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Abstract: The main computationally expensive task of realistic computer graphics is the calculation
of global illumination. Currently, most of the lighting simulation methods are based on various
types of Monte Carlo ray tracing. One of them, the Langevin Monte Carlo ray tracing, generates
samples using the time series of a system of the Langevin dynamics. The method seems to be very
promising for calculating the global illumination. However, it remains poorly studied, while its
analysis could significantly speed up the calculations without losing the quality of the result. In
our work, we analyzed the most computationally expensive operations of this method and also
conducted the computational experiments demonstrating the contribution of a particular operation
to the convergence speed. One of our main conclusions is that the computationally expensive drift
term can be dropped because it does not improve convergence. Another important conclution is that
the preconditioning matrix makes the greatest contribution to the improvement of convergence. At
the same time, calculation of this matrix is not so expensive, because it does not require calculating
the gradient of the potential. The results of our study allow to significantly speed up the method.

Keywords: global illumination; monte carloray tracing; Markov chain; Langevin dynamics;
preconditioning matrix

MSC: 65D18; 65C05; 65C40

1. Introduction

Modern realistic computer graphics is based on the physically correct simulation of
the propagation of light in various environments. Calculation of the global illumination,
i.e., the distribution of light in a virtual scene, is one of the main computationally expensive
tasks when generating a realistic image. It has to take into account the multiple scattering of
light, all kinds of interaction with objects in the scene, and the propagation of light through
various media. The calculation is based on the rendering equation [1], which includes the
integral over the angular distribution of light coming from all possible directions. There are
several approaches to the solution of this problem, but currently, most of them are based on
various types of the Monte Carlo ray tracing (MCRT). In realistic rendering problems, the
result of the work of MCRT algorithms is the accumulated average of the function wp over
all ray paths running through the given pixel p. This average the estimates pixel luminance
Lp and is taken over the probability distribution proportional to the importance function
I [2].

Lp ∼ ⟨wp⟩I . (1)

The review [3] considers several variants of Monte Carlo integration applied to the
problem of lighting simulation and concludes that the Markov Chain Monte Carlo (MCMC)
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methods have advantages. These methods can be regarded as an extension of the ordi-
nary Monte Carlo method. Contrary to the ordinary Monte Carlo where the samples are
independent, in MCMC, they are correlated. This feature of MCMC allows to effectively
utilize information about areas of high importance. One of the widely used variants of
MCMC is the Metropolis–Hastings algorithm [4]. The main goal of all MCMC algorithms
is to generate samples distributed with the density proportional to an arbitrary importance
function. However, different types of MCMC achieve this in different ways [5].

The hybrid Monte Carlo methods (HMCs) [6] generate samples using time series of a
dynamical system: Hamiltonian mechanics or the Brownian motion in viscous medium
based on the Langevin equation. These methods look prospective for lighting simulation
problems because they are universal and they have better convergence when the dimension
of the integration space grows (d5/4 for the HMC vs. d2 for the MCMC, where d is the
dimension [4]). The reason is making the proposal of the anisotropic transition based on
the derivatives of the importance function. The HMC outperforms the MCMC because the
isotropic transition proposal in the MCMC has a lower chance of remaining in the region of
the high importance function. However, HMC methods are new, and many of their aspects
remain uninvestigated.

The MALA (Metropolis-Adjusted Langevin Algorithm) method, based on the Langevin
dynamics, had been proposed in [7,8]. At the moment, the work of [8] seems to be the last
one in the application of hybrid Monte Carlo to the problem of illumination calculation.
The MALA algorithm with a preconditioning matrix is promising, but it has not been
fully studied in the mentioned works. We can formulate the following questions. First,
the issue of dealing with obstacles which create “potential barriers” (discontinuities) of
the importance function has not been investigated. In terms of lighting, these relate to
the shadowing and masking by various scene objects. The gradient of potential cannot
help to detect these barriers because the potential changes smoothly and slowly until it
reaches some point where the potential suddenly jumps, while the derivatives predict
only the smooth part of the change. An efficient preconditioning matrix must adapt to
the barriers. Second, in [7], the Langevin equation is written in the form different from
the original equation by dropping the divergence term. The effect of the divergence term
on the MALA convergence under different conditions has remained unknown. Third, the
diagonal form of the preconditioning matrix and the method for its calculation is proposed
in [7]. However, the efficiency of this method drops as the dimension of the phase space
increases, because it is impossible to make a good transition proposal in any direction. For
example, a diagonal matrix cannot represent rotation.

Thus, there are three computationally expensive parts the MALA algorithm.

1. Calculation of the preconditioning matrix is expensive because this takes O(d3) oper-
ations and O(d2) of memory, where d is the dimension of phase space.

2. Calculation of the divergence term is a very expensive operation. But since the
Hastings’ rule provides exactly the desired stationary distribution for an arbitrary
Markov chain, possibly this term can be dropped. However, this may worsen the
convergence to a stationary distribution. For example, the probability of accepting a
transition will decrease so that the generated sequence will contain many repeating
points.

3. Similarly, we can try to drop the very term with the gradient of potential.

We investigate the influence of these three terms (matrix, divergence term and gradient
term) in order to accelerate the MALA method applied to the illumination calculation
problem.

Any implementation of MALA in practice will face a number of unobvious difficulties.
First, the phase space must be chosen in some way. Almost all further calculations depend
on this. Second, it is necessary to choose the time step. Third, one needs to calculate the
probability densities of the forward and backward transitions for the Hastings rule. Finally,
the preconditioning matrix needs to be calculated. These are the key points which influence
the effeciency of MALA. We also consider them in detail in our study.
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2. Related Works

Traditionally [2,9], a ray path is described by a set of its nodes (points of intersection of
the ray with the surfaces of the scene) X = {x0, x1, ..., xm}. This representation is sometimes
called the world path space. Another popular parameterization is through the set of
directions of its segments X = {v0, v1, ..., vm} [10]. In this case, the coordinates of the nodes
are not directly specified, but they are calculated. Other representations are also possible,
for example, a primary path space, in which any point of a multidimensional unit cube
corresponds to some ray path although maybe with a zero importance function. This group
of methods includes, for example, Kelemen Metropolis Light Transport (MLT) [11] and
Multiplexed Metropolis Light Transport (MMLT) [12].

When changing the representation to Y = {y0, y1, ..., ym}, the density of the path

distribution in the new variables will change from I to I
∣∣∣det ∂X

∂Y

∣∣∣. It is natural to assume that
this is the importance function in the new variables. Then, the image luminance can still be
calculated as the average over a random sample of Y (1), i.e., paths, but now they must be
generated with the density proportional to the new importance function I

∣∣∣det ∂X
∂Y

∣∣∣. With a
good choice of parameterization Y , generating random paths with a new distribution may
be easier and more efficient.

One of the most straightforward ways to choose parameterization is to use algorithms
in the primary path space [12]. The second way is to work in the world path space formed
by concatenating all coordinates of the path vertices in the world space (for example, the
Veach Metropolis Light Transport [9] and Manifold Exploration Metropolis Light Transport
[13,14] methods). The third way is to combine the first two. In the works [15–17], an
invertible mapping between the world space and the primary path space is constructed,
which allows to combine the advantages of both approaches. Many other kinds of the phase
space can be devised. Practical aspects of the MCMC-based lighting calculation methods
are well described in [5]. This work can be considered as a starting point for understanding
them at a deeper level for the purpose of practical implementation.

