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Abstract: On the basis of K. Kuratowski’s definitions of a topological structure with a closure or
interior operator, the concept of a modal topological structure (MTS) with one of these operators
was introduced by the author. This new structure was illustrated with examples with intuitionistic
fuzzy topological operators from both examples, and for this reason, these structures were named
intuitionistic fuzzy MTSs (IFMTSs). In a series of papers, the author introduced some modifications
and extensions to the IFMTSs, e.g., intuitionistic fuzzy temporal topological structures, intuitionis-
tic fuzzy level topological structures and others, and intuitionistic fuzzy multi modal topological
structures and others. In the present paper, four new examples of intuitionistic fuzzy multi modal
topological structures are given. On their base, the concepts of a modal multi-topological structure
and of a multi-modal multi-topological structure are introduced and illustrated with examples from
the area of the intuitionistic fuzzy sets—intuitionistic fuzzy modal multi-topological structure with
a closure or an interior operator; and intuitionistic fuzzy multi-modal multi-topological structure
with one of these operators. Two intuitionistic fuzzy topological operators are defined. Their basic
properties are studied and they are used in the new structures.

Keywords: intuitionistic fuzzy operation; intuitionistic fuzzy operator; intuitionistic fuzzy set;

intuitionistic fuzzy topological structure

MSC: 03E72

1. Introduction

The first steps in the creation of intuitionistic fuzzy topology were conducted by A.
Ban, D. Coker, M. Demirgi, F.G. Lupiafiez, T.K. Mondal, and S.K. Samanta in [1-9]. After
these papers, a new series of studies was published, e.g., in [10-38]. All were devoted to
giving intuitionistic fuzzy interpretations of objects from ordinary topology.

In the middle of 2022, the author suggested a new direction for the research in the area
of intuitionistic fuzzy topology. The aim was to give an intuitionistic fuzzy interpretation
of the concept of a topological structure and to find its suitable examples. As a result, as
mentioned below, some types of topological structures were generated and their properties
were studied.

In [39], K. Kuratowski described topological structures based on the topological
operators from closure (C-, ¢l -) and interior (Z-, in-) types (see also, e.g., [6,7,40,41]).
Their extensions are the modal topological structures (MTSs) introduced by the author

in [42], with the addition of the modal operators: { (“possibility”) from cl-type or O
(“necessity”) from in-type (see, e.g., [43-45]). In [42], the MTSs were illustrated with two
examples from the area of intuitionistic fuzzy sets (IFSs; see, e.g., [46])—extensions of
fuzzy sets of L. Zadeh [47]—and due to this, they were called “Intuitionistic Fuzzy MTSs”
(IFMTSs). In them, the topological and the modal operators have intuitionistic fuzzy forms,
discussed in [46].
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Later, the IFMTSs were extended in some directions, one of which to intuitionistic
fuzzy bimodal topological structures (IF2MTSs, see [48]), and one of which to intuitionistic
fuzzy multi-modal topological structures, which, hereafter, will be denoted by “IFmMTSs”
(cf. [49], where their abbreviation is “IFMMTS”).

Here, following the ideas from [42,49], we will introduce the concept of modal multi
topological structures (MmTSs). In them, some different topological operators from cl/-type
and/or in-types will exist simultaneously by analogy with the IFmMTSs.

In Section 2, short remarks over IFSs, MTSs, and IFMTSs will be given. In Section 3,
two new topological operators from cl- and in-types will be introduced, and two examples
for IFMMTSs will be given. In Section 4, the concept of modal multi topological structures
(MmTSs) will be introduced and illustrated with four examples of IFMmTSs. In Section 5,
on the basis of all previous definitions, the concept of multi-modal multi-topological
structures (mMmTSs) will be given and illustrated with four intuitionistic fuzzy mMmTSs
(IFmMMmTSs). Some perspectives on the development of the new topological objects will
be discussed in the conclusion. There, some possible applications of the new topological
structures will be discussed as an object of future research.

