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Abstract: Observational data with massive sample sizes are often distributed on many local machines.
From an experimental design perspective, investigators often desire to identify the effect of new
treatments (even ML algorithms) on many blocks of experimental data. With time requirements
or budget constraints, assigning all treatments to each block is not always feasible. This creates
incomplete responses with respect to a randomized complete block design (RCBD). These incomplete
responses are missing by design. However, whether they can be estimated with missing imputation
methods is not well understood. Thus, it is challenging to correctly identify the treatment effects
with missing data. To this end, this paper provides a method for imputation and analysis of the
responses with missing data. The proposed method consists of three steps: Reconstruction, Im-
putation, and ‘Complete’-data Analysis (RICA). The incomplete responses are imputed with the
expectation-maximization (EM) algorithm. The RCBD model is then fitted by the resulting dataset.
The identifiability result suggests that the missing may be nonignorable for each block, but the whole
data of an incomplete design are missing by design when the design is balanced. Theoretical results
on relative efficiency also inform us when the missingness should be imputed for incomplete designs
with the role of balanced variance. Applications on real-world data verify the efficacy of this method.

Keywords: distributed data; expectation-maximization; incomplete block design; missing by design;
machine learning

MSC: 62K10; 62D10; 62D20

1. Introduction

Observational data with massive sample sizes are often distributed on local machines.
For example, Google AI proposed a new machine learning (ML) method called “Federated
Learning” [1], in which the training datasets remain distributed over many machines. The
distributed datasets can be employed for distributed estimation [2]. From an experimental
design perspective, the investigator desires to identify the effect of many new methods
(e.g., new computation algorithms or ghost data methods [3,4]) on those blocks of massive
datasets. The treatments for such experiments are the available methods for certain tasks,
e.g., identifying optimal orders [5–8], dimensional analysis [9], constrained optimization for
stratified treatment rules [10,11], or causal inference [12]. The responses are the measure-
ments of the task’s accuracy. However, within a certain time requirement or budget [12,13],
running all methods on every block is impossible. Thus, it is still challenging to correctly
identify or compare all the methods’ treatment effects while accounting for the blocks.
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The balanced incomplete block design (BIBD) [14] is useful for such a problem. Some
experimental treatments, such as computation algorithms, are absent from certain blocks
in a BIBD. A BIBD is called “balanced” when each pair of treatments appears together
in a block with the same frequency. This situation complicates the identification and
estimation of treatment effects, as opposed to the randomized complete block design
(RCBD), where all of the responses are observed [15,16]. Due to the randomization in the
RCBD, the treatments’ presence or assignment can be considered independent of their
potential responses or expected values. If a treatment is absent from a particular block, it
may not be independent of its expected value. The designer needs to randomize treatment
assignment [17].

In general, there are drawbacks in analyzing the missing data of incomplete block
designs (IBDs). For example, a BIBD is not orthogonal because the adjusted sum of squares
of treatments (SST) and the adjusted sum of squares of blocks (SSB) are not orthogonal.
In the conventional methods of analyzing BIBDs, the adjusted SST, the unadjusted SSB,
and the corresponding sum of squares of error (SSE) are orthogonal. The adjusted SSB,
the unadjusted SST, and the corresponding SSE are orthogonal. The orthogonalizing
expectation maximization [18] is a design-based least squares algorithm that aims to
orthogonalize a design matrix by adding new rows and then solve the original problem by
embedding the augmented design in a missing data framework. Moreover, the imputation
process may make the unbalanced data of IBD constructs “balanced”, where the sample
sizes are equal across all treatment combinations. The balanced constructs often reduce
the estimation bias of the treatment effects or in ANOVA. How to reduce such bias is an
essential issue of effect estimation in unbalanced designs.

From the perspective of missing data [19], the maximum likelihood estimates (MLEs)
of treatment ratings provided a simple solution to the analysis of IBDs [20]. The modified
MLE was presented as an organized solution to the problem of computing inter- and
intra-block analyses of IBDs [21]. The residual (restricted) MLE [22] was applied to the
analysis of the partial BIBDs. Regularized EM algorithms [23] and regularized MLEs [24]
were implemented to handle the constrained parameter inference and high-dimensional
problems. In software, SAS PROC MIXED [25] uses matrix notations to find the variance
estimates and the combined treatment means. To estimate components of variance in
unbalanced data [26], it also uses MLEs [27] and restricted MLEs. In Amelia2 [28], the
expectation-maximum (EM) algorithm was integrated with a bootstrap approach for mul-
tiple missing data imputations. In R package lem3 [29], the restricted MLE model was
developed to estimate item response models.

To the best of our knowledge, there are few algorithms for obtaining MLEs for a BIBD
or general IBD from a missing data perspective. We have three main research questions:

(a) When is such an MLE identifiable and estimatable? (b) Will balance play any role
in the estimation process? (c) How do the MLEs on an imputed dataset compare to the
parameter estimates from the classical BIBDs? To solve these issues, this paper presents a new
estimation method for IBDs. This algorithm contains three steps: reconstruction, imputation, and
complete-case analysis (RICA). First, the IBD is treated as an RCBD with missing observations.
Second, the missing observations are imputed via the MLE. Finally, the complete responses are
analyzed with the statistical analysis model of the RCBD. The complete responses include the
existing data from the IBD and the imputed responses from RICA.

Our contributions mainly lie in three aspects. First, the novel method RICA is proposed
for the estimation of parameters in IBDs. It is the first to analyze the IBD from a new
perspective on nonignorable missing data [30]. Second, theoretical supports are also
provided to validate its identifiability and estimatability. This method provides a better
way to understand the role of balance in IBDs. Third, this method provides new tools
for comparing ML algorithms with a number of datasets (blocks). The results of those
comparisons based on BIBDs can provide efficient estimation while maintaining small total
runs of the algorithms. The effects of treatment with RICA are much easier to interpret for
the ML algorithms than those of IBDs.
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The rest of this paper is organized as follows. Section 2 introduces the BIBD and its
corresponding model. Section 3 demonstrates the proposed method, which treats a BIBD as
an RCBD with missing data. In Section 4, theoretical support is given for identifiability and
estimatability. Section 5 presents applications of the RICA method to real-world datasets.
Section 6 provides concluding remarks with more discussion.

2. Notations and Statistical Model of BIBDs

Before describing the RICA algorithm, we briefly overview balanced incomplete block
(BIB) designs and their conventional analysis. The details can be found in [31].