Thus, most of the existing works applying MCMC to the problem of lighting simu-
lation are based on the Metropolis–Hastings algorithm or even on the simple Metropolis
algorithm with equiprobable forward and backward transitions [5]. On the other hand, the
development of MCMC methods themselves has significantly advanced. The application of
the Langevin dynamics is theoretically possible to any parameterization of the importance
function. The work in which this has been accomplished so far [7] is based on MMLT. In
our work, we use the parameterization of a path rather similar to that in the Half Space
Light Transport method [10].

Hybrid Monte Carlo is a broad subset of MCMC [18–23]. These methods generate
samples through trajectories of a dynamical system, such as Hamiltonian mechanics (Hamil-
tonian Monte Carlo) or Brownian motion in a viscous medium based on the Langevin
equation (Langevin Monte Carlo). The basic idea of these methods is that the dynamical
system can generate successful transition proposals and traverse the space more efficiently
because it can move a point in the “allowed” directions of the phase space.

The Hamiltonian dynamic system is used in the Hessian–Hamiltonian Monte Carlo
(HHMC) method [24,25]. A distinctive feature of the method is that the expensive simula-
tion of the Hamiltonian dynamics is performed not for the potential function itself but on its
quadratic approximation by the Taylor series. This is an important point, since the Hamilto-
nian equations for a quadratic function admit an analytical solution. Further, Hamiltonian
Monte Carlo requires calculating the first (gradient) and second (Hessian) derivatives
obtained using the automatic differentiation library [26]. The basis of the HHMC method is
calculating the Hessian, which is used in the algorithm twice. The first time, it is used to
calculate the approximation of the potential through the Taylor series. The second time, it
is used to calculate the inverse mass matrix (an analog of the preconditioning matrix). In
this case, the transition proposal itself is made in the form of a multidimensional elongated
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Gaussian. Calculating the Hessian is expensive, and this is the main limiting factor of the
method.

In [27], a relatively simple way to reduce the cost of the HHMC was proposed. At
the beginning of each step, a normal transition proposal is made like in the Metropolis
algorithm. If it is accepted, the algorithm continues its work as a normal Metropolis step.
If the transition proposal is rejected, a new attempt is made using Hamiltonian Monte
Carlo. The main difficulty in this approach is to correctly calculate the transition proposal
probabilities.

To reduce the cost of the MALA algorithm step, several ideas are proposed: (1) to
use a diagonal preconditioning matrix; (2) to accumulate the gradient and matrix over
several steps of the algorithm like in the Adam optimization algorithm [28]; and (3) to
use supervised or adaptive MCMC to correctly calculate the transition probabilities [29].
In the paper [8], two more methods are proposed: storing the gradient in memory and
a hybrid accumulation and storing method to obtain a more accurate estimate of the
averaged gradients. Thus, a kind of “integrated gradient” is proposed as the only source of
information for forming a good transition proposal.

3. Langevin Monte Carlo Ray Tracing
3.1. Application of the Langevin Dynamics to MCRT

Langevin equations historically describe the Brownian motion of a small particle in
a viscous medium under the action of a potential field (i.e., external force). In the limit
of high viscosity, when inertia can be neglected, we arrive at the “overdumped Langevin
dynamics”. The original Brownian motion is just the 2nd Newton law under stochastic
force F:

d2X
dt2 = −γ

dX
dt

+
F(X)

m
,

where t is the time, X is the position of the particle, m is its mass and γ is the viscosity. In the
limit of high viscosity, one can derive an approximation using the well-known technique
of the “singular perturbations” [30]. It is already a first-order ODE. Now, this singular
perturbation is the inertia force m d2X

dt2 . This derivation can be seen in [31] which ends with
a stochastic differential equation (1.45) sometimes called the “Smoluchowski equation” and
sometimes called the “overdamped Langevin equation”. For our purposes, it is convenient
to write it in the “explicit form”.

dX = −∇Udt + ξ(t)
√

2dt, (2)

where X is the position of the particle, t is the time, U is the potential, ξ(t) is the Gaussian
random process with zero mean and covariation ⟨ξi(t)ξ j(t′)⟩ = δi,jδ(t − t′). While the
original meaning of X is the 3D position of the particle, Equation (2) can be applied in a
more general case. Then, X is a point in a multidimensional phase space.

The probability distribution associated with this equation obeys the Fokker–Planck
equation (see, e.g., ODE) [30]. Now, this singular perturbation is the inertia force m d2X

dt2 . This
derivation can be seen in [31] and exponentially converges to the stationary distribution
ρ(X) = Ze−U(X), where Z is the normalization factor. As a result, one can construct the
dynamics for any (to be precise, under some rather weak limitations) probability density
ρ by using the potential U = − log ρ. This made this kind of dynamics popular in Monte
Carlo methods as a generator of random samples with desired density [7].

One of the areas where Monte Carlo methods are widely used is ray tracing. Here,
the state vector’ X is the ray path, and the desired density of samples is the importance
function. To be precise, the density is proportional to the importance function. They cannot
be completely identical, since

∫
ρdX = 1, and the importance function is in general not

normalized to 1.
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This equation can be integrated numerically, for example, using the explicit Euler–
Maruyama difference scheme. However, if the relief of the potential is complex, e.g.,
contains long narrow ravines, then a very small time step is required to reproduce the
desired distribution with good accuracy. As a result, many steps have to be taken, which
means a long computation time. When the potential is discontinuous across some bound-
aries, especially when the potential becomes infinite past them, an accurate numerical
integration is yet more difficult.

The situation can be considerably improved by using the generalized Langevin equa-
tion [18,32]:

dX = a(X)dt +
√

2dtT̂ξ(t),

ai(X) = −
(
T̂T̂∗∇U

)
i + ∑

j

∂(T̂T̂∗)i,j

∂Xj
,

(3)

where the “drift term” a(X) has the meaning of a “sliding force” acting on our particle. The

expression ∑j
∂(T̂T̂∗)i,j

∂Xj
is the divergence of the i-th row of T̂T̂∗, so we call it the divergence

term; T̂∗ is the transposed matrix. The matrix T̂(X) performs a local coordinate transforma-
tion (usually to remove strong anisotropy in the original phase space). It is often called the
preconditioning matrix. Historically, it comes from optimization descent methods [33,34].

The idea behind this matrix is quite simple. For example, if the relief of potential has a
narrow ravine, e.g., if the space is shrunk in some direction, then the isotropic Brownian
term ξ(t) would nearly always kick the point out of the allowed region. So, the space must
be stretched back along those directions to make the resulting potential more isotropic. In
such a situation, the preconditioning matrix must orient (rotate) the space along the ravine
and stretch it across the ravine. Without such a matrix, almost any transition proposal
jumps out of the ravine of the potential and thus will be rejected by the Hastings procedure.