2. Preliminaries

First, following [46], we give some necessary definitions about intuitionistic fuzzy sets
(IFSs).
With the set E, everywhere below we will denote a fixed universe.

Definition 1. The set
A" = {{x,pa(x),va(x))|x € E}

is called an IFS if the functions ya : E — [0,1] and v4 : E — [0,1] define the degrees of
membership and of non-membership of an element x € E, respectively, to the set A, and for each
x € E:

0<pa(x)+va(x) <1

Let ta(x) =1 —pa(x) —va(x).

Below, for simplicity, instead of A*, we will write A.

In [46], different intuitionistic fuzzy (IF) relations, operations, and operators from modal,
topological, and other types are defined over IFSs. Here, we will use only the following five. “iff” is
an abbreviation of “if and only if”.

Definition 2. For two given IFSs A and B:

ACB iff (VxeE)(palx) < pp(x)

A=B iff (VxeE)(pa(x) = pp(x) &va(x) = va(x));

~A = {{mvalx),palx)lx

ANB = {(x,min(ps(x),up(x)), max(va(x),vp(x)))|x € E};
AUB = {{x,max(pa(x), up(x)), min(vs(x),vp(x)))|x € E}.

The modifications of the IF modal operators “possibility” (cl-) and “necessity” (in-) are the
following operators, introduced in [50] by analogy with the operators Hy g and ], g defined in [46].

Definition 3. For each IFS A:

JE(A) = {(x, pa(x),ava(x))|x € E} = Jou(A),
HY(A) = {(x,apa(x),va(x))|x € E} = Hyo(A).
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For them, in [50], it is proved that for each IFS A and for each « € [0,1]:

Definition 4. For each fixed set E:

and

H¥(A) Cc ACJHA),

Hi(A) = =Ji~(A),
Ji(A) = ~Hi~(A).

Following [42], we give some necessary definitions about MTSs and IFMTSs.
Let E be a fixed universe. We define the special sets.

E* = {(x,1,0)|x € E},

0" = {(x,0,1)|x € E},

P(E") = {AJAC E'),

i.e., this is the set of all IFSs over set E.

Let X be a fixed set of subsets. let O, Q : X — X be operators of a cl-type and of an in-type,
related to operations A,V : X x X — X, respectively; let o, ® : X — X be modal operators from a
cl-type and of an in-type, respectively. Let the following equalities hold:

AAB
AVB
O(A)
Q(4)
oA

o A

~(~AV-B),
~(~AA-B),
—(Q(=4)),
= ~(0(=4)),

:ﬁ.ﬁA,

:ﬁOﬁA.

Definition 5. The structures (cl — cl)-IFMTS, (cl — in)-IFMTS, (in — cl)-IFMTS, and (in — in)-
IFMTS satisfy the following conditions for every two IFSs A, B € X:

cl — cl-IFMTS in — in-IFMTS
cC1 O(AAB) = O(A)AO(B) m Q(AVB) = Q(A)VQ(B)
cC2 ACO(A) 2 Q(A)C A
CC3 O(0*) = O* 3 Q(E*) = E*
CC4 O(0O(A)) =0(A) 114 Q(Q(A)) = Q(A)
CC5 o(AVB) = 0AVoB 115 ¢(AVB) =eAV eB
CCé cACA 116 eACA
cC7 oE* = E* 17 oO* = O*
CC8 coA=0A 118 e A=A
CC9 o O(A) = O(0A) 119 e Q(A) = Q(eA)
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cl — in-IFMTS in — cI-IFMTS
CI1 O(AAB) = O(A)AO(B) IC1 Q(AVB) = Q(A)VQ(B)
CI2 ACO(A) IC2 QA)C A
CI3 O(0*) =0* IC3 Q(E*) =E*
Cl4 O(0O(A)) =0(A) IC4 Q(Q(A)) = Q(A)
CI5 ¢(AVB) =eAV eB IC5 o(AAB) = 0AAoB
Cl6 eACA IC6 A CoA
C17 oO* = O* IC7 oE* = E*
CI8 e A=19A IC8 coA=0A
CI9 e O(A) = O(eA) IC9 o Q(A) = Q(0A)

