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Abstract: Order execution is an extremely important problem in the financial domain, and recently,
more and more researchers have tried to employ reinforcement learning (RL) techniques to solve this
challenging problem. There are a lot of difficulties for conventional RL methods to tackle the order
execution problem, such as the large action space including price and quantity, and the long-horizon
property. As naturally order execution is composed of a low-frequency volume scheduling stage
and a high-frequency order placement stage, most existing RL-based order execution methods treat
these stages as two distinct tasks and offer a partial solution by addressing either one individually.
However, the current literature fails to model the non-negligible mutual influence between these
two tasks, leading to impractical order execution solutions. To address these limitations, we propose a
novel automatic order execution approach based on the hierarchical RL framework (OEHRL), which
jointly learns the policies for volume scheduling and order placement. OEHRL first extracts the state
embeddings at both the macro and micro levels with a sequential variational auto-encoder model.
Based on the effective embeddings, OEHRL generates a hindsight expert dataset, which is used
to train a hierarchical order execution policy. In the hierarchical structure, the high-level policy is
in charge of the target volume and the low-level learns to determine the prices for a series of the
allocated sub-orders from the high level. These two levels collaborate seamlessly and contribute to
the optimal order execution policy. Extensive experiment results on 200 stocks across the US and
China A-share markets validate the effectiveness of the proposed approach.

Keywords: order execution; hierarchical reinforcement learning; imitation learning representation

learning
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1. Introduction

In stock markets, financial institutions usually adjust the size of their holdings to man-
age their portfolios based on their risk tolerance. However, accomplishing such adjustments
in a single large trade is excessively costly and even unfeasible due to market liquidity
constraints. Therefore, market participants need to divide a large order into smaller sub-
orders and execute them sequentially over an extended period, typically hours or one day,
which is typically called order execution [1,2]. During the order execution process, agency
brokers aim to complete the order fulfillment while simultaneously achieving a favorable
trading price. For example, a trader aimed at selling a specific number of shares will
execute more volumes at higher prices within the trading period. To achieve this goal, the
traders frequently adjust their quotes to decide the prices, sizes, and types of their orders
based on the dynamic market conditions. The order execution problem [3] is fundamentally
regarded as a sequential decision-making problem, where deep reinforcement learning
(RL) techniques have shown great promise.

Directly applying existing RL algorithms to the order execution problem is challenging,
such as the high-dimensional action space and the long-horizon problems. Since the
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duration of a trading period corresponds to a long episode length in the high-frequency
trading formulation, such a long-horizon complex decision-making process can be unfolded
into two stages [4]: (i) volume scheduling stage: the volume assigned for a specific asset
is divided into smaller slices to be executed within a sub-period of several minutes; and
(ii) order placement stage: the segmented volumes are transformed into a series of orders
submitted to the market, with further order details such as price and quantity specified.
As a compromise solution, current RL-based order execution approaches typically treat
these two stages as distinct tasks, concentrating on learning the policy for either task
individually. A rich line of research utilizes macro-level market information to address
coarse-grained volume scheduling [5-7], assuming that the allocated volume can be entirely
executed at a specific price. This assumption leads to a non-negligible deviation between
the expected and the actual execution price, which causes potential losses. Other methods
aim at minimizing trading costs during short-term order placement [8-10]. Nevertheless,
the target volume for these tasks is usually fixed and pre-defined, which is not aligned
with real-world trading scenarios. While modeling order execution with these two separate
tasks offers an easier solution to policy learning, it is less realistic.

In the order execution problem, volume scheduling and order placement significantly
influence each other. On the one hand, the allocated volume from the volume scheduling
stage directly influences the trading pattern of the order placement strategy. On the other
hand, the true execution outcomes of the allocated volume substantially influence the
decision-making process of subsequent steps in volume scheduling. Inspired by the human
trader workflow, we propose a novel order execution approach, called OEHRL, which can
jointly learn the policies for volume scheduling and order placement. Specifically, we model
the order execution problem with a hierarchical RL framework, where a high-level policy is
learned to schedule volumes, and a low-level policy is learned to place orders based on the
allocated volumes. As volume scheduling and order placement need to consider different
aspects in the markets, we propose a novel representation learning module to effectively
extract multi-granularity state embeddings for the hierarchical decision-making process.
The primary contributions of this paper are summarized as follows:

¢ To distill multi-granularity embeddings from noisy market data, we develop a new
representation learning module with the variational recurrent neural network [11].

*  We propose a hierarchical RL-based order execution approach, which can jointly
learn the policies for volume scheduling and order placement. The hierarchical
decision-making is built upon the state embeddings extracted by the representation
learning module.