2.1. Balanced Incomplete Block Designs

A randomized complete block design (RCBD) is one in which there are t treatments
per block b, and the treatments are randomized within each of the blocks. In other words,
each block contains a complete set of k = t treatments. A BIBD is a set of t treatments and a
collection of b blocks such that the following conditions are satisfied: (i) each block consists
of exactly k treatments, t > k > 0; (ii) each treatment appears in exactly r blocks, b > r > 0;
and (iii) each pair of treatments appears simultaneously in exactly λ blocks, for an integer
λ > 0. BIBDs are often called (t, b, r, k, λ)-designs. Here, balance refers to the constancy of
the parameter λ. When λ = 1, the design is called a simple design; otherwise, the design
has repeated blocks. The word “incomplete” in BIBDs refers to the condition t > k, which
implies that no block contains all the treatments.

The following necessary conditions demonstrate the constraints of parameters of
a BIBD. Given a (t, b, r, k, λ)-design, it must hold that bk = tr and r(k − 1) = λ(t − 1).
Therefore, the five parameters are not independent. BIBDs are usually written as (t, k, λ)-
designs or (t, b, k)-designs, where b and r may be found using t, k, and λ. With Fisher’s
inequality [32], in a (t, k, λ)-design, there exists t ≤ b.

Table 1 shows an example of a (4,4,3,3,2)-design. Here, four treatments are denoted by
A, B, C, and D. There are also four blocks, each containing three treatments. Both the size,
k, and the number of replicates, r, are 3. Each pair of treatments appears together in two
blocks, so λ = 2. Since none of the blocks contain all the treatments (k < t), missingness
exists in the responses for such blocks.

Table 1. Design table of BIBDs: (4,4,3,3,2)-design.

A. Design Table

Block Treatments

i = 1 D C A
i = 2 A D B
i = 3 A B C
i = 4 C B D

B. Incidence Matrix: (R∗
t×b)

Block (i)

Treatment 1 2 3 4

A (j = 1) 1 1 1 0
B (j = 2) 0 1 1 1
C (j = 3) 1 0 1 1
D (j = 4) 1 1 0 1

Note: A, B, C, and D are symbols of treatments; 1 indicates the block is related with the treatment, otherwise 0.
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2.2. Statistical Model for BIBDs

If both treatments and blocks are fixed, the parameters in the design model can be
estimated by least squares. The linear statistical model is

yij = µ + βi + τj + εij, (1)

where yij is the response, βi and τj are the effects of block i and treatment j, and
εij ∼ N

(
0, σ2); i = 1, 2, . . . , b; and j = 1, 2, . . . , t. The set of parameters of interest is

θ = {µ, β, τ}, as the variance (σ2) is assumed to be fixed. The coefficients β and τ are
subject to identifiability constraints ∑b

i=1 βi = 0 and ∑t
j=1 τj = 0.

Due to the incompleteness, the analysis of BIBDs is slightly different from that with
an RCBD. When analyzing the data from an IBD, the marginal treatment means are not
unbiased estimators of the estimatable effects (µ + τ). For analysis of BIBDs, the con-
ventional methods often utilize adjusted sums of squares of treatments to account for
incompleteness [33].

2.3. Schema of the Proposed RICA Method

Under the missingness scheme, this diagram of the proposed RICA method presents
a structured framework for addressing the challenges of missing data in block design
analysis (Figure 1). The primary goal is to identify and analyze treatment effects within the
RCBD framework. Applications to real-world data evaluate the performance of AUC or
risk assessment using machine learning algorithms.
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First, an RCBD model is used to account for the experimental design structure, in-
cluding both blocks and treatments. However, specific research questions or practical
constraints can lead to the omission of response data, resulting in missing data by design.

Second, the research question is whether the investigator can accurately identify
the effects of the treatment. If so, the analysis of the RCBD model can proceed directly;
otherwise, missing values are filled with estimates using the RICA method.

Third, in RICA, reconstruction explicitly models the missing data mechanism, treating
it as a nonignorable missing data process. It reconstructs missing data based on available
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information and assumptions about the data-generating process. Subsequently, the RICA
method fills in the missing values using an imputation method, such as the EM algorithm,
enabling a ‘complete’ data analysis with the RCBD model. RICA combines the strengths
of reconstruction, to model the missing data mechanism, and imputation, to fill in the
missing values.

Fourth, since there is uncertainty about whether missingness should be imputed for
incomplete block designs, the relative efficiency of RICA is evaluated within the context of
block designs. In practice, it is useful to determine when RICA analysis is preferable. To
address this, the relative efficiency of RICA is derived, demonstrating the advantages of
RICA through balanced variance.

The diagram highlights the importance of selecting an appropriate method for han-
dling missing data in RCBD analysis. RICA provides a valuable framework by combining
reconstruction and imputation while explicitly accounting for the missing data mechanism,
resulting in more accurate and reliable outcomes. It suggests that RICA is well-suited
for application to real-world data, especially in cases with incomplete or missing data
within RCBDs.

3. BIBD as RCBD with Missing Data

This section provides a new framework for analyzing BIBDs from the perspective of
missing data. The method of RICA is provided for imputing the incompleteness of the
responses of BIBDs, then analyzing the data with the statistical model.

3.1. Incompleteness in BIBDs

Let Y∗ be a vector of the true responses, and ϵ be a vector of imputation errors. Then,
the imputed responses in the BIBDs are modeled by

ŷij = y∗ij + ϵij, E(ϵ|Y∗) = 0, i = 1, 2, . . . , b; j = 1, 2, . . . , t,

where ŷij is the imputed response for treatment t in block b, ϵij is the corresponding errors,
and y∗ij ∈ Y∗.

In BIBDs, the number of responses is bk or rt. Given the known responses of a
(t, b, r, k, λ)-design (BIBDs), the fraction of incompleteness of the potential responses of
(t, b)-RCBD is ρ, ρ = 1 − k

t = 1 − r
b .

Let XC be a known bt × 2 complete model matrix for the RCBD, and X is a bk × 2
model matrix with BIBDs. Then it follows that

XC =
(

X⊤, X⊤
mis

)⊤
,

where Xmis is a b(t − k)× 2 model matrix whose entries correspond to the block-treatment

cells with missing responses. Let YC =
(
Y⊤, Y⊤

mis
)⊤

be the vector of complete re-
sponses with missing data Ymis of length b(t − k). Let i∗ and j∗ be the cell indexes with
missing responses.

3.2. Mechanisms of Missingness

Let R∗ be the indicator matrix of the block designs’ responses (see Table 1), and R∗
ij be

the element of R∗ at block i with treatment j. For simplicity, we define an indicator variable
R, i.e., R = 1 indicates completeness, and R = 0 indicates a missing (incomplete) response.
Thus, we have the sets I(R = 1) = {(i, j) | R∗

ij = 1} and I(R = 0) = {(i, j) | R∗
ij = 0}.

Let Pr(R = 1) be the probability of being observed due to the treatment assignment and
Pr(R = 0) of being missing in block i = 1, 2, ..., b. For block i in a design, define the bias
as Γi = E(ȳio|R = 1)− E(ȳio|R = 0), i = 1, · · · , b, where ȳio is the mean of the responses
in block i. Assume that the full data of block i∗, (R∗

i∗ j, Yi∗ j), are iid with E(Yi∗ j) = µi∗ ,
j = 1, 2, . . . , t.
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Proposition 1 (Nonignorable missing). If Γi ̸= 0, then the missing data mechanism in block i is
nonignorable, i.e., E(ȳio) ̸= E(ȳio|R = 1).