In [50], it is proved that for each universe E and for each a € [0, 1]:

E*),C,U,H" isa (cl —

(P(E*),C,U,J#)is a (cl — cl)-IFMTS;
(P(E*),Z,N, HY) is an (in —zn) -IEMTS;
- (P(EY),
(P(E*),Z,N,J#) isan (in — cl) [F2MTS.

in)-IEMTS;

3. New Four Examples for Intuitionistic Fuzzy Multi-Modal Topological Structures

First, we define two new IF topological operators that are modifications and exten-
sions of the standard IF topological operators “closure” (cI-) and “interior” (in-) (see [46])
defined by

C(A)

Z(4)

= {{x,suppa(y), infva(y))
yeE

yeE

y€eE

The new operators have the forms:

Ca(A)

Zu(A)

where a € [0,1].
Obviously, for each IFS A:

y€E

y€E

C(A)
Z(A)

=C1(A),
— T,(A).

|x € E};

= {0 inf pay), supva(y)|x € E}.

= {{xsuppaly) a infva(y))lx € E);

= {{xainf pa(y) supva(y))lx € E},
yeE

For them, we can directly check that for each IFS A and for each « € [0, 1]:

Zu(A) CZ(A) CACC(A) CCa(A),
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and therefore operator C, is from the cl-type and operator Z, is from the in-type (the
other properties that characterize these operators as their types will be discussed below).

In addition
“Cou(=A) = —Coa({(x,va(x), a(x))|x € E})

= —~{(x,supva(y),ainf ua(y))|x € E}
y€E yeE

= {(vainf pa(y) supva(y))|x € E}
y€E yeE

=TZ,(A)

and

~La(—A) = Lu({(x,va(x), pa(x))|x € E})

= ~{(x,ainf va(y),supva(y))|x € E}
yEE yEE

= {{x;suppa(y), a infva(y))|x € E}
y€EE yeE

= Cu(A).
The geometrical interpretations of both new operators are shown in Figure 1 (cf. [46]).

0,1)

supva(y)
y€E

infva(9)
ainf v, ()
(0,0) sup pa(y) (1,0)
yeE
ylngg na(y)
5;2£VA(V)

Figure 1. Geometrical interpretations of operators C,Cy,Z, I/g represented by points e over IFS A,
with elements represented by o.

Second, we must mention that in [46] the following concept is defined: the IFS is a
proper IFS iff there exists element x € E such that pa(x) +va(x) < 1,ie, ma(x) > 0. Let
us call this IFS weak proper IFS. Now, we can call a given IFS strong proper IFS iff, for each,
X € E,TL’A(X) > 0.

Let the following hold true for the strong proper IFS A:

w = inf t4(x) > 0.
inf A(x)

Let ¢ € (1 — w, 1] be an arbitrary number and

O, = {(x,0,¢)|x € E}.
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Below, we will change conditions CC3 and CI3 with the weak conditions CC3* and
CI3* with the form

By analogy, let, for y € (1 —w, 1],
Ej = {(xp,0)x € E},

and let us change conditions 113 and IC3 with the weak conditions 1I3* and IC3* with
the form

Q(E*) = E}.

Third, we prove the following theorem.

Theorem 1. For each universe E:

(@) (P(E),Cq U, ]§> is a (cl — cl)-IFMTS;
(b) (P(E),Cy, U, HY >zsa (cl —in)-IFMTS;
(© (P(E),Zsy, 0N, ]ﬁ> isan (in — cl)-IFMTS;
(d) (P(E),Za, N, Hj %) is an (in — in)-IFMTS.

Proof. Let the IFSs A,B € P(E*), o, € (1 — w,1].

(a) The check of conditions CC1-CC4 are analogous but different from those in [42],
while the checks of conditions CC5-CC8 are the same as in [50] and for this reason we
omit them here.

CC1.