The simplest way of simulation of the Langevin dynamics is numerical integration
using the explicit Euler–Maruyama difference scheme, where the final displacement of the
point δX is calculated using the same formula as the differential:

δX = a(X)δt +
√

2δtT̂ξ(t), (4)

where δt is the final time step.
Calculation of the new position of X̂ at t + δt given the displacement δX is not easy;

typically, it will not be X̂ = X + δX. The problem is that in most cases, the trajectory is
constrained to a manifold of significantly lower dimension. For example, if the ray path is
described by a set of directions of its N segments, then this manifold is the direct product
of N surfaces of unit spheres because the end of each direction vector is constrained to
the unit sphere. For the world space, the nodes of the ray path lie on the surfaces of the
scene and cannot leave them in the volume. Meanwhile, X + δX belongs to the tangent
hyperplane which generally deviates from the “curved” manifold. For example, for the
direction of the ray segment, v + δv will no longer be a unit vector. Therefore, instead of
the trivial addition X̂ = X + δX, it is also necessary to somehow return the point to the
resolved manifold:

X̂ = P(X + δX). (5)

This can be accomplished in different ways: for example, projecting the moved point
onto the manifold. In case of ray direction, that means its normalization, so the new
direction of the segment is v+δv

|v+δv| .
However, in the case where the potential has steep slopes, such numerical integration

requires an unacceptably small time step. Moreover, for any finite δt, the stationary
distribution of the trajectory does not exactly coincide with the desired one. To cure this,
MALA after each time step (4)–(5) applies the Hastings rule treating X̂ not as the new
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position but only as the conditional proposal that can be accepted (and then X(t + δt) = X̂)
or rejected (and then X(t+ δt) = X). The Hastings rule is a powerful tool which transforms
the sequence generated by an arbitrary Markov chain so that it has exactly the desired
probability distribution. The probability of acceptance is computed as

Pr = min
(

1,
p(X|X̂)ρ(X̂)

p(X̂|X)ρ(X)

)
, (6)

where ρ is the density of the stationary distribution ρ(X) = Ze−U(X), p(X̂|X) is the
probability density of the proposed transition X 7→ X̂, and p(X|X̂) is the probability
density of the backward transition proposal. This is the same function with the arguments
swapped. The transition X 7→ X̂ is a composition of (4) and (5). As a result, MALA allows
working even with a discontinuous potential with a finite (even arbitrarily large) time
integration step.

It is important to understand that the Markov chain obtained as a result of combining
the difference scheme and the Hastings rule is a completely different object than the original
Langevin equation. It has exactly the same stationary distribution, but that is all. The
other statistical properties (e.g., the time correlation function) can be completely different
from that in the original Langevin dynamics. However, this is insignificant for its use as a
generator of random points in phase space because we only need the desired distribution
from it.

3.2. Influence of the Divergent Term

The drift term includes the divergence of ∑j
∂(T̂T̂∗)i,j

∂xj
, which requires fairly expensive

calculations. To accomplish this, it is not enough to calculate the matrix T̂ itself at a
given point, but it is also necessary to find how it depends on this point. In the case of a
stochastic differential equation (SDE) (3), this term is fundamentally important and cannot
be dropped or replaced with an approximation because then the stationary distribution
will be distorted. It is difficult to predict how significantly. Therefore, it is necessary to
calculate this expression as accurately as possible.

The only way to remove this term would be to use a constant transformation matrix T̂
independent of the point in the phase space. However, this can lead to another difficulty:
now, the Brownian component is not adapted to the relief of the potential, and thus it is
necessary to use a very small time step to integrate the SDE with sufficient accuracy. But
since now the calculations are simplified, each step is calculated faster. So sometimes (alas,
rarely) even some overall acceleration is possible. However, in most cases, this leads to a
fatal slowdown.

Fortunately, if the MALA algorithm is used instead of the true SDE dynamics, the
resulting stationary distribution will be exact regardless of which terms are present in the
SDE. One can even drop the whole drift term (both the gradient of the potential and the
divergence term), reducing the dynamics to Metropolis with a Brownian mutation

dX =
√

2dtT̂ξ(t), (7)

and it will still work. The rate of convergence may depend on which components of the drift
term are kept and which are dropped. However, in the example we used for testing, even
this did not happen. The rate of convergence did not suffer from dropping the divergence
term, as it can be seen from the results below.

4. Choosing the Integration Step

The time step is the most important parameter in the numerical integration of ODEs.
Its correct and adaptive (depending on the point) choice determines the accuracy and speed
of calculations. It is even more important in the case of stochastic differential equations.
As it was said, all that we need from the Langevin dynamics is that it provides the target
stationary distribution. Thanks to the Hastings rule, MALA provides an exact stationary
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distribution for any step δt provided that the trajectory goes around the entire region ρ > 0.
Regrettably, this condition may be violated for a sufficiently large step, as we will see
below. We obtain exactly the desired distribution when this condition is satisfied. But the
convergence rate may strongly depend on the time step. Indeed, a very large number of
steps O(1/δt) will be required for a very small δt, so the calculations will be very slow. On
the other hand, the Hastings procedure often rejects the transition proposal for large δt
repeating the current position of the point. Therefore, the trajectory turns out to be highly
correlated, and this is bad for the Monte Carlo integration. Therefore, both too large and
too small time steps work poorly, so there must be some value in between that produces
the most efficient series of samples (points along the trajectory).

For a sufficiently large time step δt, the trajectory can become stuck at some point
almost forever. Indeed, the displacement of the point under the influence of the Brownian
term

√
2δtT̂ξ cannot compete with the much larger displacement under the influence of

the drift term a(X)δt because the latter grows much faster with δt. Therefore, although
formally, the proposed new position of the point X̂ = X + δX is random, it cannot deviate
significantly from X̂ ′ ≡ X + a(X)δt. The Hastings rule (6) allows a transition to X̂ only
if the trajectory can return from there, i.e., if X̂ + a(X̂)δt′ +

√
2δt′T̂(X̂)η = X, where η is

some new random vector (instead of ξ), and δt′ is the time step at the point X̂. Since for
large δt′ the drift dominates over the Brownian term, then X̂ + a(X̂)δt′ ≈ X and so

X ≈ X̂ + a(X̂)δt′ ≈ X + a(X)δt + a(X̂)δt′,

This is possible only if a(X̂) turns in the opposite direction, which is not the general
case. Otherwise, the reverse transition is impossible or its probability is very small, and the
Hastings rule rejects the proposed transition of X 7→ X̂.

This situation is shown in the left half of Figure 1, and its right half represents the
opposite case when the time step is small and the Brownian displacement may exceed
the drift.

Figure 1. The left half shows the case of a sufficiently large δt when the Brownian term is small
compared to the drift. The right half shows the case for small δt when the Brownian term can exceed
the drift. The red arrow shows the shift due to the drift term, the blue arrow shows the shift due to
the Brownian term and the ellipse encloses the region where the point will be with high probability
after the combination of both shifts. The dashed arrows and the ellipse refer to the imaginary next
step X̂ 7→ ˆ̂X. It can return the trajectory back to X for the case shown on the right, while it cannot for
the left case.

Therefore, the time step must be small enough so that the Brownian fluctuations can
overcome the displacement due to the drift term. For this, it is sufficient that the size of the
ellipse along the direction of the drift term is not less than the length of the red arrow, i.e.,
|a(X)δt|. As a result, the time step depends on the point X.
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Since the Brownian displacement
√

2δtT̂ξ is a Gaussian random vector with covariance
matrix 2δtT̂∗T̂, then the size of the ellipse along the direction a

|a| is

3

√
2δt

(
a
|a| , T̂∗T̂

a
|a|

)
= 3

√
2δt

|T̂a|
|a| .

The factor of 3 arises due to the famous “3σ rule”; i.e., the random value almost never
exceeds three r.m.s. According to our requirement, this value should be no less than |aδt|:

√
2δt

|T̂a|
|a| ≥ |aδt|, (8)

and so

δt ≤ 2
|T̂a|2
|a|4 . (9)

It is better to limit the time step so that the integration of the Langevin equation
without the Hastings procedure yields a stationary distribution that does not deviate too
much from the desired one. The stationary distribution ρ is the stationary solution of the
master equation for the Markov chain corresponding to the difference scheme of integration
of the SDE. For a sufficiently smooth distribution, its evolution in discrete time involves
the convolution of the difference of the distribution at the initial and final points of the step
ρ(X(t + δt))− ρ(X(t)) with the distribution of the Brownian term. When this difference
can be replaced by a Taylor series expansion of the distribution up to the second derivatives,
then we obtain the parabolic PDE describing how the initial density evolves with time and
converges to the stationary distribution. For the Taylor expansion to be applicable, it is at
least necessary that

|ρ(X + δX)− ρ(X)| ≤ ερ(X)

for a reasonably small ε, say, ε = 0.1. Estimating the left side using the gradient, we arrive
at the criterion

(δX,∇ log ρ)| ≤ ε,

or, since the stationary distribution is related to the potential as ρ(X) = Ze−U(X),

|(δX,∇U)| ≤ ε.