With the definition of nonignorable missingness [34], the conditional distribution of R
at R = 1 (or R = 0) and ȳio varies with the possible values of the missing data in each block.
To illustrate this, Figure 2 shows examples of the possible values of the quasi-random data
points in the context of random distributions and Gaussian (0.5, 0.02). Random dropouts
in the random distribution can be illustrated as missing at random (MAR), while random
dropouts in Gaussian (0.5, 0.02) can be represented as responses for missing not at random
(MNAR). In the scatter of MAR data points (on the left), the conditional distributions in
each cell are close to each other, while those in the scatter of MNAR data points (on the
right) vary with possible values of the missing values.
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t Γi.

Recall that the cell (i∗, j∗) with R = 0 is assigned with different treatments of the other cells 196

with R = 1 in block i. When the treatments among those cells have the same effect on the 197

responses, the above expression may be equal to zero. However, in general, Γi ̸= 0. Thus, 198

the bias between the complete case model and the true model is not always 0; therefore, 199
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It will now be shown that the missingness mechanism within each block is nonignor-
able. It follows that

E(ȳio) = E(ȳio|R = 1) · Pr(R = 1) + E(ȳio|R = 0) · Pr(R = 0)
= E(ȳio|R = 1)− [E(ȳio|R = 1)− E(ȳio|R = 0)] · Pr(R = 0)
= E(ȳio|R = 1)− k

t [E(ȳio|R = 1)− E(ȳio|R = 0)].

Then, the bias between the complete case model and the true model for block i is

E(ȳio|R = 1)− E(ȳio) =
k
t [E(ȳio|R = 1)− E(ȳio|R = 0)] = k

t Γi.

Recall that the cell (i∗, j∗) with R = 0 is assigned with different treatments of the other cells
with R = 1 in block i. When the treatments among those cells have the same effect on the
responses, the above expression may be equal to zero. However, in general, Γi ̸= 0. Thus,
the bias between the complete case model and the true model is not always 0; therefore,
E(ȳio|R = 1) ̸= E(ȳio). As a result, every block’s outcomes are nonignorable missing,
namely, missing not at random (MNAR).

3.3. Expectation Maximization Algorithm for BIBD

To develop the EM algorithm, the likelihood function of the data under this missing-
ness scheme must be derived. The key idea for doing this is summarized in the follow-
ing result.
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Proposition 2 (Independence). The incompleteness is assigned at the design stage in BIBDs,
thus R is independent of Y given X, R ⊥⊥ Y|X, i.e.,

f (Y|R, X) = f (Y | X).

Essentially, since the treatments are randomly assigned to blocks, i.e., “missing by
design”, then the probability of a particular response in a BIBD being missing does not
depend on the value of the response itself. In general, the density function for an individual
cell in a BIBD under this missingness scheme is

f (R, Y | X) = f (Y | R, X) f (R | X)

=
b

∏
i=1

t

∏
j=1

f (Y | R = 1, X)RP(R = 1)RP(R = 0)1−R

=
b

∏
i=1

t

∏
j=1

[ 1√
2πσ

e−
(yij−µ−βi−τj)

2

2σ2 P(R = 1)
]R

P(R = 0)1−R

where R = 1 if block j contains treatment i, and R = 0 otherwise. Since a BIBD is used,
P(R = 1) is constant across i and j.

Only the observed cases are required to find the MLE for θ. Thus, the likelihood
function of the observed responses of the (b, t, k, r, λ)-BIBD is,

L(θ) =
b

∏
i=1

t

∏
j=1

f
(
εij
)

∝
b

∏
i=1

t

∏
j=1

 1√
2πσ

e−
(yij−µ−βi−τj)

2

2σ2

R

, (2)

where each block consists of exactly k treatments, and each treatment appears in exactly
r blocks. Therefore, the MLE for θ in BIBDs by maximizing θ̂ := arg maxθ L(θ). The
derivation of the MLE is the same as in the RCBD. More details are provided in Section 4.

To estimate and analyze the data from a BIBD, the proposed RICA algorithm is
as follows.

The proposed Algorithm 1 estimates the incompleteness with respect to the RCBD.
After imputation, the usual ANOVA can be performed using the imputed data (see
Algorithm 2). The error degree of freedom [31] is (b − 1)(t − 1)− ∑i ∑j(1 − R∗

ij), which

implies that MSE = SSE
(b−1)(t−1)−∑i ∑j(1−R∗

ij)
. Although the EM and other missing estimation

methods are useful imputation methods, model identifiability may not be guaranteed for
BIBDs even if the missing mechanism is parametric. As a fundamental problem, valid
statistical inference of these estimation methods relies on their identifiability. The following
section provides more theoretical support for this method.

Algorithm 1: RICA Algorithm

Step 1: Reconstruction

Construct the matrix X of (t, b, r, k, λ)-BIBD with b blocks and t treatments

Obtain the responses Y of the BIBDs

Reconstruct the new ‘complete’ design matrix XC of the RCBD from X

Generate the matrix YC with Y, with ‘NA’ values for missing responses.
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Algorithm 1: Cont.

Step 2: Imputation

Initialize θ̂(m) =
{

µ(0), β
(0)
i , τ

(0)
j

}
Find the target cells (i∗, j∗) with missing values in YC

Step 2a: Expectation

Imputing the missing values with their expected values generated by θ̂(m)

Step 2b: Maximization

Obtain the MLEs θ̂(m+1)

Update θ̂(m) = θ̂(m+1);

Repeat Step 2a and Step 2b until convergence

Output a complete matrix of responses ŶC.

Step 3: ‘Complete’-case Analysis

Conduct statistical analysis of the complete matrix ŶC for the design XC.

Output estimation of treatment effects and block effects.

Algorithm 2: Pseudo code of RICA Algorithm

1 function RICA ((t, b, r, k, λ), Y, θ̂(0))

Input : (t, b, r, k, λ)-design, Y, θ̂(0) =
{

µ(0), β
(0)
i , τ

(0)
j

}
, µ(0) = β

(0)
i = τ

(0)
j = 0.5

Output : ŶC, θ̂.
2 Construct the matrix X of (t, b, r, k, λ)-BIBD with b blocks and t treatments.
3 Obtain the responses Y of the BIBD.
4 Generate the new ‘complete’ design matrix XC of the RCBD from X.
5 Generating the matrix YC, including those from the responses of the BIBD, and the

others as ‘NA’.
6 Calculate the MLE estimation θ̂ with the responses of the BIBD.
7 while (θ(m+1) − θ̂(m) < δ∗|m < 50) do
8 θ̂(m) → θ̂(m+1) Find the target cells (i∗, j∗) with missing values in YC , Impute

the missing values with their expected values generated by θ̂(m) , Obtain
θ̂(m+1) with the MLE estimation of the ‘complete’ responses ŶC using
Equation (8).

