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Abstract: Let A(t) be the first eigenvalue of the operator —A + aR” on locally three-dimensional
homogeneous manifolds along the backward Ricci flow, where 4, b are real constants and R is the
scalar curvature. In this paper, we study the properties of A(t) on Bianchi classes. We begin by
deriving an evolution equation for the quantity A(f) on three-dimensional homogeneous manifolds in
the context of the backward Ricci flow. Utilizing this equation, we subsequently establish a monotonic
quantity that is contingent upon A(t). Additionally, we present both upper and lower bounds for
A(t) within the framework of Bianchi classes.
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1. Introduction

Over the last few years, the study of the eigenvalues of geometric operators has
become more important in mathematics and physics. Understanding the behavior and
nature of the eigenvalues of the operators reveals useful information about the topology
and geometry of the underlying Riemannian manifolds.

Suppose that (M, g) is a Riemannian manifold, —A is the Laplace-Beltrami operator,
and R is the scalar curvature correponding to the metric g. Richard Hamilton first defined
and introduced the concept of Ricci flow (see [1]). Perlman was able to prove Poincaré’s
conjecture by using Ricci flow. In [2], Perelman showed that the first non-zero eigenvalue
of the operator —4A + R was non-decreasing under Ricci flow. Perelman’s results were
built on by many authors. Under the Ricci flow, Cao [3] extended Perelman’s results by
considering evolving the first eigenvalue of —A + J R on Riemannian manifolds with R > 0,
and in [4], he investigated the monotonicity of the first eigenvalue of —A +cR, ¢ > }I on
closed Riemannian manifolds. Li [5] removed Cao’s curvature assumption for the first
eigenvalue of —A + 1R and came to a similar conclusion. In [6], Fang and Yang studied the
first eigenvalues of —Ap + % under the Yamabe flow, where —A is the Witten—Laplacian.
In [7], the first author investigated the first eigenvalue of —Ay + ¢S for ¢ > % under
the rescaled List extended Ricci flow, where S = R — a|V¢|?, & > 0 is a constant, and
¢(t) : M — R is a smooth function such that the couple (g(t), ¢(t)) evolves under rescaled
List extended Ricci flow as g—f = —2Ric+2aV ® V¢ + Z¢ and %—f = A¢ and r(t) is a
smooth function only dependent on the ¢. Yang and Zhang [8] studied the first eigenvalue
of —A + cR? along the Ricci flow, where g, ¢ are real constants. It is important to recognize
that the Laplacian expressed as V*V + }IR corresponds to the familiar Dirac Laplacian,
where the equation D = V*V + %R defines the Dirac operator D where V* is an adjoint of
V. For further details, please refer to sources [9] (p. 352), [10], [11] (p. 55), and [12].
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Recently, the authors studied the eigenvalue of —Ay + ¢S along the rescaled List
extended Ricci flow [13]. Hou, in [14], studied the first eigenvalue of —A under the
backward Ricci flow. Then, Korouki and Razavi [15] obtained similar results for (—A — R)
along the Ricci flow. In [16], Hou and Yang investigated the eigenvalues of —A +aR,a > 0
on locally homogeneous three-dimensional manifolds along the backward Ricci flow.

In this paper, we consider the first eigenvalues of the operators —A + aR? on locally
three-dimensional homogeneous manifolds along the backward Ricci flow. Then, on
Bianchi classes, we obtain some monotonic quantities and bounds for the first eigenvalues
of the operators —A + aR? along the backward Ricci flow. If 2 = 0, the findings presented
in paper [14] will be derived. In the case where 2 = —1 and b = 1, the outcomes from
article [15] will be achieved. Furthermore, when b = 1, the results from article [16] will
also be obtained. Consequently, our findings represent a novel contribution and serve as a
generalization of the results from the aforementioned studies.

