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Abstract: In this paper, we study the estimation and simultaneous confidence band (SCB) problems for
fixed-effects panel data partially linear models. We remove the fixed effects and then obtain estimators
for the parametric and nonparametric components, which do not depend on the fixed effects. We
establish the asymptotic distribution of the maximum absolute deviation between the estimated
nonparametric component and the true nonparametric component under some suitable conditions;
hence, this result can be used to construct the simultaneous confidence band for the nonparametric
component. Based on the asymptotic distribution, it becomes difficult to construct the simultaneous
confidence band. The reason for this is that the asymptotic distribution involves estimators of the
asymptotic bias and conditional variance, as well as the choice of bandwidth for estimating the
second derivative of the nonparametric function. Clearly, this will result in a computational burden
and accumulated errors. To overcome these problems, we propose a bootstrap method to construct
the simultaneous confidence band. The Monte Carlo results indicate that the proposed bootstrap
method exhibits better performance with limited samples. An empirical application is presented to
evaluate the performance of the proposed method.

Keywords: partially linear model; simultaneous confidence band; panel data; fixed effects;
asymptotic property

MSC: 62G05; 62G20

1. Introduction

Panel data models are widely used in econometrics to analyze data that vary over
time and across entities (e.g., individuals, firms, or countries). These models can be broadly
categorized into parametric and nonparametric models.

Parametric panel data models assume a specific functional form for the relationship
between the dependent and independent variables. Baltagi [1] and Hsiao [2] provided an
excellent overview of parametric panel data model analysis. Papke and Wooldridge [3]
proposed a test to determine whether controlling for fixed effects at a more aggregate level
is sufficient for panel data.

To relax the strong assumptions of parametric models, nonparametric and semipara-
metric panel data models have gained significant attention in recent years. These models
offer greater flexibility by allowing the relationship between variables to take any form
without imposing a specific functional form. Some examples are as follows:

• Fixed-Effects Nonparametric Models: Henderson et al. [4] studied nonparametric
estimation and testing. Li et al. [5] investigated the construction of simultaneous
confidence bands for nonparametric regression. Feng et al. [6] studied testing for
heteroskedasticity in panel data models.
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• Random-Effects Nonparametric Models: Henderson and Ullah [7] and Lin and Ying [8]
focused on nonparametric estimation in random-effects panel data models.

• Partially Linear Models: Li and Stengos [9] considered a partially linear panel data
model with some regressors being endogenous via the IV approach. Su and Ullah [10]
investigated a fixed-effects partially linear panel data model with exogenous regressors.
Zhang et al. [11] explored empirical likelihood inference for fixed-effects partially
linear panel data models.

• Varying-Coefficient Models: Sun et al. [12] studied the problem of estimating varying-
coefficient panel data models with fixed effects using a local linear regression approach.
Feng et al. [13] examined varying-coefficient panel data models with interactive
fixed effects.

• Semiparametric Single-Index Models: Chen et al. [14,15] and Lai et al. [16] studied
semiparametric estimation for single-index panel data models.

These studies, along with many others, highlight the growing interest and importance
of nonparametric and semiparametric methods in panel data analysis.

Recently, fixed-effects models have frequently been used in econometrics and biomet-
rics. For example, in labor economics, the wage equation often includes both parametric
and nonparametric components to account for the complex relationship between education,
experience, and wages (Baltagi [1]). Another example is in the health sciences, where
fixed-effects models have been used to analyze panel data, studying the progression of
chronic diseases such as diabetes in patients (Fitzmaurice et al. [17]). In this paper, we
consider the following fixed-effects panel data partially linear model:

Yit = XT
it β + g(Zit) + αi + Vit, i = 1, · · · , n, t = 1, · · · , T, (1)

where {Xit} represents a p × 1 vector of observable regressors, {Zit} represents the ex-
planatory variables in [0,1], β is a p × 1 vector of unknown coefficients, g(·) is an un-
known smooth function in [0,1], {Vit} represents random errors with zero mean, and
{αi} represents the fixed effects. In addition, T is the time-series length, and n is the
cross-sectional size.

For model (1), we assume that {αi} represents the unobserved time-invariant indi-
vidual effects. Model (1) is called a partially linear fixed-effects model if {αi} is correlated
with {Xit, Zit} with an unknown correlation structure. For identification purposes, we

define
n
∑

i=1
αi = 0. An application of fixed-effects models is the study of individual wage

rates, where αi represents the different unobserved abilities of individual i, such as the
unmeasured skills or unobservable characteristics of individual i, which may correlate
with some observed covariates, such as age, educational level, job grade, gender, and
work experience (Baltagi [1]). As a special case, when {αi} is uncorrelated with {Xit, Zit},
model (1) becomes a partially linear random-effects model.

Baltagi and Li [18] applied the first-order difference to eliminate the fixed effects, used
the series method to estimate the parametric and nonparametric components, and then
established the asymptotic properties. Su and Ullah [10] considered the estimation of
partially linear panel data models with fixed effects. Zhang et al. [11] applied the empirical
likelihood method to model (1).

For partially linear panel data models, the existing literature has considered the
pointwise asymptotic normality of the estimator for the nonparametric component, and
the result can be used to construct pointwise confidence bands. In practice, we need
to construct the simultaneous confidence band for the nonparametric function in the
model. The simultaneous confidence band is a powerful tool for checking the graphical
representation of the nonparametric function during practical applications. Therefore, there
is extensive literature on the construction of simultaneous confidence bands. For example,
Fan and Zhang [19] and Zhang and Peng [20] considered the simultaneous confidence
bands for the coefficient functions in varying-coefficient models. Li et al. [5] considered
the simultaneous confidence bands for nonparametric fixed-effects panel data models.
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Li et al. [21] studied the simultaneous confidence bands and hypothesis testing for the
link function in single-index models. Additionally, several studies have focused on the
construction and application of simultaneous confidence bands for various models. For
instance, Yothers and Sampson [22] developed methods for the difference of segmented
linear models. Liu et al. [23] proposed techniques for a finite set of contrasts of three,
four, or five generally correlated normal means. Yang et al. [24] developed methods for
single-index random-effects models with longitudinal data. These studies provide valuable
insights into the construction and interpretation of simultaneous confidence bands, which
are essential for our analysis.

