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Abstract: In mine planning, uncertainty assessment is essential to properly value a mining project.
Geological, operational, and economical risks have to be considered to find the variable values that
maximize the profit of the project. In this research, geological uncertainties are taken into account to
assess the economic value of an underground gold mine. The scenarios considered are the tonnage-
grade curves which are simulated by the Monte Carlo method. The decision variables are the cutoff
grade (CoG), the Life of Mine (LoM), and operational variables, namely the mining and the processing
capacity. In order to assess the economic value, we maximize the Net Present Value (NPV), which is
carried out by a Genetic Algorithm (GA). This optimization, so-called implicit optimization, generates
results of the probabilistic model which are compared with the deterministic one; the results found
for a real underground gold mine show that, in the probabilistic case, the Net Present Value is higher
and the time horizon is shorter than the results of the deterministic case, and the mining and the
processing capacity are higher for the probabilistic case than the deterministic one.

Keywords: mine scheduling; optimization under uncertainty; Monte Carlo simulations

MSC: 90B06

1. Introduction

In mining operations, investments of millions of dollars and time horizons of many
years are involved. For these reasons, the mining projects are expensive and risky [1], but
they are attractive given the auspicious outlook for mineral prices, especially those that are
essential for the energy transition, whose demand is rising spectacularly [2]. Thus, mine
planning is essential for diminishing the risks and for guaranteeing attractive returns for
the investors. One of the critical problems in mining business is to determine the CoG,
that is, the minimum grade required for a mineral or metal to be economically extracted
or processed [3]. In other words, this problem consists of discriminating between mineral
and waste, which must be resolved rigorously to guarantee the success of the mining
business. In a seminal paper [4], Lane proposed an algorithm to determine the optimal CoG
in order to maximize the NPV of a mine subject to mining, milling, and refining capacities.
This approach considers deterministic operational and geological parameters generating
a constant CoG along the LoM. Although Lane’s work implied an important advance
to reduce risks in the mining business, Lane’s primitive model, due to its deterministic
formulation, does not consider economic, operational, technical or geological uncertainties,
which are the main uncertainties that the mining operations face [5]. Later research proposes
extensions of the Lane model incorporating uncertainties and additional parameters for
creating more realistic models [6-9]. Consequently, in the literature, we find approaches
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considering the optimal cutoff for a polymetallic deposit [5], dynamic CoG for underground
mining [6], probabilistic CoG considering tonnage-grade curve and prices as uncertain
parameters [7], the influence of the pre-concentration on the reduction in the CoG and
the sustainability in mining operations for an underground mine [8], etc. Also, some
parameters considered fixed in the Lane setting, such as capacities for the mine, processing
plant, and refinery, have been considered as variables which improve the determination of
the CoG in open-pit mines [10]; the Life of Mine has been used as a variable in an open-pit
mine as well [11]. On other hand, the Capital Expenditure (CAPEX) and capacities have
been taken into account for optimizing the NPV of a phosphate mine [12]. However, to the
best of our knowledge, no work has jointly addressed the mining and processing capacities,
the LoM, the CAPEX, and the overhead costs as variables for optimizing the cutoff grade in
a deterministic or probabilistic setting, much less for the underground mining.

As decision variables and parameters have been added to capture the complexity of
the mining business, the computational complexity of the problems has been increased [13].
In particular, probabilistic approaches involve a large amount of time to solve the corre-
sponding optimization problems as well as computational resources due to the numerous
scenarios considered [14]. To address the size and complexity of optimization problems,
metaheuristic optimization methods are used instead of traditional methods because they
are less time-consuming than traditional ones [15]. Metaheuristic algorithms find optimal
(or locally optimal) solutions by exploring solution candidates that are generated following
general procedures that exploit the information collected during the search [16]. Although
metaheuristics do not guarantee obtaining global optimal solutions, they are a good option
for addressing large-scale problems; also, their effectiveness can be improved if they exploit
the particularities of a specific optimization problem [15]. Consequently, many types of
metaheuristics are applied to mining problems which are typically intractable through clas-
sical optimization, listed as follows: Artificial Neural Networks, Tabu Search, Ant Colony
Optimization, Simulated Annealing, Genetic Algorithms (GAs), Particle Swarm Optimiza-
tion, Imperialist Competitive Algorithm and Variable Neighborhood Search. They have
been applied to a wide variety of mining problems, such as blast, transport, mineral pro-
cessing, geological uncertainty, CoG, production scheduling and global optimization [16].
In particular, the determination of the optimal CoG has been tackled by using GAs [17],
Simulated Annealing [18] and Imperialist Competitive Algorithms [19].

In this work, we revisit the determination of the optimal CoG problem with a proba-
bilistic approach by using a GA combined with Monte Carlo simulation and considering
the geological uncertainties and operational variables, such as mining and processing
capacities, fixed costs and LoM.

The main contributions of this work are as follows:

() We present a model to maximize the NPV in an underground gold mine considering
economic, operational, technical, and geological uncertainties. Deterministic and
probabilistic models are formulated.

(b) Our operational decision variables are the CAPEX, the LoM, which is typically con-
sidered fixed, the overhead costs, and the mining and the processing capacities.