2. Preliminaries

There are nine classes of three-dimensional locally homogeneous closed manifolds,
which are divided into two families [17]. The first family includes of H(3), SO(3) x R!, and
H(2) x R!; the second family consists R3, SL(2,R), SU(2), E(1,1), E(2), and Heisenberg.
The second family is called Bianchi classes. Milnor [18] obtain a basis {X;}?_, on Bianchi
classes such that the initial metric and the Ricci tensors can be diagonalized with respect
to this basis, and this property is maintained by the Ricci flow. Suppose that {6}?_, is the
frame dual to {X;}?_,. Hence, we consider the following metric:

g(t) = T (1)(61)* + K(8)(62)° + L(1)(65)°.

Consider M to be a closed n-dimensional manifold with the Riemannian metric g.
The Ricci flow [19,20] is defined as follows:

280 +2Ric(g(1)) =0, (0) = go. <1>

Here, Ric indicates the Ricci curvature tensor of g(t). Let g(t) be a solution of (1) and du be

S Rav
Judv

the volume form of g(t). Forr = , We assume

O I ———
1- %fot r(t)dt
and f = fot y(7)dT; then, () — y(t)g(t) = 0 solves the normalized Ricci flow

a%ij B
of

2(R;j — %gij)' (2)

Under the normalized Ricci flow, the volume of (M", g(t)) is a constant. Suppose
that g(t),t € (—Tp, T;) is the maximal solution of (2). We consider the backward Ricci
flow equation

d . 2r
738(1) +2Ric(g(t)) + —-¢ =0, g(0) = go, 3)
which on locally homogeneous closed three-dimensional manifolds becomes

d
Z5(6) + 2Ric(g(0) + g =0, 3(0) =g0. @

See [21-24] for more detail of the backward Ricci flow.
Suppose that Z € [0, +-o0] is the maximal existence time for (4).
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For real constants 2 and b, we say that A is an eigenvalue of the operator —A + aR? if

there is a function u defined on M that satisfies the equation

—Au +aRbu = \u.

(5)

In this scenario, u is called the eigenfunction corresponding to the eigenvalue A. Now,
we give an evolution formula for A(t) on three-homogeneous manifold along the backward

Ricci flow.

Proposition 1. Suppose that the backward Ricci flow (4) on a locally homogeneous three-dimensional

manifold has the solution (M, g(t)) and A(t) is the first eigenvalue of —A + aR®. Then,

%A(t) = —?/\ 2/ leul]udy—f—ZabRb ! Ric|?
+§a(1—b)Rb+l.

Proof. Along the backward Ricci flow, we obtain

0 2
gAu == Aut + ZRZ]MI] - §RA1/£

Therefore, we find

d _d b
E)L(t) = dt(/M(—Au—i—aR u)udy)
' 2 p—19R
= /M <2Rijuij + gRAM + abR atu)udy
d
_ b B b\ 4
—i—/M( Aup +aR ut)udy—i-/M( Au+aR u)dt(udy).

Integration by parts implies that

/M (—Aut + aRbut) udy = /M (—Au + aRbu) u dy.

From the normalization condition [}, u?dy = 1, we conclude that

(L) Lt

Hence, we infer

d
/M( Auy —l—aRhut)udy +/ —Apu +aRbu )d—(udy)
—/ Au+aRb )(utder(udy / u(updp + (udp);) =

Plugging (8) into (7), we have

d - 2 ,_19R
S = /M< 2Rjjui + 5 RAU+ abR atu)udy.

Along the backward Ricci flow, we arrive at

oR

2
= AR + 2|Ric|®> — =R
ot +2[Ric|” - 3

(6)

(8)

(10)



Mathematics 2024, 12, 3846 4o0f16

Applying (10) in the evolution formula (9), we deduce
d 2R
E/\(t) = /M {—ZRijuiju + SMAM:| dy
+ab/ RV1 [AR + 2|Ric|? — gkz] u? dy. (11)
M

On locally homogeneous three-dimensional manifolds, the scalar curvature R is a
constant; then, AR = 0. Also, |Ric|2 is a constant; hence, we obtain (6). [

3. Bounds for A(#) on Bianchi Classes
Now, we are going to estimate the eigenvalue in Bianchi classes.

Case 1: R3
On R3, we have ¢(t) = go; thus, A(t) becomes a constant.

