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Abstract: Making use of generalized bivariate Fibonacci polynomials, we propose two families of

regular functions of the type ¢({) = { + E d]-gf , which are bi-univalent in the disc { € C: |{| < 1}
j=2

involving the (p, g)-derivative operator. We find estimates on the coefficients |d;|, |d3| and the of
Fekete-Szego functional for members of these families. Relevant connections to the existing results
and new consequences of the main result are presented.

Keywords: bi-univalent functions; (p, q)-derivative operator; subordination; Horodam polynomials;
Fekete-Szeg6 functional
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1. Preliminaries

The g-analysis is a generalization of the ordinary analysis that does not employ limit
notation. Jackson presented the use and application of the g-calculus in [1]. The g-analogue
of the derivative and integral operator were first defined in [2], along with some of their ap-
plications. The multifaceted uses of the g-derivative operator make it extremely important
in the study of geometric function theory. Initially, Ismail et al. proposed the concept of
g-extension of the class of g-starlike functions in [3]. Later, a number of mathematicians
studied g-calculus in the context of geometric functions theory: the Ruscheweyh differential
operator’s g-analogue was first presented in [4]; some applications for multivalent functions
were examined in [5,6]; g-starlike functions associated with the generalized conic domain,
by applying the convolution concept was investigated in [7]; an operator associated with
g-hypergeometric function was investigated in [8], and so forth. Numerous authors have
recently released a number of articles that examine a class of g-starlike functions from
different perspectives (see [9-14]).

An extension of the g-calculus to the (p, g)-calculus, was taken into consideration by
the researchers. The (p, g)-number, was first examined around the same time (1991) and
subsequently on its own by [15-18]. Fibonacci oscillators were studied with the presentation
of the (p, g)-number in [15]. The investigation of the (p, g)-number in [16] allows for the
construction of a (p, g)-Harmonic oscillator. The (p, g)-number was investigated in [17] as a
means of combining different types of g-oscillator algebras and in [18], the (p, g)-number
was examined in order to determine the (p, 4)-Stirling numbers.
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Building on the aforementioned publications, since 1991, a large number of scien-
tists have investigated (p, g)-calculus in a range of research domains. The results in [19]
provided a syntax for embedding the g-series into a (p, q)-series. They also investigated
(p, 9)-hypergeometric series and found some results corresponding to (p, 4)-extensions
of the known g-identities. The g-identities are extended correspondingly to yield the
(p, q)-series (see, e.g., [20]). We provide some basic definitions of the (p, q)-calculus con-
cepts used in this paper. The (p, q)-bracket number is given by [jl,q = p/~1 + p/ 729 +

P+ pg g = % (p # q), which is an extension of g-number (see [2]),

thatis [f]; = % (g # 1). Note that [f]p,q is symmetric and if p = 1, then [f], ;3 = [f]4-
Let {¢ € C:|C| < 1} =D be the open unit disk, and C be the complex plane. Let N
represent the natural number set and R be the real number set.

Definition 1 ([21]). Let ¢ be a function defined on C and 0 < q < p < 1. Then, the
(p, q)-derivative of ¢ is defined by

(p?) — ¢(q0)

Dm¢@%=¢(p_®€ (¢ #0),

and D 4¢(0) = ¢'(0), provided ¢’ (0) exists.

We note that Dy o0/ = [jlpq0/~!, DpgIn(Q) = % and [flpq — j,ifp = 1 and

q — 17. Therefore, D, 4¢({) — ¢'({) as p =1 and g — 1~. For any constants ¢ and , it
is obvious that Dy, ;(8¢1(Z) +k@2(Z)) = 6Dpq91({) 4+ xDpq92(Z). The product rules and
quotient rules are satisfied by the (p, g)-derivative (see [22]). The exponential functions are
used to define the (p, g)-analogues of many functions, including sine, cosine, and tangent,
in the same way as their well-known Euler expressions. Duran et al. [23] examined the
(p, g)-derivatives of these functions.