If the time step satisfies (9), then for the approximate criterion, we can take δX ≈
a(X)δt since the Brownian and the drift components are of the same order of magnitude.
This gives

|(a,∇U)|δt ≤ ε. (10)

Combining (10) with (9), we come to the expression of the necessary condition:

δt ≤ min
(

2
|T̂a|2
|a|4 ,

ε

|(a,∇U)|

)
, (11)

where ε is some reasonably small number. The exact value is not so important, because this
is still an approximate derivation, in which one part is excessively sufficient and the second
is minimally necessary. Therefore, we can adopt ε = 0.1, treat (11) as the upper bound
and use 10 times smaller δt in the simulation of the dynamics. Or we take the minimum
between (11) and some empirical limitation like δt ≤ 0.01.

5. Phase Space and Probability Densities of Transition Proposals

The choice of ray path representation, i.e., the phase space, has a crucial role for all
aspects of working with the Langevin equation as the ray path generator. In particular, the
choice of phase space determines the specific form of constraints on the ray path in a given
scene, and thus, on the preconditioning matrix T̂ and the time step. The main criteria for
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choosing a ray path representation is what form the constraints take for it and how much
this simplifies (or complicates) the construction of the preconditioning matrix.

For a ray path of N + 1 segments, the last one does not need to be stored because it is
uniquely determined by the previous N segments (Figure 2a). If the ray path is represented
by the directions of segments, then the importance function is equal to the product of the
BDF values at the path nodes. The BDF (Bidirectional scattering Distribution Function)
describes the optical properties of the scene surface. If there are almost specular BDFs, then
for the importance function to be distinct from zero, the direction of the segment must be
close to the direction of the ideal mirror reflection of the previous segment si:

vi+1 ≈ si,

si = vi − 2(vi, ni)ni,
(12)

where vi is the direction of the i-th segment and ni is the surface normal at the end point of
the i-th segment. The condition vi+1 ≈ si is the constraint imposed by a glossy BDF.

Therefore, it is convenient to choose a phase space where the deviations from the
direction of the specular reflection are independent variables, i.e., are included in the vector
representing the ray path. These deviations can be described in different ways: for example,
through the vector ωi ⊥ si, defined as shown in Figure 2b. For the first ray segment, there is
no previous ray and its specular reflection, so the first segment must be specified explicitly,
for example, through its direction v1.

Figure 2. (a) The last segment ending at the camera is a function of the previous {v1; v2; ...; vN}
because its end is the camera position and thus is fixed. The case N = 4 is shown. (b) The direction of
a segment can be specified through its deviation from the specular scattering of the previous segment.
Red arrows are the incident and reflected ray segments, the blue arrow is the specular reflection of
the incident segment, the green arrow is the vector of deviation from the specular direction, and the
black one is the normal to the surface.

By construction, the deviation vector ωi is orthogonal to the specular direction si and

vi+1 =
√

1 − |ωi|2si + ωi,

ωi = vi+1 − (vi+1, si)si.
(13)

If we represent the ray path by the vector {v1; ω1; ω2; ω3; ...; ωN−1}, the Jacobian of
the transition from the set of directions {v1; v2; ...; vN} is unity, so the importance function
in this representation is the same, i.e., the product of BDFs (in intensity units). The vi values
included in it are calculated from {v1; ω1; ω2; ω3; ...; ωi−1}.

Since ωi is orthogonal to the specular direction si, then this is actually a two-dimensional
vector Ωi = {Ωi,p, Ωi,q} containing projections onto some two directions p′ and q′ which
are perpendicular to si.

Thus, the representation of a ray path (a point in phase space) with N segments is now

X = {v1; Ω1; Ω2; Ω3; ...; ΩN−1}.
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Variation δX is a vector in the tangent hyperplane. The corresponding variation of the
unit vector v1 is a two-dimensional vector δV1 = {δVp; δVq}, containing two projections of
δv1 onto the directions p1 and q1 perpendicular to v1. Thus,

δX = {δV1; δΩ1; ...; δΩN}.

For such a representation, it is impossible to calculate a new point simply as X̂ =
X + δX because then the first element v1 + δv1 will no longer be a unit vector. The simplest
way is to normalize the result, which is a special case of the projection onto the allowed
manifold:

X̂ =

{
v1 + δv1

|v1 + δv1|
; Ω1 + δΩ1; Ω2 + δΩ2; ...; ΩN−1 + δΩN−1

}
=

{
v1 + p1δVp + q1δVq√

1 + δV2
p + δV2

q

; Ω1 + δΩ1;

Ω2 + δΩ2; ...; ΩN−1 + δΩN−1

}
. (14)

Other ways are also possible. For example, we can take a new direction as
v̂1 =

√
1 − |δv1|2v1 + δv1. The importance function in this space (as well as in the space

where the path is described by the directions of all segments) turns out to be simply the
product of the BDF values at the path nodes.

After having chosen the phase space, we must implement the Langevin Monte Carlo
ray tracing in it. This requires the probability density of the transition proposal in this
phase space, i.e., the probability density with which X̂ is distributed for a fixed X and a
random ξ. This mapping is defined by two formulas: we find δX = {δV1; δΩ1; ...; δΩN}
with Formula (4) and X̂ with Formula (14).

Thus, the conditional probability density function p(X̂|X) refers to the case when X
is fixed, and the randomness of X̂ is due to the random vector ξ. And since the random
variable X̂ is a function of the random variable ξ distributed according to Gaussian density
G, then the probability density is calculated as

p(X̂|X) =
1∣∣∣det ∂X̂

∂ξ

∣∣∣G(ξ), (15)

where ξ should be calculated from X̂ and X. First, we calculate δX = {δV1; δΩ1; ...; δΩN}
from Formula (14):

δv1 =
v̂1

(v̂1, v1)
− v1, (16)

δV1 = {(p1, δv1); (q1, δv1)}, (17)

δΩi = Ω̂i − Ωi (18)

and then calculate ξ:

ξ =
1√
2δt

T̂−1(X)(δX − a(X)δt). (19)

The Jacobian
∣∣∣det ∂X̂

∂ξ

∣∣∣ of the combined transformation is the product of its two “halves”:∣∣∣det ∂X̂
∂ξ

∣∣∣ =
∣∣∣det ∂(δX)

∂ξ det ∂X̂
∂(δX)

∣∣∣. The first term is found from Formula (4): det ∂X̂
∂(δX)

=

(
√

2δt)N
∣∣det T̂

∣∣ and the second term—from the transformation (14):
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det
∂(v̂1; Ω̂1; ...; δΩ̂N)

∂(δV1; δΩ1; ...; δΩN)
= det


∂(v̂1)

∂(δV1)
0 0 · · · 0

0 1 0 · · · 0
0 0 1 · · · 0
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

 = det
∂(v̂1)

∂(δV1)
,

where v̂1 =
v+pδVp+qδVq√

1+δV2
p +δV2

q
according to (14).