(¢) We analyzed the fixed and variable mining costs, their impact on the cost structure,
and the change in the cutoff grade (CoG) due to the change in overhead expenses and
mining capacity.

(d) We apply our work on a real case study, a Colombian underground gold mine, and we
compare the results of the deterministic case and probabilistic model. The probabilistic
problem is solved combining Monte Carlo simulations and a GA.

(e) We show, through our real case study, the relevance of considering a dynamic CoG,
LoM, and mining capacity as variables, namely that the NPV improves considerably
by allowing for dynamic CoG and a variable mining capacity. The LoM decreases
in the probabilistic framework compared to the deterministic one by one year to
optimize the NPV.
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The paper is organized as follows: In Section 2, we present the methodology, that
is, the optimization techniques used and the proposed optimization model. In Section 3,
the proposed model is applied to a real underground gold mine and comparisons are
made between deterministic and probabilistic models. Finally, in Section 4, we outline the
conclusions and future work.

2. Methodology
2.1. Monte Carlo Optimization

To conduct a capital budgeting process based on a deterministic basis can be risky,
especially for mining projects, because uncertain components are ignored. To avoid this
limitation, we can adopt probabilistic approaches, such as the capital budgeting based on
Monte Carlo simulation [20]: simulations are performed using historical data or preset
probability distributions of some uncertain parameters; after that, a discounted cash flow is
calculated, which for our study is the NPV, for each simulated scenario in order to find the
average of the NPVs of the scenarios:

1E
NPV = =}, NPV(w),

where w represents the scenarios which have been supposed to be equiprobable, and E
is the number of scenarios. In this analysis, the standard deviation of the NPV is also
considered in order to assess the risk involved in the return estimation:

1 E
= N — 2
SD e 1;::1(NPV(w) NPV )

Now, we are interested in maximizing the average NPV on the decision variables,
that is, we seek an optimal policy that maximizes the average of the NPV. For it, we use
the implicit probabilistic optimization method, also called the Monte Carlo optimization,
whose operation is schematized in the following algorithm [11] (Algorithm 1):

Algorithm 1 Implicit Optimization

Step 0: Define an initial policy.

Step 1: Simulate scenarios by the Monte Carlo method.

Step 2: Find the NPV for each scenario and the chosen policy. From the obtained NPV empirical
distribution, calculate the average and the standard deviation of the NPV.

Step 3: Check some stopping criteria. If not satisfied, update the policy in order to maximize the
average of the NPV by one of the optimization methods (e.g., metaheuristic methods) and go back
to Step 1.

The stopping criteria used in this work is the Cauchy criteria:
(SC) |NPV,— NPV; {|<e¢,

where NPV is the average NPV for the iteration j = 1,2, ....and € > (0 is a tolerance parameter.

The advantage of using implicit optimization is obtaining optimal or locally optimal
solutions in less time than classical optimization, but sometimes it can be inefficient or
unsuccessful, and for this reason it is crucial to select an appropriate metaheuristic method
adapted to the specific optimization problem [21].

2.2. Genetic Algorithm (GA)

GAs are evolutionary algorithms inspired by Darwin’s evolutionary theory, which
states that natural characteristics compatible with the conditions of nature are more likely to
survive [17]. GA was introduced by Holland [9] as a random optimization algorithm, with
application in complex optimization problems for which classical methods are inefficient,
such as discrete, nonlinear, and non-differentiable optimization problems [22].
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A GA encompasses the following operations [17]:

(a) Codification: The parameters are coded as binary strings. The parameters are called
genes and the binary strings are called chromosomes.

(b) Generation: The algorithm initiates with an initial population. From the initial popu-
lation, offspring are generated through selection, crossing and mutation operations.
The population of a particular iteration is called generation.

(c) Fitness function: The fitness function is the objective function that has to be optimized,
e.g., the NPV. It determines the fitness of populations compared to their ancestors.

(d) Selection: The fittest individuals of the current generation are selected. Their fitness is
assessed by the fitness function. They will generate offspring by crossover operation.

(e) Crossover: The selected individuals are combined. The chromosomes of each individual
are cut at random and the pieces are randomly recombined to create new individuals.

(f) Mutation: After crossover operation, a mutator operator is applied to the chromo-
somes. This operator modifies randomly the individuals. Thus, a new generation has
been created.

(g) Stopping Criteria: There are two common stopping criteria, listed as follows: (i) the
algorithm ends after generating a predetermined number of generations and (ii) the al-
gorithm stops when a certain uniform population is reached, that is, a high proportion
of genes do not change significantly after a new iteration of the algorithm.

Most cutoff grade optimization problems have a large number of local optima, which
can be far from the global optimum. Probabilistic search methods can easily fail in finding
the global optimum for such problems. The real challenge is to find solutions close to the
global optimal point during a limited time. GAs are more robust in this context than other
existing search methods [23].