The set of functions ¢, which are regular in © and have the following form, is repre-
sented by A:

p)=0+Y. 40, (C€D), (1)
j=2

with ¢(0) = 0 = ¢(0) — 1, and we denote a sub-set of .4 containing univalent functions in
Dby S. If ¢ € Ais of the form (1), then

Dpgd(Q) =1+ Y [ilpgd; 0", (L €D). )
j=2

The Koebe theorem (see [24]) states that the inverse of each function ¢ in S is given by
¢ (@) = (@) = @ — dr@® + (2d3 — d3)@® — (5d5 — 5dpds +dy)@* +--- . (3)

satisfying { = ¢~ 1(¢(0)) and @ = ¢(¢ 1 (@)), |@| < r0(p), ro(¢) > 1/4,{, @ € D. In
D, a member ¢ of A given by (1) is called bi-univalent if € S and ¢! € S. The set of

such functions in © is represented by o. % log(%) —log(1—-¢), and & are some

of the functions in the ¢ family. Nevertheless, despite being in S,  — %2, %, and the
Koebe function does not belong to ¢. For a concise analysis and to discover some of the
remarkable characteristics of the family o, see [25-28] and the citation provided in these
papers. Srivastava et al. [29] introduced several subclasses of the family ¢, which are
similar to the well-known subclasses of the family S. As follow-ups, numerous authors
have since examined a number of different subfamilies of ¢ (see, for instance, [30-34]).
Several subclasses of the class o were studied using the (p, g)-calculus. In [35], the

(p, 9)-derivative operator and the subordination principle were used to introduce the new
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generalized classes of (p, g)-starlike and (p, q)-convex functions. The Fekete-Szego inequal-
ities are also examined and the (p, g)-Bernardi integral operator for analytic functions is
defined. The (p, q)-Bernardi integral operator was used to obtain some applications of the
main results. Several studies have also introduced and investigated novel subclasses of the
class o related to the (p, g)-differential operator (see [36—41]).

Let k(¢,y) and I(3,y) be polynomials with real coefficients. For, j > 2, the generalized
bivariate Fibonacci polynomials (GBFP) are defined by the recurrence relation:

Fi(rey) = k() Fi1(6y) +1(30,y) Fi2(5,y), (4)

where Fo(3,y) =0, F1(5,y) =1 and k?(3,y) +41(5,y) > 0. The generating function of
GBFP is (see [42])

4
1—k(54,y)C —1(5,y)*

Floy,0) =Y, Fiy)l = (5)
=0

]

For specific selections of k(3z,y) and I(,y), GBFP leads to various known polynomials
(see [43]). Readers with an interest in GBFP can find a brief history and extensive infor-
mation in [44] and its references. Interesting findings regarding coefficient estimates and
Fekete-Szego functional have been presented in [45-47] for members of certain subclasses
of o associated with GBFP.

For brevity, we write hereafter that k(sr,y) = k and I(s,y) = 1. Fa(sr,y) =
kand F3(s,y) = k* + I are evident from (4).

Remark 1. By specializing k and 1, many polynomial sequences can be inferred from GBFP. They
are as follows: (i) the bivariate Fibonacci polynmials are obtained if k = » and | = y; (ii) the
Pell polynomials are achieved if k = 2 and | = 1; (iii) we derive the Jacobsthal polynomials if
k =1andl = 3 and (iv) we arrive at the Fermat polynomials, if k = 3sc and | = —2, and so forth.

For )1, O, € A holomorphic in D, () is subordinate to ), if there is h({) a Schwarz
function that is holomorphic in © with #(0) = 0 and |h({)| < 1, such that O;({) =
D, (h(Z)). The notation () < Oy or () < N (Z) (¢ € D) denotes this subordination.
Specifically, when (2, € S, we have

M(0) <= D(f) & M(0) =0(0) and (D) C K (D).

We present two new families of ¢ subordinate to GBFP F;(s,y) as in (4), with the
generating function F (s, y,z) as in (5). These families are motivated by the aforemen-
tioned trends on coefficient-related problems and the Fekete-Szeg6 functional [48] on
certain subclasses of ¢ linked to GBFP. F(,v,z) is as in (5), ¢~ (@) = ¢(@), an inverse
functionasin (3),z € R, { € ®,and @ € D are assumed throughout this paper, unless
otherwise mentioned.

Definition 2. A function ¢ given by (1), which is said to be in the set @g:Z,q('y, F),y>10<
n<land A >1,if

1 7[Dpg (§Dpap(@O)* + (1 =) ¥[Dpqg(§Dpap(@)I* + (1 —9) g
2{ Dyq9(8) " ( D,q$(0) ) } < F(@)

_ Fay,d)
o
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1 [ 21Dy (@Dp (@) +(1=7) | (1Dpa(@Dyap@)] +(1 =)\
2 Dyq¢p(@) Dpq¢p(@)

—_———
A
oz
g

where .
F(g) - T—ZCZ'

k #0, and k> +41 > 0. (6)
For specific choices of p, g,y and A, the family @ﬁzq (7, F) includes many new and
existing subfamilies of ¢. This is shown below:
1. let A = 1. Then ${, (7, F) = @(1,’,'}77,,7(7, F),y > 1,0 < 5 < 1is the collection of
members ¢ of o that satisfy