9 end
10 return ŶC as the imputed matrix, θ̂ as the estimated parameters.

4. Theoretical Supports

When is such an imputation method identifiable and estimatable? The following re-
sults show that, although identification is not available for each treatment or block under
this missingness scheme, it is available for the full data distribution of BIBDs with an addi-
tional assumption. The sufficient parametric assumption is that the model in Equation (1) is
correctly specified for (t, b, k, r, λ)-BIBD; that is, the parameters θ are identifiable. Classical
results for estimatability and the derivation of MLEs are reviewed in Section 4.1. Moreover,
the new results on the relative efficiency of RICA (to the classical BIBD methods) are derived
in Section 4.3.

4.1. Identifiability

Identification is generally not available when the data are missing not at random
(MNAR) without an additional assumption [35]. A possible approach is to make sufficient
parametric assumptions (i.e., BIBDs) about the full data distribution for identification.
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Recall that the responses are MNAR for each block or treatment. When the responses are
collected according to the BIBD, the efficient parametric assumption about the full data
distribution can be formulated in the response model (1).

Let XB be an n × b incidence matrix whose (ω, i)th entry equals 1 if run ω is in block
i, and equals zero otherwise. Similarly, let XT be an n × t matrix whose (ω, j)th entry is
equal to 1 if run ω contains treatment j, and 0 otherwise. The following result summarizes
a traditional result about identifiability in this context.

Proposition 3 (Identifiability of the parameters with a construction). Given the linear regres-
sion model for a (b, t, k, r, λ)-BIBD, the parameters θ are identifiable if and only if the matrices XT
and XB are full rank.

When the matrices XT and XB are full rank, the parameters θ are identifiable in the
linear regression model for a (b, t, k, r, λ)-BIBD.

Identifiability is a desirable property and it is theoretically possible to learn the true
effects of this model after obtaining a sufficiently large number of observations. When the
linear model (1) is correctly specified, the expectations of the missing data with BIBDs are
also identifiable. Let µ̂(y) be the estimator of E(y|R), and µ̂(y|R = 1) and µ̂(y|R = 0) be
the estimators of E(y|R = 1) and E(y|R = 0). To estimate E(y|R = 1), we have

µ̂(y|R = 1, θ) = 1
bk

b
∑

i=1

t
∑

j=1
yR

ij

= 1
bk

(
bkµ + k

b
∑

i=1
βi + r

t
∑

j=1
τj

)
= µ + 1

b

b
∑

i=1
βi +

1
t

t
∑

j=1
τj.

(3)

Since the constraints are ∑b
i=1 βi = 0, ∑t

j=1 τj = 0, we have E(y|R = 1) = µ.
To estimate E(y|R = 0), we have

µ̂(y|R = 0, θ) = 1
b(t−k)

b
∑

i=1

t
∑

j=1
y1−R

ij

= 1
b(t−k)

[
b(t − k)µ̂ + (t − k)

b
∑

i=1
β̂i + (b − r)

t
∑

j=1
τ̂j

]
= µ̂ + 1

b

b
∑

i=1
β̂i +

1
t

t
∑

j=1
τ̂j.

(4)

If the parameters are correctly estimated with µ = µ̂, β = β̂, τ = τ̂, then we also have
E(y|R = 0) = µ.

For a design, let [E(y|R = 1)− E(y|R = 0)] = Π. For all the responses in the experiments,

E(y) = E(y|R = 1)Pr(R = 1) + E(y|R = 0)Pr(R = 0)
= E(y|R = 1)− E(y|R = 1)Pr(R = 0) + E(y|R = 0)Pr(R = 0)
= E(y|R = 1)− [E(y|R = 1)− E(y|R = 0)]Pr(R = 0)
= E(y|R = 1)− ΠPr(R = 0).

(5)

Thus, the bias between the complete case model E(y|R = 1) and the true E(y) is

E(y|R = 1)− E(y) = [E(y|R = 1)− E(y|R = 0)]Pr(R = 0)
= ΠPr(R = 0),

(6)

which vanishes if either Π = 0 or if Pr(R = 0) = 0, then there are no missing data.
In the presence of the BIBD responses, the second condition will definitely not hold.

However, it was shown that for the BIBD, Π = 0, namely, E(y) = E(y|R = 1) = E(y|R = 0).
This result suggests that the missingness may be nonignorable for each block, but the whole
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data of an incomplete design are missing randomly when the design is balanced. Thus, the
expectations of the missing data with BIBDs are identifiable.

4.2. Estimatability with the Parameters

In the previous section, we asked when such an MLE is “estimatable”. This section
reviews classical results that support the argument that the responses’ missing values are
estimatable in a design if and only if the design is connected. Furthermore, formulas for
the MLEs of µ, β, τ are provided for readers who are unfamiliar. Here, we first introduce
the concept of disconnectedness of a design [36].

Definition 1 (Disconnectedness). A design is considered disconnected if we can partition it
into two separate groups that do not share any common treatments; that is, no block in one group
contains treatments from the other group. Mathematically, let G = (V, E) be an undirected graph
with vertex set V and edge set E. For a given block design, let V = (1, 2, . . . , t), and define an edge
(j, k) to be in E if and only if treatments j and k appear together in at least one block of the design. A
block design is termed connected if there is at least one path between any two distinct vertices in G.
Conversely, a block design that lacks this connectivity is referred to as disconnected.

In incomplete block designs, there is a result in the estimation of contrasts. All contrasts
in the treatment effects are estimatable in a design if and only if the design is connected.

The concept of connectivity provides a simple way of checking estimatability. Taking
the (4,4,3,3,2)-design, for example, the incidence matrix of BIBDs (in Table 1B) can be used
to construct a graph to check connectivity. With the observations of BIBDs, incompleteness
is viewed as missing responses from the RCBD. Based on Equation (2), the log-likelihood
L(β, τ) is,

ℓ(β, τ) = log L(β, τ) = −1
2

bk · log(2πσ2)− 1
2σ2

b

∑
i=1

t

∑
j=1

[(
yij − µ − βi − τj

)2
]R

. (7)

To obtain the parameters θ = {µ, β, τ}, we can solve ∂ℓ
∂θ = 0 to find the MLE parameter,

θ̂ = {µ̂, β̂, τ̂}.
Let θ(m+1) be the parameters of RICA at an iteration, θ(m+1) ∈ {µ(m+1), β(m+1), τ(m+1)}.