Since v̂1 is a unit vector, its derivative is orthogonal to it and so effectively has just two
(not three) components along the two directions p̂ and q̂ orthogonal to v̂1. They are the
analogues of p and q. The vector δV1 (not only its differential) also has just two components
{δVp; δVq}. Therefore, the Jacobi matrix ∂(v̂1)

∂(δV1)
is 2 × 2:

∂(v̂1)

∂(δV1)
=

 (
p̂, ∂v̂1

∂(δVp)

) (
p̂, ∂v̂1

∂(δVq)

)(
q̂, ∂v̂1

∂(δVp)

) (
q̂, ∂v̂1

∂(δVq)

) 
Substituting ∂v̂1

∂(δVp)
= p√

1+δV2
p+δV2

q
− v̂1

δVp

1+δV2
p+δV2

q
and ∂v̂1

∂(δVq)
= q√

1+δV2
p+δV2

q
− v̂1

δVq

1+δV2
p+δV2

q

and taking into account that (p̂, v̂1) = (q̂, v̂1) = 0, one calculates the elements of this
matrix:

∂(v̂1)

∂(δV1)
=

1√
1 + δV2

p + δV2
q

(
(p̂, p) (p̂, q)
(q̂, p) (q̂, q)

)

= (v̂1, v1)

(
(p̂, p) (p̂, q)
(q̂, p) (q̂, q)

)
so

det
∂(v̂1)

∂(δV1)
= (v̂1, v1)

2|(p, p̂)(q, q̂)− (q, p̂)(p, q̂)|

As a result,∣∣∣∣det
∂X̂
∂ξ

∣∣∣∣ = (
√

2δt)N ∣∣det T̂
∣∣(v̂1, v1)

2|(p1, p̂1)(q1, q̂1)− (q1, p̂1)(p1, q̂1)|

and

p(X̂|X) =
G(ξ)

(
√

2δt)N
∣∣det T̂(X)

∣∣(v1, v̂1)2|(p̂1, p1)(q̂1, q1)− (p̂1, q1)(q̂1, p1)|
, (20)

where ξ is defined by Formula (19).
The probability density of the transition in the opposite direction is, of course, the

same function but with the swapped arguments:

p(X̂|X) =
G(η)

(
√

2δt′)N
∣∣det T̂(X)

∣∣(v1, v̂1)2|(p̂1, p1)(q̂1, q1)− (p̂1, q1)(q̂1, p1)|
,

where δt′ is the time step calculated for the case when the initial point is X̂ and

η =
1√
2δt′

T̂−1(X̂)
(
δX ′ − a(X̂)δt

)
and eventually δX ′ = {δV ′

1; δΩ′
1; ...; δΩ′

N} is the displacement of the point in the tan-
gent hyperplane during an imaginary backward transition from X̂ to X. Therefore, it is
calculated exactly as for the direct transition by swapping X ↔ X̂ in Formulas (16)–(18).

Note that the term (v1, v̂1)
2|(p̂1, p1)(q̂1, q1)− (p̂1, q1)(q̂1, p1)| in the denominator

of the expressions for p(X̂|X) and p(X|X̂) is the same due to its symmetry against the
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permutation X ↔ X̂. So, it cancels out when calculating the probability of acceptance in
the Hastings rule (6).

6. Constraints on the Variation of Ray Path

Often, the relief of the importance function in the phase space contains narrow ravines,
and the trajectory must make its way inside them. If the ravine has smooth slopes, then
the gradient of the potential pulls the trajectory toward the midline of the ravine. For a
narrow ravine, the gradient is large. Therefore, it is necessary to strongly limit δt so that it
does not jump out of the ravine. But the movement along the ravine for small δt is too slow,
so a very large number of steps are needed to traverse it entirely (maybe several times to
accumulate due statistics).

The situation is similar to gradient descent methods, as there, the situation is signifi-
cantly improved by a local transformation of the variables by the “preconditioning matrix”
in hybrid Monte Carlo algorithms. This matrix makes the projection of δX small on the
direction across the ravine and large on the direction along it. We can say that it adapts the
displacement proposal δX to the relief.

In ray tracing, such narrow ravines with smooth slopes arise mainly due to the
presence of glossy surfaces whose BDF quickly vanishes when the ray deviates from the
direction of specular reflection or refraction. Another case is a ravine with vertical slopes,
i.e., a narrow potential well or at least a significant finite discontinuity of the potential. They
can arise, for example, when a ray is scattered by a small scene object or passes through a
small hole (Figure 3).

Figure 3. Two cases of a narrow potential well. Left: a ray reflects from a small scene object. Right: a
ray passes through a small hole. Even a small variation in the path can render it invalid. The thick
red arrows show segments of the original ray path, the thin arrows show possible mutations and the
dotted arrows show forbidden mutations (impossible paths).

The case of passing through a small hole is the most intuitive. Let the nodes of the
ray path before and after the hole be xk and xk+1 (these are the beginning and end of one
segment) and the hole is in the plane (x, n) = c. Then, the segment intersects this plane at
the point

x = xk +
c − (xk, n)

((xk+1, n)− (xk, n))
(xk+1 − xk)

and an infinitesimal displacement of the nodes xk and xk+1 leads to the following variation
of the intersection point of the plane:

dx = − c − (xk+1, n)
((xk+1, n)− (xk, n))

dxk +
c − (xk+1, n)

((xk+1, n)− (xk, n))2 (xk+1 − xk)(dxk, n)

+
c − (xk, n)

((xk+1, n)− (xk, n))
dxk+1 −

c − (xk, n)
((xk+1, n)− (xk, n))2 (xk+1 − xk)(dxk+1, n),

which can be rewritten in a matrix form

dx = Â(xk; xk+1)dxk + Â(xk+1; xk)dxk+1.
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where Â(x; y) is a 3 × 3 matrix calculated from two vertices x, y.
Obviously, in this case, in the tangent subspace (dxk; dxk+1), there are directions for

which the displacement along them does not change x at all. So, even a large variation of the
path in this direction leaves it in the allowed region of the phase space. There are directions
in which the displacement along them moves the point where the ray runs through the
hole along the long side of the hole. So, in this direction, the path can be varied rather
strongly until it leaves the allowed region. And, finally, there are directions that move the
point where the ray runs through the hole along its short side. Here, the permissible step is
the smallest.

Let {ei} be the set of orthonormal vectors adapted to the orientation of the hole and li
be the size of the hole along ei. Then, the constraint on the displacement of the intersection
point of the ray with the plane of the hole is

(dx, ei)
2 ≤ l2

i , i = 1, ..., N,

that is
(Â(xk; xk+1)dxk + Â(xk+1; xk)dxk+1, ei)

2 ≤ l2
i , i = 1, ..., N. (21)

The case when the ray hits a small scene object is considered similarly. Let the hit point
be the k-th node xk of the path. Then, the allowed mutations are those for which xk + dxk
is still on the surface of this body. Approximately, this means that the displacement dxk
should be limited differently in different directions. Its general form is as follows:

(dxk, B̂(xk)dxk) ≤ 1. (22)

Let us consider the phase space we have chosen. The deviations from the specular
direction are independent variables, and they are the components of the ray path represen-
tation for this space. Therefore, the restrictions on them are as follows:

|Ωi| ≤ max ϑi, (23)

where max ϑi is the BDF angle beyond which this BDF practically vanishes. Note that
the phase space itself does not impose restrictions on this variable, and any vector Ωi is
admissible. Another thing is that the BDF values for it will be extremely small.

