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Abstract: In this article, we studied the existence of solutions for a more general form of nonlinear
fourth-order differential equations by using a new generalization of the Arzeld—Ascoli theorem and
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conditions on the nonlinear function that allowed us to deduce the nonexistence results. Finally, we
outlined an example to illustrate our main results.
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1. Introduction

Many phenomena we experience require mathematical modeling for effective control
and monitoring. One of the most significant types of models is the nonlinear differential
equations, either with or without delays. Numerous authors presented second- and third-
order nonlinear differential equations (see [1-11]).

Additionally, various studies explored second- and third-order nonlinear differential
equations with delays as models for topics in physics, chemistry, and biology (see, for
example [12-15]).

To our knowledge, there are a relatively few papers concerning the study of fourth-
order differential equations, and in recent years, significant attention has been devoted to
solving fourth-order differential equations, which have applications across various fields
of pure and applied sciences. (see [16-18]).

In our work, we considered a fourth-order nonlinear differential equation

x@ () +ax® (£) + bx@ (£) + cxV (1) + dx(t) = f(£,x(t), %' (1), & (t), X" (1)), t € [0, T],

x(l)(o):x(])(T),iZO,...,3, ( )

which extends the study of the following nonlinear third-order differential equation con-
ducted by Benhiouna et al. [19]

X ) + p(H)x@ () + g(O)x D (£) + r(H)x(t) = F(x(t), %' (£), X" (1)), € R.

It is important to point out the following general form of the fourth-order nonlinear
differential equation
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W (1) + p()x® (1) + q()x @ (1) + ()2 (t) + p()x(t)
= g(t,x(t),x'(t),x"(t),x"(t)),t € [0, T),

can be seen as a particular form of Equation (1) where the nonlinear function can be defined
as follows:

£t x(),/(8), 2" (1), 5" (1)) = g(t,x(£), ¥'(£), 2" (£), " (1))
= [(p(t) = )@ (1) + ((t) = 0)xD (1) + (r(t) — )x V(1) + (@(t) — d)x(1)] .

There are some very recent results on the fourth-order problems. For example, several
studies [20-27] presented particular forms of Equation (1). More precisely, Conti et al. [23]
addressed the following particular form of Equation (1):

xXB () —ex® () = £(t,x(t)),t € [0,T],

while the following equation was analyzed in [24]:

xB () = f(t,x(t), —xP()),0 < t < 1.
x(0) = x(1) = x@(0) = x@(1).

On the other hand, Xin et al. in [26] provided Green'’s function and studied the existence of
positive solution of (1) in the case of the nonlinear function f (¢, x(t), x(t), x” (t)) = h(¢t).

In this work, we used the Green’s function given in [9,26] to generalize the existence
results from [26] to a more general form of the nonlinear term f.

Ahmad and Arshad [27] studied the existence and the numerical solution of Equation (1)
for a = b = ¢ = d = 0 under some boundary condition by using a novel fixed-point approach
based on Green's function.

Dimitrov and Jonnalagadda [28] studied the existence and nonexistence of the solution
for the following nonlinear differential equations of the fourth order:

x@ () = f(t,x(t)),t € [0,1].
x(0) = x1(0) = x2(0) = 0,x®) () =axM(1),0<a <2, <y <1

This equation describes the stationary deflection states of an elastic beam of a given length 1
(see [28]).

A novel aspect of the equation we studied is the presence of derivatives x’, x, x"’
the second nonlinear term. To investigate the existence of solutions, we employed Schauder
fixed-point theorem and the generalization of Arzeld—Ascoli theorem in [29] by using more
general and straightforward conditions on the data functions. On the other hand, we
provided some sufficient conditions on the nonlinear function to prove that there is no
nontrivial solution of Equation (1).

2. Preliminaries and Lemmas

In this section, we provided the relevant notations and definition.

Let Ej, E; be two finite-dimensional Banach spaces equipped with the norms .||,
|I.||, respectively, and let F C E; be a compact subset. We denote the vector space of all
functions from F to E; with the Continuous third derivative by C3(F, E,). This space is

equipped with the norm |[|¢|| = Z H(p

such that H Y ’

= sup{||<p )||2} such that

¢ is i-th derivative of the functlon .
For our purposes, we need the following definition in C3(F, E,).
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Definition 1 ([29]). The family G C C3(F, E) is said to be equicontinuous if, for every € > 0,
there exists 6 > 0 such that ”(p(i)(t) — ¢ (s) H2 <eforalli € {0,1,2,3}, ¢ € G, and for all
t,s € F, satisfying ||t — s||; < J.