The imputed dataset, Y(m), contains the responses of BIBDs and the completely imputed
dataset {ŷ(m)

ij }, y(m)
ij ∈ Y(m). Its estimation of MLE is θ̂(m+1) with the solution of ∂ℓ

∂θ = 0.

Thus, we have µ̂(m+1) = ȳ(m+1)
oo , and

β̂
(m+1)
i = ȳ(m+1)

io − ȳ(m+1)
oo , τ̂

(m+1)
j = ȳ(m+1)

oj − ȳ(m+1)
oo , (8)

where ȳ(m+1)
io =

∑t
j=1 y(m)

ij
t , ȳ(m+1)

oj =
∑t

i=1 y(m)
ij

b , ȳ(m+1)
oo =

∑b
i=1 ∑t

j=1 y(m)
ij

bt , i = 1, 2, · · · , b,
j = 1, 2, · · · , t.

The result suggests that yields the same MLEs as the RCBD. It is also important to
note that estimatability of these treatment effects also extends to contrasts.

If the contrasts in the treatment effects are estimatable in a design, then the missing
values of the responses in this design are also estimatable. The potential responses can be
estimated after estimating those parameters with the maximum likelihood method.

The missing values of the responses are estimatable in a design if and only if the design
is connected. The proposed RICA method can estimate the missing responses in BIBDs.
Then, the resulting ‘complete’ matrix of responses can be analyzed via the RCBD. The
missing responses can also be estimated for connected incomplete block designs, even if
they are not BIBDs. Why are balanced designs preferred? The next section will investigate
more results on the balance property for this method.
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4.3. The Role of Balance

Balance is often determined by examining the information matrix of incomplete block
designs. Incomplete designs provide us with a new perspective to check the variance of the
parameter estimation. Let V(τ̂j − τ̂l) be the variance of the best linear unbiased estimator
(BLUE) [37] of the simple difference (τ̂j − τ̂l), where τj and τl are two treatment effects.
Balanced designs keep the variance of pairwise contrasts equally small. Another way of
thinking about this is that the information, or the inverse of the variance, is equally large.
To investigate the role of balance, we have to introduce a definition of the information
matrix [32].

Let Q be an n × n matrix, which gives an orthogonal projection onto the orthogonal
complement of XB’s column space. The information matrix, C, of the design is a t× t matrix
defined by

C = X⊤
T QXT , Q = In − XBK−1X⊤

B , (9)

where K is a b × b diagonal matrix whose entries are the block sizes. It can be shown that
QXB = 0, Q⊤ = Q, and Q2 = Q. The rows of C all sum to zero. This implies that a vector
of all ones is in the kernel of C. Thus, C is not invertible.

An incomplete block design is variance balanced if the information matrix, C, has an
eigenvalue 0 with multiplicity 1; the other eigenvalues are all equal. The multiplicity of
1 indicates that the design is connected. In the case of variance balance, since the vector of
ones is a null vector of C, the design is balanced if and only if C is completely symmetric.

When balanced, the variance can be estimated for an elementary contrast under the
intrablock analysis. The following results compare the variance of the RICA method with
the variance in classical RCBDs and BIBDs. Theoretical results are also given on when the
RICA is more efficient than direct analysis with the BIBDs.

Lemma 1 (Relative efficiency of BIBDs). Let τ̂j − τ̂j′ be an elementary contrast under the
intrablock analysis, j ̸= j′. The relative efficiency of (b, t, k, r, λ)-BIBD relative to (b,t)-RCBD is

Var(τ̂j − τ̂j′)BIB
Var(τ̂j − τ̂j′)C

=
rk
λt

(
σ2

σ2
C

)
,

where Var(τ̂j − τ̂j′)C and Var(τ̂j − τ̂j′)BIB are the variances of an elementary contrast under an
RCBD and BIBD, Var(yij)C = σ2

C, and Var(yij)BIB = σ2, which is unknown and one estimate
from the given data.

σ̂2 =
SSError(t)

bk − b − t + 1
, (10)

where the residual sum of squares is obtained by SSError(t) = SSTotal − SSBlock(unadj)− SSTreat(adj),
SSTotal is the total sum of squares, SSBlock(unadj) the unadjusted block sum of squares, and
SSTreat(adj) the adjusted treatment sum of squares in the intrablock analysis of BIBDs.

In experiments, we assume that Var(yij)C = Var(yij)BIB = σ2, then the relative

efficiency of (b, t, k, r, λ)-BIBD relative to (b, t)-RCBD is rk
λt =

k(t−1)
t(k−1) . For RICA, its variance

is derived as follows. The proof is displayed in the Appendix A.

Theorem 1 (Variance of RICA). Given (b, t, k, r, λ)-BIBD, the variance of RICA is

σ2
RICA = σ̂2 + Var(ŷij), (11)
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where σ̂2 is the estimate from the given data of BIBDs, σ̂2 =
SSError(t)

bk−b−t+1 , SSError(t) is the residual
sum of squares of BIBDs,

Var(ŷij) = E

∑b
i=1 ∑t

j=1
(
eij + ēi + ēj

)2

(b − 1)(t − 1)

,

where eij = y∗ij − yij, ēi = β̂i − β̂i∗ , ēj = τ̂j − τ̂j∗ , and

y∗ij =
{

yij, R = 1
ŷij, R = 0, f or imputation.

In practice, it is helpful to know when RICA or traditional BIBD analysis is preferred.
The relative efficiency of RICA to BIBDs is derived to address this question.

Corollary 1 (Relative efficiency of RICA). Let τ̂j − τ̂j′ be an elementary contrast under the
intrablock analysis, j ̸= j′. The relative efficiency of RICA relative to (b, t, k, r, λ)-BIBD is

Var(τ̂j − τ̂j′)RICA
Var(τ̂j − τ̂j′)BIB

=
λt
rk

(
1 +

Var(ŷij)

σ̂2

)
,

where Var(yij)BIB = σ̂2 is the estimate from the given data of BIBDs, and

Var(ŷij) = E

∑b
i=1 ∑t

j=1
(
eij + ēi + ēj

)2

(b − 1)(t − 1)

.

The actual efficiency of RICA over BIBDs not only depends on efficiency factor ( λt
rk ),

but also on the ratio of variances. As Var(ŷij) ≥ 0, σ2
RICA(= σ̂ + Var(ŷij)) can be larger

than σ2.
This result suggests that RICA is more efficient than the traditional analysis for

(b, t, k, r, λ)-BIBDs if

Var(ŷij) <

(
rk
λt

− 1
)

σ̂2, (12)

where σ̂2 is the estimate of Var(yij)BIB from the given data of BIBDs.
As λ(t − 1) = r(k − 1), the efficient condition of RICA to BIBDs can also be written

as Var(ŷij) <
t−k

t(k−1) σ̂2. If this holds, then the result of RICA is more efficient than BIBDs.
Therefore, these theoretical results on relative efficiency inform us when the missingness
should be imputed for BIBDs. Practitioners should choose an imputation method with
small errors and prediction variances, such as the EM algorithm.