We limit the variation of the original path so that

(δΩi, δΩi) ≤ (max ϑi)
2, (24)

then after the variation, the worst case will be |Ωi| ≤ 2 max ϑi.
However, the value of ΩN in the final segment ending at the light source is not an

independent variable and is not even included in the state vector. Similarly, dΩN is not
included in dX but is calculated from it, that is, from (dv1; dΩ1; dΩ2; dΩ3; ...; dΩN−1). The
general form of this dependence is obviously as follows:

dΩN = B̂dX = B̂0dV1 + B̂1dΩ1 + B̂2dΩ2 + · · ·+ B̂N−1dΩN−1. (25)

This relation is approximately satisfied for finite variations as well. Therefore, the restriction
|δωN | ≤ max ϑN leads to

|B̂0δV1 + B̂1δΩ1 + B̂2δΩ2 + · · ·+ B̂N−1δΩN−1| ≤ max ϑN ,

which can be written as a quadratic form

(δX, Q̂1δX) ≤ (max ϑN)
2. (26)

This expresses the angular constraints in the scene.
Now, let us come to the spatial constraints. There are two that are the most common.

The variations of the ray path nodes should, first, be constrained so that the normal at
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these points does not change too much and so that the point does not move away from the
surface. Second, the variation of the intersection point of the ray with the plane of the hole
must remain inside the hole.

The first constraint applies to each node separately and can be written as a quadratic
form

(δxk, D̂(xk)δxk) ≤ d2
k . (27)

For our phase space, the coordinates of the path nodes are not independent variables.
They must be calculated based on the state vector X. Therefore,

dxk = V̂kdX, (28)

Generally, V̂k is not a square matrix. The relation (28) is approximately satisfied for
finite variations as well, and substituting it into (27), we have

Q̂k ≡ V̂∗
k D̂(xk)V̂k,

(δX, Q̂kδX) ≤ d2
k .

(29)

The second constraint is rather the relation between the variations of two nodes: they
must be moved so that the point where the ray runs through the hole does not leave that
hole. Then, we obtain an expression of the form (21). It is true that if the displacements of
the path nodes are small, this is so due to the first constraints. Expressing dxk from dX by
the Formula (28) and applying the result to the final variations, we have

(δX, wi,k)
2 ≤ l2

i , i = 1, ..., N,

where

Ŵk ≡ Â(xk; xk+1)V̂k + Â(xk+1; xk)V̂k+1,

wi,k ≡ Ŵ∗
k e(k)i .

The quadratic form (δX, wi,k)
2 can also be written in a matrix form:

(δX, Q̂i,kδX) ≤ l2
i , i = 1, ..., N, (30)

Q̂i,k ≡ |wi,k⟩⟨wi,k|.

In general, all constraints (24), (26), (29) and (30) can be written as

(δX, Q̂k(X)δX) ≤ q2
k ,

where Q̂k(X) is a symmetric non-negative matrix.
Of course, some of these constraints may be absent for the given scene, say, if all BDFs

are smooth enough or if all holes are large, etc. Formally, we can keep all constraints but
set a very large or simply infinite qk for the absent constrains.

The allowed variations of the ray path must satisfy all the constraints. The simplest
way to combine them into one is to write all the corresponding inequalities in the form
(δX, q−2

k Q̂k(X)δX) ≤ 1 and sum them up. This leads to

(δX, Q̂(X)δX) ≤ 1, (31)

Q̂(X) ≡
M

∑
k=1

q−2
k Q̂k(X).

Of course, this is an excessively strong constraint; i.e., in reality, the phase space point
may remain in the allowed region even for δX significantly exceeding the bounds derived
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from (31). As a compromise, it would be possible to make the matrix in the combined
constraint slightly different, for example,

Q̂(X) =
1
M ∑

k
q−2

k Q̂k(X),

where M is the number of the initial, individual constraints. If they all are identical, such a
matrix would provide a perfectly precise constraint in contrast to the excessive requirement
from (31).

However, in case of different initial constraints, such a matrix may lead to the proposed
δX being

√
M times larger than allowed. Such a transition proposal will surely be rejected.

However, many proposals will still be accepted and will give a larger trajectory variation.
It is not clear in advance what is better: all accepted small steps or large steps, but some of
them are rejected. Therefore, it is possible to propose to form the final matrix as

Q̂(X) =
1√
M

∑
k

q−2
k Q̂k(X).

In any way, we still arrive at an inequality for a quadratic form similar to (31). The
difference is only in the matrix Q̂(X) that can be calculated slightly differently.

7. Calculation of the Preconditioning Matrix from the Constraints

For any kind of dynamics, be it (2), (3), or (7), a transition proposal can move the
point to a place where the importance function vanishes (or nearly vanishes) and such a
mutation will be rejected by the Hastings rule. The acceptable transitions form a region
around the current point (i.e., the ray path). It is therefore reasonable to arrange that
all proposed transitions δX are automatically restricted to this region. This means that
we impose some limitations on the vector δX or constraints among its components. The
most typical restrictions arise from, first, the presence of glossy surfaces and, second, from
situations where the ray hits a small object in the scene or passes through a small hole.

Although different scenes have a different number and different kinds of constraints
on the ray path, they admit a simple uniform formulation (31). In case the time step obeys
(9), the full displacement δX and its Brownian component are about the same (see Section 4).
Therefore, it is possible to apply the constraint to the Brownian component

√
2δtT̂ξ only,

which yields
2δt(ξ, T̂∗Q̂(X)T̂ξ) ≤ 1. (32)

Since Q̂ is a positively defined symmetric matrix, then Q̂ =
(√

Q̂
)∗√

Q̂, and (32)
takes the form

(ξ,
(√

Q̂T̂
)∗√

Q̂T̂ξ) ≤ 1
2δt

.

A natural possible solution is T̂ = c
(√

Q̂
)−1

, where c is a constant. Then, our

condition becomes (ξ, ξ)c2 ≤ 1
2δt , which must be satisfied for nearly all random vectors ξ.

Since ξ is normally distributed with a unit covariance matrix, it obeys the “3σ rule”:
its length nearly always is below the r.m.s, i.e., (ξ, ξ) ≤ 32. Therefore, it is possible to take
c ≤ 1

3
√

2δt
, and then all the constraints will be satisfied for most of the transition proposals.

On the other hand, (11) is yet another condition binding T̂ and δt, and our solution

T̂ = c
(√

Q̂
)−1

must satisfy it. The drift term a in (11) is

ai ≡ −
(
T̂T̂∗∇U

)
i +

∂(T̂T̂∗)i,j

∂Xj
= c2a′i,

a′i ≡ −
(

Q̂−1∇U
)

i
+

∂(Q̂−1)i,j

∂Xj
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so (11) becomes

δt ≤ c−2 min

2
|
(√

Q̂
)−1

a′|2

|a′|4 ,
ε

|(a′,∇U)|

.

Meanwhile, our new limitation c ≤ 1
3
√

2δt
can be written as δt ≤ c−2/18. Combining

these two limitations, we arrive to

δt ≤ c−2 min

 1
18

, 2
|
(√

Q̂
)−1

a′|2

|a′|4 ,
ε

|(a′,∇U)|

.

As a result, one can take any c and then the time step from the above condition.
Historically, we adopted c = 1, i.e.,

a = a′

T̂ =

(√
Q̂
)−1

.

Finally, the limitation (11) on the time step takes the form

δt ≤ min
(

1
18

, 2
|T̂a|2
|a|4 ,

ε

|(a,∇U)|

)
. (33)

8. Results

Here, we present and analyze the results of computational experiments that confirm
the conclusions of our research.

8.1. The Benchmark Scene

In most cases, a specular path cannot be varied because there are no other specular
paths in its vicinity. Then, the importance function is distinct from zero only in a very small
region, which is nearly a point. Such a simple case is unsuitable for studying the work of
Langevin Monte Carlo ray tracing with limitations imposed by BDF (optical properties).
Therefore, we chose a scene where two elliptical fuzzy mirrors redirect all rays from the
point light source to the virtual detector that registers the angular distribution of light
coming from all directions. The mirrors are not the closed ellipsoids but some parts of them;
the rest is clipped off so that the light can enter or leave them (Figure 4). Another typical
source of limitations comes from light passing through a small hole. So, we included a
diaphragm with a small round hole in our scene; light can reach the detector only through
it. This element resembles the use of a field diaphragm in telescopes.