Case 2: Heisenberg H?
For a given the metric gy = J0(91)2 + IC0(92)2 + £0(93)2 on Heisenberg, we have the

frame {X;}?_, as follows:

(X2, X3] =2X1, [X3,X1] =0, [Xq,X2] =0,
also under the normalization KoLy = 4, we have
1 1 1
R _ = 3 R — _ 2 R - _ 2
1 2.7, 2 2‘7 K, Rs3 2.7 L,
1 . 3
RZ*EJZ’ |RZC|2: le4

Therefore, the backward Ricci flow equations become

=37 J0) =%
% = _%jZIC’ ,C(()) = ICO/
i = 2720, £(0) = Lo,

and this system has a solution as follows:

_1 1
j_j0<1—§j02t> : IC_IC0<1—§j02t>4, L_,co<1—§j02t>

Theorem 1. Suppose that A(t) is the first eigenvalue of —A +aR® a > 0 on (M = H3,g0). Let
T be the maximal existence time for (4). Then, for any b > 0 such that (—1)? is a real constant and

b # L, the quantity

1
1

8\ P 1,55 3~7< 8 u_>
A(t)(l 3j°t) a(=3) (3+6b)2(4b+1) (1=35%1) 1

is non-increasing along flow (4) and

% 2b
Ao < (1-5731) [A(O) ~a(=3)"G + gDy (- 5707

A
—_
\—/
-
—~~
[
N
N

Also, the quantity

A(t) (1 - ijozf> —a(—y) -5+ ey



Mathematics 2024, 12, 3846 50f16

is non-decreasing along flow (4) and
_8 2 _% o _1b_1 5 3\702h _8 2 7b+%_
At) = (1 3% t) [A(O) a(=3)"( 3t gb)m (1 3701) 1 (13)
on [0,7).
Proof. Proposition 1 implies that

d 1., 2 3 1 e 2,1 g o
M < 3T+ /MuAuderzab( ST T4 S (=573 a1 - b)

dt
2 1 3 1 2,1
:fgjzx\ﬂz(fif)bj%Eab(jjz)"‘ljﬂg(fijz)b“a(l—b) (14)
_ 2 L sop25 D
= 3j A+a( 2) J (3+6b).
Then,
d o IOT N LI N T D= B P W Ie v o
dt()\(f)ei3 0 /Oa( E) J (S)(§+6b)e3 0 ds | <0.

_1
2 then we have

Since J = Jo(1 — §73t)
2 t 2 _ 8 2, —1
5/0 J*(s)ds =In(1 — gjo )1

and

t s
/ j2b+2(s>e% fO jz(T)deS _ jOZbJrZ /S(l _ gjozs)*b*%ds
0

0
g 8 2, b1
- 2(4b+1)((1_3j0t) 4‘1>-

Therefore, the quantity

2b )
(i8] a2 g (S

is non-increasing along flow (4), and it follows from the integration that
- 1>] . (15)

ISE

i 2b
M0 < (1-573) [A(t» —al=3G + Wiy (- 3507

=

In a similar way, we also have

d 1., 3 Y o4 2, opp 4
M) 2 372 j/MuAudy+ ab(—3 7)1 T+ (=57 a1 - b)

dt 2
_4 Ly oopi2, 15
= 3J A+a( 2) T 3+6b). (16)
Hence,
4 A(t)e*%f(sz(S)ds _/ta(_l)b:ﬂhﬂ(s)(_l +§b)e*%f5j2(T)des > 0.
dt 0 2 3 6

Therefore, the quantity

1
8.\ 1y 1 5. 3T (8 oy
A(t)<1 3j0t> A=) 3+ gy (13500 2 1
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is non-decreasing along flow (4), and from the integration, we obtain
2820) " h e Ly Ly Sy B (8 e
Mo = (1-5531) {/\(O) o33 + 20 ey (- 580 -1) | a2

This completes the proof of our theorem. [

Case 3: E(2)

E(2) represents the collection of isometries within the Euclidean plane.

