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1. Introduction

We consider only finite undirected graphs without loops or multiple edges. Notation
and terminology not defined in this paper follow those in [1] . Let G = (V(G),E(G))
be a graph. We use n and e to denote the number of vertices and the number of edges
in G, respectively. The degree of a vertex u is represented by dg(#). The minimum
and maximum degrees of a graph G are represented, respectively, by 6(G) and A(G). A
subset of V(G) in a graph G is an independent set if any two vertices in the subset are
not adjacent. An independent set in a graph G is called a maximum independent set
if its size is as large as possible. The independence number, denoted B(G), of a graph
G is defined as the size of a maximum independent set in G. For two disjoint vertex
subsets, A and B, of V(G), we define E(A, B) as the set of all the edges in E(G) such that
one end vertex of each edge is in A and another end vertex of the edge is in B. Namely,
E(A,B):={e:e=abe E,ac Abc B}. Weuse K, ; to denote a complete bipartite
graph with two partition sets X and Y such that |X| = rand |Y| =s. A cycle Cina graph G
is a Hamiltonian cycle of G if all the vertices of G are on C. A graph G is called Hamiltonian
if G contains a Hamiltonian cycle. A path P in a graph G is a Hamiltonian path of G if all
the vertices of G are on P. A graph G is called traceable if G contains a Hamiltonian path.

The first Zagreb index of a graph was introduced by Gutman and Trinajsti¢ in [2].
For a graph G, its first Zagreb index, denoted Z;(G), is defined as ¥_,cy(q) d%(u). The
first Zagreb index is one of the most important topological indices of a graph. It has been
intensively investigated since its introduction. Many results on the first Zagreb index of
a graph have been obtained. The survey paper [3] and the references therein are good
resources for these results. Using the first Zagreb index and its variants, researchers, in
recent years, have obtained sufficient conditions for the Hamiltonian properties of graphs.
Some of these sufficient conditions appeared in [4-10]. Using two established inequalities,
we, in this paper, present new sufficient conditions involving the first Zagreb index for
Hamiltonian and traceable graphs. We also present new upper bounds for the first Zagreb
index of a graph and characterize graphs achieving the upper bounds. The main results of
this paper are as follows.
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Theorem 1. Let G be a k-connected (k > 2) graph with n > 3 vertices and e edges.
(D If

2
k+1

Z1(G) > (n—k—1)A2 + + (V== —\/3)23,

then G is Hamiltonian or G is Ky j11.

(2) If

k—1—5)2 2
Zl(G)>(”_k_l)Aerlerl<(k+4(15)5:1n_kk_11)5) +e> ‘

then G is Hamiltonian or G is Ki j41.

Theorem 2. Let G be a k-connected (k > 1) graph with n > 9 vertices and e edges.
(D If

Z1(G) > (nk2)A2+kiZ+ (\/nfk—zf\/g)ze,

then G is traceable or G is Ky jy.
2) If

n—k—2-95)>2 2
2102 o-s- L (LA

then G is traceable or G is Ky j47.

Theorem 3. Let G be a graph with n vertices, e edges, and 6 > 1. Then,
(1)

2 2
7,(G) < (n—/%)AZ—i—%—i— (Vi—p-Ve)e
with equality if and only if G is Kg, ,,p or G is a bipartite graph with partition sets of [ and V — I
such that |I| = B, 6 < n— B, and d(v) = A for each vertex vinv — [ and I = P U Q, where
P={x:xeldlx)=n—-8},Q0={y:yelLdly)=4} and

£:1+(n;ﬁ)%,

where |P| is an integer.

(2)

L(Bn=p=0)
Z1(G) < (n_ﬁ)A2+‘B(ﬁl(5—|—1’l—llg) +€>

with equality if and only if G is Kg, ,,— g or G is a bipartite graph with partition sets of [ and V — I
such that |I| = B, 6 < n— B, and d(v) = A for each vertex vinv — [ and I = P U Q, where
P={x:xeldlx)=n—8},Q={y:yelLdly) =06}, PNQ=Q,and

n—pB+36

=5y

is an integer.