The benchmark scene is shown in Figure 4. A ray emitted from the light source can
hit the detector directly going along the axis from left to right, thus forming a path of one
segment. However, it can also hit the detector along a three-segment path (the first segment:
from the light source to the surface of mirror 1, the second: through the diaphragm to the
surface of mirror 2, the third segment: from the mirror 2 to the detector). If there is a diffuse
component at the mirror surfaces, then the ray can even experience multiple reflections
and reach the detector through, say, seven segments. However, a three-segment path is
always present both when the surfaces are perfectly specular and when they are completely
diffuse. We used the MALA [8] algorithm for the case of three-segment paths.
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Figure 4. The benchmark scene shown as a projection onto the Oxz plane with the z-axis directed to
the right. Elliptical mirrors 1 and 2 are shown in blue and green, respectively. The clipped parts of
ellipsoids (absent in the scene) are drawn with the blue and green dotted lines. The right focus of the
left ellipsoid and the left focus of the right ellipsoid coincide. The thick black line is the diaphragm
with a hole in its center; its plane passes through the coinciding focuses. The light source is located at
the left focus of ellipsoid 1 (red dot), and the point detector is at the right focus of ellipsoid 2 (blue
dot). Red arrows show possible three-segment light paths.

The optical properties of the surfaces of the mirrors are described by the Phong-like
BDF:

f = C
(cos ϑ)gs

√
cos σ cos γ

,

where σ is the angle of incidence, γ is the observation angle between the scattering direction
and the normal, ϑ is the angle between the scattering direction and the specular reflection
of the incident ray, gs is the glossiness coefficient, and C is the scaling factor. The C does not
actually affect the distribution of the paths because it cancels in the normalized importance
function. A somewhat unexpected denominator appears in the formula so that for a narrow
lobe (large gs), the integral of the BDF is almost independent of the angle of incidence.
One could take simply 1

cos σ , but then the BDF would not satisfy the Helmholtz reciprocity.
Therefore, the symmetric expression 1√

cos σ cos γ is taken for a narrow lobe γ ≈ σ so that
1√

cos σ cos γ ≈ 1
cos σ and the reciprocity is obeyed. As gs decreases, the dependence of the

BDF integral on the angle of incidence becomes stronger.
For the sake of simplicity, the surface properties of both ellipsoids are the same

gs,1 = gs,2 = gs. The larger the gs value, the more glossy the surface is, becoming a mirror
in the limit gs → ∞. For large gs values, the BDF approximately looks like this:

f ≈ C
(1 − ϑ2

2 )gs

√
cos σ cos γ

≈ C
e−

gsϑ2
2

√
cos σ cos γ

,

so that the BDF almost vanishes for ϑ > 3
√

1/gs (as usual, the factor 3 arises due to the
famous “3σ rule”). For safety, we allow even twice as large deviations of the ray from the
specular direction setting for the constraints (24) and (26):

max ϑ = 6
√

1/gs.

The fully absorbing diaphragm with the hole of radius ra is placed in the plane passing
through the coinciding focuses of the ellipsoids and perpendicular to their axes of rotation.
For very small ra values, only rays passing through the focuses of the ellipsoids are possible,
i.e., the same as for mirror surfaces without a diaphragm.

Thus, the control parameters in our scene are the BDF width specified by gs and the
radius of the diaphragm ra. By changing them, we can manipulate the constraints: for large
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gs values, the major role is played by the angular constraints due to the BDF shape, and for
ra → 0, the spatial constraints are dominating. In both limiting cases, the allowed paths
are the same as for pure mirrors, and the rays run through the focuses. Therefore, the light
distribution converges to the same limit both for ra → 0 and for gs → ∞.

8.2. Description of Experiments

An isotropic source was used in the computational experiments. The virtual detector
registers the density of the angular distribution of the rays hitting it (i.e., it is sensitive to
the direction of the last, third, segment of the ray path). The density is proportional to the
number of rays per solid angle element. This distribution is axially symmetric and depends
only on the angle between the third segment and the Oz axis. Calculations were made for 2
× 2 combinations of scene parameters: gs = 100 (fuzzy surface), gs =10,000 (glossy suface),
ra = 0.25 (big hole) and ra = 0.025 (small hole).

The importance function for our three-segment path is the product of two BDFs
and cosines at the two reflection points. It is therefore determined by the directions
of the segments and the surface normals. So, to calculate the gradient of the potential,
we need the derivatives of the segment directions and the normals with respect to the
state vector X = {v1, Ω1} in our phase space. We used numerical (finite-difference)
differentiation with respect to the four elements of X (two for the displacement of v1 in
two perpendicular directions p1, q1 and two for the displacement of Ω1 in two directions
p′

1, q′
1 perpendicular to the specular direction s1). When calculating the constraint matrices,

we need the derivatives of the angles ϑ1, ϑ2 (the angles between the scattered ray and
the direction of mirror reflections for the 1st and the 2nd ellispoids) and the point xa
where the second segment intersects the plane of the diaphragm (Formulas (25) and (28)).
They were also found by numerical differentiation with respect to the same four variables.
Finally, the divergence term includes the derivatives of T̂T̂∗ also calculated by numerical
differentiation.

For each set of scene parameters, we constructed the starting ray path of three segments
by MCRT. This path was then used as the starting point of the Markov chain (numerical
integration of the Langevin dynamics assisted by the Hastings rule). The time series were
computed for a very large number of time steps (usually 1010), and the histogram of the
angular distribution of the direction of the last ray segment was accumulated. It estimates
the angular density of radiation registered by the detector. Due to the axial symmetry of
the scene, the histogram depends only on the angle between the segment and the scene
axis in the range from 0◦ to 180◦ (zero direction is toward the light source).

Every 10,000 steps, the distribution density was estimated from the accumulated
histogram by dividing the number of the rays in the cell by the cell’s solid angle. Then, the
distribution density was compared with the reference density calculated by a classic Monte
Carlo method (the “reference” method below). The time series of the relative deviation of
this density from the reference distribution gives the achieved accuracy, and we thus can
estimate the rate of convergence.

Experiments were carried out for several algorithm modifications. Most of them
(variants 1–6 in the list below) are modifications of Langevin Monte Carlo ray tracing
(MALA). The variant 7 is the Metropolis–Hastings [9] algorithm (Formula (7)); essentially,
it is MALA without the drift term. The variants 8 and 9 are for numerical integration of the
Langevin dynamics without the Hastings rule. Thus, the following algorithm modifications
were used in the experiments:

1. full: The full version of the Langevin Equation (2) with the gradient of potential, the
divergent term and the preconditioning matrix. An adaptive time step is chosen based
on (33).

2. full, fix dt: The full version of the Langevin Equation (2) with the gradient of potential,
the divergent term and the preconditioning matrix. Fixed time step δt = 0.01.

3. no div: Truncated version of the Langevin equation without divergence term. The
adaptive time step is chosen based on (33).



Mathematics 2024, 12, 3437 19 of 24

4. no grad: Truncated version of the Langevin equation without the gradient of potential.
The adaptive time step is chosen based on (33).

5. metropolis: Truncated version of the Langevin equation without both the gradient
of potential and the divergence term (in fact, this is the Metropolis algorithm with a
Brownian mutation (Equation (7)). The time step is fixed.

6. var dt, T = 1: Full version of the Langevin Equation (2) without the preconditioning
matrix (T̂ = 1). The adaptive time step is chosen based on (33).