The manifold E(2) is an Einstein manifold. For a given metric g, there is a Milnor
frame {X;}?_, such that

[X1,X2] =0, [X3,X1]=2X> [X3, X3] =2X;.

In this case, under the normalization Jy/CoLy = 4, we have
_1 2 42 _1 2 22 _ 1 2
Ry =57 (72 =K?), R =3K(K2=7%), Rp=—3L(T -K),

T2 - k22 + (7 -0,

(T —K) |Ricf = §

1
k=73
Cao and Saloff-Coste [22] proved the following:
e if Jy = Ky, then there holds J = K, Z = o0, and g(t) = go;
o IfJ > Ky, thenT > K,7T < oo.
V6

Tt~ P T-1"

NI
=

1
, Kt) ~m(Z—1t)4, L(t) ~n(Z—t)
as t — Z, where #; and 7, are two positive constants.

Theorem 2. Suppose that A(t) is a first eigenvalue of —A + aR?, a > 0 on a three-dimensional
homogeneous Riemannian manifold (M = E(2),go). Let 1 < b be an odd number. Then, the
following is true:

(i) If Jo = Ko then A(t) = A(0);
(i) If Jo > Ko and Ly > Ko, then the quantity

A(t)e% J(T2(s)—K2(s))ds _ 3ab(%)b /’t(jz(s) _ Kz(s))bﬂe% (T2 =K2(1)dr 4
Jo
is non-increasing along flow (4) and the quantity
A(t)ed Jo(T(s)=K(s))ds | %a(Z I b)(%)b / t( T(5) — K(5)) 225 Jo (T () =K0)dr g
0

is non-decreasing under (4). Also,

A7) (ZI__—E)” 7 —C&—ch (Z—-1)" ((I —pTha (7 - .L.)fbfq)_

< A(F) < A7) (;:i)cl N g _C|—361 (T -1 ((I— b (7 - T)_b_cl)

for t > T and some positive constants cq, cy and c3.
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Proof. For the case Jy = Ky, we have g(t) = go, and consequently A(f) = A(0). For
Jo > Ky, 1 < bisan odd number, and a > 0; then, from [21], we obtain 7 > K and form
Proposition 1, so we have

d

GAD) 3T~ KA + (72— K) [ wudy+ Za(1 = b)(— )P (T — K2

UJ \

+ 3ab(~ 1>b T~ KPR - K24 (T - K
= (517~ 10 = (T2 K2 A0 + (72 = K3 (- (T ~ K
% ( b)(_%)b—l(j_IC)Zb-&-Z
1
2

Sab(— )b T - K)P22(T% - K22+ (T - K)Y.
Therefore, we obtain

M) < —3(T% — K2A() +3ab()M (T2 — K2)*+.

dt
Then,

(jt(A(t) %f (T?(s)—K2(s))ds *3ab(%)b‘/0t(,_72(s) . ’CZ(S))b-&-le% foS(JZ(r)—/CZ(r))drds) <0

and it yields the quantity
A(t)ed o (T2 () =K (e)ds _ 3ab(%)b / {(T2s) — K2(s))P e BP0 K2 i g
0
which is non-increasing along flow (4). Also, we conclude

ddt(/\(t)ecl j:(l'fs)*lds — s /t(I _ S)fbflecl fTS(Ir)ldrds) <0.
T

Then,

At) < A7) (;:i)q + %(I — 1) ((I —t)yha _(z - T)fbfq)'

In a similar way, we obtain

d
dt

—A(t) > —%(j—IC)Z)\(t) —a(%)h(g + g)(j_ IC)Zb+2,

which implies that

%()\(t)e% fof(j(s)*/C(S))zds + %{Z(Z + b)(%)b /Ot(j(s) _ K(S))wa@e% fgs(j(r)flC(r))ZdrdS) >0

and it yields the quantity
M BTOKOP 4 a2 45)(3)0 [ ((5) - K(s)2 263 500K g
0
which is non-decreasing along (4). We also infer