2. Preliminaries

We will use the following results as our lemmas. The first two are from [11].
Lemma 1 ([11]). Let G be a k-connected graph of order n > 3. If B < k, then G is Hamiltonian.

Lemma 2 ([11]). Let G be a k-connected graph of order n. If B < k + 1, then G is traceable.
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Lemma 3 is an inequality given on Page 303 in [12].

Lemma 3 ([12]). Let the real numbers ay and by (k = 1,2, - - ,s) satisfy 0 < mq < ap < My and
0 < my < b < My. Then,

Pt (fan) < (5 mY) S s
a b, — ab < — = — ab by,
k=1 kk:l ‘ k=1 o m2 My ) = kkk:1 ¢

with equality holding if and only if there exists a subsequence (kq,ka, ..., kt) of (1,2,...,s)

such that . ,
n Mi\2 [/ mp\2
g ~M 2
t - (ml) (Mz) ’

ay, = M;y, bk,, =my (p=12,...,t),and ay = my, by = Mj for every k distinct from all k.
Lemma 4 is Theorem 5.21 on Page 82 and Page 83 in [13].

Lemma 4 ([13]). Suppose ay and by (k = 1,2,---,s) are positive real numbers satisfying
0<y< Z—i <T<ooforanyk € {1,2,...,s}. Then,

(i : & z)é £ < T=1R £
0< (Y 2Y 2] -V ab < -1 yp2
k=1 kk:l k k=1 4(y+T) k

k=1

Equality holds in the above inequality if and only if there exists a subsequence (kq,k, ..., kt) of
(1,2,...,s) such that

m=

f F+3y &
by, = T . b7,
Zl km 4(1" + r)/) ];

Z}’z—: =T (m=1,2,...,t),and Z—i = vy for every k distinct from all ky,.

Lemma 5 ([14]). Let G be a balanced bipartite graph of order 2n with the bipartition (A, B). If
d(x)+d(y) >n+1forany x € Aand anyy € B with xy & E, then G is Hamiltonian.

Lemma 6 ([15]). Let G be a two-connected bipartite graph with the bipartition (A, B), where
|A| > |B|. If each vertex in A has a degree of at least s and each vertex in B has a degree of at least
t, then G contains a cycle with a length of at least 2min(|B|,s +t — 1,25 — 2).

3. Proofs of the Main Results

Proof of Theorem 1. Let G be a k-connected (k > 2) graph with n > 3 vertices and e edges
satisfying the conditions in Theorem 1. Suppose G is not Hamiltonian. Then, Lemma 1
implies that B > k 4 1. Also, we have thatn > 26 +1 > 2k 4 1; otherwise, § > k > n/2 and
G is Hamiltonian. Let I; := {uy,uy, ..., up } be a maximum independent set in G. Then,
I:={uy,uy,... ug 1 }isanindependent set in G. Thus,

Y du)=|E(LV-D| < ) d(v).

uel veV—I

Since Y, c;1d(u) + Y ,cy_1d(v) = 2¢, we have that

Y du)<e< ) d(v).

uel veV—I

Notice that 0 < § < d(u) <n—k—1foreachu € I.
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(1). Applying Lemma 3 withs =k+1,4; = d(u;),and b; = 1, withi =1,2,...,(k+1),
m=0>0M =n—k—1,m =1>0,and M, = 1, we have

k+1 k+1 k41 2 5 k+1 k+1
Zd2(ui) 212— <Z d(uJ) < (\/Vl—k— —\/g) Zd(ul) 212.
i=1 i=1 k=1 k=1 i=1
Thus,
k+1 (2’;3 d(ui)> 2 k41

Zdz(ui> < W-ﬁ- (m—\/g) kzzld(ui)

N

2
< —k—1—
_k+1+(\/n k \/5) e.
Therefore,
(n—k—1)A%+ ¢ +(\/ —k— —\/5)2
n 1 n e
<Zy= Y, &) +) )
veV—I uel
2

<(n—k—1)A% +

k+1+(W_¢5)2e.