Cu(AUB) = Ca({(x,max(pa(x), pp(x)), min(va(x),vg(x)))|x € E})

= {{x,supmax(pa(y), up(y)) o inf min(va(y), vs(y)))|x € E}
yeE ye

= {{x, max(sup pa(y),sup up(y)), min(a inf va(y), a inf vg(y)))|x € E}
y€EE yEE yeE y€eE

= {(x,sup pa(y), @ inf va(y))|x € E} U {(x,sup up(y), « inf vp(y))|x € E}
y€E yeE yeE y€EE

= Cu(A) UCy(B).

cC2.
A ={(x,pa(x),va(x))|x € E}
C {(x,sup P‘A(,‘/)/‘X inf v (y))|x € E}
yeE ye
= Cy(A).
CC3*.

Ca(0*) =Cu({(x,0,1)|x € E})

= {(x,sup0,a 1nf 1)|x € E}
y€eE ye

= {(x,0,a)|x € E}
=0;.
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CC4. Having in mind that sup p4(y) and in£ v4(y) are constants, we obtain:
y€E ye

Ca(Cu(A)) = Cal{(x,sup pa(y), a inf va(y))|x € E})
yEE S

= {(x,supsup pa(y), o inf (uc inf VA(y)>>|x € E}
z€E yEE z€E yEE

= {(x,supsup pia(y),a* inf va(y))|x € E}
z€E yeE yeE

= Cp(A).

CCo.

JE(C(A) = A({(x,sup pua(y), inf va () x € E})
y€E ye

— {(x,supa(y), Bl inf va () € E}
yeE ye

= {{x,suppa(y) a(p infva(y)))|x € E}
yeE ye

= Cul{ (e, 1a(y), Bra(y))lx € EY)
— Cu(JE(4)).

(b) The checks of conditions CI1-Cl4 are as above. The checks of conditions CI5-CI8
are the same as in [50], and for this reason we omit them. Therefore, we must check only
condition CI9:

HA(Cu(A)) = HA({(x,sup paly),a inf vs(y))]x € E})
yeE ye

= {(x,Bsup pa(y),a inf va(y))|x € E}
yeE yeE
= Ca({{x, 1a(y), Bva(y))|x € E})
= Cu(HA(A)).
The checks of (c) and (d) are similar. [

Fourth, following [49], we will define the concept of an IFmMTS.
The IFmMTS, or more precisely fntuitionistic fuzzy (m, n)-modal topological structure,
(IF(m, n)MTS) is an object with the following form:

(P(E*),O,M,01,...,00,%1,- -, %m),

where o4, ...,0y,*1,...,%; are IF-modal operators. The components of an IF(m, n)MTS
must satisfy the conditions with numbers 14 for the topological operator, the conditions
with numbers 5-8 for each one of the modal operators, the condition with number 9 (but
for the topological operator and for each one of the modal operators), and a new condition
(number 10) that has the following form: for each IFS A,

kA C - C kA CojAC - C oA, 1)

where the relation “C” denotes a strong inclusion. Its sense is to show that the modal
operators are well ordered.
Let the real numbers ay, ... am, B1,. .., Bn € [0,1) be given, so that

K1 >0y > > Ny, 2)

B1> B2 > > B 3)
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Theorem 2. For each universe E, (P(E*),C,U, ]‘gl,. .. ,]gn, H
Jhoo Jh HE .. HE,) are IF(m, n)-MTSs.

. HE )and (P(E*), Z,N,

17

Proof. The checks of the first nine conditions for the c/- and for the in-types of structures are
conducted in Theorem 1 and in [42]. So, we must prove that the m + n IF-modal operators
give different values and that they are ordered as (1).

Letl1 <i<k<mand1 <j< I <n. Then, from (2) and (3), we check for each IFS A:

Hy (A) = {{x, axpa(x),va(x))|x € E} € {(x,apa(x),va(x))|x € E} = Hy (A),

J§,(A) = {{x, na(x), Bjva(x)) |x € E} € {{x, pa(x), fva(x))|x € E} = J§ (A).