1 [ 1Dy q(EDpg9(0) + (1= 7) . (1Dpg(EDp#(@) + (1= 1)\ 7
2{ b+ () }”@

and

1 [ YDpg(@Dp (@) + (1 =) . (1Dpg(@Dpqip(@)) + (1 =7)\?
2{ Dy (@) (e ) }”(“”

where F({) is as mentioned in (6).
2. Assume that v = 1. Then Jgjzlq(F) = Qj}\jglq(l,F),O <y <landA > 1,is the
collection of elements ¢ of ¢ that satisfy

2

1 [ [Dpg(@Dpap @) [ 1Dpa(@Dpad@NM  Fle,0)
{ Dpap@ ( Dypq9(Z) ) } < F(E) = ¢

and

1 [ [Dpy(@Dpyp(@)) | ( [Dpg(@Dpp(@)]'" _ Flaya)
2{ R e }mw)_
where F({) is as mentioned in (6).

3.Ifp=1landg — 1~ intheclass mﬁ;z,q(y, F), then we obtain a subset Yo (v,F)(A>1,
0 < <1,v > 1) which is the collection of members ¢ of ¢ that satisfy

1 4@ @)+ 01—  (MEPQ)+1=1)\"  Fleu,0)
z{ o (e ) }*F@‘ c
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1) yl@y' (@)1 +(1-7) (1@ (@)]" +(1-17) 7 _ F(y,0)
z{ o () }*F(“’) e

where F({) is as mentioned in (6).
4.Letn = 1. Then 33,,,/(1(7, F) = Qj%,,q('y, F),v > 1and A > 1 is the set of elements ¢
of o that satisfy

{V[DW(@DMQD( O+ (1 ’Y)} S F(@Q) = F(4y,8)
)

qu(l)(g g ’
and N
{v[Dp,q@D;gi(ww(zo)]) (- W} < Flo) = T8,

where F({) is as mentioned in (6).

Remark 2. (i). .V)apq(l,l-“) 53}7’};51( ), (ii). .ﬁgpq('y,l-“) SUM(')/, F), and (iii). 30}“7( F)=
~A1
5p.q(F)-

Definition 3. A function ¢ given by (1) is said to a member of the set T:r\fz,q(l// F),0<v <1,
0<n<landA >1,if

1 { (Dpa(0) +< C(Dp,qsb(é))A)g)”}{F(g)_f(%,yrﬁ),

vp(Q) + (1 —v)  \vp(Q)+(1—-v 4

and

1[ @(Dp(@) oD (@) )7  Fley,a)
2{v¢(w)p—z(1—v)a)+(vzp(w)pi(l—v)w) }*F(‘” o

where F({) is as mentioned in (6).

The family ‘Zg:glq (v, F) contains numerous new and existing subfamilies of ¢ for spe-
cific choices of v and A, as shown below:

1. Letv = 0. Then, Q[,M( ) = ‘Sgpq(O,F),O <n <1land A > 1, is the collection of
elements ¢ of ¢ that satisfy

;((DPQQD(@)) (qu(])(g))g> =< F(g) _ W,
and
;((Dp,qlp(@))’\ + (qulp(a)))g) < (@) = W’

where F({) is as mentioned in (6).
2. Letv = 1. Then, Dgpq( ) =
members ¢ of ¢ that satisfy

qu(l F),0 < n < landA > 1, is the family of

1 [ 2Dpe9(@) | (UDpgd@)\ _ F(au,.0)
2{ #(0) +< #(0) )}*F@‘ .
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Z(Dpq9 (@)

and

1
2 f(@) f(@) @

where F({) is as mentioned in (6).

3. Ifp=1andg — 1 in the class ‘Z[A,jzrq(v, F), then we get a subclass rﬁ'” v,F)(A > 1,
0<7n<1,0<v<1)of functions ¢ € o satisfying

1) @@ PO \1  Flawd)
2{V¢(§)+(1—V)C+(v¢(§)+(1_y)g> } < F() = ;o

{w(DW(w)V N (w(Dp,qwo))A)}'} < ) - Fon0)

and

NI =

1
/ A / A 7
oW (_ow@nt yi| g Ttove)
vp(@) + (1 —v)@ vp(@) + (1 —v)@ )
where F({) is as mentioned in (6).
4. Suppose 7 = 1. Then, Dglp,q(v, F) = léj;,q(v,F),O <v < landA > 1, is the set of
functions ¢ € o that satisfy

vp(Z) + (1-v)¢

ds — pd3| < {W“)PBW

_ F(y,0) ‘D(Dp,qlp(@)))\ _ F(ry,0)
< FE) = ¢ an vp(@)+ (1 —v)@ < F(@) = o
where F({) is as mentioned in (6).
Remark 3. (i).07,4(F) = 03 (L F), and (ii). Ty'' (v, F) =9} _, ., (v,F).