*  Extensive experiment results demonstrate that the proposed approach outperforms the
state-of-the-art baselines in order execution. Ablation studies validate the effectiveness
of the various components in the proposed approach.

In the rest of this paper, we first review the related works and then introduce the
preliminary knowledge about order execution. Next, we present the proposed approach,
which is composed of multi-granularity representation learning and hierarchical policy
learning. After that, we conduct experiments in both the US market and the China A-share
market. The results and discussion are presented in the following section. Finally, we
conclude and point out some future directions. We note that a shorter conference version of
this paper appeared in [12]. We have improved this approach and enriched the experiments.
The difference between this paper and the conference paper is larger than 70%.

2. Related Work

In this section, we first introduce the human trader workflow for order execution, and
then review the related work on order execution from two perspectives, the traditional
approaches with data analysis, and recent methods based on RL.
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2.1. Human Trader Workflow for Order Exeuction

As shown in Figure 1, human traders deal with the influence between volume schedul-
ing and order placement in a two-level hierarchical way. As volume scheduling is related
to long-term profits and order placement is about the best execution within the short term,
expert agency brokers first analyze the short-term and long-term trends based on the
market conditions. Using these analyses, they schedule the volumes as high-level decisions,
and then, based on the target volumes, they place the orders in the trading environment as
low-level actions.
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Figure 1. The workflow of human order execution traders.

2.2. Traditional Approaches for Order Execution

Traditional finance approaches for order execution are typically model-based. These
methods assume that market price movements follow stochastic processes like Brownian
motion, and then apply stochastic optimal control methods to analytically derive the vol-
ume trajectory [13-16]. Since these assumptions are not applicable to real-world scenarios,
these methods might not be effective in actual trading markets.

In real-world trading agencies, rule-based strategies such as time-weighted average
price (TWAP) strategy [15] and volume-weighted average price (VWAP) strategy [17] are
quite popular [9]. For instance, the TWAP strategy divides a large order into equal-sized
sub-orders and executes each within uniformly distributed time intervals. The VWAP
strategy initially estimates the average volume traded for each time interval based on
historical data and then divides the order according to these estimates. Despite their
simplicity, TWAP and VWAP remain widely favored today because their execution costs
consistently align with the market.

2.3. Reinforcement Learning for Order Execution

In addition to the aforementioned analytical methods, RL provides an alternative
perspective for optimizing the order execution problem. Previous RL-based approaches ex-
tend the model-based assumptions mentioned above to evaluate how much RL algorithms
can enhance analytical solutions [5,18]. They also assess whether the Markov Decision
Process (MDP) remains viable within the specified market assumptions [19]. However,
these RL-based approaches hinge on financial model assumptions about market dynamics,
lacking practical applicability.

Another branch of RL methods abandons these assumptions and leverages model-
free RL to optimize execution strategies. Several studies [6,20] propose variations of
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DOQON to choose discrete volumes. These adaptations aim to address the high-dimensional
nature and complexity of financial markets using deep neural networks. In contrast to
the manually crafted attributes, a PPO-based optimal execution framework is designed
to make decisions based on raw level-2 market data [21]. In addition, a policy distillation
paradigm has been deployed to achieve order execution [7], where a distilled PPO agent is
used to determine optimal order-splitting volumes. The above methods simply use market
orders and focus on the problem of volume-splitting.

Other works deal with the stage of optimal order placement, leveraging limit orders
to provide more accurate trading decisions. Nevmyvaka et al. [8] pioneered the appli-
cation of model-free RL for order placement, employing Q-Learning [22] to guide the
agent in selecting the limit price. However, their approach is constrained as it only ac-
counted for a limited set of discrete actions, primarily focusing on a few bid and ask prices.
Akbarzadeh et al. [23] proffered an online learning algorithm based on the Almgren—Chriss
model, learning the optimal policy by pure exploitation. Recently, Pan et al. [9] introduced a
hybrid framework, where the agent first scopes an action subset and then chooses a specific
limit price. Additionally, Chen et al. [10] proposed a cost-efficient RL approach under a
dynamic market environment. Despite these advances, existing methods suffer from losses
and inefficiency due to the complex action space and inadequate market representations.

Moreover, all these existing methods focus on a single task, either volume splitting
or order placement, providing a partial solution to the optimal order execution problem.
In contrast, the proposed method simultaneously tackles both tasks within a hierarchi-
cal framework.

3. Preliminaries

In this section, we introduce preliminary knowledge about this work, including the
observable data in the market, OHLCYV, basic elements in the trading procedures, and the
environment formulation in RL.

3.1. OHLCV Data

An OHLCV vector is a type of bar chart derived directly from the financial market,
showing the market dynamics. OHLCV data is often used to summarize market conditions
over a period of time and to forecast market trends over a correspondingly long period of
time in the future. We denote the OHLCV vector at timestep ¢ as x;, which includes the
opening price, highest price, lowest price, closing price, and volume.