7. metropolis, T = 1: Metropolis algorithm with Brownian mutation (7) without the
preconditioning matrix (T̂ = 1). The time step is fixed.

8. no MALA, T = 1: Difference scheme (4) without the Hastings rule and without the
preconditioning matrix (T̂ = 1). If the path is impossible after the shift by δX, then
the previous position of the point is retained. This is not the Hastings rule in full
volume, because accepting the step is a deterministic decision, and the quantitative
comparison of densities is not performed.

9. no MALA : Difference scheme (4) without the Hastings rule. If the path is impossible
after a shift by δX, then the previous position of the point is retained.

The program was written in C++ under Visual Studio 2017. All calculations were
performed on processor Intel Core i7-11800H @ 2.30GHz with 64 Gb RAM. The calculation
time of the one time step is the following:

• For the «full» with preconditioning matrix and adaptive δt, it took about 87 ms;
• For the «full, fix dt» with a fixed δt, it took 85 ms;
• For the «var dt, T = 1» with adaptive δt but without preconditioning matrix, it took 29

ms;
• For the pure Brownian motion with the matrix «metropolis » time step, it took 19 ms;
• For the pure Brownian motion without the matrix «metropolis, T = 1 », it took 7 ms.

The computational complexity of the construction of the preconditioning matrix is
seen from this timing.

8.3. Results of Experiments

We analyzed the angular distribution density ρ(α) of the directions of the last segment
of the ray path on the detector where α is the angle between the last ray segment and Oz, so
α = 0 corresponds to the direction from the light source to the detector. We registered only
three-segment paths. As shown in Figure 4, the ellipsoids in the scene are truncated, so
in some neighborhood of the zero angle, such three-segment paths do not exist, and here,
we obtain zero density values. Figure 5 shows the reference angular distribution density
and the density calculated by the algorithm modifications 1 through 7. It is evident that for
these variants, the angular distribution density ρ(α) almost coincides with the reference
one with the exception of small fluctuations caused by stochastic noise.

Figure 6 shows the angular distribution density of the direction of the last segment for
the difference schemes without the Hastings rule (modifications 8 and 9) in comparison
with the reference. As can be seen from the graphs, the difference scheme without the
Hastings rule gives an acceptable approximation in the case of gs = 100 and ra = 0.25,
i.e., wide and smooth ravines (left upper graph in Figure 6). This case corresponds to
low glossiness and wide aperture. In other cases, the modifications 8 and 9 give a large
deviation from the reference.
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Figure 5. The density of the angular distribution of directions of the last segment for modifications
1–7 from 1010 time steps in comparison with the reference distribution.

Figure 6. The density of the angular distribution of directions of the last segment for the modifications
8 and 9 from 1010 time steps in comparison with the reference distribution.

Figure 7 shows how the difference between the accumulated and the reference his-
tograms decreases as the number of time steps increases. It is plotted against the number
of time steps and against the processor time spent. For some algorithm modifications, we
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need more time steps while each is calculated faster, so the convergence may be faster.
This is so for the modifications 1–7, i.e., except the last two difference schemes without the
Hastings rule. Note that the reference distribution was obtained numerically and therefore
has some inaccuracy: about 0.0003 (so this is the low limit of the deviation). The deviation
from the reference solution decreases over time for most variants. An exception is the
variant of the full Langevin equation with a fixed time step «full, fix dt»; its error saturates
and stops decreasing for the parameters gs = 100, ra = 0.025 (Figure 7, top row).

Figure 7. Dependence of the deviation of the accumulated distribution from the reference one on the
number of steps (left) and on the spent processor time in seconds (right) for modifications 1–7.

But it is possible to calculate with a fixed time step discarding the divergent term. The
«metropolis » modification does not choose δt adaptively because it does not have a drift
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term (which enters the time step estimation). The deviation of the calculated distribution
from the reference one gradually disappears. This is due to the fact that it is the divergent
term that can reach very large values (sometimes O(104)) while the gradient is of the
order of unity. Comparing the behavior of the graphs for the modifications «no div » and
«metropolis» with «full», we see that discarding the divergence term (either only it or the
drift term at all) improves convergence: approximately the same accuracy is achieved in
significantly less computation time due to simplification of calculations. Comparing the
«no grad » with «full » graphs, we can conclude that taking the gradient into account does
not give a noticeable gain in accuracy for a given time.

Meanwhile, discarding the transformation matrix (the case T̂ = 1) significantly slows
down the convergence, as can be seen from comparison of «var dt, T = 1» with «full» and
«metropolis, T = 1» with «metropolis» in Figure 7.

When comparing the left (dependence on the number of steps) and the right (de-
pendence on the computation time) graphs in Figure 7, we can see the computational
complexity of the algorithm modifications. One modification can be executed faster, while
it has the same rate of convergence in the number of steps. This is clearly seen, for example,
for the modifications «var dt, T = 1 » and «metropolis, T = 1 » in the last row of graphs for
ra = 0.25 and gs =10,000.

Figure 8 shows the dependence of the difference between the accumulative and the
reference distributions on the number of time steps for the difference scheme without
the Hastings rule (variants 8 and 9). The convergence graph of the Metropolis–Hastings
method is also added for comparison. As expected, the accuracy is significantly worse
without the Hastings rule («metropolis, T = 1»). The deviation quickly reaches the limiting
value and stops decreasing. However, the error is still greater than for the methods with
the Hastings rule (Figure 7) even at small calculation times.

Figure 8. Dependence of the difference between the accumulated and reference distributions on the
number of steps for the difference scheme without the Hastings rule.

Since variants 8 and 9 have the same computational complexity, their graphs of
dependence on the calculation time are close to the graphs of dependence on the number
of steps and are therefore not presented here.
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9. Discussion and Conclusions

The Langevin Monte Carlo ray tracing (MALA) seems to be a very promising method
for calculation of the global illumination of a scene. However, this method remains poorly
studied, while its analysis can result in its optimization. This could significantly speed up
the calculations without losing the quality of the result.

In this paper, the most computationally expensive operations of this method were
analyzed. We conducted a series of computational experiments with the scene that allows
us to demonstrate the advantages of Langevin Monte Carlo ray tracing to generate random
light paths. Seven modifications of the MALA algorithm were tested for the accuracy of
the result and the convergence rate. In each modification, we disabled one or another
component of the method. This allowed us to reveal the contribution of each of them to
the convergence rate. The results also demonstrated that all modifications of the MALA
algorithm provide acceptable accuracy.

In addition, experiments were conducted with two modifications of difference schemes
without the Hastings rule. Both modifications showed unsatisfactory accuracy and conver-
gence. Therefore, they cannot be used for lighting simulation.

Computational experiments allowed us to draw the following conclusions:

1. The transformation matrix (preconditioning matrix) is mandatory. The convergence
rate drops noticeably without it.

2. The transformation matrices calculated by the constraints on the path in the scene
but without using the potential (i.e., the importance function) are quite sufficient and
provide a good convergence rate.

3. The drift term can be excluded while the convergence of the angular distribution
as a function of the number of steps remains approximately the same. Since in this
case, the calculations are simplified and the step is made noticeably faster, then the
convergence as a function of the computation time improves.

4. The adaptive choice of the time step δt is very important and is simply mandatory in
the presence of the divergent term because in our scene, it can reach values of more
than 10,000, while the other terms of the equation are all of the order of 1 and less.

Our main conclusion is that the greatest contribution to improving convergence is
made by the preconditioning matrix that does not require calculating the gradient of the
potential, unlike the other terms of the equation. Possibly, this allows us to significantly
speed up the method.
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