In this paper, we combine the idea of the least-squares dummy-variable approach in
parametric panel data models with the local linear regression technique in nonparametric
models and use the profile least-squares dummy-variable method proposed by Su and
Ullah [10] to remove the fixed effects. Then, we obtain the estimators of the parametric
and nonparametric components, which do not depend on the fixed effects. Under some
suitable conditions, we establish the asymptotic distribution of the maximum absolute
deviation between the estimated nonparametric component and the true nonparametric
component; hence, the result can be used to construct the simultaneous confidence band
for the nonparametric component. In order to construct the simultaneous confidence
band based on the asymptotic distribution, we first need to estimate the asymptotic bias
and conditional variance, as well as choose the bandwidth for estimating the second
derivative of the nonparametric function. These steps introduce significant computational
challenges. Specifically, the repeated estimation of the bias and variance, along with the
selection of appropriate bandwidths, requires substantial computational resources and time.
Additionally, the accumulation of small errors during each estimation step can propagate
and magnify, leading to less accurate final estimates. These issues become particularly
pronounced as the sample size increases, making the construction of the simultaneous
confidence band based on the asymptotic distribution difficult. To overcome these problems,
we further propose a bootstrap method to construct the simultaneous confidence band
for the nonparametric component in model (1). Bissantz et al. [25] extended the bootstrap
to nonparametric regression. Vos and Stauskas [26] studied the bootstrap for common
correlated effects regressions.

The rest of this paper is organized as follows. In Section 2, we use the profile least-squares
dummy-variable approach to obtain the estimators of the parametric and nonparametric
components and present the asymptotic properties. In Section 3, we propose the bootstrap
method to construct the simultaneous confidence band. In Section 4, the Monte Carlo results
and an empirical application are used to illustrate the proposed method with limited samples.
The technical proofs of the main theorems are presented in Appendix A.

2. Estimation Procedure and Asymptotic Properties
2.1. Estimation Procedure

Let {(Yit; XT
it , Zit), i = 1, · · · , n, t = 1, · · · , T} be an independent identically dis-

tributed (i.i.d.) random sample that comes from model (1). In this paper, we consider the
asymptotic theory by letting n approach infinity while keeping T fixed. In this section,
we describe the estimation procedure to first remove the fixed effects and then obtain the
efficient estimators of the parametric and nonparametric components.

For ease of notation, let

Y = (Y11, · · · , Y1T , Y21, · · · , Y2T , · · · , Yn1, · · · , YnT)
T,

g =
(

g(Z11), · · · , g(Z1T), g(Z21), · · · , g(Z2T), · · · , g(Zn1), · · · , g(ZnT)
)T

,

V = (V11, · · · , V1T , V21, · · · , V2T , · · · , Vn1, · · · , VnT)
T,

α0 = (α1, · · · , αn)
T

and X = (X11, · · · , X1T , X21, · · · , X2T , · · · , Xn1, · · · , XnT)
T is an nT × p matrix, where

Xit = (Xit1, · · · , Xitp)
T. Then, model (1) can be written in the following matrix form:
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Y = Xβ + g + (In ⊗ eT)α0 + V , (2)

where In is an n × n identity matrix, eT is a T-dimensional column vector with all ele-
ments equal to 1, and ⊗ denotes the Kronecker product. Furthermore, by the identifi-

cation assumption
n
∑

i=1
αi = 0, we have α1 = −

n
∑

i=2
αi. Define the (nT) × (n − 1) matrix

D = [−en−1, In−1]
T ⊗ eT , and α = (α2, · · · , αn)T. Model (2) can then be rewritten as

Y = Xβ + g + Dα + V . (3)

Given α and β, model (3) is a version of the usual nonparametric fixed-effects panel
data model

Y − Xβ − Dα = g + V . (4)

We first apply the local polynomial method (see the details in Fan and Gijbels [27])
to estimate the nonparametric function g(·). For Zit in a small neighborhood of z ∈ [0, 1],
approximate g(Zit) by

g(Zit) ≈ g(z) + g′(z)(Zit − z). (5)

Let K(·) be a kernel function in R, and define Kh(z) = K(z/h)/h, where h is the
bandwidth. Let

Zz =

(
1 · · · 1 · · · 1 · · · 1

Z11 − z · · · Z1T − z · · · Zn1 − z · · · ZnT − z

)T

,

and Wz = diag(Kh(Z11 − z), · · · , Kh(Z1T − z), Kh(Z21 − z), · · · , Kh(Z2T − z), · · · , Kh(Zn1 −
z), · · · , Kh(ZnT − z)) is an (nT)× (nT) diagonal matrix. Let G(z) = (g(z), (g′(z)))T, and
η = (αT, βT)T.

In what follows, we outline the estimation procedure for β and g(·). This step is
similar to the approach described by Zhang et al. [11].

Given η = (αT, βT)T, we define the following weighted least-squares objective function:

(Y − Xβ − ZzG(z)− Dα)TWz(Y − Xβ − ZzG(z)− Dα). (6)

By minimizing the above objective function (6) with respect to G(z), we can obtain
the solution for G(z) as follows:

G̃(z, η) = (ZT
z WzZz)

−1ZT
z Wz(Y − Xβ − Dα). (7)

Define the smoothing operator as

M(z) = (ZT
z WzZz)

−1ZT
z Wz.

Then, we can define the estimator of g(z) as

g̃(z, η) = mT(z)(Y − Xβ − Dα), (8)

where mT(z) = eTM(z) and e = (1, 0)T is a 2 × 1 vector.
Since the fixed effects are an n-dimensional unobserved variable, it is difficult to obtain

a consistent estimator for the fixed effects. Therefore, we first need to remove the fixed
effects from the model and then obtain the estimators of the parametric and nonparametric
components. By (8), we define the following objective function:

(Y − Xβ − g̃η(z)− Dα)T(Y − Xβ − g̃η(z)− Dα)
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= [Y − Xβ − M(Y − Xβ − Dα)− Dα]T[Y − Xβ − M(Y − Xβ − Dα)− Dα] (9)

= (Ỹ − X̃β − D̃α)T(Ỹ − X̃β − D̃α),

where g̃η(z) = (g̃(Z11, η), · · · , g̃(Z1T , η), · · · , g̃(Zn1, η), · · · , g̃(ZnT , η), Ỹ = (InT − M)Y ,
X̃ = (InT − M)X, D̃ = (InT − M)D, Q̃ = InT − D̃(D̃TD̃)−1D̃T, and M is an (nT)× (nT)
smoothing matrix, given by

M =



(1, 0)(ZT
Z11

WZ11 ZZ11)
−1ZT

Z11
WZ11

...
(1, 0)(ZT

Z1T
WZ1T ZZ1T )

−1ZT
Z1T

WZ1T
...