3.2. Market Orders and Limit Orders

A market order is an order to buy or sell a specific quantity of a financial instrument,
executed immediately at the best available price in the market. Comparatively, A limit order
is an order to buy or sell a financial instrument, setting the highest or lowest acceptable price,
defined as I = (pjimit, £9), where pj;i; represents the submitted target price, g represents
the submitted target quantity, and =+ represents the trading direction (long/short).

3.3. Limit Order Book

A limit order book (LOB) is a collection of publicly available, aggregated information
about limit orders placed by all participants in the market [24]. Limit orders will remain in
the order book until executed, canceled, or expired. As depicted in Figure 2, a m level LOB
at timestep t is denoted as { (p—m, §—m, t—m);---;(P=1,9-1,t-1); (P1, 91, t1)5-- - (Pms G tm) }
where p_; and q_; represents the price and quantity at level i on the bid side, and p; and
g; are the corresponding variables on the ask side. p_ is the best bid price, and p is the
best ask price. A LOB is a price-time-priority queue pair, i.e., lower sell price orders for the
same asset are the most probable to be filled, as are higher bid price orders. If there are two
orders with the same price to sell or buy, the first submitted one will be traded first.
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Figure 2. An example limit order book at timestep ¢.

3.4. Matching System

If the best bid price is higher than the best ask price, the matching system will quickly
match and trade the two orders. A matching system, often referred to as an order matching
system or order matching engine, is a computerized system that matches buy and sell
orders in a financial market. It uses specific rules to determine the trades that will be
executed based on the orders in the LOB.

3.5. Markov Decision Processes

In RL, an environment is formulated as a Markov Decision Process (MDP) [25], denoted
as a tuple (S, A, P,R,v,T). S is the state space, A is the action space, P : S x A x S —
[0,1] is the state transition function specifying the conditional transition probabilities
between states, R : S x A xS — R is the bounded reward function, ¢ € (0,1] is the
discount factor and T is a time horizon. After taking action a; at state sy, an agent switches
to the next state s; 1 according to the transition function P(s;41|s¢, a;) and obtains a reward
re = R(s¢, at,5141). The transition function in the order execution problem is simulated
by the matching system. To maximize the cumulative reward E [ZtT;Ol vtr¢], we need to
optimize a policy 7t(a¢|s;) that outputs an action a; for a given state s;, where T denotes the
ending time of the whole trading process.

4. Approach

In daily order execution, traders analyze market conditions and formulate their trading
strategies. Subsequently, they submit their orders specifying desired prices and quantities
to the matching system. The matching system executes these orders at the most favorable
available prices since the primary goal of optimal execution is to achieve the target fulfill-
ment while trading at a more advantageous price. Then, it will provide execution results to
the traders. The whole process costs lots of human labor and is heavily influenced by the
subjective decisions of the traders.

To accomplish better order execution, we propose a novel automatic order execution
approach based on hierarchical RL, called OEHRL. An overview of the proposed approach
is shown in Figure 3. The proposed approach is composed of two components: represen-
tation learning and hierarchical policy learning. As financial data is noisy and stochastic,
we need to extract the prominent features from the sequential market data to support
effective decision making. Furthermore, since the order execution problem involves two
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parts, volume scheduling and order placement, and these two parts heavily affect each
other, we develop a hierarchical structure to model this influence and learn the order
execution policy.

521 .es QL
decoder State
Embedding . .
T Representation ———» lviAt Hierarchical
Learning z Policy
encoder l

xJ xj lQuotes

Trading Environment
Figure 3. An overview of the proposed OEHRL framework.

In the following, Section 4.1 elaborates on the multi-granularity representation module.
Section 4.2 introduces how to utilize these representations to formulate the hierarchical
MDP, and how to learn an effective hierarchical order execution policy.

4.1. Multi-Granularity Representation Learning

As the decision-making process of volume scheduling necessitates long-term market
representation while the order placement task relies more on short-term market fluctuation
and liquidity, we propose a novel multi-granularity representation learning approach based
on the variational recurrent neural network (VRNN) [11] structure.