Estimates for bounds on |da|, |d3|, and |d3 — pd5|, 4 € R for functions in the class
ng,'z,q (77, F) are found in Section 2. The upper bounds for |da|, |d3|, and |d3 — ud3|, u € R for

functions in the class T?jzlq (v, F) are derived in Section 3. Along with pertinent connections
to the published research, interesting results are also presented.
2. Results for the Class 2)?}:',7,,,, (7, F)

First, for ¢ € 2]{,\,’2,,4 (v, F), the class as defined in Definition 2, we find the coefficient
estimates.

Theorem 1. Lety >1,0<y <1, and A > 1. Ifp € Q_)g:z,q(’)’, F), then
|da| < ()
217|k[\/|k|

@10+ 1Pl + QU213 1) + (1= ) R2J3, )R — (1 + 1)2R2[213, (2 + )|

4’k 21 K|
ds| < + , 8)
5| (7 + 2R3, (7 +1)PBpy
and for y € R
217 |k| |1 _ “M’ < ]
4P K 1 > ©)
@7+ 1) (PRl +QU2J5q) + (1= 2R2213, )2 — (12223 1 (R2+1)]” =V
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where

| @y(p +1)(PBlpg + QI215,) + (1= n)R?[2]5 )k — (7 + 1)*R*[2*(k* + 1)

= , (10
/ 29014 )Pl i
P=qA[3],, — 1, (11)
Q=1-7Rlpy+ P2V pp 12
and
R =yA[2]p, — 1. (13)
Proof. Let ¢ € @ff\:z,q('y, ). Then, due to Definition 2, we obtain
1 [ 2Dy EDpa9 @) + (1 =7) | (1Dpa(@Dpap @)+ -1\ "| _ y
2 { Dy,q9(0) + D,,.$(0) = F(m(Z)) (14)
and
1 [ 2[Dpg(@Dyp(@)* + (1 =9) [ 4{Dpa@Dpgp@) + 1 -7\ 7| _ -
2 { Dy (@) * Dyqy(@) = F(n(@)) (15)
where
m() = my{ +mal® +mzl® + - - and (@) = Mm@ + np@* + 3@ +---, (16)
are some holomorphic functions with [m({)| < 1,|n(®@)| < 1,{, @ € © and m(0) =
0 = n(0). It is known that
|m;| <1, and |n;| <1,(i € N). (17)
From (14)—(16), it follows that
1 ’Y[Dp,q(gDp,q‘P@))]/\ +(1-7) I 'Y[Dp,q(gDp,q‘P(g))]A +(1-7\" _
2 Dpq¢(2) Dpq9(2) (18)

1+ F (s, y)m(Q) + F3 (e, y)m*(0) + - - -,

and

1{ Y[Dpg(@Dpgp(@)* + (1-7) N (7[Dp,q(@Dp,q¢’(@))]A +0- 7)) G } _
2

Dpq¢p(@) Dypq¢(@) (19)
1+ Fa(s6,y)n(@) + Fa (34, y)n* (@) + - --
In light of (4), Equations (18) and (19) can be expressed as follows.
1} [Dpq(EDpap(@)]* + (1= 9) N Y[Dpq(CDpap@)* + (1 =1 \" | _
2 Dyq¢(2) Dyq9(Z) (20)

1+ Fa(se,y)mi + [Fo (s, y)mp + Fa(se,y)mi] g% + - - -,

and



Mathematics 2024, 12, 3933 8of17

=

1 ¥[Dpq(@Dpq9p(@))]* + (1 —9) n ¥[Dpq(@Dpqp(@))]* + (1 —9) " _
2 Dpq¢p(@) Dy,q¢p(@) (21)

1+ (0, y)m@ + [Fa(56,y) o + F (50, y)n3]$2 + - - -

Comparing (20) and (21), we have

+1)R[2
1+ URRlpg 2) 24 4, = 7y, yyma, (22)
n
+1 1—
(’72’7) (P[3] pads + Q[Z]%/qdﬁ) + ( 4}72’7)1{2 215,445 = Fa(55,y)my + F3(¢,y)mi, (23)
+1)R[2
BUAILE 2) At g, — ooy, (24)
Ul
and
+1 1—