(1, 0)(ZT
ZnT

WZnT ZZnT )
−1ZT

ZnT
WZnT


.

In addition, let P = (InT − M)T(InT − M) be an (nT)× (nT) matrix.
Taking the derivative of (10) with respect to α and setting it equal to zero, we have

α̃(β) = (D̃TD̃)−1D̃T(Ỹ − X̃β). (10)

Obviously, the estimator of the fixed effects depends on β. Based on the idea of the least-
squares dummy-variable approach in panel data parametric models and the nonparametric
local linear regression technique, we then apply the profile least-squares dummy-variable
method to estimate the parameter vector β.

By plugging (10) into (10), we minimize the profile least-squares objective function
with respect to β. Thus, we obtain the profile least-squares estimator of β as

β̂ = (X̃TQ̃X̃)−1X̃TQ̃Ỹ . (11)

By (10) and (11), we have

α̂ = (α̂2, · · · , α̂n) = (D̃TD̃)−1D̃T(Ỹ − X̃β̂). (12)

By
n
∑

i=1
αi = 0 and (12), the estimator of α1 is α̂1 = −

n
∑

i=2
α̂i.

By (7), (11), and (12), as well as some simple calculations, we can obtain the estimator
of G(z) as follows:

Ĝ(z) = Ĝ(z, η̂) = M(z)(Y − Xβ̂ − Dα̂)

= M(z)[Y − Xβ̂ − D(D̃TD̃)−1D̃T(Ỹ − X̃β̂)] (13)

= M(z)[InT − D(DTPD)
−1

DTP](Y − Xβ̂).

By (8) and (14), we obtain the estimator of g(z) as

ĝ(z) = mT(z)[InT − D(DTPD)
−1

DTP](Y − Xβ̂). (14)

Remark 1. From (11) and (14), it is easy to see that the estimators of β and g(·) do not depend on
the fixed effects.

2.2. Asymptotic Properties

Let µl =
∫

zlK(z)dz and νl =
∫

zlK2(z)dz for l = 0, 1, 2. Define the observed covariate
set as D = {Xit, Zit, 1 ≤ i ≤ n, 1 ≤ t ≤ T}. In order to obtain the main results, we first
present the following technical conditions:

(C1) (αi, Vi, Xi, Zi), i = 1, · · · , n, are i.i.d., where Vi = (Vi1, Vi2, · · · , ViT)
T, and Xi and

Zi can be defined similarly. E∥Xit∥2+δ < ∞ and E∥Vit∥2+δ < ∞ for some δ > 0.
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Let σ2(x, z) = Var(Yit|Xit = x, Zit = z), σ2(z) = Var(Yit|Zit = z), and
0 < σ2(x, z), σ2(z) < ∞.

(C2) E(Yit|Xi, Zi, αi) = E(Yit|Xit, Zit, αi) = XT
it β + g(Zit) + αi, i = 1, · · · , n, t = 1, · · · , T.

(C3) Let f (z) =
T
∑

t=1
ft(z), where ft(z) is the continuous density function of Zit, and

ft(z) is bounded away from zero and infinity on [0, 1] for each t = 1, · · · , T. Let
Ṽit = Vit − 1

T ∑T
s=1 Vis, σ2

t (z) = E[Ṽ2
it |Zit = z], and σ̄2(z) = ∑T

t=1 σ2
t (z) f (z).

(C4) Let p(z) = E(Xit|Zit = z). The functions g(·) and p(·) have bounded and continuous
second derivatives on the interval [0, 1].

(C5) The kernel function K(·) is a symmetric density function and is absolutely continuous
on its support set [−A, A]:

(C5a) K(A) ̸= 0;
(C5b) K(A) = 0, K(t) is absolutely continuous, and K2(t), [K′(t)]2 are integrable on

(−∞,+∞).

(C6) The bandwidth h satisfies the conditions that nh3/ log n → ∞ and nh5 log n → 0 as
n → ∞.

Conditions (C1)–(C3) are actually quite mild and can be easily satisfied. These con-
ditions can also be found in the work of Zhang et al. [11]. Condition (C4) is the standard
smoothness assumption, and a similar assumption can be found in the work of Li et al. [21].
Condition (C5) is a set of mild assumptions on the kernel function that have been used by
many authors, such as Li et al. [5], Zhang et al. [11], Li et al. [21], and Fan and Gijbels [27].
Condition (C6) is the bandwidth assumption that can be found in the work of Fan and
Gijbels [27].

Theorem 1. Assume that conditions (C1)–(C6) hold. Let b(z) = h2µ2g′′(z)/2,
Σg = ν0σ̄2(z) f−2(z), and Σg′ = ν2σ̄2(z)/( f 2(z)µ2

2), uniformly for z ∈ [0, 1]. We have

∥β̂ − β∥ = Op(n−1/2)

and √
nh{ĝ(z)− g(z)− b(z)} L−→ N(0, Σg),
√

nh3{ĝ′(z)− g′(z)} L−→ N(0, Σg′),

where “ L−→” denotes the convergence in the distribution.

Theorem 1 shows the
√

n-consistency of the parameter estimator β̂ and the asymptotic
normalities of the nonparametric component ĝ(·) and its derivative ĝ′(·). Theorem 1 can be
used to make statistical inferences for the parametric component β and the nonparametric
component g(·).

Theorem 2. Assume that conditions (C1)–(C6) hold and h = O(n−ρ) for 1/5 ≤ ρ < 1/3. For
all z ∈ [0, 1], we have

P

{
(−2 log h)1/2

(
sup

z∈[0,1]

∣∣∣(nhΣ−1
g )1/2(ĝ(z)− g(z)− b(z))

∣∣∣− dn

)
< u

}
−→ exp(−2 exp(−u)), as n → ∞,

where if K(A) ̸= 0,

dn = (−2 log h)1/2 +
1

(−2 log h)1/2

{
log

K2(A)

ν0π1/2 +
1
2

log log h−1
}

,

and if K(A) = 0,
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dn = (−2 log h)1/2 +
1

(−2 log h)1/2 log
{

1
4ν0π

∫
(K′(z))2dz

}
.

Theorem 2 gives the asymptotic distribution of the maximum absolute deviation be-
tween the estimated nonparametric component ĝ(·) and the true nonparametric component
g(·) when the estimator of β is

√
n−consistent. It provides the theoretical foundation for

constructing the simultaneous confidence band for the nonparametric function in model (1).