The temporal dimension in the financial data contains much information. To achieve
effective order execution, we need to extract the underlying relationship from the sequential
data. It is well known that recurrent neural networks (RNNs) [26] excel at dealing with
data sequences. As important as the network structure, the learning objective also plays
a critical role in the learned embeddings. Prediction-based learning objectives may be
helpful in representation learning from noisy financial data. However, it is hard to select
an appropriate prediction target, i.e., with the observation x1.¢ (Here the notation {1 : ¢}
denotes a data sequence from timestep 1 to timestep ), it is challenging to figure out
whether predicting x;; or predicting x¢j can produce better results, where i # j. Aiming
at learning multi-granularity representations including long-term and short-term factors,
the difficulty of selecting the proper prediction target increases. Inspired by the VRNN
approach, we propose to utilize the unsupervised variational auto-encoder (VAE) [27]
paradigm to conduct representation learning. The loss function for the representation
learning network is as follows:

L
L= s<L\X<L Z :BKL dpos Sf|x<t15<t)||pprmr(st|x<t/5<t)) )

- log Plike (xt |S§t, X<t))},

where q,0s denotes the approximated posterior distribution modeled by the encoder net-
work Yenc, prike denotes the conditional likelihood distribution modeled by the decoder
network Ygec, Pprior is the prior distribution, L denotes sequence length, and f is a scaling
factor following the B-VAE method. Different from the standard VAE, which only con-
siders learning the embedding s from observation x;, we aim to model the relationship
in sequential data, so we take the effect of (x<t, s<¢) into consideration, and convert all
the distributions in the standard VAE into the distributions conditioned on the sequence
(x<t,S<t) as shown in Equation (1). Then, the problem is how to model the past data
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sequence. The RNN structure provides a good solution, which uses a hidden variable hy_4
to model (x<t, s<¢) with the following recurrence equation:

hi—1 = fo(Px(xi-1), Ps(si—1), hi—2), )

where 1, denotes the encoder for the observation x (For data at different timesteps, we
use the same encoder), s denotes the encoder for the state embedding s, and fy is a
deterministic non-linear transition function, which is implemented with a gated recurrent
unit (GRU) [28]. With Equation (2), the distributions in Equation (1) can be derived
as follows:
Apos (St |x§t1 5<t) = Penc (lle (xt)/ ht—l)/
Pprior (st|x<t,8<t) = Yprior (he-1), 3
Piike(Xt|$<t,X<t) = Yaec(Ps(st), he—1).

All the neural networks mentioned above are optimized with the loss function in Equation (1),
including those denoted with ¢ and 6. The outputs of the networks in Equation (3) are the
means and variances of the corresponding distributions.

Although the GRU has a strong ability to tackle sequential data, it still has a forgetting
problem due to vanishing gradients for long and complex sequences. In contrast, for
a shorter sequence, the forgetting problem is less obvious. Therefore, we propose to
segment the long sequence of s with length L to shorter sequences with length k and
extract higher-level representation m to model a longer-term temporal dependency. As
shown in Figure 4, we build a three-level hierarchical representation learning framework,
where m is learned from s with a VRNN encoder, and 1 is learned from m with another
VRNN encoder. In this way, the highest-level representation 1 can model a longer-term
temporal relationship. The representations s, m, and 1 compose multi-granularity state
embeddings, and are pre-trained before policy learning in an unsupervised manner. These
embeddings are concatenated as a total state embedding z¢ = s¢||my/y | |1Lt /12| and passed
to the hierarchical order execution as an observation. The next subsection defines the
hierarchical order execution policy and presents how this policy is optimized.

ze = S|l myesll L e

Figure 4. Multi-granularity representation learning.

4.2. Hierarchical Order Execution Policy Learning

This section proposes a hierarchical order execution framework that jointly learns
the policies for volume scheduling and order placement. The volume scheduling process
focuses on long-term profitability, while order placement focuses on best execution in
the short term, but not necessarily long-term profitability. As aforementioned, a major
challenge to intraday order execution is to balance the multifaceted objectives of different
decision processes.
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These two well-connected decision processes, coarse-grained volume scheduling and
fine-grained order placement, are formulated as MDPs as follows (see Figure 5):

MDP" = (8", A, P RM T,
MDP! = (S, A, PR, T,

which aligns with a two-tier HRL structure, of which high-level RL policy is 7" and low-
level RL policy is 7' First, we elaborate on how we design the two-level MDP and then
present the learning methods for the corresponding policies.

Z1l ZLl n = vy /bi

Observation —
I

[ Environment ]

Figure 5. The hierarchical order execution policy.

4.2.1. The High-Level MDP for Volume Scheduling

In the high-level MDD, the whole trading period T is equally segmented into i sub-
periods, with the start points denoted as t € {0,1- At,..., (i — 1) - At} where At = [T/i].
At the beginning of each sub-period, the high-level policy determines the desired volume
to be executed in this sub-period. At the end of the last sub-period, the remaining volume
is traded with a market order. The state space, action space, and the reward function for
the high-level MDP are designed as follows.

