse rule base (SRB) initially contains fuzzy rules covering
certain sub-regions of the problem.

Initial sparse rule base (SRB):

• Rule 1: IF Feature 1 is “low” AND Feature 2 is “medium” THEN Class A.
• Rule 2: IF Feature 1 is “high” AND Feature 2 is “high” THEN Class B.

4.2. Clustering with OPTICS and T-FRI Application

Applying the OPTICS algorithm for the clustering of data objects and T-FRI over new
observations (which are not matched by the rules given) leads to:

Clusters identified by OPTICS:

• Cluster 1: Observations 1, 2, 5, 6, 9, 10, 13, 14 (Close to Class A)
• Cluster 2: Observations 3, 4, 7, 8, 11, 12 (Close to Class B)

T-FRI interpolated rules:

• Interpolated rules due to observations 5, 6, 9, 10, 13, 14 go to Class A.
• Interpolated rules due to observations 7, 8, 11, 12 go to Class B.

4.3. Rule Promotion Considering Uniqueness and Attribute Frequency Weight

The rule promotion process considers the uniqueness of the patterns identified in the
clusters and incorporates attribute frequency weights and scoring.

Promotion criteria:

• Promote rules that are unique within a cluster.
• Use attribute frequency weights from the rule base to evaluate the score of each

individual interpolated rule.

Promoted rules:

• IF Feature 1 is “medium” AND Feature 2 is “high” THEN Class A.
• IF Feature 1 is “high ” AND Feature 2 is “very high” THEN Class B.

Enriched rule base:

• Rule 1: IF Feature 1 is “low” AND Feature 2 is “medium” THEN Class A.
• Rule 2: IF Feature 1 is “high” AND Feature 2 is “high” THEN Class B.
• Rule 3: IF Feature 1 is “medium” AND Feature 2 is “high” THEN Class A (New).
• Rule 4: IF Feature 1 is “high ” AND Feature 2 is “very high” THEN Class B (New).

5. Experimental Investigations

This section explains the experimental setup and discusses the results of applying the
proposed OPTICS-D-FRI.

5.1. Datasets and Experimental Setup

As an initial attempt toward the development of a comprehensive dynamic fuzzy
rule interpolative reasoning tool, five classical public datasets, namely Iris (iris flowers
data between three species), Yeast (genetic, proteomic, and cellular data used for biological
research), Banana (Kaggle example), Glass (analysis of different types of glass for foren-
sic purposes), and Tae (evaluation of teaching assistants’ performance based on various
attributes), are herein employed to validate the performance of the methodology presented.
Note that given the restriction on the size of the Iris dataset, which contains just 150 obser-
vations, it is necessary to incorporate data simulation techniques to ensure a more robust
assessment of the proposed approach. For this purpose, the Iris dataset has been artificially
expanded using the ’faux’ package [30] in the R environment. Detailed descriptions of all
five datasets are presented in Table 4.
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Table 4. Dataset descriptions.

Iris (Expanded) Yeast Banana Glass Tae

Features 4 9 2 9 6

Classes 3 10 2 7 3

Sample Size 1500 1484 5300 214 151

For each application problem (i.e., dataset), the dataset is partitioned into three distinct
categories. This partition is randomly carried out, with the exception that the sizes of the
partitioned sub-datasets are pre-specified. One that comprises 50% of the total data is used
to form a dense rule base for each problem, denoted as D. The resulting rule base covers
the majority of the problem domain and is intended to be the gold standard for subsequent
comparative studies when a sparse rule base is used. Adopting a conventional data-fitting
algorithm as delineated in [31] facilitates the rule generation process. More advanced
rule induction techniques (e.g., the method of [32,33]) may be utilised as alternatives for
enhanced outcomes if preferred.

Note that in the experimental setup, datasets are divided into three parts: The first
part (50%), namely the training set, is used to generate a dense rule base with a data-
fitting algorithm. Subsequently, after the formation of a dense rule base D, a strategic rule
reduction is performed by randomly dropping 30% of the rules from the dense rule base
to create a sparse rule base, with the remaining 70% being regarded as the sparse rule
base R. The second part of the data (25%) is then utilised to generate a pool of interpolated
rules by running T-FRI, which occurs when an observation does not match any rule in
the sparse rule base. After the pool of interpolated rules is obtained, the D-FRI approach
is initiated to select rules from this emerging pool to create a ’promoted’ rule base P .
The final part of the data (25%) is used to evaluate the performance of both conventional
T-FRI and D-FRI. While T-FRI always relies on the sparse rule base, D-FRI exploits all
previously promoted rules as well. If the enriched rule base still fails to derive a result,
given an unmatched observation, D-FRI then defaults to running T-FRI as usual to derive
the consequent, and this newly interpolated rule is saved into a new pool for a potential
new iteration. However, as an initial formalised proposal of density-based D-FRI, only one
iteration is presently performed. This setup allows for a direct comparison of accuracy
between the D-FRI-promoted rules and the conventional T-FRI rules. Additionally, the
dynamically promoted rule base with weights, PD , denoted by OPTICS-D-FRI(DW), is also
evaluated using the third sub-dataset.