(’7217) (p[a],,,,,(zdg —d3) + Q[z]g,ng) T ( 4’72’7)1%2 212 483 = Fa(s¢,y)m2 + F3 (4, )12, (25)
where P, Q, and R are as mentioned in (11), (12) and (13), respectively. From (22) and (24),
we easily obtain

mp = —m (26)
and also ( R
n+1)°R°[2};
qud% = (m] +ni) F3 (5,y). (27)
By adding (23) and (25), we obtain
7+l (P[3]pq + QI2]2,) + Lo R[22 |d3 = Fa(5¢,y) (mp +n2) + F3(5¢,y) (mf +n?) (28)
7 pA pa 212 pg|d2 = 2056 Y) (M2 2 3l y) (g 1)
The value of m% + n% from (27) is substituted in (28), yielding
2= 217 F5 (52, y) (ma + mp) 29)
2T @+ 1)(PBlpe+ QR2I2,) + (1 — n)R2[22 ) F3(56,y) — (1 + 1)2R2[2]3 , F3 (4, )
Applying (17) to the coefficients mp and ny yields (7).
We deduct (25) from (23) to get the bound on |d3|:

+1
( ”T ) P [3] pAa
Then in view of (26) and (27), (30) becomes

_ 2P F3 (e y) (i +nd) | pFa(sy)(mp — )

= T )RR, - 1)PBly,

and applying (17) for the coefficients m;, mp, n; and n, we obtain (8).
From (29) and (30), for u € R, we obtain

7

i) = 7300 (300 gt (300 ()

where
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2% (1 — w) FZ(52,y)

B(u) =

|ds — pd3|

<

(27 + 1) (PB3lpq + Q213 + (1 = ) R2[2]3 ) F3 (50,y) — (7 + 1)2R2[2]3  F3 (54, y)

Clearly

2|75 (52y)] . U]
dy — ud3| < { WEDPBps P 0B < Gy,
ARG IBE| 7 1B00] > ol

which results in (9) and [ as in (10). O
Corollary 1. Let A = 1 in the above theorem. Then, for any function ¢ € 97, . (y, F) the upper
bounds of |da|, |ds|, and |d3 — uda|, u € R, are given by (7), (8), and (9), respectively, with

P=P =938y -1, Q=01 =1-92]pgand R = Ry = —Qq in (11), (12), and (13),
respectively. Py, Qq,and Ry are to be used in place of P, Q,and R for | in (10).

Corollary 2. Let v = 1 in the above theorem. Then, for any function ¢ € jgjz,q(%) the upper

bounds of |da|, |d3|, and |d3 — ud3|, u € R, are given by (7), (8), and (9), respectively, where

P="P =A3lpg~1,Q=0s =1 A2lpg+ 2522 andR = Ry = A[2]p0 — 1.

Py, Qp,and Ry are to be used in place of P, Q, and R for ] in (10).
From Theorem 1, taking p = 1 and g — 1~, we obtain
Corollary 3. Let y > 1,0<y <1, and A > 1. If ¢ € Yf}’”('y,F), then
|da| <

17K v/2[K]

VI G +1)(8yAZ =794 +1) +2(1 — 1) (274 — D)2)R2 = 2(5 + 1)2(29A = 1)2(R + )|’

nk 2 217 |k|
ds] < ((,7 F1)(2ph = 1)) METED Gk

and for p € R
k| .
e’ 1-ul<h
2’72““3“*1’4 . |1 _ | >]

[+ 1) By AZ—79A+ 1) +2(1—1) (29A—1)2)k2—2(n+1)2 (27 A—1)2(R2+1)]’ Hl=J1

where
1=
‘ (7 +1)(BYA%2 —=79A +1) +2(1 — 1) (29A — 1)?)k? —2( + 1)?(29A — 1)2 (K> + 1)
n(n +1)(ByA — 1)k ’

Here are a few examples of the above corollary’s special cases.

Example 1. Letting y = 1 in the class Yo (v, F), we obtain a subclass x(y, F) = Yo' (7, F) of
functions ¢ € o satisfying

! 1A _ P
v[(w(é);/](g)ﬂl 7)<F(€)ZF( éyré)

and
! 1A _ by
(@ (wllzl)(lﬂ)—'— -7 F(@) = F( (,Oy,@)

where F({) is as mentioned in (6).