State. The state vector observed by the high-level agent is defined as s!' = (m], pl!),
where m? = (z4—1,...,2t-1,...,2¢t) denotes the market state containing the effective multi-
granularity market representations learned in Section 4.1. The private state p!! includes the
proportion of the remaining volume a; = I/ Q and remaining time 1 — /T, where I" is
the remaining volume at timestep t, and Q is total volume to execute. With ample time
and less remaining volume, the agent will use a conservative strategy, awaiting superior
trading opportunities. Conversely, in scenarios with less time and substantial remaining
volume, the agent selects more aggressive strategies to achieve a faster turnover.

Action. The action in the high-level MDP is the proportion of the total volume to be
executed in this sub-period, and the high-level action space is defined as [0, min(c, a;)],
where 0 < ¢ < 1 denotes the proportion of the maximum allowable executed volume in
a sub-period. The value of c is prefixed based on the actual task scenario and customer
preference. In this paper, taking the number of sub-periods i = 30, we set ¢ = 0.1. That
is, the allowable execution ratio for each sub-period does not exceed 10%. Note that
while the action is a continuous variable, the executed volume must be a discrete integer.
Therefore, we round down the volume when calculating it. Furthermore, we impose a
constraint: while a/! < 0.01, a" is set to 0. This constraint helps prevent excessively small
target volumes.

Reward. To receive long-term profits, we formulate the reward as a volume-weighted

price advantage over VWAP for high-level MDP: 7, = ¥c0, %(p L ;ﬁ ), where O; is the set
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of orders traded in the i-th sub-period [iAt, (i + 1)At), p; and g; are the price and quantity
of the j-th sub-order in O; with }_g; < a’, and p is the global VWAP.

4.2.2. The Low-Level MDP for Order Placement

A more realistic way of modeling order placement is a continuous-time decision
process rather than adhering to fixed discrete time points for order placement. Inspired by
the practices of financial institutions that employ iceberg orders [29], we divide the target
order into sub-orders of a fixed basic size b;, calculated as the average size of orders sent
to the market in the last sub-period. As a result, the low-level policy only needs to set the
limit price for each sub-order. Whenever the current sub-order is completed or canceled
due to timeout (In this work, we set the timeout limit as 5 s.), the agent decides the price of
the next sub-order and sends it to the market. By this design, we achieve a continuous-time
order placing. The state space, action space, and reward function in the low-level MDP are
set as follows.

State. We maintain the multi-granularity representation z; as the market states for
low-level policy. Correspondingly, the remaining time and volume, the private states
of the low-level MDP, in the i-th sub-period can be defined as (t — iAt)/At and I}/ a?At,
respectively. Different from the high-level MDP, where I/" is the residual transaction volume
of the volume allocated for the entire order execution, here, If is the residual transaction
volume of the volume allocated by the high-level MDP agent for the current sub-period.
Notably, we add a new variable u; = af,,/b; which implies the task urgency w.r.t. the
target volume for the i-th period for low-level policy.

Action. Each low-level action corresponds to a limit order decision with the target
price aé = p%imit. It is a nP-dimension variable ai € {—”pz;l, ...,—1,0,1,..., ”’72—’1} which
represents a price with a! ticks below the best ask price.

Reward. The reward function of the low-level policy is a volume-weighted price

advantage over sub-period VWAP j': 1} = i (B ’rj

), where p; is the actual trading price

of this executed order.

4.2.3. High-Level Policy Learning

We start by describing the neural network structure utilized by the high-level agent.
Then, we introduce a hindsight expert dataset and optimize the high-level policy by RL
combined with imitation learning.

Network Structure. As illustrated in Figure 5, to extract useful features from multi-
granularity representations for a global view of price advantage, we first apply a temporal
attention mechanism on the market representation m; = (zt, Lr---,2t—1,zt) for the high-
level policy:

ei’fl =V, tanh(W1 [Zt,[,' Zt]),Vl S {1 : L},

exp (elf_ 1)

tltthfl = - 7
: ZJ‘L:o exp(e?f j) (4)

L
al =c- sigmoid <W2 - concat ( Z att?ﬁl . zt,l,pi’) + bi’),
1=0

where V,, Wi, W, and b; are free parameters to optimize, att; is the normalized attention
weight output by the temporal attention module, p/ is the high-level private state, and c is
the pre-defined action limitation.

Hindsight Expert Datasets. To set an auxiliary goal for high-level policy, we introduce
intraday greedy actions as the expert actions. In hindsight, we create a trading expert who
always assigns more sell volumes at higher prices and, therefore, can necessarily make
profits. The trading volume is first allocated to the sub-period with the highest price and
then the remaining volume is allocated to other sub-periods according to the VWAP of these
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sub-periods. This is a suboptimal policy since the actual trading price executed by the low-
level agent might not be the true VWAP. As the expert dataset contains reasonable volume
scheduling behaviors leveraging future information, the agent benefits from imitation
learning techniques and the guidance of the expert. Thus, the proposed method can enable
more efficient exploration and policy learning in the highly stochastic market environment
compared to the RL methods without imitation learning. The expert dataset generated in
the hindsight manner is denoted as Df.