Remark 2. If the supremum in Theorem 2 is taken over an interval of [c, d] instead of [0, 1],
Theorem 2 still holds under certain conditions through a transformation. The asymptotic distribution
is given by

P

{
(−2 log h/(d − c))1/2

(
sup

z∈[c,d]

∣∣∣(nhΣ−1
g )1/2(ĝ(z)− g(z)− b(z))

∣∣∣− d̃n

)
< u

}
−→ exp(−2 exp(−u)),

where d̃n is the same as dn in Theorem 2 except that h is replaced by h/(d − c).

Theorem 3. Assume that conditions (C1)–(C6) hold and Σg′ = ν2σ̄2(z)/( f 2(z)µ2
2). For all

z ∈ [0, 1], we have

P

{
(−2 log h)1/2

(
sup

z∈[0,1]

∣∣∣(nh3Σ−1
g′ )

1/2(ĝ′(z)− g′(z))
∣∣∣− dn1

)
< u

}
−→ exp(−2 exp(−u)), as n → ∞,

where dn1 = (−2 log h)1/2 + 1
(−2 log h)1/2 log

{
1

2π
√

ν2
(
∫

z2(K′(z))2dz)1/2
}

. If K(c0) = 0, K(z)

is absolutely continuous, and K2(z), (K′(z))2 are integrable on (−∞,+∞).

Theorem 3 gives the asymptotic distribution of the maximum absolute deviation for
ĝ′(·). The result in Theorem 3 provides the theoretical foundation for constructing the
simultaneous confidence band for the derivative of the nonparametric component.

2.3. Simultaneous Confidence Band for the Nonparametric Function

Since the asymptotic bias and variance of ĝ(·) in Theorem 2 involve some unknown
quantities, we cannot apply Theorem 2 to construct the simultaneous confidence band
for g(·) directly. In order to construct the simultaneous confidence band for g(·), we first
need to obtain the consistent estimators of the asymptotic bias and variance of ĝ(·). By
Theorem 1, the asymptotic bias of ĝ(z) is

(h2µ2/2)g′′(z)(1 + op(1)).

Thus, the consistent estimator of the asymptotic bias is b̂ias(ĝ(z)) = h2µ2 ĝ′′(z)/2, where
the estimator ĝ′′(z) of g′′(z) is obtained using a local cubic fit with an appropriate pilot
bandwidth h∗ = O(n−1/7), which is optimal for estimating g′′(z) and can be chosen by the
residual squares criterion proposed by Fan and Gijbels [27].

Next, we estimate the asymptotic variance of ĝ(z). For simplicity, suppose that the
random errors Vit are i.i.d. for all i and t. By the proofs of the theorem, we have

Var{ĝ(z)|D} = (1, 0)(ZT
z WzZz)

−1(ZT
z WzQ1Φ1Q1WzZz)(ZT

z WzZz)
−1(1, 0)T,

where Q1 = (InT − D(DTPD)
−1DTP) and Φ1 = diag(σ2(Z11), · · · , σ2(Z1T), σ2(Z21), · · · ,

σ2(Z2T), · · · , σ2(Zn1), · · · , σ2(ZnT)). Using the similar approximate local homoscedasticity
proposed by Li and Tong [5], the asymptotic variance of ĝ(z) is defined as
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Var{ĝ(z)|D} = (1, 0)(ZT
z WzZz)

−1(ZT
z WzQ1WzZz)(ZT

z WzZz)
−1(1, 0)Tσ2(z).

Let V̂ = Y − Ŷ be the residual, where Ŷ = ĝ + Xβ̂ + Dα̂. By (11), (12), and (14),
we have

V̂ = Y − ĝ − Xβ̂ − Dα̂

= Y − Xβ̂ − Dα̂ − M(Y − Xβ̂ − Dα̂)

= (InT − M)(Y − Xβ̂ − Dα̂)

= (InT − M)(InT − D(DTPD)
−1

DTP)(Y − Xβ̂)

= (InT − M)Q1(InT − X(XTPQ1X)−1XTPQ1)Y

= (InT − M)Q1Q2Y ,

(15)

where Q2 = InT − X(XTPQ1X)−1XTPQ1. Obviously, the residual V̂ does not depend on
the fixed effects and is a linear function of Y . By the normalized weighted residual sum of
squares, σ2(z) can be estimated by

σ̂2(z) =
V̂TV̂

tr(QT
2 QT

1 PQ1Q2)
=

YT(QT
2 QT

1 PQ1Q2)Y
tr(QT

2 QT
1 PQ1Q2)

.

Theorem 4. Under the conditions in Theorem 2, and assuming that ĝ(3)(·) is continuous on [0, 1]
and the pilot bandwidth h∗ satisfies h∗ = O(n−1/7), for all z ∈ [0, 1], we have

P

{
(−2 log h)1/2

(
sup

z∈[0,1]

∣∣∣∣∣ ĝ(z)− g(z)− b̂ias(ĝ(z)|D)

[V̂ar{ĝ(z)|D}]1/2

∣∣∣∣∣− dn

)
< u

}
−→ exp(−2 exp(−u)),

where dn is defined in Theorem 2.

By Theorem 4, we construct the (1 − α)× 100% simultaneous confidence band for the
nonparametric function g(z) as(

ĝ(z)− b̂ias(ĝ(z)|D)± ∆1,α(z)
)

, (16)

where ∆1,α(z) =
(

dn + [log 2 − log{− log(1 − α)}](−2 log h)−1/2
)[

V̂ar{ĝ(z)|D}
]1/2

.

3. The Bootstrap Method

Despite the fact that Theorem 4 provides the asymptotic distribution to construct the
simultaneous confidence band (16) for the nonparametric component, we still need to
estimate the asymptotic bias and the asymptotic conditional variance. First, the estima-
tor of the asymptotic bias involves the estimator of the second derivative g′′(·) and the
choice of the pilot bandwidth h∗ for estimating the second derivative g′′(·). The estimator
of the second derivative g′′(·) has a slow convergence rate and is very sensitive to the
pilot bandwidth h∗, which influences the estimator of the asymptotic bias. Second, the
asymptotic variance estimation is very complicated, especially for the panel data semipara-
metric fixed-effects model. Finally, the asymptotic critical value cα depends on the double
exponential distribution and the estimators of the asymptotic bias and the asymptotic
conditional variance. These not only result in a computational burden and accumulated
errors but also make constructing the simultaneous confidence band difficult. To overcome
these problems, we extend the bootstrap method used by Li et al. [5] to the partially linear
panel data fixed-effects model (1).