2.3. Optimization Model

The probabilistic optimization model used in this work was proposed, taking into
account the data and characteristics of a gold mining company with underground mining
operations. To obtain a flexible assessment, we introduce operational and economic vari-
ables that typically are considered fixed in the literature, such as the mining and processing
capacities, the LoM, the CAPEX and the overhead costs. Moreover, to the best of our
knowledge, these variables have not been considered jointly in a probabilistic model that
optimizes the cutoff grade for maximizing the profit. The model aims to maximize the NPV
in the deterministic approach and the average NPV in the probabilistic setting.

Next, we introduce the parameters, scenarios, decision variables and outcomes, and
its notation.

2.3.1. Parameters

The values of the parameters for our case study are shown in Table 1. They are the
same for the deterministic and probabilistic models, as follows:

- M: mining cost (USD/t). The mining cost per tonne, M, is fixed, but the mining
cost for the operation, M - Q;,, where Q,, is the mined material (see Section 2.3.3),
is variable.

- P: processing cost (USD/t). The processing cost per tonne, P, is fixed, but the mining
cost for the operation, P - Qy;, is variable.

- V:metal price (USD/o0z). The metal price is considered as a deterministic parameter.

- M;: metal saleable percentage (%).

- Ro: royalties (%).

- R: metallurgical recovery coefficient (%).

- Ce: commercialization expenditures (USD/0z).

- s=(V*M;*Rx(1—Ro))— Ce: price of saleable metal (USD/0z).

- E: number of scenarios.

- i: discount rate (%).
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- De: depreciation (USD). It is supposed to be a linear depreciation.
- Tx: income tax (%). It is 33% on earnings before interest and taxes (EBIT).

- CC: cash cost (USD/o0z).

Table 1. Parameter values. The quantities Q;,""*, Q,™"*, 0 and CAPEX are considered as variables

for the probabilistic model.

Inputs Value
QM 328,500 t/year
Q"™ 328,500 t/year
M 42.5USD/t
p 10.0 USD/t
e} 27.4USD/t
14 1800 USD/oz
M 96.0%
r 97.6%
Ce 35.0USD/oz
CAPEX 88,226,000 USD

2.3.2. Scenarios

One of the main sources of uncertainty in a mining project is the ore grade. Firstly, we
consider a deterministic mineralogical model of the ore body, and secondly, many scenarios
are generated from a five tonnage-grade curve. The orebody is shown in Figure 1.

(a) (b)

b4

tr

(©)

Figure 1. Different views of the orebody. (a) From above, (b) from south-east, and (c) from south-west.
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Just one tonnage-grade curve is considered for the deterministic instance, because no
geologic uncertainty is assumed. It is depicted in Figure 2. Instead, for the application of
the probabilistic model, thousands of scenarios are created by Monte Carlo sampling based
on the five tonnage-grade curves shown in Figure 3.

- w: tonnage-grade curve sampling using the Monte Carlo technique.

- Aug: fine gold reserves (g).
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Figure 2. Tonnage-grade curve for the deterministic model.
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Figure 3. Tonnage-grade curves for the probabilistic model.
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2.3.3. Decision Variables

- N: Life of Mine (years).

- Qm(w,n): mined material for scenario w at year n (t).

- Qp""(n): maximum mining capacity at year n (t/year).

- Qp(w,n): processed material for scenario w at year # (t).

- Qp™™(n): maximum processing capacity at year n (t/year).

- O(w,n): Overhead for scenario w at year n (USD/t). The total overhead for the
operation, O(w, n) - Qu(w, n), is assumed to be fixed for each w and n, while the
overhead per tonne, O(w, ), is variable for each scenario w at year n.

- O(n): Overhead at year n for the maximum mining capacity Q,,"**(n) (USD/t). The
same observation that was commented for O(w, n) is valid for O(n).

- CAPEX: capital expenditure (USD).

On one hand, the decision variables O(n), N, Q™" (n), Q,""(n),and CAPEX do
not depend on the scenarios” w variables. These variables are robust, so they have to maxi-
mize the average NPV considering all scenarios generated by the Monte Carlo simulations,
and they will be improved at each iteration of the GA. On the other hand, the decision vari-
ables O(w,n),Q,,(w,n), Qp(w, n) depend on the scenarios’ w variables, so they will be opti-
mized for a particular scenario w at year n with the variables O(n), N, Qn""*(n), Q,""*(n),
and CAPEX constraining them.

2.3.4. Outcomes

The outcomes are defined to prepare the income statements shown in
Sections 3.1 and 3.2 [24].
_ M+P+O(w,n)
- Xop(wyn) = V-M;-(1—Ro)-R—Ce
CoG was calculated omitting the refinement costs (see [3]).
M+P+0(n)
- Xop(n) V-M,(1—Ro)-R—Ce

- Tw(xop): reserves for scenario w and CoG xp (1).

- Gu(xop): reserve average grade for scenario w and CoG x, (g/1).

- To(n): initial reserves for the maximum mining capacity at period # (t).
- Tg(n): final reserves for the maximum mining capacity at period 7 (t).

The relation between the last two outcomes and the productionis Q,"**(n) = T¢(n) — To(n).

- C(n) = M+ P+ O(n): total cost at year n (USD/t).

- OPEX(n) = (M+P) - Qu + O(n): operational expenditures (OPEX) at year n (USD).