Hence, d(v) = Aforeachv € V — 1,

k+1 k+1 2kl k+1

2
Y B - (Law) = (i1 v6) Baw £
i=1 i=1 k=1 k=1 i=1

and Zfill d(u;) = e, which implies that }_,cy_;d(v) = e and G is a bipartite graph with
partition sets of [ and V — .

For the characterization of the extremal graphs, we divide the remaining proofs into
two cases.

Casel. 6 =n—k—1.

In this case, we have d(u) = ¢ for each u in I and thereby §(k+1) = |E(I,V —I)| =
An—k—1) > é(n—k—1). Thus, n < 2k+ 2. Since n > 2k+ 1, we have n = 2k + 2
orn = 2k+1. If n = 2k + 2, then Lemma 5 implies that G is Hamiltonian, which is a
contradiction. If n = 2k + 1, then G is Ky ;1.

Case2. 6 <n—k—1.
In this case, set P = {x:x € L,d(x) =n—k—1}and Q ={y:y € Ld(y) =46 }.
From Lemma 3, we have
1
—k—1\2
k+1:1+(n k 1>.

1P| 5

Choose one vertex x in P and one vertex win V — I. Then,n —k—1=d(x) < A =
d(w) < k+1. Thus, n < 2k+2. Sincen > 2k+ 1, wehaven = 2k+2orn = 2k + 1.
If n = 2k + 2, then Lemma 5 implies that G is Hamiltonian, which is a contradiction. If
n = 2k + 1, then G is Ki j41, which implies that n — k — 1 = §, which is a contradiction.
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(2). Applying Lemma 4 withs =k+1,4; = d(u;),and b; =1, withi =1,2,...,(k+1),
y=0>0,andI' =n —k —1, we have

2(u) Y1 d i . 1
e | ‘5+”_ _1
Thus,
kil 1 ((k+1)(n—k—1-0672 Kkt ?
d?(u;) < + ) d(u;
l.; (1) k+1< 4(6+n—k—1) k; (1)
L ((ktD)(n—k-1-67 2
“k+1\ 4(6+n—k—1) '
Therefore,

1 ((k+D)(n—k—1-0672 \°
(”_k_l)A2+k+1( Qo+n—k—1) +e>

<Zi= Y, d*0)+ ) d*(u)

veV—I uel
2
1 ((k+1)(n—k—1-9)2
< (n—k—1)A% :
s (n—k 1)A+k+1< d+tn—k-1 ¢

Hence, d(v) = A foreachv € V — 1,

1
<k+1 k+1 >z k+1 n—k—-1-—26 2k+1

i;dz(ui) ;12 Zd ﬁzﬁ

and Zfill d(u;) = e, which implies that }_,c_;d(v) = e and G is a bipartite graph with
partition sets of [ and V — .

For the characterization of the extremal graphs, we divide the remaining proofs into
two cases.

Casel. d=n—k—1.

In this case, we have d(u) = ¢ for each u in I, and thereby 6(k+ 1) = |E(I,V —I)| =
An—k—1) > d6(n—k—1). Thus, n < 2k+ 2. Since n > 2k+ 1, we have n = 2k + 2
orn = 2k+1. If n = 2k + 2, then Lemma 5 implies that G is Hamiltonian, which is a
contradiction. If n = 2k + 1, then G is K ;1.

Case2.0 <n—k—1.