Now, we discuss how to use the bootstrap procedure to construct the simultaneous
confidence band for g(·). Let
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T = sup
z∈[0,1]

|ĝ(z)− g(z)|
{Var(ĝ(z|D))}1/2 .

Suppose that the upper α quantile of T is cα. If cα and Var(ĝ(z|D)) are known, the
simultaneous confidence band for g(·) with (1 − α)× 100% on the interval [0, 1] should be

ĝ(z)± {Var(ĝ(z|D))}1/2cα.

However, cα and Var(ĝ(z|D)) are unknown. We obtain their estimators using the
bootstrap method. Suppose that we have the estimators ĉα and Var∗(ĝ(z|D)) of cα and
Var(ĝ(z|D)), respectively. Then, we can obtain the (1− α)× 100% simultaneous confidence
band for g(·) as follows:

ĝ(z)± {Var∗(ĝ(z|D))}1/2 ĉα. (17)

The bootstrap procedure is as follows:

(1) By (15), obtain the residuals V̂ = (InT −M)Q1Q2Y , where V̂ = (V̂11, · · · , V̂1T , V̂21, · · · ,
V̂2T , · · · , V̂n1, · · · , V̂nT)

T.
(2) For each i = 1, · · · , n, t = 1, · · · , T, obtain the bootstrap error V∗

it = V̂itεit, where
εit are i.i.d. ∼ N(0, 1) across i and t. Generate the bootstrap sample member Y∗

it by
Y∗

it = Ŷit + V∗
it , i = 1, · · · , n, t = 1, · · · , T.

(3) Given the bootstrap resample {(Y∗
it , Xit, Zit), i = 1, · · · , n, t = 1, · · · , T}, obtain the

estimators of β and g(·), and denote the resulting estimates by β̂∗ and ĝ∗(·) as the
bootstrap estimators of β and g(·), respectively.

(4) Repeat (2)–(3) N times to obtain a size N bootstrap sample of g(·), ĝ∗k (·), k = 1, · · · , N.
The estimator Var∗(ĝ(z)) of Var(ĝ(·)) is taken as the sample variance of ĝ∗k (·).

(5) Compute the bootstrap sample of T by

T∗
k = sup

z∈[0,1]

|ĝ∗k (z)− ĝ(z)|
{Var∗(ĝ(z|D))}1/2 , k = 1, · · · , N.

Use the upper α percentile ĉα of T∗
k , k = 1, · · · , N, to estimate the upper α quantile cα

of T.

We can construct the (1 − α)× 100% simultaneous confidence band for g(·) by (17)
when we obtain the estimators of cα and Var(ĝ(z|D)).

4. Monte Carlo Results and Empirical Application
4.1. Monte Carlo Results

We conducted simulation studies to assess the performance of our proposed method.
Our simulated data were generated from the following model:

Yit = XT
it β + 0.8 cos(πZit) + αi + Vit, i = 1, · · · , n, t = 1, · · · , T, (18)

where β = (−1, 3, 5)T, Xit are three-dimensional i.i.d. random variables from uniform
[−1,1], Zit are i.i.d. from uniform [−1,1], and the random errors Vit are i.i.d. from N(0, 1). In
this simulation, we only considered αi to be correlated with the covariate Zi. and generated

αi = εi + cZi·, i = 2, · · · , n, where εi ∼ N(0, 1), Zi· = 1
T

T
∑

t=1
Zit, and α1 = −

n
∑

i=2
αi,

i = 1, · · · , n. We considered three cases for c = 0, 0.5, 1. When c ̸= 0, Zit and αi are corre-
lated, and model (18) is the partially linear fixed-effects model. When c = 0, model (18)
leads to the usual partially linear random-effects model.

In our simulation studies, we applied the Epanechnikov kernel K(z) = 0.75(1 − z2)+
to estimate the nonparametric function. Finding an appropriate bandwidth can be of
both theoretical and practical interest. To implement the estimation procedure described
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in Section 2, we need to choose the bandwidth h. One can select h by minimizing the
generalized cross-validation criterion. Here, we use the following cross-validation method
to automatically select the optimal bandwidth hCV:

CV(h) =
n

∑
i=1

T

∑
t=1

(Yit − Ŷ−it
it )2 =

n

∑
i=1

T

∑
t=1

(
Yit − Ŷit
1 − lkk

)2

=
n

∑
i=1

T

∑
t=1

(
V̂it

1 − lkk

)2

, (19)

where Y−it
it denotes the fitted values that are computed from the data, with the measure-

ments of the {Yit, Xit} observation deleted. k = (i − 1)T + t, V̂it = Yit − Ŷit, and lkk is the
(k, k) element of the matrix [InT − (InT − M)Q1Q2]. The cross-validation bandwidth hCV is
then defined as the minimizer of CV(h).

We fixed T = 5 and examined the finite sample performance of the proposed method
when the sample size was set to n = 100, 150, and 200. For each case, 1000 replicates of
the simulated realizations were generated, and the nominal level was set to 1 − α = 0.95.
The results are given in Tables 1 and 2 and Figure 1. To compare the performance of the
parameter estimation in the cases where Zit and αi are correlated and uncorrelated, Table 1
gives the bias, the standard deviation, and the mean squared error of the estimator β̂ for
c = 0 and c = 1. In order to save space, we omit the results for c = 0.5; however, the
results for c = 0.5 were similar to those for c = 1. In Table 1, we can see that the bias, the
standard deviation, and the mean squared error decreased as the sample size n increased
for both cases. For the same sample size n, the results for c = 1 were better than those
for c = 0. Model (18) reduced to a partially linear random-effects model when c = 0.
From (11) and (14), it is easy to see that, in order to remove the fixed effects from the
model, some sample information was lost when obtaining the estimators of the parametric
and nonparametric components. So, the profile least-squares dummy-variable method
is not suitable for the partially linear random-effects model, and the resulting estimators
of the parametric and nonparametric components are not efficient. Thus, we need to
develop an effective estimation procedure to estimate the random-effects models, such as
the generalized profile least-squares method or the generalized estimating equation (GEE).