:t(/\(t)ecl th(I—s)*lds +co /t(I_ S)—b—lecl fTs(I—r)ldrdS> > 0.
T



Mathematics 2024, 12, 3846 8of 16

At) = A(r)(g:i)cl - bfq (T 1) ((I— b (7 - T)—b—cl)'

Case 4: E(1,1)

E(1,1) represents the collection of isometries within a two-dimensional plane char-
acterized by a flat Lorentzian metric. In this context, there is an absence of an Einstein
metric. Instead, all elements within this group exhibit asymptotic behavior akin to cigar
degeneracies. Given a metric go on E(1,1), we choose a Milnor frame {X;}?_; such that

(X3, X4] =0, [Xo, X3] =2X;, [Xy,Xa] = —2X5.
Also, under the normalization Jp/KoLy = 4, we have
_ 1 2 m _ 1 2 1.
R11—§J(J L ), Ry = §’C(~7+£) / R33—§£(£ J),

R:_;j+m% IRicl2 = Z[(2(T2 = L2)> + (T + L£)?).

A~ =

Under the condition Jy > Ly, Cao and Saloff-Coste [22] proved the following:
(i) if Jo = Lo, then we have J(t) = L(t), T = 3Ky, and

’ - 32
T (t) ~ g(z_ t)*%, KC(t) ~ %(I— t), tel0,I).

(i) If Jy > Lo, then J > L, 7 < o0, and

Hl—=

T ~X2(T -2, K@) ~m(T—Hi, L)~ -t

as t goes to Z, where 771 and 77, are two positive constants and Z is the maximal
existence time.

Theorem 3. Suppose that A(t) is the first eigenvalue of —A +aR’, a > 0on (M = E(1,1), o).
Let 1 < b be a odd number. Then, the quantity

A(f)ed Jo(TH+L2 (s _ %a(%)h(zwy) /s(j+£)2b+z(s)e§fot(j%)z(r)drds
0
is non-increasing along flow (4), and the quantity
/\(t)e% f(]t(jz(s)*ﬁz(s))ds _ %ﬂ(%)b(z + b) /S(j n L)2b+2(5)g% f()t(jz(r)7£2(r))drds
0

is non-decreasing along flow (4). If Jy > Ly, then

A(T) (;:i)ca + - j_zc?) (T —1) ((I _ t),b,c3 — (- T)*b*ﬁ:;)

< A(t) < A(7) (;:i)q + 7 -C¢-2c1 (Z—-1) ((I — t)—b—c1 — (- T)—b—C1> (18)

for t > T and some positive constants ¢y and c3.
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Proof.
%A(t) <3(TH+LPAWD + (T + L7 | sy
b—1
+ %ab (—;(j + £>2> (@2~ 227+ (7 + 7]
b+1
+ §a(1 _b) (—;(j + £)2>
= —%(J +L)2M(H) + %a(%)b(z +b)(J + L)
Thus,

i()\(t)eg Jo(T+L)2(s)ds _ %a(%)b(Z—l- b) /S(J + £)2b+2(s)e% fé(]+£)2(r)drds> <0,
0

which yields the quantity

A(f)ed lo (T L2 (E)s _ %ﬂ(%)h(2+b) /Os(j+£)2b+z(s)egfot(j%)z(r)drds

which is non-increasing along flow (4). Similarly, we have

I > = 2T~ L2A0) +a(7— £2) (%(J + c)Z)b + 2a(1-0) (%(J T c)z)m
> —%(\72 — L2A(A(t) — %a(%)b(z +0)(T + L)+,
Thus,
d

dt
which yields the quantity

1

3 Jo(T2(5)~L2(5))ds =
A(t)e3 Jo 5

— %a( )h(2+b) /()S(j+ﬁ)2b+2(s)e% fof(Jz(r)fEZ(r))drds
which is non-decreasing along flow (4). If Jy < Lo, then %(j +L)? ~c(T—t)"land
%(._7 2 — £2) ~ c3(Z — t)~! for some positive constant c;. Hence,