7
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The class x (7, F) is not an empty set, which is an important point to note. Consider
the following example, where v = A = 1,k = 1and | = 0. The function u({) = { +

22 2 s
Etrsx 4= —3log(1 — g) € S is in the class x.(1,F). Because, its inverse (@) =
@ — ‘%2 + ‘g—z - = SS(L;D € S. So, we obtain that u({) € o (see [46]).

e

Corollary 4. Lety > 1, and A > 1. If ¢ € x} (v, F), then

p 1/ [F

VB YAZ = 7yA + 1)EZ —4(29A —1)2(-2 4 1)

|ds| < k 2+ i
=22 = 1) 3B3yA—1)

and for p € R

k. 1-yl <

s — 3| < 3ByA—T)’ - 1—pul <]
2 2[k[" [1—p 1 >

By AZ—79 A+ 1)k —4(2yA—1)2(K2+1)] 1=pl =2

where

=

(8YA% —79A +1))k? —4(29A — 1) (K> + 1)
(3yA —1)k2 '

Example 2. Letting v = 1 in the class x} (v, F), we obtain a subclass x(1, F) of functions ¢ € o
satisfying
[(Zg" (@
¢'(%)

where F(Q) is as mentioned in (6).

Foo3.0) g @@V Lo Flrya)

<HO=" V(@) @

Corollary 5. Let A > 1. If ¢ € x}(1,F) then

[kl V/IK]

|da| < |d|<(k>2+|k|
e D4 _rR ) o \2A-1)) T3 -1

and for y € R

3BTy —pl <)
2 3(3A-1)” Ml = J3

ds =yl < {7 s
[BAZ_7A+ 1)k —4(2A—1)2(K2+1)|’ 1=pl =5

where

s = ‘ (8A2 —7A +1))k% —4(2A —1)2(K% + 1)
3 — .

(3YA —1)k?
Remark 4. A =1 in Corollary 5 yields Corollaries 3 and 7 of Yilmaz and Aktas [43].
Taking # = 1 in the above theorem, we obtain

Corollary 6. Let y > 1, and A > 1. If ¢ € 3}, (7, »), then

2
2] < L , lds] < Rzkz 2t P|[I;|] ,
\/| 3lpq + Q[2J3 )k — R2[2]2 . (k* + 1) 215,49 pa
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and for p € R

k| . _
|d B d2’ < P3],," |1 "l/l|§]4
3 Haz| = [k [1—p] C - >
[(PB3lpq+ QI 2 —R2[2F,, (P41 Hh= 4

where
(P[3]pq + Q[2]5,0)k* — R*[2]2(k* + 1)

P[3]p,4k? ’

Ja=

and P, Q, and R are as detailed in (11), (12), and (13), respectively.

Remark 5. 3} _, ., (7,F) = x}(v,F)

3. Results for the Class ‘z?,;',’,,,, (v, x)

First, for the class ¢ € ‘Egjz,q(v, ), as defined in Definition 3, we determine the

coefficient estimates.

Theorem 2. Let 0 <v <1,0<y <1, and A>1.1Ifp € ngzlq(v, ), then

217|k[ /[K]

|dy| < ,
VI +1)(L+N) + (1 —)M?)k2 — (7 +1)2B2(k? + 1)

U= rr2vE T (1)L
and for p € R
217 |k| TR
dy —pd3| < § (PO -H=Q
3T hHmRl = 4 k[ |1~ - > Q
[+ DL N+ (1 MR+ 12B Ry 7 10— H =
where (2007 + 1)L+ N) + (1= )MPDE — (5 + 1M + 1)
@:’ 27(n +1)(L+ N) + (1 —7)M)*)k> — (3 +1)2M? (k> +1
2n(1+n)Lk? ’
L=ABpq—v,
AA —1)[2]2
N = (Z)HM —VA[2]pq + 1,
and
M= A2]p4—v.

Proof. Let ¢ € ‘ngzlq (v, »). Following that, due to Definition 3, we obtain

1 2Dy {(Dpat @)\
{0 ( o )

vp(Q) + 1 =v)l  \vg(Q)+(1—v

and

1] @(Dpgp(@)) O(Dpgp(@) \7
2{v¢<w>pf =)o " <v¢<w>pﬁ § —V)w) } = Fln(@)),

(31)

(32)

(33)

(34)

(35)

(36)

(37)

(38)

(39)
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where m({) and n(w) are analytic functions as given in (16), with [m(Z)| < 1, [n(®@)| < 1,

¢, @ € 9, and it is known that
|m;| <1, and |n;] <1,(i €NN).