Table 1. The bias, standard deviation (SD), and mean squared error (MSE) of β̂ for n = 100, 150, 200
and c = 0, 1.

c = 0 c = 1

β̂ 100 150 200 100 150 200

Bias 0.0063 0.0059 0.0048 0.0045 0.0046 0.0023
β̂1 SD 0.0859 0.0720 0.0682 0.0841 0.0647 0.0635

MSE 0.0074 0.0052 0.0046 0.0071 0.0042 0.0040

Bias 0.0057 0.0046 0.0031 0.0053 0.0027 0.0022
β̂2 SD 0.0901 0.0696 0.0620 0.0906 0.0687 0.0601

MSE 0.0081 0.0049 0.0038 0.0082 0.0048 0.0036

Bias 0.0062 0.0049 0.0042 0.0041 0.0029 0.0026
β̂3 SD 0.0912 0.0770 0.0650 0.0857 0.0679 0.0545

MSE 0.0083 0.0059 0.0042 0.0074 0.0046 0.0031

Based on the asymptotic distribution and the bootstrap method, Table 2 gives the
average probabilities of the simultaneous confidence band for the nonparametric function
g(·) when the nominal level is 1 − α = 0.95, where “method one” denotes the method
based on the asymptotic distribution and “bootstrap” denotes the method based on the
bootstrap procedure. For the bootstrap procedure, we used M = 200 bootstrap replications
to estimate cα and Var(ĝ(z|D)).

In Table 2, it is clear that the average coverage probabilities of the simultaneous
confidence band for the nonparametric function obtained by the two methods tend to 0.95
as the sample size n increases across the three cases. When c = 0, the average coverage
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probabilities are lower than those for c = 0.5 and 1. In addition, we can see that the average
coverage probabilities based on the asymptotic distribution are lower than those of the
bootstrap method. Furthermore, Figure 1 demonstrates that the simultaneous confidence
band of the bootstrap method is narrower than that of method one, yet it covers the true
curve more frequently, indicating the superiority of the bootstrap method. The reason for
this is that the bootstrap method avoids estimating the asymptotic bias and variance.

Table 2. Coverage probabilities of the nonparametric component with the nominal level 95% for
n = 100, 150, 200 and c = 0, 0.5, 1, respectively.

n c = 0 c = 0.5 c = 1

100 0.926 0.933 0.941
Method one 150 0.933 0.940 0.949

200 0.946 0.951 0.953

100 0.928 0.934 0.942
Bootstrap 150 0.937 0.946 0.950

200 0.948 0.952 0.954

Based on the asymptotic distribution and the bootstrap method, Figure 1 shows the
95% pointwise confidence bands for g(·) for n = 100, 150, 200 and c = 0, 0.5, 1, respectively.
Figure 1 reveals that the performance of the asymptotic confidence bands is no worse than
that based on the bootstrap procedure. In addition, the confidence bands obtained by the
two methods become narrower as the sample size n increases across the three cases. In
Table 2 and Figure 1, it is clear that, although the bootstrap method works better than the
method based on the asymptotic distribution, the proposed asymptotic distribution method
is comparable to the bootstrap method. However, bootstrap methods are computationally
expensive. In Table 3, it is clear that the runtime of method one is relatively insensitive to
the sample size n, remaining consistently around 0.0006 s. In contrast, the runtime of the
bootstrap method is thousands of times longer than that of method one, and it increases
significantly with larger sample sizes. Therefore, as the sample size increases, the bootstrap
method becomes considerably more computationally expensive.

Table 3. Program running times (seconds) for n = 100, 150, 200 and c = 0, 0.5, 1, respectively.

n c = 0 c = 0.5 c = 1

100 4.9 × 10−4 6.7 × 10−4 5.7 × 10−4

Method one 150 6.0 × 10−4 6.0 × 10−4 5.7 × 10−4

200 8.8 × 10−4 8.0 × 10−4 6.8 × 10−4

100 8.6 8.4 8.8
Bootstrap 150 22.7 22.6 23.4

200 57.3 63.2 47.6
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Figure 1. The solid lines denote the functional relationship, the dotted lines denote the estimated
functional relationship, the long-dashed lines denote the 95% simultaneous confidence bands based
on the asymptotic distribution, and the dash-dotted lines denote the 95% simultaneous confidence
bands based on the bootstrap procedure for g(·). The figures are displayed for c = 0, 0.5, 1 from top
to bottom and for the sample sizes n = 100, 150, 200 from left to right, respectively.

4.2. Empirical Application

The dataset comes from a cigarette consumption study [1], which is a panel of
46 observations from 1963 to 1992. The data contain nine variables: state, year, price
per pack of cigarettes (price), population (pop), population above the age of 16 (pop16),
consumer price index (cpi), per capita disposable income (ndi), cigarette sales in packs
per capita (sales), and minimum price in adjoining states per pack of cigarettes (pimin).
The variables were scaled using minimum-maximum normalization, with each feature
scaled to a fixed interval [0,1]. Because the pairwise correlation coefficients of price, cpi, ndi,
and pimin all exceeded 0.9, price was selected. Because the correlation coefficient of pop
and pop16 exceeded 0.9, pop16 was selected. In this study, we analyzed the relationship
between cigarette sales (sales), the price of cigarettes (price), and the logarithm of the
population aged 16 and over (lpop16). The dataset consisted of panel data from multiple
states over several years. The primary goal was to understand how changes in the price of
cigarettes and the population aged 16 and over affect cigarette sales. We considered the
following fixed-effects panel data partially linear model:

salesit = β · priceit + g(lpop16it) + αi + Vit, i = 1, · · · , 46, t = 1, · · · , 30. (20)

When the nonparametric part g(·) is assumed to be a linear function, the model reduces to
the classical fixed-effects linear model:

salesit = β1 · priceit + β2 · lpop16it + αi + Vit, i = 1, · · · , 46, t = 1, · · · , 30. (21)

We estimated the fixed-effects linear model using the plm function from the plm
package in R and obtained the following results: the price coefficient β1 = −0.232 and
the lpop16 coefficient β2 = 0.725. The estimated coefficient for the price of cigarettes was
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negative, indicating an inverse relationship between price and sales. The population aged
16 and over has a significant positive effect on cigarette sales.

The estimation procedure proposed in Section 2 was used to estimate model (20).
During the estimation process, we applied the Epanechnikov kernel K(z) = 0.75(1 − z2)+
to estimate the nonparametric function, with the bandwidth h = 0.2 ∗ (46 ∗ 30)−1/5 ≈ 0.05,
and the bootstrap was repeated N = 100 times.

The estimated coefficient was β̂ = −0.254. The estimated coefficient for the price
of cigarettes was negative, indicating an inverse relationship between price and sales.
Both models showed a significant negative effect of price on sales, with similar coefficient
estimates. This consistency supports the robustness of our findings. It suggests that higher
prices lead to reduced cigarette consumption, which is consistent with economic theory
and previous empirical studies.