In this case, set P = {x:x € Ld(x) =n—k—1}and Q ={y:y € Ld(y) =46 }.
From Lemma 4, we have

(k+1)(n—k—1+36)
464+n—-k-1)

Choose one vertex x in P and one vertex win V — I. Then,n —k—1=d(x) < A =
d(w) < k+1. Thus, n < 2k+2. Sincen > 2k+1, wehaven = 2k+2orn = 2k + 1.
If n = 2k + 2, then Lemma 5 implies that G is Hamiltonian, which is a contradiction. If
n = 2k + 1, then G is Kj 41, which implies that n — k — 1 = J, which is a contradiction.

This completes the proof of Theorem 1. [

[Pl =

The proof of Theorem 2 is similar to the proof of Theorem 1. For the sake of complete-
ness, we still present a full proof of Theorem 2 below.
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Proof of Theorem 2. Let G be a k-connected (k > 1) graph with n > 9 vertices and e edges
satisfying the conditions in Theorem 2. Suppose G is not traceable. Then, Lemma 2 implies
that B > k+ 2. Also, we have that n > 26 + 2 > 2k + 2; otherwise, 6 > k > (n—1)/2
and G is traceable. Let I; := { uq,uy, ..., ug } be a maximum independent set in G. Then,
I:={uy,uy, ..., ux; }is anindependent setin G. Thus,

Ydw) = [ELV-D|< Y d().

uel veV—I

Since Y,c1d(u) + Y cy_1d(v) = 2¢, we have that

Y du)<e< Y d(v).
uel veV-I
Notice that 0 < 6 < d(u) <n—k—2foreachu € I.

(1). Applying Lemma 3 withs = k+2,4; = d(u;),and b; = 1, withi =1,2,...,(k+2),
m=0>0M =n—k—2,m =1>0,and M, = 1, we have

k+2 k42 k42 2 o k42 k42
Y d(uy) Y 17— <Z d(ui)> < (Vi—k=2-v6) Y d(w) ) 1%
i=1 i=1 k=1 k=1 i=1
Thus,
k+2 Y2 d(uy) 2 k+2
Y d(u) < M +(Vi—k=2-v5)" ) d(w)
i=1 k+2 k=1
< @ L (Vitk=2-vs)
fk+2+( n—k—2-— )e.
Therefore,
2
(n—k—2)A2+ke?%—(\/n—k—Z—\/g)ze
<Zi= Y, d(v)+ ) d*(u)
veV—-I uel
o2

<n-k-204 g (Vi k25

k+2
Hence, d(v) = Aforeachv € V — 1,

k+2 k+2 2 k+2 k+2

2
YA (w) Y 17— <ki2d(ui)> = (Vi—k=2-v5)"}_ d(u) } 1,
i=1 i=1 k=1 k=1 i=1

and Zi‘ilz d(u;) = e, which implies that ) ,c_;d(v) = e and G is a bipartite graph with
partition sets of [ and V — I.

For the characterization of the extremal graphs, we divide the remaining proofs into
two cases.

Casel. 0 =n—k—2.

In this case, we have d(u) = 6 for each u in I, and thereby é6(k+2) = |[E(,V — I)| =
A(n—k—2) > é6(n—k—2). Thus, n < 2k +4. Since n > 2k +2, we have n = 2k + 4,
n =2k+3,0orn = 2k+2 If n =2k + 4, then Lemma 5 implies that G is Hamiltonian
and thereby G is traceable. If n = 2k 4 3, then k > 3 since n > 9. Thus, Lemma 6 implies
that G has a cycle with a length of at least (n — 1) and thereby G is traceable, which is a
contradiction. If n = 2k + 2, then G is K ;.
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Case2.0 <n—k—2.
In this case, set P = {x:x € L,d(x) =n—k—2}and Q ={y:y € Ld(y) =46 }.