A(t) < A7) (;:i)cl N - _C|_2C1 (T — 1) ((I . t)_b_cl (- T)—b—ﬁ)

and

)t(t) > )\(T) (;:i)% i ; _C:CS (I o t)C3 ((I _ t)*b7c3 o (I . T),b,%)

which implies that (18) holds. [

Case 5: SU(2)

A Manifold SU(2) is an Einstein manifold. Given a metric gy on SU(2), we choose a
Milnor frame {X;}3_; such that

(X1, Xp] =2X3, [X3,X1] =2Xp, [Xo, X3] = 2X).
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In this case, under the normalization JyKoLy = 4, we have
1 1
Ry = Ej[jz —(K=L)’], Ryp= EIC[ICZ — (T - L),

Rss = o L1 — (T — K)2)

and

2

[Ricl* = %([ﬁ — (K= L))+ [k = (T = L)+ [L2 = (7 - K))?).

From [22], we have:

Theorem 4. Suppose that g(t), t € [0,Z) is the solution of (4) and Lo < Ko < Jo. Then, the

following is true:

(i) IfLoy=Ko= Ty thenT = oo and g(t) = go, t € [0,00);

(i) IfLo<TJop=Ko thnI =00, T =K > Land J ~§t, L ~ £t 2ast € oo;

(iii) If Lo < Ko < Jo, then T < oo, J > K > L and there are two positive constants 11, 4z,
such that

T~ T -0 KO ~m@-0h L0~ @ -}

as t tends to Z.

Theorem 5. Suppose that A(t) is a first eigenvalue of —A +aR?, a > 0 on (M = SU(2), o).
Let 1 < b be an odd number. The following is then true:

(i) Ifj() =Ko = Ly, then /\(i’) = )L(O)
(i) If Jo = Ko > Ly, then the quantity

At — Zabzb /O L (s ds

is non-increasing along (4) and the quantity
t s
At 3 o 700 %a(—z +4b)2 / T2 (5)e=3 Jo T (i gg
0
is non-decreasing under (4). Also,

b
< )\(T) + 6ab2 (t2h+3 _T2b+3)

MY 2b+3

for T < t, s0 T is a fixed time.
(iti) If Jo > Ko > Lo, then the quantity

t s
A(t)e% Jy T*()ds a2’ (1+ Zb) / szz(s)e% Jo T2r)dr g
0
is non-increasing along (4) and the quantity

A(t)e 3 Jo T2 _ %a(l _ b)(g)bﬂ /Of THH2(5)e=3 Ji TAdrg
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is non-decreasing under (4). Also,

A(T) (;:i) B + b j_zCl (T —1) ((Z — t)*bfﬁ —(T- T)fbfﬁ)
< A(t) < A7) (;:i)q + b j—scl (Z—-1) ((I — t)_b—cl — (- T)—b—Cl)_

Proof. (1) If j() ICQ = EQ,

A(t) = A(0).

then we obtain g(f) = go, t € [0,00) and it follows that

(i) If Jo = Ko > Ly, thenwe have J = K > L,

—2Ry; = —2Rp = J[.cz - 254 < -Jc?,

— Ry = —L?,
2 1
3

2abRY~1|Ric|> =
<

and

_fR=Z(r2_
R=3(L

4JL) < —L2,

ab
2

abe j2b+2’

b—1
(-icz + 2j£) [2(—52 F2TL)? 54]

=1 \O

) 7 1 b+1
a1 - b)RPH! = 3a(1-1b) (252 +2j£> <0.

Therefore, based on Proposition 1, we can write

d
dt

—A(t) < —L2A(t) — £2/ ulAudy + ZubeJﬂ”z
M

b
= —af? (—;ﬁ + 251:) + Zabzbj%“

<

Zubzb j2b+2

which implies that the quantity

A(H) — Zube /0 L 72 (5)ds

is non-increasing along (4). Also, we infer

A(E) < A(T) +

6ab2?