It follows from (38), (39) and (16) that

1 D), Dy
2\ @+ -0 " \w@+ -

and

>a> } =1+ Fa(oe,y)m(Z) + Fa(oe, y)m(0) + -,

1 _o0up@)t  (_wDyp@) \'| _
2) vp(@) + (1 —v)@ vp(@) + (1 —v)®@ B

1+ FH (o y)n(@) + F3(s6,y)n? (@) + - - -

In light of (4), Equations (41) and (42) can be expressed as follows.

1] {Dpep@)* . ( _E(Dpad())" N )
2| vp(@) + (T =) "\ @) +(1-v)E

1+ Fa(s6,y)mil + [F2(36,y)my + Fa(s6,y)mi)g* + - - -,

and

1 _opp@)t  (_wDyp@)* \'| _
2) vyp(@)+ (1 —v)@ vp(@) + (1—v)w N

1+ Fo(,y)m@ + [Fa (5, y)na + F3 (56, y)nd]$2 + - - -

Comparing (43) and (44), we have

(n+1)M
21

dy = Fa(se,y)my,

2y

and

1 1_
(H) (Ld3 + Nd%) + ( ; W)Mzd% = Fo(s,y)my + f3(%,y)m%,

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

1 1—
(”;7 ) (L(Zd% —d3) +Nd%) + ( ”)M%ﬂ% = F(y)m+ Falsy)nd,  (48)

452

where L, N, and M are as in (35), (36) and (37), respectively. From (45) and (47), we easily

obtain
m; = —m

and also
(7 +1)>M?
252

The bound on |d;|, is obtained by adding (46) and (48).

d5 = (mf +nf) (H2(20))%

(49)

(50)

((’T) (L+N)+ <1 — ”)M2>d§ = Fa(s6,y)(ma + 1) + F3(5¢,y) (mf +nd).  (51)

252
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Substituting the value of m% + n% from (50) in (51), we obtain
£ = 217 F3 (7,y) (5¢) (mg + 1) ' (52)
(27(n +1)(L+N) + (1 =)M) F3(3,y) — (1 +1)>M2F3(3¢,y)
Applying (40) for the coefficients my and n,, we obtain (31).
To obtain the bound on |d3|, we deduct (48) from (46):

()

Then, in view of (49) and (50), (53) becomes

_ 2P TG y)(m +0d) | Fa (5 y) (my — )

a3 (7 + 1)2M2 (n+1)L ’

and applying (40) for the coefficients mj, mp, n1 and n, we obtain (32).
From (52) and (53), for u € R, we obtain

s = ] = Fatoe )| (Bl 20) + g et (Bl = g

(7 + ’
where
By (1, 20) 2721 = W) F3 (4 y) ‘
2n7(n+1)(L+ N) 4+ (1 —n)M2) F2(>,y) — (1 +1)2M2F3(5,y)
Clearly
25| F2 (sy) . i
|d3 — pd3] < {_ UFDE P 0= |Balp, )] Sﬂ (1)L
2| Fa(a y)l1Ba ()| 5 [Bap )| = e

from which we conclude (33) with Q as in (34). O

Corollary 7. Let v = 0 in the above theorem. Then, for any function ¢ € ¢3IZ,q(F ) the upper
bounds of |dz|, |d3|, and |ds — ud3|, u € R, are given by (31), (32) and (33), respectively, with
L =1L =ABlpy N=N; =245 UpR2 and M = My = A[2],5. Ly, Ny, and M are to be
used in place of L, N, and M for Q in (34).

Corollary 8. Let v = 1 in the above theorem. Then, for any function ¢ € @g:z/q(lf ) the upper

bounds of |dy|, |ds|, and |d3 — pd3|, u € R, are given by (31), (32) and (33), respectively,
) AA-1

with L = Ly = A[Blpq —1, N = Ny = PR~ Al2)pg+1and M = My = A[2]pg — 1.

Ly, Ny, and Mj are to be used in place of L, N, and M for Q in (34).

From Theorem 2, taking p =1 and g4 — 17, we obtain
Corollary 9. Let 0 <v <1,0<y <1, and A>1.Ifp € FQ’”(V,P) then
|da| <

21|k | /K[

VI + (@A + 1) (A —v) +v2) + (1= )2 = )R — (5 + 1224 = v (kK + D]’

2nk 2 217|k|
W“S(w+n@Aw) I DEA—v)
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and for p € R
k] .
dy — pud3| < {wmm—w . 1T—ul<Q
- 1] —H )
[27(+1)(2A+1) (A—v) +v2)+(1—1) 2A—v)2) k2= (y+1)2 (2A—v)2 (K2+1)]/ [1—pul=Q,

where
Q1 =
‘ (i +1D(CA+1D(A —v) +v?) + (1 —1)2A —v)2)k? — (7 +1)2(2A — v)? (K> +1)
27(n+1)(3A — v)k?