A 10 × 10 cross-validation is implemented on the test datasets to evaluate the proposed
OPTICS-D-FRI algorithm. For easy comparison, metrics such as average accuracy and
associated standard deviation regarding the employment of conventional rule-firing with
just the sparse rule base (SRB), T-FRI, OPTICS-D-FRI, and the dynamically weighted
OPTICS-D-FRI are presented. Within these tables, the better performances are shown in
bold font.

5.2. Experimental Results

The results of performance evaluation are presented in the following five tables (Tables 5–9),
with each corresponding to a given dataset. According to these results, the proposed OPTICS-
D-FRI methodology proficiently clusters rules for unmatched observations. The introduction
of the frequency weight method enables a dynamic equilibrium between T-FRI interpolated
rules and those from the original sparse rule base, demonstrating a capability to simulate
human reasoning. The inference outcomes from using the present approach improve signifi-
cantly over those attainable by running conventional FRI methods given just a sparse rule
base. The performance is strengthened by utilising the frequency weights derived from the
sparse rule base. The promoted rules exhibit an accuracy that is at least equal to, and often
higher than, the interpolated rules.
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Table 5. The 10 × 10 cross-validation on the Expanded Iris dataset, with four membership functions
defined for each antecedent variable.

OPTICS: xi = 0.08
MinSample = 5

OPTICS: xi = 0.05
MinSample = 5

OPTICS: xi = 0.05
MinSample = 10

Expanded Iris (Accuracy ± Standard Deviation)

SRB 0.474 ± 0.147 0.52 ± 0.084 0.556 ± 0.125
T-FRI 0.809 ± 0.099 0.788 ± 0.108 0.747 ± 0.142

OPTICS-D-FRI 0.825 ± 0.072 0.813 ± 0.082 0.789 ± 0.097
OPTICS-D-FRI(DW) 0.818 ± 0.072 0.811 ± 0.069 0.787 ± 0.096

Rule Base Coverage (Avg.)

SRB 0.54 0.58 0.63
OPTICS-D-FRI 0.88 0.93 0.86

Table 6. The 10 × 10 cross-validation on the Yeast dataset, with four membership functions defined
for each antecedent variable.

OPTICS: xi = 0.08
MinSample = 5

OPTICS: xi = 0.05
MinSample = 5

OPTICS: xi = 0.08
MinSample = 10

Yeast (Accuracy ± Standard Deviation)

SRB 0.238 ± 0.039 0.249 ± 0.045 0.23 ± 0.054
T-FRI 0.281 ± 0.073 0.299 ± 0.061 0.308 ± 0.034

OPTICS-D-FRI 0.298 ± 0.064 0.314 ± 0.052 0.33 ± 0.043
OPTICS-D-FRI(DW) 0.295 ± 0.062 0.312 ± 0.049 0.325 ± 0.04

Rule Base Coverage (Avg.)

SRB 0.56 0.57 0.52
OPTICS-D-FRI 0.82 0.81 0.75

Table 7. The 10 × 10 cross-validation on the Banana dataset, with four membership functions defined
for each antecedent variable.

OPTICS: xi = 0.05
MinSample = 10

OPTICS: xi = 0.05
MinSample = 20

OPTICS: xi = 0.1
MinSample = 10

Banana (Accuracy ± Standard Deviation)

SRB 0.354 ± 0.096 0.36 ± 0.123 0.335 ± 0.113
T-FRI 0.466 ± 0.099 0.545 ± 0.083 0.454 ± 0.07

OPTICS-D-FRI 0.515 ± 0.062 0.565 ± 0.054 0.506 ± 0.047
OPTICS-D-FRI(DW) 0.511 ± 0.0614 0.564 ± 0.053 0.511 ± 0.047

Rule Base Coverage (Avg.)