% (t2b+3 _ 72b+3)

for t > 7. In a similar way for b > 1, we conclude

2Ry = —2Rgy = j[ﬁ - 2j£] > 278,
— Ry =-L%> -27°L,

2

_ZR==

3

T o 4
3(C 4J7L) > 375

2abRY~1|Ric|> > 0,

3

ga(1 — )RV >

a(1—b) (zJZ)bH.

QWIN
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It follows from the above inequalities and Proposition 1 that

4 A -2 4 1 pyob 72042
dt/\(t) > 3j Alt) —2T /M uludy + 3a(1 b2t g
T2 (t) — Zajz(f%[? +27L)0 + %g(l — b)2b g2+2

>

WIN WIN

jz/\(t) o ZQJZ(ZJZ)b + %H(l _ b)zbj2b+2
= %jzx\(t) — %azb(—z +4b) T+,

It is easy to check that the quantity
A(t)e™3 Jo T2 (0)ds %a(—z +4b)2 /0 L2 (5)e 3 f T g
is non-decreasing along flow (4).
(i) If 7o > Kg > Lothen T > K > L,
—2R;1 < J°, —2Rp < J*K, —2Rs < J%L,
= %R = %<j2+lcz+£2—2jIC—2A£—2lC£) < %JZ,
2abRP!|Ric|? = ab(%)b (72— K2 = L2 427K +27 L +2KL)

< ([J2= (K= L7+ [K2 = (7 - £+ [£2 = (T - K)))

< ab(%)h(4j2)h71(3‘74) — ZabeJZthz,

%a(l — bR <.

According to Proposition 1 and the above inequalities, we find

d 1 2 2 3 b 72b42

- < Z et

M) =3 T7°AM+T /MuAudy—i- 12°T
= —%JZA(t) + a2t 7 4 Zabzbj%+2
= —%.72)\(1%) +a2°(1+ Zb)jﬂ’“,

which leads to the quantity

2

)\(t)eéfot T*(s)ds _ a2 (1 + Zb) /t j2b+2(s)e%fos T2y 4
0

which is non-increasing along flow (4) and

A(t) < A(T) (;:i)q +- 8 (z-po ((I L T)*bfq).

b+cy
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Similarly, we have

~ 2Ry =~ [T~ (K- LP] 2 T[-T%+ L2~ K] > 27,

2
— 2Ry < —2J%K, —2Rsyp3 < —2J%L, —=

4
R> 272,
3 - 3j

2abR" 1| Ric|?> > 0,
%a(l . b)Rb+1 > %a(l _ b)(g)b+lj2b+2’

then
i _é 2 _ 2 Z _ 9\ b+1 72042
S 2 2T - 2T /M ubudp + Sa(1 - b)(5)"17
> EJZA(t) 4 %a(l _ b)(9)b+1jzb+2_
3 3 2
We deduce that
At)e3 Jo PP _ 2 9

t
201 _ )2\t 2642\, 3 [ T3(r)dr
311(1 b)(z) /oj (s)e3Jo ds

is non-decreasing under (4) and

A(t) > A7) (;:i)cl N ﬁzcl(z_ t)q ((I— t)—h—cl —(T- T)_h_cl)

This completes the proof of our theorem. [
Case 6: SL(2,R)
Using the Milnor frame {X;}?_, on SL(2,R), we obtain

(X1, Xp] =2X3, [X3,X1] =2Xp, [Xo, X3] = —2X3,

and in this case, under the normalization KoLy = 4, we have
1 1
Riy= 5 T[T~ (K~ £)%), Rpp= K[>~ (T +L)7

1
Ry = 55[52 — (T +K)2.
Then,

R=2[7%— (K= L]+ 3 [K* — (T + £ + 5[~ (T + K7,

and

Rief2 = 3 (177 = (€ = £+ [K2 = (T + L7+ [£2 — (7 + KPP,

Under the condition Ky > Ly, from [22], we have
(1) ifJp>Ky> Ly, thenT > K > Land
V6