- Aur(w,n) = Qp(w,n) - G (x0p(w,n)) - R: processed fine gold for scenario w at year
1 (g).

- Auy(n): processed fine gold for the maximum capacity process at year 1 (g).

- SI(n) =V - Au,(n): Sale incomes at year n (USD).

- Gm(n) = Si(n) — OPEX(n): gross profit margin at year n (USD).

- EBITDA(n) = Gm(n) — Ce - Au,(n): earnings before interest, taxes, depreciation,
and amortization at year n (USD).

- EBIT = EBITDA — Ro — De: earnings before interest and taxes at year n (USD).

: Optimal CoG for scenario w at year n (g/t). The optimal

: optimal CoG at year n without the refinement costs (g/t).

2.3.5. Objective Function
Firstly, we fixed the decision variables O(n), N, Q""" (n), Q,""*(n), and CAPEX
to certain values, chosen according to implicit optimization and the GA.

Now, we maximize the NPV of the mine for each scenario w and the fixed variables
O(n), N, Q"™ (n), Q,"*(n), and CAPEX:

max NPV (w) = max <—CAPEX + ZHN:O m>, 1)
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where F(w) is the free cash flow in dollars, which is calculated as the gross margin at each
period n under scenario w:

F(w,n) = (1—-Tx) - (f(w,n) — Ce - Auy — Ro — De) + De,
where f(w, n) is the gross margin, which is calculated as
flw,n) =s-Auy(w, n) = M- Qu(w, n) = P-Qp(w, n) — O(w, n)
The maximization in (1) is subject to the constraints:

Qp(w, n) < Q" (n) Yw,n (2)

which says that the tonnage of processed material is lesser or equal than the processing
capacity for any scenario w and year #,

Qp(w/ n) = Qm(a)/ n) Vw,n, (3)

Q"™ (n) = Qu"*(n) Vn, 4)

which means that there are no stockpiles; that is, all mined material is processed, and
O(w,n) - Qu(w,n) = Ororar Vw,n=1,2,..,N, (5)

which means that annual total overhead is constant for every scenario and any year. In
our case, we have Oporar = 9,000,900. In the deterministic case, this constraint is valid
except for the closure mine year, N, for which the overhead expenses are proportional to
the mine production.

Finally, we suppose that all scenarios’ w variables are equiprobable. Thus, we calculate
the average NPV for all scenarios by the expression:

NPV = %Zizl NPV (w),
where NPV (w) is the solution of the optimization problem (1)—(5). The highest value
of average NPV, NPV, is updated and the optimization is repeated for the other policy
(O(n), N, Qu™™*(n), Q,""(n), CAPEX).

The optimization model incorporates geological uncertainty through the simulated
tonnage-grade curves represented by w. The operational variables are the mining capacity
Qm™™ and the processing capacity Q,""*, as variables which satisfy Q" = Q,""
because there are no stockpiles. The optimization model maximizes the average of the NPV,
and this maximization is performed over the following variables: the overhead, the LoM,
the mining capacity and the processing capacity, and the CAPEX. One of most important
outcomes of the model is the dynamic cutoff, which depends on the operational costs
(M, P and O), the metal prices (V and s), the metal saleable percentage (M;), the royalties
(Ro), the metallurgic recovery coefficient (R), and the commercialization expenditures (Ce)
according to

M+P+0

Xop(n) = V-M,-(1—Ro)-R—Ce

(6)

3. Results

Our model is applied to a real gold underground mine. For confidentiality, we have
omitted the identity of the mining company. The ore is processed, but not refined for
commercialization. The products commercialized are gravimetric and flotation concentrates.
In the case study, the stockpiles are not considered, so all mined material is processed.

To compare the results of the deterministic and probabilistic models, we apply both to
the real case.
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3.1. Deterministic Model

The deterministic problem is based on the model currently employed by a real under-
ground gold mine. It does not consider uncertainty for the calculation of the CoG, which is
assumed to be constant. Also, this model considers a known tonnage-grade curve and fixed
extraction and processing capacities. For these reasons, income is constant throughout the
mining project except for the mine closure year for obvious reasons.

The original data were modified by a white noise for confidentiality reasons. The
variables and parameters for the deterministic case are summarized in Table 1.

The static CoG was calculated by Equation (6). As was mentioned, the constant CoG
xc = 1.6 (g/t) and the corresponding constant average grade of 4.4 (g/t) along the entire
time horizon implies a very inflexible policy that ignores the geological and the operational
uncertainties. Note that the CoG is linear on the mining, processing, and overhead per
tonne. It means that the CoG increases linearly as costs increase, and it implies that for
increasing costs, the metal mined requires higher ore grades to keep the business profitable.

The results of the deterministic model are summarized in Table 2, indicating that the
optimal CoG is x, = 1.6 g/t, LoM is 7 years, the cash flow is USD 112,335,120, and the NPV
is USD 36,043,086.

Table 2. Results for the deterministic model.