From Lemma 3, we have
1
k+2 n—k—2\2
- =1 _ .
I ( 5 )

Choose one vertex x in P and one vertex win V — I. Then,n —k—2 =d(x) < A =
d(w) < k+2. Thus, n < 2k+4. Sincen > 2k+2, wehaven = 2k+4,n = 2k + 3, or
n = 2k +2. If n = 2k + 4, then Lemma 5 implies that G is Hamiltonian and thereby G is
traceable, which is a contradiction. If n = 2k + 3, then k > 3 since n > 9. Then, Lemma 6
implies that G has a cycle with a length of at least (n — 1) and thereby G is traceable, which
is a contradiction. If n = 2k + 2, then G is K y4 and n — k — 2 = §, which is a contradiction.

(2). Applying Lemma 4 with s = k+2, a; = d(u;),and b; = 1, withi =1,2,...,(k+2),
y=6>0,andI' =n —k —2, we have

k+2 ) k+2 ) % k+2 ( _k—2_— 52k+2 )
(;d(”f)i;l) Zd = 4G tn—k—2) 21
Thus,
k+2 B k+2 2
Zdz(ui)ﬁ 1 [ (k+2)(n—k—2—6)? Zd
= k+2 4(0+n—-k—-2)
L ((k+2)(n—k-2-67 2
Sk+2\" 40 +n—k-2) '
Therefore,

1 ((k+2)(n—k—2-062 \°
(”_k_Z)A2+k+2( Q0+n—k—2) +e>

<Zi= Y, d*0)+ ) d*(u)

veV—I uel
2
1 [((k+2)(n—k—2-9)2
< (n—k—2)A? .
< (n—k 2)A+k+2< d6+n—k-2) ¢

Hence, d(v) = A foreachv € V — 1,

20, 2 \n—r—=s=0c) 2
Y Aw) L1 Y. d0) = 45—y L1

<k+2 k+2 )i k+2 ( Ck—2_ 52k+2

and Y52 d(u;) = e, which implies that Y_,cy_;d(v) = e and G is a bipartite graph with
partition sets of  and V — I.

For the characterization of the extremal graphs, we divide the remaining proofs into
two cases.

Casel.0 =n—k—2.

In this case, we have d(u) = 6 for each u in I, and thereby 6(k+2) = |E(I,V —I)| =
An—k—2) > 6(n—k—2). Thus, n < 2k +4. Since n > 2k + 2, we have n = 2k + 4,
n =2k+3,0orn=2k+2 If n =2k + 4, then Lemma 5 implies that G is Hamiltonian
and thereby G is traceable. If n = 2k 4 3, then k > 3 since n > 9. Then, Lemma 6 implies
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that G has a cycle with a length of at least (n — 1) and thereby G is traceable, which is a
contradiction. If n = 2k + 2, then G is Kj 5.

Case2. 0 <n—k—2.

In this case, set P = {x:x € Ld(x) =n—k—2}and Q ={y:y € Ld(y) =46 }.
From Lemma 4, we have
(k+2)(n—k—2+30)
404+n—-k—-2)

Choose one vertex x in P and one vertex win V — I. Then,n —k—2 =d(x) < A =
d(w) < k+2. Thus, n < 2k +4. Since n > 2k +2, wehaven = 2k +4,n = 2k+3, or
n = 2k +2. If n = 2k + 4, then Lemma 5 implies that G is Hamiltonian and thereby G is
traceable. If n = 2k 4 3, then k > 3 since n > 9. Then, Lemma 6 implies that G has a cycle
with a length of at least (n — 1) and thereby G is traceable, which is a contradiction. If
n =2k +2,then Gis K sy, and n — k — 2 = J, which is a contradiction.

This completes the proof of Theorem 2. [

P =

Proof of Theorem 3. Let G be a graph with n vertices, e edges, and § > 1. Clearly, 8 < n.
LetI:={uy,up, ..., u B } be a maximum independent set in G. Then,

Y dw) = |E(LV-D|< Y d(o).

uel veV—I

Since Y ,c;d(u) + Y pcy_1d(v) = 2¢, we have that

Y du)y<e< ) d(ov).
uel veV—I
Notice that 0 < 6 < d(u) <n — B foreachu € I.