The family G C C3(F, Ey) is said to be equibounded if there exists a positive constant L such
that ||@(t)||, < Lforall 9 € Gandt € F.

The following theorem gives a new generalization of Arzeld—Ascoli theorem in the
space C3(F, E).

Theorem 1 ([29]). Let G be a subset of the space C3(F, E5). Then, G is relatively compact if and
only if F is equicontinuous and equibounded.

It is clear that C'([0, T],R) (i € {0,1,2,3}) is a Banach space quipped with the follow-
ing norm:
3

lgll =) sup oW (2)].

i=0t€[0,T]
We studied Equation (1) under the following conditions:

(Hl)f S C(RS,R)
(Hy) There existk; > 0,i € {1,..,4} and ¢ € C([0, T], R™") such that

|f(t,uy,up,us,uq)| < P(t) + Zk luil, V(t,uq,uo,us,ug) € [0,T)°.
(H3)a = —2p,b = 3p%,c = —20°,d = p3, where p is a positive constant such that p < \/»T

Therefore, by using [26], Equation (1) can be transformed to the following system of two
second-order differential equations;

{ Y (8) =y () +p%y(t) = F(Ly(),y (85" (1),y" () 2
y'(0) =y'(T),i=0,1,
X' (1) = px (£) + p?x(t) = y (1) 3)
x'(0) = ¥(T),i = 0,1.
In what follows, we used the following lemma.
Lemma 1 ([9]). The boundary problem (2) is equivalent to the following integral equation
T
y(t) = [ Gt (s y(s)y (5),y" ()" (), @
0

where

—— , f0<s<t<T,
V3p €%+€%*2COS(§(JT

G(t,s) =
2eh (@ tt=s) [sin(Tsp(sft))Jre% sin( %2 (T*S+t)):|

0
—pL
fp(e 2 4e 3 72cos(§pT>

f0<t<s<T.

Moreover, if p < f , we have the following estimation:
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2
0<G(ts) <M= I
V3sin( L)
then by using the above lemma, the solution of (3) is given by the following:
T
x(t) = / G(t,s)y(s)ds. 5)
0

G
5

292G
52

It is easy to prove the following lemma.

Lemma 2. The first, second, and third derivatives, with respect to the first variable of the function
G, are given by the following formulas:

eg(tfs) [7 cos(Jp(T7t+s))+e_TpT cos( 23p(tfs))]

i

£G(t,s) + f0<s<t<T,

—oT 7
+e 3 -2 cos(?pT)

N2

e

—oT
e%(ﬂ'f_s) {— cos(@p(s—t))—l—e% cos(@p(T—s-ﬁ-t))]

5G(ts) + T = , f0<t<s<T.
eZ +e 3 —2cos(%pT)
5 e%(f*S) [—cos(@p(T—H—s))—i—e;ﬁi COS(@p(t—s))]
_%G(t’s)+p oT —oT ’ IfOSSStST,
ez +3772cos(§pT)
B(T+t—s) V3 —pT V3
9 e? —cos( %2 p(s—t))+e 2 cos( 5 p(T—s+t))
—5G(ts) +p T , f0<t<s<T.
e2 +e 3 —2cos(§pT)
and
G
IS (bs) = p’Glt,s).

Now, from (4) and (5), the Equation (1) can be written by using the following inte-
gral equation:

T
x(t) :/G(t,r)y(r)dl'

OT T

://c(t,r)c(r,s)f(s,x(s),x’(s),x”(s),x”’(s)))dsdr
00
T T

Z/(/G(t,T)G(T,S)dT) f(s,x(s),xl(s),xu(s),xw(s))ds,
0 0

which implies that

" "

T
x(t) = /g(t,S)f(SIX(S),x'(S),x (), x (s))ds, 6)
0

where the kernel

T
g(t,s) = /G(t,T)G(T,s)dT.
0
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In the sequence, we need the following lemma.