Outcome Value
N 7 years
X¢ l6g/t
F 112,335,120 USD
NPV 36,043,086 USD

In Table 3, the results are detailed through a simplified cash flow statement. As
the CoG, the rock mined is constant along the LoM, except during the last year when
production decreases before mine closure. Consequently, processed material, mining costs,
processing costs, OPEX, and free cash flow are constant along the first six years. The total
overhead per ton is constant, as well as the total overhead during the first six years. By the
seventh year, the remaining reserves are totally depleted, and for that reason the processed
material, costs, and revenues diminish.

Summarizing the results of Table 3, we can say that for the first six years, the annual
results are as follows: the total rock extracted, as well as processed rock, are 328,500 tonnes,
the mining cost is USD 14,848,200, the processing cost is USD 3,285,000, the overhead is
USD 9,000,900, OPEX is USD 27,134,100, and the free cash flow is USD 31,965,463. In the
seventh year, the results are as follows: the total rock extracted, as well as processed rock,
are 90,110 tonnes, the mining cost is USD 4,072,962, the processing cost is USD 901,098, the
overhead is USD 2,469,008, OPEX is USD 7,443,068 and the free cash flow is USD 8,768,344.
Note that the overhead diminishes in the last year because the production diminishes as
well, and we assume for the deterministic model a constant overhead of expenses per tonne
O(n) = 27.4 (USD/t).

Therefore, the results show us a rigid and non-robust scheduling of the mining opera-
tion, which is incompatible with the changing conditions due to geological, operational,
and financial uncertainties.
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Table 3. Parameters, variables, and annual outcomes for the deterministic model.
Parameters, Variables, and Outcomes yeat 6 d Total
grade (g/t) 1.6 1.6
Processing
Processed material in tonnes (Qp) 328,500 90,110 2,061,110
Average ore grade in g/t (G) 44 44
Metallurgical recovery in % (R) 97.6 97.6
Processed fine gold in grams (Au, = Qp-G-R) 1,397,667 383,390 8,769,391
Commercialization
Sale incomes in USD (Si = s - Auy,) 71,787,919 19,691,914 450,419,427
Operational costs
Mining cost in USD (M - Q) 14,848,200 4,072,962 93,162,162
Processing cost in USD (P - Qp) 3,285,000 901,098 20,611,098
Overhead in USD (O - Q) 9,000,900 2,469,008 56,474,408
OPEX in USD 27,134,100 7,443,068 170,247,668
Cash cost in USD/Oz (22EX) 604 604
Discounted Cash flow
Gross margin in USD (Gm = Si — OPEX) 44,653,819 12,248,846 280,171,759
Commercialization expenditures in USD (Ce - Au;) 1,572,760 431,419 9,867,979
EBITDA in USD (Gm — Ce - Auy) 43,081,059 11,817,427 270,303,780
Royalties in USD (Ro) 2,297,213 630,141 14,413,422
Depreciation in USD (De) 14,061,474 3,857,156 8,822,600
EBIT in USD (EBITDA — Ro — De) 25,722,372 7,330,128 167,664,358
Taxes in % (Tx) 8,818,383 2,418,942 55,329,238
Free Cash Flow in USD (EBIT — Tx + De) 31,965,463 8,768,344 112,335,120

3.2. Probabilistic Model

In order to apply GA, we select an initial population of individuals Iy for the variables
Qum™™(n), Qp"**(n), O(n) forn = 1,2,3,4,5 and CAPEX to start the optimization. The

values are shown in Table 4.

Table 4. Values for the initial population .

Variable Value
Qo™ (n) 255,000 t/year
Qpo™™ (n) 255,000 t/year

Oo(n) 352 USD/t

CAPEX, 83,226,000 USD

The optimization with Monte Carlo simulations was carried out using the @Risk
Palisade 2015 software as follows: first, we fix a population of individuals I and many sce-
narios are generated according to a specific probability distribution. The NPV is maximized

for each scenario, solving the problems (1)—(5) for the generated scenarios.

The solving of

each optimization problem is called iteration. After that, we calculate the average NPV,
completing a trial which can be valid if all restrictions are met or not valid if contrary. If
the trial result meets the stopping criteria, which could be a limited number of tests or a
convergence criterion, the optimization ends; otherwise, a new population is proposed and

a new trial is performed [25].
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The tonnage-grade curves were estimated by the conditional simulation process to
obtain tonnage-grade curves, and the model includes five curves, each of which corresponds
to the average of 25 conditional simulations in which the capping value was modified
as an estimation parameter, establishing for each curve a capping value of 30, 40, 50, 60
and 70 g/t, respectively. The estimation process was carried out by the mining company,
taking into account the confidentiality of the data. In that way, the five tonnage-grade
curves were obtained (Figure 3). These five scenarios were used to generate thousands
of geological scenarios by combining them through a discrete uniform distribution. This
allows for combining optimistic and non-optimistic scenarios, treating them as equally
probable. Mathematically, let x be a CoG, i = 1,2, 3,4, 5 be a tonnage-grade curve, T;(x)
be the corresponding tonnage and G;(x) be the corresponding average grade. Then, the
scenarios of the tonnage-grade curve at cutoff x are generated as realizations of the random
variables, as follows:

T(x) := Uniform(Ty(x), To(x), T3(x), T4(x), T5(x))

and
G(x) := Uniform(Gi1(x), Ga(x), G3(x), G4(x), G5(x)),

and a particular w realization of these variables is denoted by T, (x) and G, (x), respectively.