(1). Applying Lemma 3 withs = B, 4; = d(u;),and b; =1, withi =1,2,...,8,m; =6 > 0,
M;=n—-8,m=1>0,and Mp =1, we have

B B B 2 ) B B
Yo (u) Y 17— (Z d(ui)> < (\/n -B- \/5) Yo d(u) Y 12
i=1 i=1 k=1 k=1 i=1
Thus, )
B )
iy < ) (Vi F-v5)" ¥ du)
i=1 lB k=1
<e;+( n—ﬁ—\/g)ze.
Therefore,
Zy= Y, d*(v) + Y d?(u)
veV—I uel
< (n—/s)A2+e;+ (Vn=B- \/E)ze.
If

le(n—ﬁ)Az—l—é—l—(m—\/g)ze
5 ,

then d(v) = A foreachv € V — I, so

2 ) B B
d(uz’)) Z(v”—ﬁ—\/g) Zd(ui)glz,

k=1

B B B
Y d?(u;) ;12 — (2

i k=1

i=1



Mathematics 2024, 12, 3902

9of 12

and Efill d(u;) = e, which implies that ) ,c_;d(v) = e and G is a bipartite graph with
partition sets of I and V — 1.

For the characterization of the extremal graphs, we divide the remaining proofs into
two cases.

Casel. 6 =n—p.
In this case, we have d(u) = ¢ for each u in I, and thereby G is Kz, _g.
Case2.0 <n—p.
In this case, set P = {x:x € Ld(x) =n—B}and Q={y:y € Ld(y) = J }. From

Lemma 3, we have that G is a bipartite graph with partition sets of I and V — I such that
|I| =B,6 <n—pBandd(v) = A for each vertex vinv —Iand I = PUQ:

1
p n—p\?
P 9
D] + 5 ,
where |P| is an integer.

Suppose G is Kg, ,_g. Since V — I isindependent, n — g = |V — I| < B. Thus, 6 = n—p,
A = B,and e = B(n — B). A simple computation can verify that

Zl=(n—/%)A2+/%«52=(n—ﬁ)A2+e;+(W—\/3)ze-

Suppose G is a bipartite graph with partition sets of I and V — I such that |I| = B,
0 <n—p,and d(v) = A for each vertex vinv —I,and I = PUQ, where P = {x : x €

Ldlx)=n—-B},Q={y:yeld(y) =46} and
B, (r=B)
= (5

ﬁ\/ nfﬁ d

where |P| is an integer.

Then, [P = 202 0] = p— [Pl = 5 an
B B B B(n— B)Vé Boy/n—B
e=IPln=p)+ IR0 = = st e pt v
_/3\/5(”\—/%1?//;4“/5)—5 5(n— B).
Thus, /s 2\/7
_ a2 2 Bn—p>Ve | pot/n—p
Pl =B Q= = s T i B v
(n—p)? +0°
= B\/6(n —
By/d(n ‘B)(n—ﬁ)%—i-(s%
.y 5(n—/3)<n—ﬁ— 5(n—5)+5)
Note that
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= By/on=B)(/olr =)+ (1= p =2/ —p) +)

=B 5(11—[3)(11—/3— 5(n—ﬁ)+5).