RL Incorporated with Imitation Learning. Since the stochastic trading environment
induces a hard exploration problem, learning with a pure RL objective is extremely difficult.
To promote policy learning in such a complex trading environment, we propose to augment
the RL method to imitate the quoting behavior in the expert dataset Dg, and the policy 7"
is updated with the deterministic policy gradient [30] as:

= argrrﬁx (E(Sh,ah)NDh [Qh(sh, ﬂh(sh))]
(5)
—AE(shﬁh)NDE [(n(sh) - ﬁh)2]>’

where @ is the expert action, and A is a balancing coefficient between the Q loss and
the behavior cloning (BC) loss. The hyper—parameter A decreases with the training steps.
D" is the replay buffer for the high-level policy . Q" is the high -level value function
approximating the expected cumulative reward, Qh(st al) =E[LL, v trlst, alt.

4.2.4. Low-Level Policy Learning

The low-level order placement is treated as a discrete control problem with 7 relative
price levels, |p!| = n? = 7. Similar to the high-level policy learning, we employ a temporal
attention layer to learn effective features for low-level policy. Here we utilize the Dueling
Q-Network [31] to decouple state and action to some extent. Formally, The Q function
Q! (s}, al) is expressed in terms of the state value V'(s!) and the corresponding advantage
function Adv(sl,al):

Qo) = V(s + ((Adolsh ) 1 T Ado(sh) ). ©)

acAl

The Q function in Equation (6) is trained based on the one-step temporal-difference error
as follows:

Q'(sta) =1t +7Q (siy1,argmax Q(sy 4, )), )

Lg = B )NDZ[(QZ(SM’%) Ql(stfat))z}/ 8)

Sis LZ 5t+1 'r‘t
where D! denotes the low-level replay buffer, and Q~ denotes the target Q network.

4.2.5. Training Scheme

The financial data including OHLCV data, multiple factors, and LOB data, is complex
and high-dimensional. To efficiently use the available data, we utilize a pre-training scheme
and iterative training. In the general setting of HRL, the high-level policy and the low-level
policy are trained together in a single environment, which suffers from the non-stationary
issue. To address this issue, we pre-train the low-level policy in the LOB environment of
each asset with various target volumes, deriving multiple low-level policy parameters.
By introducing the pre-training scheme, the low-level policy is trained with more diverse
interactions, thereby achieving better generalization ability and robustness. Following the
iterative training scheme in [8,32], we augment the private state repeatedly in the low-level
pre-training. Specifically, we traverse the target quantity from (0, 0) to a max target quantity
g™** and the remaining time from 0 to a max trading time window T"**. By diversifying
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the training scenarios, the low-level policy is trained with the augmented private states,
thus can generalize to different subtasks assigned by the high-level policy.

5. Experiments
The experiments are conducted to answer the following questions.

*  Q1: Can the proposed approach OEHRL successfully learn a proper order execution
strategy that beats markets? (Section 6)

*  Q2: Does the high-level agent in the hierarchical framework achieve effective price
discovery? (Section 6.1)

*  Q3: Does the low-level agent aid in further improving the performance? (Section 6.2)

*  Q4: Is the proposed representation learning module effective? (Section 6.3)

*  Q5: Can the proposed hindsight expert dataset improve high-level policy learning?
(Section 6.4)

In the following, we start by presenting the experiment setup and then demonstrate
the experiment results.

5.1. Datasets for the Experiments

To extensively evaluate OEHRL, we have collected data from 200 constituent stocks
within two real-world stock indexes spanning the Chinese and US markets to construct our
datasets, as summarized in Table 1. The CSI100 dataset comprises 100 component stocks,
providing insights into the primary state of the China A-share market. The NASDAQ100
dataset includes the 100 largest non-financial international companies listed on NASDAQ.
In the experiments, 80% of the trading days are utilized as the training dataset, while the
remaining 20% constitute the test dataset. The trading task is to sell the shares of 5% of
the entire market trading volume of each asset during 4 h following the market’s opening
every day, i.e., T = 240 min. The episode length of the high-level policy is 240, and the
execution time for the low-level policy is At = 1 min. We assume that the trading agent is
available to the level-Il LOB, which contains the full depth of orders on both the ask and
bid sides.

Table 1. Experiment datasets.

Dataset LOB Num of Stocks From To
CSI100 Level-I1 100 22/09/01 23/09/01
NASDAQ100 Level-IT 100 22/06/08 23/06/08

5.2. Baselines
OEHRL is compared with two categories of order execution methods as follows.
Rule-Based and Traditional Methods

¢  TWAP strategy evenly divides an order into T segments and executes an equal share
quantity at each time step [15].