After many operations of selection, crossover, and mutation, the algorithm imple-
mented in @Risk converged to the solution summarized in Table 5. The number of iterations
per trial, the trials, and the valid trials are shown in Table 5. To determine the conver-
gence of the algorithm, we implemented the stopping criteria (SC). The convergence of the
probabilistic optimization is depicted in Figure 4.

Table 5. Probabilistic model results.

Outcomes Value
Iterations per trial 1000
Number of trials 10,786
Number of valid trials 4665
Runtime 20:00:59
Initial VPN 29,363,829 USD
Minimum VPN 42,126,871 USD
Maximum VPN 62,385,778 USD
Average VPN 57,185,458 USD
Standard deviation 5,922,511 USD
Coefficient of variation 10.36%
60
55
50
2
Re]
=45
€
£
840
=
©
>
35
30 1
25 s iy T -
© & & & & &
Y W & & Q

Number of trials

Figure 4. Number of iteration vs. NPV. The convergence of the algorithm is observed graphically
around the iteration j = 7000.
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The NPV distributions for the initial and the optimized values are shown in Figure 5.

Net Present Value NVP

Best vs original simulation (Pre optimization)
44.66% 62.39% Minimum

5.0% 90.0% Y 5.0% 43,126,871.42

Maximum
100.0% 0.C% 0.0% 62,385,778.52

Average
57,185,457.97
12%1 Deviation
5,922,510.67
Values

1000

14% 7

10%7

0/ 4
8% ____Original

6% Minimum
26,968,452.47
Maximum
31,333,681.30
| Average

4% 1

2% 1 § j“d“
0% ! | I

25 30 35 40 45 50 55 60 65
Value in millions

29,363,828.63
Deviation
944,006.22
Values

1000

Figure 5. NPV distributions for the initial and the optimized values.

Comparing the deterministic results and the probabilistic ones, we note an improve-
ment on the cash flow and the NPV. Indeed, the average NPV of the probabilistic model
increases USD 21,142,372 compared to the deterministic NPV. Furthermore, the proba-
bilistic model generates a dynamic CoG and a material processing around 438,000 tonnes
per year the first four years, decreasing to 364,299 tonnes the fifth year and increasing to
438,000 tonnes the sixth year, as the end of LoM is approaching. Instead, the deterministic
case considers a constant CoG and a material processing value of 328,000 tonnes per year
the first six years, and decreases to 90,110 tonnes the seventh year. The comparison between
the results of production is shown in Figure 6. The high costs required to maintain equip-
ment in operation suggest that the optimal solution is to utilize machinery, such as the mill,
at its maximum capacity. Thus, the optimal solution tends involve maintaining a constant
level of production. Generally, the production falls during the last years of operations, and
the mineral reserves are depleted. However, the solution obtained indicates that it is more
convenient to anticipate the decline in production to the fifth year. To maintain a mostly
constant production, it would be necessary to modify the cutoff grade, which explains the
fluctuation of the cutoff grade during the Life of Mine.

The variation coefficient for the probabilistic NPV is 10.36%, which indicates that the
risk is moderate, considering that mining projects are highly risky. Instead, the determin-
istic NPV has no associated uncertainty and it can not capture the inherent risk of the
mining business.

As for costs, the mining costs per tonne are the same for the deterministic and prob-
abilistic cases, but the total mining costs vary, detailed as follows: the probabilistic case
gives us higher mining costs than the deterministic case, because at the probabilistic setting
more rock is extracted than in the deterministic one. Taking into account that all the rock
extracted is processed by assumption, we analogously conclude that the processing costs
are higher for the probabilistic model. Instead, the total overhead is fixed in both cases to
9,000,900 dollars, but the overhead per tonne is 27.4 (USD/t) for the deterministic model,
20.6 (USD/t) atyears 1,2, 3,4, 6, and is 24.7 (USD/t) at year 5 for the probabilistic approach,
which reveals a lower overhead for the probabilistic instance than the deterministic one.
The efficiency in relation to the overhead is higher for the probabilistic model, because
with the same resources the company produces more at the probabilistic setting than in
the deterministic one. This efficiency is reflected in the OPEX, as follows: indeed, for these
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expenses, the probabilistic results show more efficiency than the deterministic ones, as
can be seen in Tables 3 and 6. Further, the overhead per tonne impacts the CoG, which
follows from Equation (6). Thus, the probabilistic solution shows an increase in production
compared to the deterministic results with the same overhead, which implies a lower
overhead per tonne and, consequently, a lower CoG in the probabilistic case.

Optimal cutoff grade policy

1.6 450K
= 430K @
3 1.5 B
B 410K &
S 2
5 i
& 390K @
214 8
o 2
< 370K &

1.3 350K

1 2 3 5 6
Year
Cutoff grade (g/t) Processing tonnes

Figure 6. Optimal dynamic cutoff and optimal capacity process for the probabilistic model.