5. Applications on Real-World Datasets

Here, we employ data from ML and agricultural experiments to validate the proposed
RICA method.

5.1. Application to ML Datasets

To illustrate the proposed approach, we apply RICA to a binary classification appli-
cation with four datasets as blocks. The statistical information of those four blocks of
datasets is demonstrated in Table 2. The Heart-c and Pima datasets are from UC Irvine’s
ML database [38,39]. The Framingham dataset is from the heart study [40]. The SHNHS
dataset is from the clinical data of the Shanghai nutrition health study [41]. The objectives
of these datasets are to diagnostically predict whether or not a patient has heart disease,
diabetes, or unhealthy obesity. The classification tasks were conducted based on certain
diagnostic attributes of measurements included in the dataset.
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Table 2. Statistics of the four datasets as blocks in the design of experiments.

Block No. Instances No. Attributes Classes Proportion (0:1)

Heart-c 271 13 Absent/Present 150:120
Pima 532 7 No/Yes 355:177
Framingham 4240 14 Absent/Present 3596:644
SHNHS 15,151 15 Absent/Present 13,534:1617

Note: 0:1: Absent/Present, or No/Yes.

From an experimental design perspective, the experiments were designed to compare
four methods on the four blocks of datasets. The treatments in the experiment are four
ML algorithms (MLAs) for the classification task. These four algorithms are the zero rule
(zeroR) algorithm (a benchmark procedure for classification), Ranger (a fast implementation
of random forests) [42], XGBoost (an optimized distributed gradient boosting) [43], and
support vector machine (SVM) [44]. The parameters of those algorithms are mainly set
as default. Each dataset was divided into training and testing sets. The accuracy was
calculated using five-fold cross-validation on each dataset.

The responses are the measurements of classification accuracy during training and
testing. The classification accuracy is the ratio of the number of correct predictions to
the total number of total samples. To validate the efficacy of RICA, only three of the
four algorithms were applied to each dataset (block). The responses of BIBDs in training
and testing are demonstrated in Table 3. The response is measured by the classification
accuracy [45], which is the ratio of the number of correct predictions to the total number of
total samples.

The initial values of all the parameters were set to 0.5, and the initialized imputa-
tion of all the missing values was 1.5. The algorithm converges to stable values within
around ten steps (see Figure 3). To further verify Corollary 1, the variances from the
given data of BIBDs are estimated and compared with those estimated via the method of
multiple imputations (MIs) [46]. They are 0.0121 and 0.0137 in the training and testing,
respectively. For the (4,4,3,3,2)-design, Var(ŷij) <

(
rk
λt − 1

)
σ̂2 = 1

8 σ̂2 with Equation (12),
where Var(ŷij) is obtained with the EM algorithm. With the MI method, the variances of
10 imputations are nearly 0.0060, 0.0129, 0.0180, and 0.0167 for the four missing values of
the responses in the training, respectively. All of these variances are larger than the thresh-
old 1

8 σ̂2 = 1
8 0.0121 = 0.0015. Thus, the MI method is less efficient than traditional BIBD

analysis by the condition in Corollary 1. Moreover, the means are also compared among
the complete data (in the RCBD), the imputations with MIs, and the imputation with EM
(see Figure 4). The diamonds in the boxplots are the estimated mean of the imputed values.
The ten imputations of Yc2 take two levels, with the median taking the bottom level, where
Yc2 denotes the missing value of Y in column 2 of Table 3b. Although the performance of
MIs and EM varies among the four missing values, the total error of EM (0.0440) is less
than MIs (0.0514). The total error is measured by ∑b

i=1 ∑t
j=1(1 − R∗

ij)(ŷij − yij)
2. Thus, the

results favor EM over MIs as an imputation method in this scenario. The performances of
the proposed method are showed in Table 4. It can be found that the RICA performs well
in training and testing data.

Table 5 shows the maximum likelihood estimates of the treatment and block effects.
RICA and BIBDs produced the same parameter estimates. The complete responses were
also used to fit the model in Equation (8). Although RICA uses imputed data, its results
are easier to interpret and calculate than those of traditional BIBDs. This is because the
treatment effect is estimated with ȳoj − ȳoo, which illustrates that the effect is the difference
between the average accuracy of the j-th ML algorithm and the overall accuracy. For
example, the RICA estimate of τ̂2 = 0.067 means that the average prediction accuracy of
the Ranger algorithm is 6.7% higher than the grand mean. This can be easily compared
with the RICA estimate τ̂1 = −0.149, which shows that the first ML (zeroR) has an average
accuracy of 14.9% lower than the grand mean.
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Figure 3. Iterations of imputed values and effects with ML data in testing.
Yc1: the missing value of Y in column 1 of Table 3b. The effects of Tau 3 and Tau 4 are close to each
other.
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Table 3. BIBDs with ML algorithms and datasets.

(a) Table of BIBDs

Block Assignments of MLA

Heart-c SVM XGBoost ZeroR
Pima ZeroR SVM Ranger
Fmh ZeroR Ranger XGBoost
SHNHS XGBoost Ranger SVM
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Table 3. Cont.

(b) Incidence Matrix of BIBDs

Block ZeroR Ranger XGBoost SVM

Heart-c 1 0 1 1
Pima 1 1 0 1
Fmh 1 1 1 0
SHNHS 0 1 1 1

Note: Fmh stands for the Framingham dataset.
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(b) Comparison of Mean Imputed Values
Figure 4. Bloxplots of imputed values from multiple imputations (a) and comparisons on their means
(b). The diamonds in the boxplots are the estimated mean of the imputed values. The response is
averaged across ten imputations for MI; the observed value is obtained via the RCBD (in blue), while
the response is imputed once using the EM algorithm. Yc1: the missing value of Y in column 1 of
Table 3b.

height (Height), and Grain Yield (GY). This example is well-motivated for BIBD and RICA, 440

because it is often expensive and time-consuming to plant many crops. 441

A subset (renamed Pheno_subset) of the data (Dataset_1_EYT) was taken with the 442
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Figure 4. Bloxplots of imputed values from multiple imputations (a) and comparisons on their means
(b). The diamonds in the boxplots are the estimated mean of the imputed values. The response is
averaged across ten imputations for MI; the observed value is obtained via the RCBD (in blue), while
the response is imputed once using the EM algorithm. Yc1: the missing value of Y in column 1 of
Table 3b.
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Table 4. Experiments with two designs (block: data subsets; treatment: ML algorithms).