Lemma 3. Ifp < %, then the function g, and its first, second, and third derivatives, with respect
to the first variable, can be bounded as follows:

g(t,5)] < M?T,
’ag(t s)| = / —G (t,8)dt| < MT P+ o e
ot 0 ot 2 7 fe 5 - 2cos(§pT)
T eT
0%g G P T +e7
(t,8)] = /— (t,s)dt| < MTp M—l— — ,
o 0 ot? 7 +e % — 2cos(§pT)

and

< M*Tp%.

3G(t, T)
‘/ o T s)dt

Proof. It is obvious, so we omitit. [

We end this section by stating Schauder’s fixed-point theorem.

Theorem 2 ([30]). Let F be a nonempty bounded, closed, and convex subset of a Banach space
E, and A is a continuous operator from F into itself. If A(F) is relatively compact, then A has a
fixed point.

3. Main Results

It is easy to check, under the above assumptions and Lemma 1, that x is a solution of
(1)in C*([0, T], R) if and only if x is the solution of the integral Equation (6) in C3([0, T], R).

Under the hypothesis (H;

— Hy) and the above lemmas, we will use Schauder’s fixed-point

theorem to prove the following existence result.

Theorem 3. If the assumptions (H; — Hy) hold, and under the following condition

such that ks =

ksf < 1, )

3
max{kl,kz, k3, k4} and 60 = Z 91‘, where
i=0

6y = M?T,

oT
91 == MT PM + oT (i:)TT+L’ 2 7
e2 +e 3 —ZCOS({pT)

oT 7
62 = MTp| EM+ 577 ~ ,
eZ +e 3 —2cos(%pT)

65 = M>Tp°,

then, the integral Equation (6) has a solution in C3([0, T], R).

Proof. Solving Equation (6) is equivalent to finding a fixed point of the operator A defined
by the following formula:

T
:/g(t,s) {f(s,x(s),x’(s),x”(s),x”’(s)) ds.
0
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It is clear that the operator A is well defined from C3([0, T], R) into itself. Moreover, for
i=0,.,3

T _.
n=[280s { x(s),x'(s),x"(s), 5" (s)) | ds.
0
The rest of the proof is divided into three steps.
Step 1. There exists « > 0 such that A transforms C = {x € C3([0, T],R), ||x|| < «} into

itself. It is easy to see that C is nonempty, bounded, convex, and closed.
Moreover, for all t € [0, T] and x € C, we have

|Ax(t)

T
/g s),x'(s),x"(s),x"(s))ds
0

T

< [lgttss <¢sw+zhﬂu >>s

' | ®)
2l + Y- kit [+9])

i=0

3 ,
<009l + Y Kisa x [l)

i=0
< Oo(A +ks||x[]),

such that A = ||¢]|c.

T
d
<[5, Momm+2hﬂu m) o
0
3 .
m@wm+zhﬂw@m>

i=0
< 01(A + ks x]]).

T 2
(4x)" ()] = | [ S8(6:5) (5 x(5), ¢ (5), " (5), " (5)) s
0
Tazg
s!@t<>(w kwgyww moﬁ w0

2

3 ‘ T
|¢||oo+zki+1||x(l)||oo> /|Tf(t,8)|ds
i=0 )

X (A + ks || x[]).

QO

IN
N N
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Ta3
(4" (O] = | [ SE(09)£(5,2(5),2'(6), 4"(5),2""(5)) ds
0
T
93 (11)
< [155a >\(|¢ \+|2k1+1|x <>|>ds
0 i=
<03 % (A + ks||x])-

Hence, using (8)—(11), we obtain

A < 6 x (A +ks|lx[]),

where 6 = Z 0;.
=0
We deduced that A transforms C into itself if

A <6 x (A+kslx][) <0 (A +ksa) <a,

which implies, under condition (7), that

A

<
0<1—k59_a

then, A transforms C into itself for

Y
T 1 kst

Step 2. The operator A is continuous. Let (xn)n E C be a convergence sequence to
x € C, which implies that (x,(f)) converges to x() (i = ,...,3) in C([0, T], [—a, a]).
Since f is uniformly continuous on the compact set [0, T] x [—a,a]*, then the sequence
(f (s,xn(s), x},(s), x5, (s), ;' (s)) ) converges to f(s,x(s),x'(s), x"(s),x"(s)) in C([0, T|, R).
It follows that, foralli = 0,...,3,

|(ax)® = (a0

<6, (nf(s, xu(s), x4 (5), 27/(5), 22 (5))

[e)

= £, %), (5), 7" (9] ),

which implies that (Ax,) converges to Ax and A is continuous.