*  VWAP strategy aims to closely align the execution price with the true market average
price, allocating orders based on the empirically estimated market transaction volume
from the previous 10 trading days [17].

*  AC (Almgren—Chriss) model analytically determines the efficient frontier for optimal
execution. We only focus on the temporary price impact to ensure a fair compari-
son [13].

RL-Based Methods

e DDON (Double Deep Q-network) is a value-based RL method that adopts state
engineering [6].

* PPO is a policy-based RL method [21] that utilizes a PPO algorithm with a sparse
reward to train an agent with a recurrent neural network for feature extraction.
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*  OPD leverages RL with policy distillation to determine the size of each sub-order
(volume scheduling) and place market orders [7].

e  HALORP first, automatically scopes an action subset according to the market status
and subsequently, chooses a specific discrete limit price from the action subset using a
discrete-control agent [9].

5.3. Evaluation Metrics

All the order execution policies have been evaluated based on the following metrics
considering both profits and risks:

*  Price Advantage over VWAP (PA). We use the average excess return over VWAP-
with-market-order as the return metric, displayed in basis points (bps, 1 bp = 0.01%).
Note that here, VWAP is calculated with true trading volume instead of its estimation
adopted in the VWAP baseline.

*  Win Ratio (WR). WR measures the ratio of the days that the agent beats VWAP,
defined as:

Yico, I(PA; > 0)

WRr = . )
Yicoy (I(PA; > 0) + I(PA; < 0))
where () is an indicator function.
¢  Gain-Loss Ratio (GLR). GLR reports the gain-loss ratio, defined as:
E(PA|PA > 0)
LRT = ——F5—- 1
GLR E(PA|PA < 0) (19

*  Averaged Final Inventory (AFI). AFI refers to the averaged remaining inventory at
the end of the trading period, evaluating the non-fulfillment risk.

5.4. Hyperparameter Setup

The values of the hyperparameters in the proposed approach are listed in Table 2.
For a fair comparison, we tune the hyperparameters of all the baseline methods for the
maximum PA value on the validation dataset.

Table 2. Hyperparameters of OEHRL.

Parameter Value
Length L 128
Episode length T 240
Execution time At 1
Price level n? 7
Imitation coefficient A 1.0
Minibatch size 4
VAE coefficient B 0.5
Learning rate 3x 1074

6. Results and Discussion

To answer Question Q1, we compare OEHRL with seven baselines on five meaningful
financial metrics introduced in the previous section. The comparison results on the China A-
share market and the US market are listed in Tables 3 and 4, respectively. As demonstrated
in Table 3, on the CSI100 dataset, the proposed method significantly outperforms the
seven state-of-the-art baselines, including the strongest RL-based baseline HALOP. OEHRL
achieves the highest price advantage (3.31 bps), and also a high winning ratio (0.72), albeit
with the smallest AFI (0.02). In contrast to the three flat RL benchmarks, the strongest
baseline, HALOP, employs a continuous policy to initially determine the range of price
levels and subsequently employs a discrete agent to select the price level. Benefiting from
the price trend prediction module, HALOP achieves significant improvements in these
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metrics. Different from HALOP, where the two agents follow the same decision frequency,
OEHRL operates on multiple levels of temporal granularity and takes advantage of the
multi-granularity representations. Therefore, OEHRL is better able to identify favorable
trading opportunities from a longer-term perspective. Similarly, on the NASDAQ100
dataset in Table 4, OEHRL significantly improves the performance on the PA, WR, and AFI
metrics (14%, 10%, and 70%, respectively) compared to the strongest baseline, HALOP. The
comparison results across these 200 stocks with various baselines validate the effectiveness
of the proposed multi-granularity HRL framework.

Table 3. The comparison results of the proposed method and the benchmarks on CSI100.

Methods PA (bps)t PA-Std (bps)] WR?T GLR?T AFIL]
TWAP —0.12 3.12 0.49 0.97 0
VWAP —-3.29 4.87 0.39 0.78 0.04
AC —1.24 4.21 0.45 1.02 0
DDQN —1.21 7.09 0.47 0.99 0.05
PPO —0.98 7.01 0.52 0.92 0.03
OPD 0.32 6.78 0.53 1.07 0.10
HALOP 2.89 6.12 0.65 1.12 0.07
OEHRL 3.31 6.23 0.72 1.37 0.02

Table 4. The comparison results of the proposed method and the benchmarks on NASDAQ100.