Hence,
HE, (A) € --- C HE, (A)

and
JE(A) C - C T} (A).

Now, having in mind (1), we must prove that
Hy, (A) C J§, (A).

Really,
HE (A) = {(x,aapa(x),va(x))|x € E}

(from a1 < 1)
CA

(from §1 < 1)
< {(x,na(x), Bjva(x))lx € E} = JE (A).

Hence, the sequence of inclusions (1) is true, and both structures are IF(m, n)MTSs
from cl- and in-type, respectively. [

4. Intuitionistic Fuzzy Modal Multi-Topological Structures

First, we will introduce the concept of a modal multi-topological structure (MmTS), or
more precisely, a modal (u, v)-topological structure (M(u, v)-TSs). It is an object with the
following form:

<P(E*), Ol,. . .,Ou, Q]/o ey Q‘U/A/O>/

where O, ..., O, are cl-topological operators, Q1,..., Q, are in-topological operators,
u,v > 0 are integers, A and V are the operations that generate the c/-operators and in-
operators, respectively, and o is a modal operator. The components of an M(u, v)TS must
satisfy the conditions with numbers 14 for each one of the topological operators from both
types, the conditions with numbers 5-8 for the modal operator from both types, the condi-
tion with number 9 for the modal operator and for each one of the topological operators,
and for each IFS A, the new condition (with number 11) that has the following form:

Qu(A)C - CQ(A) C O1C - COy(A). 4)

Its sense is to show that the topological operators are well ordered.
Let the real numbers 71, ...7y,d1,...,04 € [0,1) be given, so that

M>72> > Yo, 5)

61 >0 > - >0y (6)

These two sequences will be used below for enumeration of the interior and closure
operators, respectively.
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Theorem 3. For each universe E, for every 71,...,%Y0,01,...,0u € [0,1) satisfying conditions (5)
and (6), and for each o € [0,1] (P(E*),Cs,,...,Cs,, Loy, -+, Lo, U, N, H¥) and (P(E¥),Cs)- -,
Csr Ioys -1 Loy, U, N, JE) are IFM(u, 0)-TSs.

Proof. The checks of the first eight conditions for the cl- and for the in-types of structures
are conducted in Theorem 1 and in [42] for arbitrary c/- and in-operators. So, we must
prove that the u + v IF-topological operators are different and that they are ordered as
in (4).

Letl <p <r<wvand1 <gq <s < u. Then, from (5) and (6), we check for each IFS A:

T, (A) = {{x, 7 inf pa(y),supva(y))|x € E}
YyeE y€E

C {7y Inf paly) supvaly))|x € B} = Iy, (4)

y€E

and
Co,(A) = {(x,sup pa(y),dq infva(y))|x € E}
yeE yekE
C {{x,suppa(y),ds inf va(y))|x € E} = Cs,(A.)
yeE yGE
Therefore,
Zy,(A) C - C Iy (4)

and

Cs,(A) C--- CCs(A).

Now, having in mind (4), we must prove that
1%1@4)C:C%(A).
It is true because

Ty, (A) = {(x, 71 inf pa(y),supva(y))|x € E}
yGE ]/EE

(from 1 < 1)
CA

(fromé; < 1)
C {{x,suppa(y),é1 infva(y))|x € E} = Cg,(A).
yEE ]/GE
Hence, the sequence of inclusions (4) is true and both structures are IFM(m, n)TSs from
cl- and in-type, respectively. [

5. Intuitionistic Fuzzy Multi-Modal Multi-Topological Structures

On the basis of the definitions from the previous two sections, here, first, we will
introduce the concept of a multi-modal multi-topological structure, or more precisely, (i, )-
,odal (u, v)-topological structure (1, n)-M(u, v)-TSs). It is the object with the following form:

<P(E*>/011"'/Ou/ Ql/'"/Q’U/A/V,O’l,...,on,*l,...,*m>,

where Oy, ..., O, are cl-topological operators, Q1,..., Q, are in-topological operators,
u,v > 0 are integers, A and V are operators generated the cl-operator and the in-operator,
respectively, and o1, ...,0y, *1, ..., %, are IF-modal operators. The components of an (i1, )-
M(u, v)TS must satisfy the conditions with numbers 1-4 for each one of the topological
operators from both types, the conditions with numbers 5-8 for each one of the modal



Mathematics 2024, 12, 361

10 of 13

operators of both types, and for each IFS A, the conditions with numbers 9-11, i.e., the
inequalities (1) and (4), must hold.