Here are a few examples of the above corollary’s special cases.

Example 3. Letting n = 1 in the class ré'” (v, F), we obtain a subclass ¥ (v, F) = Tx' (v, F) of
functions ¢ € o satisfying

g’ @)
V() + (1—v)¢

F(y.8)
—

< F(0) =

and / N
1/',0((2754;((&1))z V)@ < F@) = Dt

where F({) is as mentioned in (6),0 <v <1, and A > 1.

Corollary 10. Let0 <v <1, and A > 1. If ¢ € ‘I’é(v, F) then

0 < I/

T VICA+ ) (A —v) +v2)R2 — 24 —v)2 (k2 +1)]

kN K
<
1ds] < (2)\—1/) o

4

and for y € R

2 3A—v’ V| = QZ
|d3 — pd;| < kf* 1= -y >0
(A1) (A=) 102) - (A —v)2 (k21| B =22,

where
(A +1)(A —v) +12)k2 — A —v)2 (K2 + 1)

(BA —v)k2

QzZ‘

Example 4. Letting v = 1, then ¥} (1, F) is the subclass of functions ¢ € o satisfying

2@ @)
¢(¢)

where F(Q) is as mentioned in (6).

FOo00) g QW @1 0 Floy@)

SHO =T ) @

7

Corollary 11. Let A > 1. If ¢ € Y2 (1, F) then

k[ Tk k >2+ i

dy| < Clds| < ,
‘2|_\/\/\(27\—1)k2—(2/\—1)2(k2+l)| 3] (2)\1 30 —1
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and for p € R
K| AQ2A =1k — (24 —1)2(K> +1)
AT/ 1=ul=< 31— 1)K2
s — 3| < Gr
2= K 14 s [ARA=DE — (20 - 1)2 (P +1)
A1 —(2A-1)2(k2+1)]’ 1—pl= :

(BA —1)k?
Remark 6. A =1 in Corollary 11 yields Corollaries 2 and 6 of Yilmaz and Aktas [43].

Example 5. Letting v = 0, then ¥(0, F) is the subclass of functions ¢ € o satisfying
F(sy, @)

Fob8) o (¢ (@) < Fla) = T282),

(@0 < F@) = =% -

where F({) is as mentioned in (6).

The class ¥} (0, F) is not an empty set, which is an important point to note. Consider
the following example, where A = 1,k = 1 and | = 0. The function u({)== % log(%) )

is in the class ¥ (0, F). Because, its inverse v(@) = ﬁiﬁ € S. So, we get that u({) € o
(see [46]).

Corollary 12. Let A > 1. If ¢ € ¥2(0, F), then

0] < v o < (£) + B
VN “\2a) sy
and for p € R
2 4A2(k2
%; 1-ul < (2/\+1)A)I;Ak24)\ (k= +1)
|d3 — pd3| < 2 2012
K 1= - o [@A+ DA — 442k +1)
[RA+1)A)2—2AZ(K2+1)]” 1—nl = 3AK2 ’

Corollary 13. Let 0 <v <1, and A > 1. If¢ € Dé,m (v, F), then

k|\/|k K2 k
]/ [F g < K

d < 7 7+7/
42| < VL + N = MR +1)] M2 L
and for y € R

2 Af2(12

Iy ;|1y|§’(L+N)kLk2M(k +z)’
|d3_71d%| < 2 212

K2 [1-p] o> [N -ME+D

e T 2 e ‘

where L, N, and M are as mentioned in (31), (32), and (33), respectively.

Remark 7. Dg =11 (v, F) =¥} (v, F).

4. Conclusions

The current work defines two subfamilies of ¢ associated with GBFP and derives
upper bounds of |dz|, |d3| and the Fekete-Szegd functional |d3 — ud3|, 4 € R for functions
in these subfamilies. We have been able to draw attention to several implications by altering
the parameters in Theorem 1 and Theorem 2. Relevant connections to the current research
are also discovered. The subfamilies this paper studies may encourage researchers to
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concentrate on the (p, q) -derivative operator. Future studies might look into extending
obtained results to fractional derivatives, higher-order Hankel determinants, or Toeplitz
determinants. The findings presented here give these advancements a strong foundation
and emphasize the importance of geometric factors in the study of analytic function theory.
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