Using the proposed estimation procedure, the scatter plots of the variable lpop16it versus
salesit − β̂ · priceit − α̂i, the estimated function ĝ(·), and the 95% SCB for the function g(·)
are shown in Figure 2. In Figure 2, it can be seen that as lpop16 increases, sales increases
nonlinearly. The 95% SCB for the function g(·) covers most of the scatter points, especially in
the middle section, where the SCB uses a very narrow interval to cover most of the scatter
points. When lpop16 approaches 1, the variance increases due to fewer sample points, leading
to a wider confidence interval. The classical model estimates a positive linear effect of the
population aged 16 and over on sales, while our model captures a nonlinear effect. The 95%
SCB in our model provides a more comprehensive understanding of the relationship.
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Figure 2. The scatter plot of the variable lpop16it versus salesit − β̂ · priceit − α̂i. The solid line denotes
the estimated function ĝ(·). The dotted lines denote the 95% simultaneous confidence bands for g(·).

5. Conclusions

In this paper, we consider the estimation and simultaneous confidence band (SCB)
problems for fixed-effects panel data partially linear models. We remove the fixed effects
and then obtain estimators for the parametric and nonparametric components, which do
not depend on the fixed effects. We establish the asymptotic distribution of the maximum
absolute deviation between the estimated nonparametric component and the true non-
parametric component under some suitable conditions; hence, this result can be used to
construct the simultaneous confidence band for the nonparametric component. We propose
a bootstrap method to construct the simultaneous confidence band. Simulation studies
indicate that the proposed bootstrap method exhibits better performance with limited
samples. A real data analysis illustrates the practical use of the constructed confidence
band. The methodology in this paper is general and widely applicable; therefore, we
expect further research along these lines to yield deep theoretical results with interesting
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applications for other nonparametric or semiparametric models with fixed-effects panel
data models.

However, the bootstrap method, while providing robust and accurate results, has some
limitations. The computational burden of the bootstrap method is substantial, especially
as the sample size increases. This limitation restricts the applicability of the model to
large-scale datasets. So, we should focus on improving the computational efficiency of
the bootstrap method to enhance its feasibility for large sample data. Going forward, we
plan to further test and optimize our approach under appropriate conditions to promote its
application in real-world scenarios.
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Appendix A. Proofs of the Main Results

Let P = (InT − M)T(InT − M) and Φ = ∑T
t=1 ∑T

s=1 E{X̃it[X̃is − ∑l X̃il/T]TVitVis}.
Lemmas A1–A5 play a very important role in proving the main results of Theorems 1–4. The
details of the proofs can be found in the works of Su and Ullah [10] and Zhang et al. [11].
So, we omit the details here.

Lemma A1. Assume that conditions (C1)–(C6) hold. Let C be a positive constant and
m(Zit, z) = eT(ZT

z WzZz)−1Zzit Kh(Zit − z), where Zzit is a typical column of Zz. Then, we
have the following:

(i) m(Zit, z) = n−1Kh(Zit − z) f−1(z){1 + op(1)}, where f (z) = ∑T
t=1 ft(z);

(ii) lim
n→∞

Pn

{
sup

z∈[0,1]
max

1≤i≤n,1≤t≤T
|m(Zit, z)| ≤ C(nh)−1

}
= 1.

Lemma A2. Assume that conditions (C1)–(C6) hold. Then, we have

(DTPD)−1 = (DTD)−1 + Op(ζn) = T−1In−1 + Op(ζn),

where ζn = (en−1eT
n−1)(nh)−1

√
ln n.

Lemma A3. Assume that conditions (C1)–(C6) hold. Then, we have the following:

(i) 1
n XTPX P−→ ∑T

t=1 E[(Xit − p(Zit))(Xit − p(Zit))
T];

(ii) 1
n XTPD(DTD)−1DTPX P−→ 1

T ∑T
t=1 ∑T

s=1 E[(Xit − p(Zit))(Xis − p(Zis))
T];

(iii) 1
n X̃TQ̃X̃ P−→ Φ.

Lemma A4. Assume that conditions (C1)–(C6) hold. Then, we have

1√
n

X̃TQ̃(In − M)g(Z) = op(1).

Lemma A5. Assume that conditions (C1)–(C6) hold. Then, we have
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1√
n

XTPV =
1√
n

n

∑
i=1

T

∑
t=1

(Xit − p(Zit))Vit + op(1),

1√
n

XTPD(DTD)−1DTPV =
1√
nT

n

∑
i=1

T

∑
t=1

T

∑
s=1

(Xit − p(Zit))Vis + op(1).

Proof of Theorem 1. The proofs of Theorem 1 can immediately be obtained from the
works of Su and Ullah [10] and Zhang et al. [11] by Lemmas A1–A5. So, we omit the
details here.

Proof of Theorem 2. Note that (InT − D(DTPD)
−1DTP)Dα = 0. By (12), (14), and

Lemma A2, we have

ĝ(z) = mT(z)(Y − Dα̂ − Xβ̂)

= mT(z)[InT − D(DTPD)
−1

DTP](Y − Xβ̂)

= mT(z)[InT − D(DTPD)
−1

DTP](g + V − X(β̂ − β))

= mT(z)Q1[g + V − X(β̂ − β)].

(A1)

Invoking the Taylor expansion, we have

g(Zit) ≈ g(z) + g′(z)(Zit − z) +
1
2

g′′(z)(Zit − z)2, (A2)

where Zit is close to z ∈ [0, 1]. By (A1) and (A2), we have

ĝ(z) ≈ mT(z)[InT − D(DTPD)
−1

DTP]g(z)enT + mT(z)Q1g′(z)Zz

+
1
2

mT(z)Q1g′′(z)Z2
z + mT(z)Q1V − mT(z)Q1X(β̂ − β)

= mT(z)InT g(z)enT − mT(z)D(DTPD)
−1

DTPg(z)enT + mT(z)Q1g′(z)Zz

+
1
2

mT(z)Q1g′′(z)Z2
z + mT(z)Q1V − mT(z)Q1X(β̂ − β),

(A3)

where Zz = (Z11 − z, · · · , Z1T − z, Z21 − z, · · · , Z2T − z, · · · , Zn1 − z, · · · , ZnT − z)T. For
ease of notation, let SnT,l(z) = ∑n

i=1 ∑T
t=1 Kh(Zit − z)(Zit − z)l , l = 0, 1, 2. For the first term

of (A3), some simple calculations yield that

mT(z)InT g(z)enT = (1, 0)(ZT
z WzZz)

−1ZT
z WzInTenT g(z)

= (1, 0)
(

SnT,0(z) SnT,1(z)
SnT,1(z) SnT,2(z)

)−1( SnT,0(z)
SnT,1(z)

)
g(z)

= (1, 0)
(

SnT,2(z) −SnT,1(z)
−SnT,1(z) SnT,0(z)

)(
SnT,0(z)
SnT,1(z)

)
g(z)

×
(

SnT,0(z)SnT,2(z)− S2
nT,1(z)

)−1

= (1, 0)
(

SnT,0(z)SnT,2(z)− S2
nT,1(z)

0

)
g(z)

×
(

SnT,0(z)SnT,2(z)− S2
nT,1(z)

)−1

= g(z).