Theorem 4. For each universe E, for every ay, ... &y, B1, ..., Bn € [0,1) satisfying (2) and (3),
and for every 1, .. fyv, (51, .., 0y € [0,1) satisfying (5) and (6), (P(E*),Cs,,...,Cs,, Ly,
.,I%,U,ﬁ,jzl, . ]/3 , M, . ,Hﬁm> is an IF(m, n)-M(u, v)-TSs.

The proof follows from the proofs of Theorems 2 and 3. Also, from these, it follows
the validity of the next assertion that is equivalent to Theorem 4.

Theorem 5. For each universe E, for every ay, ...0&m, B1, ..., Bn € [0,1) satisfying (2) and (3),
for every v1,...%0,01,...,0u € [0,1) satisfying (5) and (6), and for every i(1 < i < m),
jA=jsn),pl<p=v)ql=qg=<o)

(@ (P(E),Cu, U, ]§>isa (cl — cl)-IFMTS;
(b)  (P(E),Cu,, U, H ) isa (cl —in)-IFMTS;
() (P(E), Za, N, ]ﬁ ) is an (in — cl)-IFMTS;
(d) (P(E), Za, N, H# ) is an (in — in)-IFMTS.

6. Conclusions

In [42], following [51,52], the idea for maps and atlases generated by different topolog-
ical structures was joint universe was formulated. These maps and atlases are similar but
different from these in differential geometry. Now, we provide additional details about this
idea in the IF-case.

When we have a set of ¢cI-IFMTSs,

{(P(E*),Cs5,U, ]}, ), - (P(E¥),C5,U, I} ), (P(E¥),Cs,U, HY ), ..(P(E¥),Cs,U, HE )},

and when the modal operators satisfy (1), then we can interpret each one of these structures
as a map. Therefore, these structures can be ordered (see Figure 2) and numbered by
function NV, e.g., as follows:

N (HE)
M)

i(i=1,..,m),
m+j(j=1,.,n).

Hence, the arguments of the modal operators can generate a pagination of the set of
maps, i.e., we obtain an cl-atlas

<P<E*>/65/U/]§1/ . ]ﬁ s 111/ . /H§m>

over the fixed universe. Analogously, we can construct an in-atlas.

In the same way, we can proceed in the case of IFIMmTSs (see Figure 3).

Finally, we can perform pagination with pairs of numbers—the number of the topolog-
ical operator and the number of the modal operator. For the geometrical interpretation, we
must assume that the separate pages of the atlas are tiered and ordered, e.g., as is shown in
Figure 4.

It will be interesting if this idea is developed in future.

Another direction for near-future research will be related to a representation of graph
structures as IF(m, n)-M(u, v)-TSs. In this case, the universe will contain a set of graph
vertices. Each vertex and each arc will have its own intuitionistic fuzzy degrees of an
existence and a non-existence, and the topological and modal operators will change these
degrees in a corresponding way.
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The author hopes that in the near future, a new procedure for multi-criteria, multi-
person decision-making will be introduced that extends the procedure from [53] and that
generates its own IFmMmTS.

Figure 2. Atlas with maps generated by modal operators HY ,..., H , jzl, ., ]gn.

Figure 3. Atlas with maps generated by topological operators Z,,, ..., Z,,,Cs,, ..., C;s,.

i o i
! '

! !

' } ' ;
Aty -ty
v '

! '

} } ' '
R R ST AT X
v v

- #

Figure 4. Atlas with maps generated by the topological and modal operators.
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