Therefore,

Zi= Y, d*(v)+ Y d*(u) = (n— B)A* + |P|(n— B)* +]Ql6*

vinV—1I1 uel
— (- )N+ P Mn—m<n—ﬁ— 5w—ﬁ»+@

— (- P82+ &+ (VB Ve e
p

(2). Applying Lemma 4 withs = B, a; = d(u;),and b; = 1, withi =1,2,...,8,vy =6 >0,
and I' = n — §, we have

; B 2 B
2 2y (n—pB—9) 2
(L 1) - Lo < Gl i
Thus, )
3 L(Bn—p=0? ¢
2 u — u
EM i) < ﬁ<4(5+n5) +k:21d( i)
1(pn—p-07* \’
Sﬁ(4w+n—ﬁ>+a
Therefore,
7 = d*(v) + Zdz(u)
veV—I uel
e, L(Bi—B—872 N
<o-pt+ (g )
If

n—pB—90)> 2
Zl—(n—,B)AZ—k;(ﬁ( p=9) +e>,

thend(v) = Aforeachv € V —1,s0

N|—=

b e

i=1

and Zf:ll d(u;) = e, which implies that }_,c_;d(v) = e and G is a bipartite graph with
partition sets of [ and V — .

For the characterization of the extremal graphs, we divide the remaining proofs into
two cases.

Casel. 6 =n—p.
In this case, we have d(u) = ¢ for each u in I, and thereby G is Kz, _g.

Case2.6 <n—B.
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In this case, set P = {x : x € L,d(x) =n—B}and Q = {y:y € Ld(y) =4}.
From Lemma 4, G is a bipartite graph with partition sets of I and V — I such that |I| =,
0 <n—pB,and d(v) = A for each vertexvinv —Iand I = PUQ, where P = {x : x €

Ld(x)=n—B},Q={y:ye€lLdly)=46},PNQ =0, and
_ n—p+35
Pl = 4(n—B+9)

is an integer.
Suppose G is Kg, ,_g. Since V — I isindependent, n — g = |V — I| < B. Thus, 6 =n—p,
A = B,and e = B(n — B). A simple computation can verify that

_ _ L(pn—p-02
Zl—(Tl—ﬁ)Az—F‘B(SZ—(Tl—IB)AZ—F’B(M+E) .

Suppose G is a bipartite graph with partition sets of I and V — I such that |I| = B,
0 <n—pB,and d(v) = A for each vertexvinv —Iand I = PUQ, where P = {x : x €

Ldlx)=n—B},Q={y:yeLd(y) =46} and

p| = Bl =p+39)

- 4(n— B+9)
is an integer.
Then,
Ql = p- | = B =)

is also an integer and

e=|P|(n—pB)+|Ql6 = B((n—p)* +60(n—p) +*)

4(n—B+9)
Thus, )
1(Bn—p—07
(5o )

:1<ﬁ( —!3—5)2+ﬁ((n—ﬂ)2+65(n—ﬁ)+52))2
B\ 4(n—pB+9) 4(n—B+9)
_ 1(ﬁ((ﬂ—ﬁ)2—25(n—ﬁ) +6%) | Bl(n—p)*+65(n— ) +52>)2
B 4(n—p+9) 4(n—pB+9)
:1(ﬁ<n—ﬁ+5>>2:ﬁ<n—ﬁ+5>2
B 2 4 '

We also have

Y- d*(u) = [P|(n — p)* + |Qlo*

uel

_ Bn—p)*(n—p+39) n B&*(3(n — ) +9)
i(n—B+0) i(n—B+0)

B((n—B)> +3(n — B)*6 +3(n — p)o* + %)
4(n—B+9)

_Bn—p+0)° _pn—p+)*

4(n—pB+9) 4
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Therefore,

Zi= Y &)+ Y du)

veV—I uev

B(n— B +9)>
4

gy L(B=B=0%)
=(n-pB)A +,B<4(n—[3+5) +e).

This completes the proof of Theorem 3. [

= (n—p)a*+

4. Conclusions

In this paper, we, utilizing the two established inequalities, obtain new sufficient
conditions based on the Zagreb index for the Hamiltonian graphs and traceable graphs
and new upper bounds for the Zagreb index of a graph. In the future, we will adopt the
methodology exhibited in this paper to investigate sufficient conditions based on other
topological indices for the Hamiltonian graphs and traceable graphs and upper bounds for
the corresponding topological indices of a graph.
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