(A4)

By (A3), (A4), and some calculations, we have
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√
nh(ĝ(z)− g(z)) ≈

√
nhmT(z)Q1g′(z)Zz +

√
nh
2

mT(z)Q1g′′(z)Z2
z +

√
nhmT(z)Q1V

−
√

nhD(DTPD)
−1

DTPg(z)enT −
√

nhmT(z)Q1X(β̂ − β) (A5)

=: J11 + J12 + J13 − J14 − J15.

From the results of Lemmas A1–A4, it is easy to show that J11 = op(1) and J14 = op(1).
Again, by invoking the results of Lemmas A1–A3 and ∥β̂ − β∥ = Op(n−1/2) in Theorem 1,
we can prove that J15 = op(1).

Now, we consider J12 and J13. Let M(Zit, z) be a typical column of M(z), where
M(z) = (M(Z11, z), · · · , M(Z1T, z), M(Z21, z), · · · , M(Z2T, z), · · · , M(Zn1, z), · · · , M(ZnT, z)).
For J12, by Lemma A1 and some calculations, we can show that

J12 ≈
√

nh
2

n

∑
i=1

T

∑
t=1

(1, 0)M(Zit, z)g′′(z)(Zit − z)2

=

√
nh
2

1
n f (z)

n

∑
i=1

T

∑
t=1

Kh(Zit − z)g′′(z)(Zit − z)2 + op(1)

=

√
nh
2

1
n f (z)

g′′(z)
∫

z2K(z)dz + op(h2)

=

√
nh
2

b(z) + op(h2).

(A6)

By Lemma A2 and Lemma A5, and using the same argument for J13, as well as some
simple calculations, we can show that

J13 =
√

nhmT(z)Q1V

=
√

nh
1

n f (z)

n

∑
i=1

T

∑
t=1

Kh(Zit − z)Ṽit + op(1) (A7)

L−→ N(0, Σg),

where Ṽit = Vit − 1
T

T
∑

s=1
Vis and Σg = ν0σ̄2(z) f−2(z).

By (A6) and (A6), it is easy to obtain

ĝ(z)− g(z)− b(z) = mT(z)[InT − D(DTPD)
−1

DTP]V + op(1)

≈ mT(z)Ṽ + op(1)

= (1, 0)(ZT
z WzZz)

−1ZT
z WzṼ + op(1)

=: I1(z) + op(1),

(A8)

where Ṽ = (Ṽ11, · · · , Ṽ1T , Ṽ21, · · · , Ṽ2T , · · · , Ṽn1, · · · , ṼnT)
T and Ṽit = Vit − 1

T ∑T
s=1 Vis.

Next, we approximate the process I1(z) as follows. Note that

ZT
z WzZz =


n

∑
i=1

T

∑
t=1

Kh(Zit − z)
n

∑
i=1

T

∑
t=1

Kh(Zit − z)(Zit − z)

n

∑
i=1

T

∑
t=1

Kh(Zit − z)(Zit − z)
n

∑
i=1

T

∑
t=1

Kh(Zit − z)(Zit − z)2

.

By Lemma A1, we have

nH(ZT
z WzZz)

−1H = f−1(z)Ω−1 + Op(h + (log n/nh)1/2), (A9)
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where H =

(
1 0
0 h

)
and Ω =

(
1 0
0 µ2

)
.

By Lemma A1, we further obtain∥∥∥∥ 1
n

H−1ZT
z WzṼ

∥∥∥∥
∞
= Op(h + (log n/nh)1/2). (A10)

By (A9) and (A10), we have∥∥∥I1(z)−
1

n f (z)
(1, 0)Ω−1H−1ZT

z WzṼ
∥∥∥

∞
= Op

(
h(log n/nh)1/2 + (log n/nh)

)
. (A11)

Let

I2(z) =:
1

n f (z)
(1, 0)Ω−1H−1ZT

z WzṼ

=
1

n f (z)

n

∑
i=1

T

∑
t=1

Kh(Zit − z)Ṽit.

By invoking Theorem 1 and Lemma 1 in the work by Fan and Zhang (2000), for h = n−ρ,
where 1/5 ≤ ρ ≤ 1/3, we have

P
{
(−2 log h)1/2

(∥∥∥(nhΣ−1
g )1/2 I2(z)

∥∥∥
∞
− dn

)
< u

}
−→ exp(−2 exp(−u)), (A12)

where Σg = ν0σ̄2(z) f−2(z) is defined in Theorem 1 and dn is defined in Theorem 2. By
(A10)–(A12), we complete the proof of Theorem 2.

Proof of Theorem 3. Similar to the proof of Theorem 2, it is easy to prove Theorem 3. Thus,
we omit the details of the proof.

Proof of Theorem 4. To prove Theorem 4, we need to derive the rate of convergence for
the bias and variance estimators. First, we consider the difference between bias(ĝ(z)) and
b(z) = 1

2 h2µ2g′′(z). By (A9) and similar arguments, we have∥∥∥b̂ias(ĝ(z)|D)− b(z)
∥∥∥

∞
= Op(h2{

√
log n/nh5∗}) = Op

(
h2(n−1/7 log1/2 n)

)
, (A13)

where h∗ = O(n−1/7).
Furthermore, by Lemmas A1–A2 and a similar argument to (A10), we have∥∥∥∥ h

n
H−1(ZT

z WzQ1WzZz)H−1 − f (z)Λ
∥∥∥∥

∞
= op(1),

where Λ =

(
ν0 0
0 ν2

)
. By a similar argument, it is easy to check that

∥∥∥σ̂2(z)− σ2(z)
∥∥∥

∞
=

op(1). These results, together with Theorem 2, show that, uniformly for z ∈ [0, 1],∥∥∥nhV̂ar{ĝ(z)|D} − Σg

∥∥∥
∞
= op(1). (A14)

By (A13) and (A14), and invoking the result of Theorem 2, we complete the proof of
Theorem 4.
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