SRB 0.57 0.56 0.54
OPTICS-D-FRI 0.99 0.98 0.98

Table 8. The 10 × 10 cross-validation on the Glass dataset, with four membership functions defined
for each antecedent variable.

OPTICS: xi = 0.3
MinSample = 2

OPTICS: xi = 0.3
MinSample = 3

OPTICS: xi = 0.1
MinSample = 2

Glass (Accuracy ± Standard Deviation)

SRB 0.207 ± 0.064 0.209 ± 0.05 0.179 ± 0.063
T-FRI 0.369 ± 0.068 0.323 ± 0.06 0.41 ± 0.04

OPTICS-D-FRI 0.385 ± 0.066 0.353 ± 0.057 0.414 ± 0.039
OPTICS-D-FRI(DW) 0.382 ± 0.065 0.349 ± 0.053 0.411 ± 0.038

Rule Base Coverage (Avg.)

SRB 0.36 0.38 0.32
OPTICS-D-FRI 0.53 0.46 0.57
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Table 9. The 10 × 10 cross-validation on the Tae dataset, with four membership functions defined for
each antecedent variable.

OPTICS: xi = 0.05
MinSample = 2

OPTICS: xi = 0.05
MinSample = 4

OPTICS: xi = 0.02
MinSample = 2

Tae (Accuracy ± Standard Deviation)

SRB 0.2 ± 0.046 0.202 ± 0.024 0.189 ± 0.051
T-FRI 0.328 ± 0.053 0.341 ± 0.087 0.327 ± 0.055

OPTICS-D-FRI 0.336 ± 0.045 0.361 ± 0.082 0.343 ± 0.053
OPTICS-D-FRI(DW) 0.338 ± 0.045 0.363 ± 0.08 0.347 ± 0.049

Rule Base Coverage (Avg.)

SRB 0.33 0.38 0.37
OPTICS-D-FRI 0.48 0.51 0.52

5.3. Discussion

In implementing both OPTICS and T-FRI, the Euclidean distance metric is uniformly
employed for distance measurement. Within the OPTICS algorithm, the parameter denoted
as MinSample dictates the general size of the resulting clusters, essentially controlling the
number of samples assigned to a specific cluster. Prior to parameter configuration, conducting
an exploratory analysis of the problem domain (or dataset) is required. As an illustration, the
Iris dataset has four features with distinctive clustering boundaries spanning four distinct
classes. Conversely, the Yeast dataset is distributed across nine features, pairing with ten
classes. Exploring the dataset and investigating the clustering performance is, therefore,
necessary instead of randomly setting up OPTICS parameters; domain-specific insights can
facilitate optimal cluster formation.

In empirical studies, it is observed that the MinSample parameter controls the size
of the clusters. Consequently, in the present preliminary experimental investigations, the
other parameter, MinPts (the minimum number of samples to form a cluster), is fixed at
two. Furthermore, the number of membership functions is equally assigned onto the span
of the antecedent space without any designated design, which may lead to the overall
low accuracy of these datasets. However, this does not adversely affect the present study
since the relative performance is considered among different approaches. An optimised
domain partition can be expected to produce better outcomes. From the results obtained,
the promoted rules not only enlarge the coverage of the original sparse rule base but also
enable the inference system to attain better accuracy compared to traditional T-FRI.

The dynamic fuzzy rule interpolation process enhances the system’s applicability by
allowing the rule base to adapt and evolve in response to new and unmatched observations.
This adaptability is crucial in dealing with problems within a dynamic and complex envi-
ronment, where the underlying data patterns can change over time. Such enrichment of the
(sparse) rule base will enable future pattern-matching-based rule-firing processes to be more
efficiently implemented, without the need to go through computationally more expensive
interpolated processes, especially for those similar (and currently unmatched) observations.

Upon closer examination of the experimental results, it can be observed that certain
promoted rules align with some of those rules (intentionally removed for testing purposes)
from the original dense rule base. This observation underscores the effectiveness of the
proposed approach. This suggests that promoted rules indeed help improve the efficiency
of the inference system, particularly when observations close to previously unmatched data
are introduced. It allows the execution of reasoning under such conditions with simple
pattern-matching, subsequently reducing the need for FRI processes and, hence, saving
computational efforts while strengthening reasoning accuracy. Furthermore, merging a
dynamic attribute weighting mechanism with the traditional T-FRI method, which accounts
for the newly promoted rules in frequency weight calculation, offers considerable promise
in enhancing the performance of a fuzzy rule-based system.
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6. Conclusions