Table 6. Parameters, variables, and outcomes for the probabilistic model.

Parameters, Variables, year 1 2 3 4 5 6 Total
and Outcomes grade (g/t) 15 14 15 1.4 15 1.4
Processing
Proces?gi “:‘atTefriflTig‘) tonnes 438,000 437,788 438,000 437,385 364,299 438,000 2,186,177
Ore grade in g/t (Gw) 43 4.1 4.3 4.1 43 4.1
Metallurgical recovery in % (R) 97.6 97.6 97.6 97.6 97.6 97.6
Processed fine gold in grams 1,827,665 1,758,254 1,827,665 1,756,635 1,520,130 1,759,106 10,449,455
(Auy = Qp - Ge - R)
Commercialization
Sale incomes in USD (Si = s - Au,) 93,873,761 90,308,650 93,873,781 90,225,504 78,077,943 90,352,388 536,712,029
Operational costs
Mining cost in USD (M - Q) 19,797,596 19,788,016 19,797,600 19,769,798 16,466,322 19,797,600 115,416,932
Processing cost in USD (P - Qp) 4,379,999 4,377,830 4,380,000 4,373,849 3,542,992 4,380,000 25,534,719
Overhead in USD (O - Qy,)) 9,000,900 9,000,900 9,000,900 9,000,900 9,000,900 9,000,900 54,005,400
OPEX in USD 33,178,495 33,165,796  33,178500 33,144,547 29,110,213 33,178,500 194,957,051
Cash cost in USD/Oz (OPEX/ Au,) 565 587 565 587 596 587
Discounted Cash flow
Gross margin in USD (Gm = Si — OPEX) 93,873,761 90,308,850 93,873,781 90,225,504 78,077,943 90,352,388 536,712,029
Commerdahzat(ig?.ezlz‘:;‘dimres nUSD 5056626 1978520 2056626 1976698 1710565 1979478 11,758,514
EBITDA in USD (Gm — Ce - Auy) 58,638,640 55,163,334 58,638,665 55104259 47,257,165 55194410 329,996,464
Royalties in USD (Ro) 3,003,960 2,889,877 3,003,961 2,887,216 2,498,494 2,891,276 17,174,785
Depreciation in USD (De) 15,954,333 15,964,333 15,954,333 15,954,333 15,954,333 15,954,333 95,725,000
EBIT in USD (EBITDA — Ro — De) 39,680,347 36,319,124 39,580,361 36,262,710 28,804,338 36,348,800 217,095,679
Taxes in % (Tx) 13,094,514  11,985311 13,094,519 11,966,964 9505431 11,995,104 71,641,574
Free Cash Flow in USD (EBIT — Tx + De) 42,540,165 40,288,146 42,540,175 40,250,349 35253240 40,308,029 145,454,105
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Finally, on the one hand, for the probabilistic model, the obtained LoM was 6 years
and the CAPEX was USD 83,226,000. On the other hand, the LoM for the deterministic
model was 7 years and the CAPEX was USD 88,226,000. Hence, LoM and CAPEX decrease
when uncertainty is considered, and it could make the project more attractive for investors
and creditors because the profit is expected to be earned in less time, diminishing the
opportunity cost and the initial investment, thereby easing the project initiation phase.

In summary, either the CoG, the process capacity, or the LoM show that the probabilis-
tic model provides better financial results than the deterministic one. The results of the
probabilistic model are summarized in Table 6. These results were calculated using the last
sampling, corresponding to the last iteration of the last valid trial performed by @Risk.

We conclude that the results reveal the relevance of the decision variables of our model,
because they vary significantly when uncertainty is considered, producing an increase in
the NPV.

3.3. Sensitive Analysis

The reviewed literature considers various variables and uncertainties associated with
the optimization of cutoff grades. In the case of gold deposits, geological and economic
uncertainties are commonly identified as the key variables in stochastic models. Unlike the
models consulted, economic uncertainty related to gold prices was not factored in, despite
the constant macroeconomic and geopolitical changes worldwide that frequently impact
forecast confidence intervals in commonly used time series.

Regarding operating costs, the proposed model treats mining and processing costs
as variable, meaning they fluctuate according to the set processing capacity. Meanwhile,
general costs are treated as fixed in the free cash flow structure, meaning they do not
vary with the volume of processed tons. This aspect of the model has the two following
objectives: first, to assess the impact of fixed costs on total operating costs by altering
the plant’s processing capacity without changing general costs, i.e., maintaining the same
personnel and direct support areas, main activities, general and administrative (G&A) costs,
and sustainability expenses; second, to evaluate the change in cutoff grade when adjusting
the processing capacity while keeping the general cost component fixed.