Tt ~ T -1

Nf—=
N
i

K(E) ~m(Z— 1)1, L(t) ~m(T 1)

as t goes to Z, where #; and 7, are two positive constants.
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(i) IfJy<Ky— Ly, thenJ <K —Land

TW~m@-nt, K~YL@-nt £ ~nE-y

=

as t goes to Z, where #; and 7, are two positive constants.
(ili) f J < K < J+ L forall time t € [0,Z), then we obtain

T~ Yoz -0, K~ YT -nt,

-

N
N\»—l

L) ~m(T 1)
as t goes to Z, where #; is a positive constant.
Theorem 6. Suppose that A(t) is the first eigenvalue of —A +aR?, a > 0on (M = SL(2,R), go).

Let 1 > b be an even number.
If Jo > Ko > Lo, then the quantity

Af)e Jo TH o) _ %‘I(%)b(ll—kb) /Ot T2 (5) B I P g
is non-increasing along flow (4) and the quantity
At)e Jo T2 )ds _a(;) 1+ 9b) / T2 (g)p J§ T gg
is non-decreasing along (4). Also,

A(r)(_ﬁTz_DBJr (;) (1+9b)bi§(z—t)*%[(I—t)*“% —(T-7) "]
8

<A(t) < A7) (f‘t) T (@ @),

for t > T and some positive constants c1 and cy, so T is a fixed time.

Proof. If Jy > Ko > Lo, then 7 > K > L, R11 > 0,Rp < 0,R33 <0,

—2R41 <0,

— 2Ry = —IC[ICZ (T +1L) } < 4KT?,

—2Rsy = fc[cz K) } <4LT?,
2 1

2ath*1|Rz'c|2: —Zab( )W U(T — K - £)%72|Ric]> <0,

and

%a(l bR = %a(b B 1)(%)”“@7 LK) < %a(b _ 1)(%)b+1j2b+2_
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Hence, Proposition 1 yields
1/\(0 < 1j2A(t) +4j2/ ubudy + ga(b — 1)(1)b+1j2b+2
dt -3 M 3 2
11 1 2 1
_ 73“72}\(1}) +4aj2(§)b(j _K— ﬁ)b + ga(b _ 1)(§)b+1j2b+2
< B+ Ladyear s pygze
3 32
Then, the quantity
AR BT — Za(2) (11 4.b) /t T2 (5)e o T20rg
0
is non-increasing along flow (4) and
T—t “ Co c —p— —ph—
< - — 1) — “—(T- 1.
/\(t)_A(T)(I_T) trra @D (-1 (Z-7)")
Also,
—2Ry = J [~ + (K- L) = -,
—2Rp > -KJ?,
— 2R3 > —LJ?,
_2p— l(j—}C—Lf >0
37 3 -
20bRY|Ricl? = ~2ab(3)" (T — K — L) 2|Ricl > a0 ()01 g2,
%a(l _B)RM > 0.
Therefore, we obtain
d 2 9ab 1.1 ;2p+2
- > _ 77 (Z
MO = =72 [ wdudy— =2 (5T
> T2A(1) — al(3)"(1+90) 72
This yields the quantity
: t
)L(t)€7 jot J2(s)ds a(%)b(l +9b)/ j2b+2(s)e‘7 fot jZ(r)drds
0
is non-decreasing under (4) and
3
T—-1\8 1., 1 _3 _pa3 _pt3
> - — _ _ _ _
At) > /\(T)(It> +a(3) (1+9b)b+%(I DT —H7E (@ )

O

4. Conclusions

In this paper, we study the first eigenvalues A(t) of the geometric perators —A + aR?
on locally three-dimensional homogeneous manifolds along the backward Ricci flow, where
a,b are constants. First, we obtain an evolution formula for A(t) on three-homogeneous
manifold along the backward Ricci flow. Then, on Bianchi classes, we obtain some mono-
tonic quantities and bounds for A(t), which is constant on R?.
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