Run Block Treatment Training Testing
ω i j RCBD BIBD RICA RCBD BIBD RICA

1 Heart-c ZeroR 0.556 0.556 0.556 0.556 0.556 0.556
2 Heart-c Ranger 0.893 NA 0.781 0.871 NA 0.858
3 Heart-c XGBoost 0.756 0.756 0.756 0.879 0.879 0.879
4 Heart-c SVM 0.912 0.912 0.912 0.874 0.874 0.874
5 Pima ZeroR 0.667 0.667 0.667 0.667 0.667 0.667
6 Pima Ranger 0.824 0.824 0.824 0.985 0.985 0.985
7 Pima XGBoost 0.831 NA 0.77 0.828 NA 0.884
8 Pima SVM 0.818 0.818 0.818 0.845 0.845 0.845
9 Framingham ZeroR 0.848 0.848 0.848 0.848 0.848 0.848
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Table 4. Cont.

Run Block Treatment Training Testing
ω i j RCBD BIBD RICA RCBD BIBD RICA

10 Framingham Ranger 0.878 0.878 0.878 0.886 0.886 0.886
11 Framingham XGBoost 0.85 0.85 0.85 0.863 0.863 0.863
12 Framingham SVM 0.872 NA 0.968 0.876 NA 0.923
13 SHNHS ZeroR 0.893 NA 0.757 0.893 NA 0.709
14 SHNHS Ranger 0.912 0.912 0.912 0.912 0.912 0.912
15 SHNHS XGBoost 0.901 0.901 0.901 0.904 0.904 0.904
16 SHNHS SVM 0.907 0.907 0.907 0.906 0.906 0.906

Note: 0.893 (NA, 0.709) indicates the responses (ML accuracy) with RCBD, incompleteness with BIBDs, and
imputation with RICA.

The results of ANOVA are summarized in Table 6. Using α = 0.05, RICA suggests that
mean classification accuracy differs among the different ML algorithms (p-value = 0.0041).
On the other hand, both the RCBD and BIBDs do not detect significant differences among
the MLAs at the α = 0.05 level. In practice, the RICA method can be implemented to
compare the performance of the ML algorithms with a number of blocks of datasets.

Table 5. MLE estimation of the parameters with MLA and the datasets.

RCBD BIBDs RICA

Index Beta Tau Beta Tau Beta Tau

Training

1 −0.053 −0.091 −0.068 −0.112 −0.068 −0.112
2 −0.047 0.044 −0.049 0.030 −0.049 0.030
3 0.030 0.002 0.067 <0.001 0.067 <0.001
4 0.071 0.045 0.050 0.082 0.050 0.082

Testing

1 −0.055 −0.109 −0.052 −0.149 −0.052 −0.149
2 −0.018 0.064 0.002 * 0.067 0.002 * 0.067
3 0.019 0.019 0.036 0.039 0.036 0.039
4 0.054 0.026 0.014 0.043 0.014 0.043

Note: 0.002 *: close to 0.0015. <0.001: positive but close to 0.

Table 6. ANOVA of the RCBD, BIBDs, and RICA with MLA and the datasets in testing.

Model Df Sum Sq Mean Sq F Value Pr (>F)

RCBD

Treatment (MLA) 3 0.07 0.02 3.39 0.0676 .
Block (datasets) 3 0.03 0.01 1.30 0.3337
Residuals 9 0.06 0.01

BIBDs

Treatment (MLA) 3 0.10 0.03 4.21 0.0779 .
Block (datasets) 3 0.01 <0.01 0.49 0.7068
Residuals 5 0.04 0.01

RICA

Treatment (MLA) 3 0.12 0.04 9.23 0.0041 ..
Block (datasets) 3 0.02 0.01 1.31 0.3296
Residuals 9 # 0.04 <0.01

#: the error degree of freedom for RICA is (b − 1)(t − 1)− ∑i ∑j(1 − R∗
ij). Signif. codes: p > 0.001 ‘..’ p > 0.01 ‘.’.
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5.2. Comparison with Related Methods

For further comparison, we represented the machine learning (ML) data as a matrix
with three columns: outcome, treatment, and block. We applied SoftImpute 100 times using
default configurations in R. The average total imputation error for the training dataset was
0.2478 (see Table 7), which is significantly larger than the errors associated with EM at
0.0440 and multiple imputations (MIs) at 0.0514.

Among the 100 imputation trials using SoftImpute, none yielded p-values below 0.05
(mean = 0.0642, standard deviation = 0.0031), suggesting that this approach fails to detect
significant differences in prediction accuracy among the ML algorithms.

Finally, the ANOVA results for the imputed datasets indicated both average and me-
dian mean squared errors (MSEs) of approximately 0.0096 (rounded to three decimal places),
which exceed the MSE for RICA, approximately 0.0058. Therefore, EM is a superior choice
for imputation in RICA compared with SoftImpute and multiple imputation methods.

Table 7. Comparison with related methods.

Methods Softlmpute RICA

Total imputation error (mean) 0.2478 0.044
p-values 0.0642 ± 0.0031 N/A
ANOVA MSE (both mean and median) 0.0096 0.0058

“N/A” denote there is not exist value.

5.3. More Applications on Agricultural Datasets

Datasets from agricultural experiments [47] were also employed to validate the pro-
posed method. These datasets try to determine the impact of different lines (genotypes) of
plants on various outcomes. Here, we used the dataset (Dataset_1_EYT) collected in wheat
yield trials. In this dataset, four locations/environments were used as blocks (b = 4). The
dataset has four possible responses: days to heading (DTHD), days to maturity (DTMT),
plant height (Height), and grain yield (GY). This example is well-motivated for BIBD and
RICA, because it is often expensive and time-consuming to plant many crops.

A subset (renamed Pheno_subset) of the data (Dataset_1_EYT) was taken with the
first four lines, that is, t = 4 treatments. Note that there are many possible treatments; here
we just tried the first four available. Assuming a BIBD with a block size of 3, we had the
same missingness scheme as in Table 3b. The grain yield (GY) was taken as the response.
After adjusting the DF for residuals in RICA, the results for the RICA and RCBD match (in
Table 8), but the BIBD seems to give a false positive.

Table 8. ANOVA of RCBD, BIBDs, and RICA with Pheno_subset.

Model Df Sum Sq Mean Sq F Value Pr (>F)

RCBD

Treatment (genotype) 3 1.62 0.54 3.04 0.09 .
Block (location) 3 38.16 12.72 71.65 <0.001 ...
Residuals 9 1.60 0.18

BIBDs

Treatment (genotype) 3 1.46 0.49 14.04 0.007 ..
Block (location) 3 26.00 8.67 250.86 <0.001 ...
Residuals 5 0.17 0.04
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Table 8. Cont.

Model Df Sum Sq Mean Sq F Value Pr (>F)

RICA

Treatment (genotype) 3 1.30 0.44 5.55 0.02 .
Block (location) 3 32.27 10.76 137.35 <0.001 ...
Residuals 9 # 0.70 0.08

#: the error degree of freedom for RICA is (b − 1)(t − 1)− ∑i ∑j(1 − R∗
ij). Signif. codes: p > 0.001 ‘..’ p > 0.01 ‘.’

p > 0.05 ‘...’.