Step 3. A(C) is relatively compact, it is clear that A(C) is equibounded.

Now, to prove that A(C) is equicontinuous, let t; and £, in [0, T].

Let H(s) = f(s,x(s),x'(s), x"(s), x"""(s)), by using the assumption (H,), we obtain

[Hlleo < A+ ks

It follows that foralli =0, ..., 3,
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¥z 5
(45)9 (12) = (ax) O e2)] = | [ (3 00,9) - G 5) ) s
0
dig dig
< _ 9
<yl / (55009 - 53t Jas 1)
0
T al.
g 8
< (A +ksa) / 28 () — LB (ta,s) .

0

Now, let ¢ > 0, since the functions 2 (t s),i =0,...,3 are uniformly continuous on the

ot
compact set [0, T]?, then there exists § > 0 such that; if |t, — t;| < J, we have forall s € [0, T]
andi=0,...,3 '
a’g ’g €

t / — S t / S T/ 1. N\’

then, fori =0, ..., 3, we deduce that

Vs e[0,T],

|AxD (1) — AxD(1)] <.

which implies that the set A(C) is equicontinuous. Hence, using Theorem 1, A(C) is relatively
compact. The proof of Theorem 3 then follows from Schauder’s fixed-point theorem. [J

In the following result, we provided some sufficient conditions on the data functions
to ensure that Equation (6) has no nontrivial solution in C3([0, T], R).

Theorem 4. If the hypotheses (Hy — Hy) hold such that ¢ = 0, and under the following condition:
ks < 1,
then the integral Equation (6) has no nontrivial solution in C3([0, T], R).

Proof. Suppose that there exists x € C3([0, T], R) such that x # 0 and x = Ax.
From (8)—(11), we obtain that for all ¢ € [0, T].

|(Ax) 9 (8)] < Oiks|x]l,i = 0,...,3,
hence,
]l = [ Ax[] < 0ks|| x|,
it follows that
Oks > 1,
which is a contradiction. [

4. Application
Consider the following fourth-order differential equation:

2
x® (1) +ax® (1) + bx@ (£) + cxMV (£) + dx(t) = cos(6t) +In (1 + <kx(t) +k i x () (s)> ),t €[0,1], 13

i=0
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such that p = @ Hence, by using the notations of Theorem 3, we have a = —2p, b = 3p°,

c=—20%d=p>,T=1,¢(t) = cos(6t), and
f(f, Uy, Up, us, M4) = COS(6t) + ln(l + (ku1 + kuy + kusz + kuy + ku5)2).

Carrying out straightforward computations, it is easy to obtain the following:

2
p<\/§\T[’
2v2
Mfs\/g,
90:§r
) 2\75 L+ e[:ifﬂ-}-e@
1= B\ V3T B - ’
e d 4o 6 +2
5 T
0 = V2| & 4+ —£ 76 ,
V3 L s
632\/§7T3.

Therefore, the inequality in Theorem 3 takes the following form:

Vi Vi
k| 24—\/57534’ (m—l—ﬁﬂ) l_|_ \/§: ’ :’:/;4 <1 (14)
\@ ‘B e+ +e ¢ +\/§

Then, with Theorem 3, we concluded, from the inequality (14), that the third-order nonlinear
differential Equation (13) has a solution u € C*(I,R) if

k| < 1.20 x 1072,

5. Conclusions

This paper studied a general form of a fourth-order nonlinear differential equation,
where the derivatives x/, x”, and x’”’ are included in the nonlinear function. We inves-
tigated the existence of solutions under relatively simple conditions by applying a new
generalization of the Arzela—Ascoli theorem along with Schauder’s fixed-point theorem.
Moreover, we proved, under some sufficient conditions, the nonexistence of nontrivial
solutions. The key benefit of using the new generalization of the Arzela—Ascoli theorem,
as presented in [29], was that it enabled us to address the existence of solutions for fourth-
order differential equations where x’, x”, and x”” are part of the nonlinear function, while
they are not addressed in many studies on fourth-order differential equations (e.g., [21-25]).
Notably, this general form of the fourth-order nonlinear differential Equation (1) encom-
passes several important differential equations found in existing literature as special cases.
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