A sensitivity analysis is presented below, with variables including mineral prices and
operating costs, considering the historical price of gold over the past 10 years and the
company’s historical operating costs (Figure 7):

VPN (M USD) Metal price (USD/oz)
$ 5727 $ 1,100 $ 1,200 $ 1,300 $ 1,500 $ 1,600 $ 1,700 $ 1,800 $ 1,90 $ 2,000 $ 2100 $ 2,200 $ 2,300 $ 2400 $ 2,500 $ 2,600
$ 60 -5 12.6 -$ 01 $ 125 § 376 $ 502 S 62.7 S 753 $ 878 $ 1004 $ 113.0 $ 1255 $ 1255 $ 1255 S 1255 S 1255
$ 65 -$ 181 -$ 5/1S! 71 S 322 S 447 $ 57.3 S 69.8 S 824 $ 950 $ 1075 $ 1201 $ 1201 $ 1201 $ 1201 $ 1201
$ 70 5 235 -$ 9 $ 1.6 $ 2.7 $ 393 $ 519 $ 64.4 S 770 S 895 $ 1021 $ 114.7 S 114.7 S 114.7; -$ 114.7 $ 114.7
L s 75 - 289 -$ 6.4 -$ 8 S a3 § 339 $ 46.4 S 59.0 $ 716 S 841 S 9.7 $ 109.2 $ 1092 $ 1092 $ 1092 S  109.2
§ s 80 -5 34.4 -$ 21.8 -S 92 § 159 $ 284 S 410 $ 536 S 66.1 S 787 S 91.2 $ 103.8 $ 103.8 S 103.8 $ 103.8 $ 103.8
o 85 -5 39.8 -$ 27.2 -$ 147 -$ 105 S 230 S 356 S 481 S 60.7 S 733 § 858 S 984 S 984 $ 984 S 984 S 98.4
§ $ 90 -5 45.2 -$ 32.7 -$ 201 -$ 50 $ 176 $ 301 $ 427 $ 553 § 67.8 $ 804 $ 929 $ 929 $ 929 $ 929 $ 92.9
S 8 95 -$ 50.6 -$ 38.1 -$ 255 -$ 04 S 122 $ 247 $ 373 S 498 $ 624 S 75.0 S 875 § 875 $ 875 $ 875 $ 87.5
g $ 100 -5 56.1 -$ 435 -$ 30.9 -$ 58 $ 67 S 193 $ 318 § 444 S 57.0 S 69.5 S 821 S 821 $ 821 S 821 S 82.1
s 8 105 -5 -$ -$ 4 - 113 $ 13 $ 139 $ 264 $ 390 $ 515 $ 641 $ 767 $ 767 $ 767 $ 767 $ 76.7
.‘.;,_ $ 10 S $ S S 16.7 -$ a1 $ 84 $ 210 $ 336 $ 46.1 S 58.7 $ 712 S 712 S 712 S 712 $ 71.2
o $ 115 -5 S S S 221 - 96 $ 30 S 156 $ 281 $ 40.7 $ 53:2..'S 658 S 658 S 65.8 $ 65.8 S 65.8
$ 120 5 S S 5 28-S 101 S 227 S 353 S 478 §$ 60.4 S 60.4 S 60.4 S 60.4 S 60.4
$ 125 -$ -$ S 79 § 47 S 173 § 298 § 424 S 549 § 549 S 549 S 549 S 54.9
$ 130 S $ S 133 -$ 0.7 $ 1.8 $ 244 S 370 $ 495 $ 495 $ 495 $ 495 $ 49.5

Figure 7. Sensitivity analysis of NPV in relation to metal prices and operational costs. Losses are
shown in red and gains in black.

This sensitivity analysis reveals that a gold price below USD 1200/0z leads to a
negative NPV, indicating the project is unprofitable and financially unfeasible. Conversely,
a price above USD 1800/ 0z yields a positive NPV, suggesting the investment would be
profitable across all cost scenarios analyzed.

4. Conclusions and Future Work

The mining business involves multiple risks and uncertainties and mining planning is
applied to mitigate them. More sophisticated models are created to obtain more realistic
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financial projections, such as those that consider uncertainties in prices and geological
models. Economic, operational, and geological technical aspects have also been taken into
account to conduct capital budgeting of mining investments. In this work, we consider a
Lane algorithm type with financial and operational variables, namely the capital expendi-
ture and the mining and processing capacity, and the LoM was considered as a decision
variable. The tonnage-grade curve was an uncertain parameter which was simulated by the
Monte Carlo method. To perform the optimization, we used a metaheuristic method called
GA to manage optimization problems with thousands of scenarios. The proposed model
was applied to a real underground gold mining and its performance was noticeably better
than the deterministic version of the model. It demonstrates the advantage of considering
probabilistic models that allow for dynamic policies rather than deterministic ones that
generate static policies. Also, it reveals the advantage of considering probabilistic models
with economic and operational parameters as variables increasing the profit of the project.
Therefore, the use of probabilistic approaches with economic and operational variables
improves the profit and provides better information for the stakeholders as administrators
and investors.

The adopted approach is applicable to other mineral deposits without stockpiles, such
as copper or silver, after making minor modifications.

We propose, as a future work, the incorporation of uncertainty in financial factors such
as price metals, costs, discount rate, depreciation and inflation for obtaining more realistic
cash flows. Another improvement of our work could be the analysis of the stockpiling
with its costs and their impact on the CoG. Finally, following global needs, we recommend
creating planning models that consider environmental and social costs, as well as mine
closures, to develop sustainable and socially responsible plans.
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