6. Discussion and Conclusions

In general, whenever missing data arises in a dataset, the question of whether to
impute the missing data emerges. This work serves as an important initial step in providing
a theoretical guideline for addressing this question in the context of data obtained from
a BIBD. This paper provides a novel method for the analysis of BIBDs called RICA. This
method imputes missing responses in a BIBD and analyzes the subsequent dataset with
the RCBD model. This method has two main contributions: it imputes the missing part
of BIBDs and estimates the effects of treatments and blocks. This method provides a
new perspective on the analysis of BIBDs, with a link to missing value problems and a
better understanding of the balance property. Moreover, the efficiency of this method
is demonstrated with an application to ML algorithms. Furthermore, the identifiability
result suggests that the missingness scheme may be nonignorable for each block, but the
whole data of an incomplete design are missing by design when the design is balanced.
Theoretical results on relative efficiency also provide guidelines on when the missingness
should be imputed for incomplete designs with the role of balanced variance.

This method provides new insights for comparing ML algorithms on tasks (such as
classification) with massive blocks of data. The comparisons based on BIBDs can provide
an efficient and interpretable estimation of the treatment effect of these algorithms on
the prediction accuracy, while maintaining small total runs of the algorithms. However,
according to the missingness mechanism, the complete block means may not be equal to
the mean of the observed data in that block because there are unobserved treatment effects
in each block. These treatment effects lead to the bias in the estimation of the mean in
that block. Although ȳoo can be de-biased with BIBDs, the linear model cannot be used
to estimate the value of the incomplete data directly. More assumptions are required to
achieve unbiased estimators of the model parameters (βi, τj).

Corollary 1 is significant because it outlines when imputation should be applied, based
on the relative variances of treatment contrasts within the design. It demonstrates that this
relative efficiency relies on the ratio of estimated variances and an efficiency factor that
is influenced by the design choice. This finding is crucial as it indicates that there is no
“one-size-fits-all” approach to handling missing data; in some cases, imputation may be
advantageous, while in others, it may not be.

Moreover, practitioners should recognize that imputed data do not constitute inde-
pendent observations, which necessitates modifications to the degrees of freedom in the
final ANOVA table. From a theoretical standpoint, it is important to understand how
this result derives from the assumptions underlying the experimental design. Specifically,
Proposition 2 assumes that the probability of a particular value being missing is indepen-
dent of its actual value, which follows from the selection of the BIBD from an equiprobable
set of BIBDs prior to observing any values. It is essential for both practitioners and theo-
rists to grasp that, if the experimental design is not randomly selected, the missingness
mechanism may be nonignorable (as indicated in Proposition 1), potentially causing most
imputation methods to fail.
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Our results assume that the model in (1) is correct, meaning that the responses are
continuous and follow a normal distribution. To extend this work to binary responses, we
could employ a Generalized Linear Model (GLM) with a binary response, with logistic
regression being the most common example. In this case, we would replace the model (1)
with a logistic regression model and substitute the likelihood in Equation (2) with a binomial
likelihood function.

One limitation is that the maximum likelihood estimates (MLEs) for the logistic
regression model are not available in closed form; they are typically determined using
iterative numerical algorithms, such as Newton–Raphson. This prevents us from providing
explicit formulas for the MLEs, although they can still be computed. A challenging aspect
would be deriving the relative efficiency of RICA compared with BIBD under this model, as
the variance of MLEs in a logistic regression model explicitly depends on the true unknown
treatment and block effects.

Furthermore, some drawbacks of the RICA method are worth noting. The fitted
model is strictly linear and does not allow for a more general nonlinear relationship
between the treatments and responses; this limitation is shared with BIBDs and RCBDs.
Another drawback of RICA is that running ANOVA on the imputed data can lead to
misleading results. There are two main reasons. First, the presented RICA method results
in a downward-biased MSE because it does not estimate the variance due to imputation
(i.e., prediction variance). If the estimated variance of RICA (i.e., σ̂2) is close to that of
the RCBD, then the downward bias is not a large problem. Second, the imputed data
in the RCBD are not truly independent observations because the imputed values are
calculated deterministically from the observed values. It may be worth considering a
multiple imputation method to remedy this.

In the future, the RICA method would be extended for generalized incomplete block
design (IBD). In general, IBDs may have more missing responses than BIBDs, e.g., partial
BIBDs. One possible approach is to impute enough missing responses in a partial BIBD to
reach a BIBD. This could be compared to imputing all missing responses in a partial BIBD.
Future work will provide more examples of PBIBDs and their real RICA applications.
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Appendix A. Proof of Theorem 1

Proof. The expectation of mean squares of errors with RICA is

SSERICA =
b
∑

i=1

t
∑

j=1

(
y∗ij − ŷij

)2
=

b
∑

i=1

t
∑

j=1

(
y∗ij − µ̂ − β̂i∗ − τ̂j∗

)2
,

where β̂i∗ and τ̂j∗ are the MLEs of BIBDs and RICA.
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Let β̂i and τ̂j be the estimators obtained in the MLE solution of the RCBD. Thus,
we have

SSERICA = ∑i ∑j

(
y∗ij − yij + yij − µ̂ − β̂i − τ̂j + ēi + ēj

)2

= ∑i ∑j

[(
yij − µ̂ − β̂i − τ̂j

)
+
(

y∗ij − yij + ēi + ēj

)]2

= ∑i ∑j

[(
yij − µ̂ − β̂i − τ̂j

)2
+
(
eij + ēi + ēj

)2
]

+ 2 ∑i ∑j
[(

yij − µ̂ − β̂i − τ̂j
)(

eij + ēi + ēj
)]

,

where eij = y∗ij − yij, ēi = β̂i − β̂i∗ , ēj = τ̂j − τ̂j∗ . ∑i ∑j(yij − µ̂ − β̂i − τ̂j)(eij + ēi + ēj) = 0.
According to the analysis of variance of the RCBD, the expectation of mean squared

errors is
σ2

C = E(MSEC) = E
(

SSEC
(b−1)(t−1)

)
, (A1)

where SSEC = ∑i ∑j
(
yij − µ̂ − β̂i − τ̂j

)2
. Thus, we have

SSERICA = SSEC + ∑b
i=1 ∑t

j=1

(
eij + ēi + ēj

)2.

Similarly, for analysis of variance with RICA, the expectation of mean squared errors is

σ2
RICA = E(MSERICA) = E

(
SSERICA

(b − 1)(t − 1)

)

Thus, the result is obtained as σ2
RICA = σ2

C +Var(ŷij), where Var(ŷij) = E

(
∑b

i=1 ∑t
j=1 (eij+ēi+ēj)

2

(b−1)(t−1)

)
.

By Lemma 1, we obtain the results as Equation (11).
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