Methods PA (bps)T PA-Std (bps)] WR?T GLR?T AFIL]
TWAP —0.19 4.31 0.49 1.01 0
VWAP —2.89 4.72 0.35 0.79 0.02
AC —2.31 4.39 0.39 0.96 0
DDON —1.98 6.89 0.45 0.97 0.03
PPO —1.20 6.79 0.46 0.96 0.04
OPD 1.03 6.82 0.54 1.05 0.12
HALOP 2.75 5.87 0.63 1.13 0.05
OEHRL 3.14 5.69 0.74 1.28 0.01

6.1. Analysis of the High-Level Policy

Figure 6 demonstrates the relationship between the high-level action and the closing
price trend. The results indicate that these two terms are highly correlated. As shown in
Figure 6a, when the closing price is low, in the beginning, the closing price is high, and the
high-level policy allocates most of the volume. In contrast, with the drop in the price, the
high-level actions are nearly 0. This phenomenon implies that the high-level agent has a
price prediction ability to some extent, and can automatically adapt the volume scheduling.
Similarly, in Figure 6b,c, we observe that the high-level actions align with the price trend,
which gives a positive answer to Question Q2.

6.2. Ablation Study on RL-Based Low-Level Policy

To investigate whether the RL-based low-level policy is effective, we conduct an
ablation study by replacing the policy learned by the RL method in OEHRL with a TWAP-
with-market-order strategy in the order placement MDP. This experiment is conducted on
the CSI100 dataset, and the results are shown in Table 5. These results indicate that the
low-level policy learned by the RL method can enhance the profitability of the high-level
volume scheduling policy, answering Question Q3.
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Figure 6. The high-level actions and the closing price trends.

Table 5. Ablation study on low-level policy learning.

Methods PA (bps) T WR 1t
w/o low-level learning 2.29 0.65
w/ low-level learning 3.31 0.72

6.3. Ablation Study on Multi-Granularity Representations

In this subsection, we conduct an ablation study on the multi-granularity represen-
tation learning module in OEHRL. On the CSI100 dataset, we compare the performance
of OEHRL with a variant version, which takes the raw observations of OHLCV data as
the input of the hierarchical policy. The results are shown in Table 6. There are significant
improvements (+8.57 bps on PA and 0.37 on WR) brought by the multi-granularity repre-
sentation module. As a result, to answer Question Q4, the multi-granularity representation
module plays a key role in the OEHRL framework by providing effective state embeddings
for the two-level MDPs.
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Table 6. Ablation study on Multi-Granularity Representations.

Methods PA (bps) T WR 1
w/o representation learning —5.26 0.35
w/ representation learning 3.31 0.72

6.4. Ablation Study on Imitation Learning

In the proposed framework, the high-level policy is optimized with the method com-
bining RL and imitation learning, which relies on a novel method to construct a hindsight
expert dataset. In this subsection, we conduct an ablation study on imitation learning by
removing the behavior cloning loss during high-level policy learning. The results demon-
strated in Table 7 imply that the incorporation of imitation learning techniques greatly
empowers the price discovery ability of the high-level policy.

Table 7. Ablation study on imitation learning.

Methods PA (bps) T WR 1t
w/o imitation learning 1.36 0.43
w/ imitation learning 3.31 0.72

To further evaluate the proposed hindsight expert dataset, we depict the parameter
sensitivity of the imitation learning coefficient A in Figure 7. Compared to values signifi-
cantly below 0.1 (near no imitation) or above 3 ( imitation-dominant), a value around A =1
shows more favorable performance, so we set A as 1 in all the experiments above. This
phenomenon implies that due to the mutual influence between volume scheduling and
order placement, directly imitating the hindsight expert in high-policy learning may lead
to sub-optimal trade decisions.

(a) CSI100 (b) NASDAQ100

PA (bps)

0 0.01 0.1 0.5 1 2 5 10 : o 0.01 0.1 0.5
A A

Figure 7. Experiment results with different value selection of A.

7. Conclusions

To solve the optimal order execution problem, we propose a novel order execution
framework based on hierarchical RL. The proposed framework, called OEHRL, is composed
of a double-stage framework. OEHRL first employs a multi-layered variational recurrent
network to distill multi-granularity market representations. Subsequently, the effective
representations are utilized in a hierarchical MDP framework. To stabilize the learning
process, OEHRL first pre-trains a low-level agent to determine the price for order placement
and then trains a high-level policy to split volumes in coarse granularity on top of the
low-level policy. We have conducted extensive experiments on two types of market data
to evaluate the proposed framework. The results demonstrate that OEHRL significantly
outperforms the state-of-the-art baselines. The ablation studies validate the effectiveness
of the various components in the proposed framework. As, in this paper, we have not
dealt with the influence of multiple intelligent agents, a promising future direction is
to consider the influence of multiple traders on the market and build a more realistic
order-matching engine.
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