This paper proposes an initial approach for creating a dynamic FRI framework by
integrating the OPTICS clustering algorithm with the conventional T-FRI. It works by ex-
tracting information embedded within interpolated rules in relation to new and unmatched
observations. The paper also introduces a novel method for determining populated regions
by clustering the new observations and annotating the group of interpolated rules, thereby
eliminating the need for predefined hypercubes. The density-based method evaluates the
significance of each interpolated rule by considering how frequently similar situations have
occurred. By promoting interpolated rules resulting from more frequently incurred data
points, the system can focus on more relevant and generalisable knowledge, thereby im-
proving the quality and reliability of future inference outcomes. For any future similar (and
currently unmatched) observations, the dynamic rule promotion process will discount those
otherwise required interpolation computations, thus significantly increasing the efficiency
of the overall rule-based inference process. In addition, the intuitive approach taken for
frequency weight scoring and rule modification mechanisms provides an effective way to
evaluate and reason with fuzzy rules. Notably, the proposed OPTICS-D-FRI demonstrates
enhanced performance over the traditional FRI in terms of reasoning accuracy.

Being an initial attempt to combine OPTICS and T-FRI for the implementation of a
system within the proposed dynamic FRI framework, this study also identifies several
limitations for further refinement. For instance, the current method requires specifically
predefined parameters, including MinSample and ξ for OPTICS. Investigating a mech-
anism to automatically evaluate observations and determine such parameters remains
active research. As an initial realisation of a formalised D-FRI mechanism, the stability
of its performance for online applications forms an interesting issue for further inves-
tigation. Reinforcing the frequency weight scoring based on the fuzzy values is also
an important step to take further. In addition, the foundational framework combining
OPTICS is not strictly bound to the T-FRI method used in this study. Thus, a possible
future direction is to examine the integration of alternative FRI methods and to evaluate
their performance.

One motivation for developing the present work is to obtain a computational technique
useful for solving real-world medical problems (e.g., for breast cancer detection based on
mammography [34]). This requires handling high-dimensional data, for which recent
advancements in FRI literature, especially those utilising attribute-weighted rules [28]
and exploring rule base structures, may be helpful if reinforced. However, type-2 fuzzy
systems [35], with the ability to manage membership functions that are fuzzy, offer a more
complex framework for modelling the ambiguities and uncertainties. The advancement
in type-2 fuzzy systems [36] sets a helpful foundation for seeking solutions to such high-
dimensional problems. This may draw inspiration from the existing research on higher-
order FRI [37]. For image-based analysis, in particular, the recent developments in fuzzy
neural networks have become potential alternatives [38].

Another exciting future exploration involves the assessment of dynamically weighted
attribute frequency estimations, particularly with the inclusion of newly promoted rules.
Broader empirical investigations involving more complex data (again, for mammography
risk analysis as an example) will also remove the present limitations in conducting empirical
studies that only involve a small number of classical datasets. Furthermore, if many rules
are promoted over the dynamic learning process, this work may encounter the likelihood
that the rule base becomes unnecessarily dense over time. Thus, developing a closed loop
for the D-FRI model, allowing the dynamic FRI system to maintain its efficiency without
losing its self-updating ability, requires further research.
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Abbreviations
The following abbreviations are used in this manuscript:

FRI fuzzy rule interpolation
D-FRI dynamic fuzzy rule interpolation
T-FRI transformation-based fuzzy rule interpolation
OPTICS ordering points to identify the clustering structure
GA genetic algorithm
PSO particle swarm optimisation
DBSCAN density-based spatial clustering of applications with noise
OPTICS-D-FRI OPTICS assisted dynamic fuzzy rule interpolation
Several notations are used to describe the concepts and methodologies. For clarity and ease of
understanding, the key notations used throughout the paper are listed below:
R represents the sparse rule base
D denotes the dense rule base
Ri indicates a specific rule within the rule base
Ai,j symbolises the linguistic value of the jth antecedent in the ith rule
Bi represents the consequent of the ith rule
O refers to an observation
RT

i denotes an interpolated rule
P indicates the promoted rule base
Ci represents a cluster identified by OPTICS
ξ parameter in OPTICS defining the steepness for cluster boundary
MinSample minimum number of samples in a cluster for OPTICS
PD denotes the dynamically promoted rule base with frequency weights
ScoreB the scoring mechanism for evaluating rules
ωi,j normalised displacement factor in T-FRI
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