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Abstract: The residue number system is widely used in cryptography, digital signal processing, image
processing systems, and other areas where high-performance computing is required. One of the main
tools used in the residue number system is the Akushsky core function. However, its use is limited
due to the existence of so-called critical cores. This study aims to develop Akushsky core functions
that effectively eliminate the occurrence of critical cores, thereby enhancing their applicability in
real-world scenarios. We introduce a fundamental approach to critical core detection that reduces the
average time for critical core detection by 99.48% compared to the brute force algorithm. The results
of our analysis indicate not only a substantial improvement in the speed of core detection but also
an enhancement in the overall performance of systems utilizing the Akushsky core function. Our
findings provide important insights into optimizing residue number systems and encourage further
exploration into advanced computational techniques within this domain.

Keywords: residue number system; Akushsky core function; critical cores; monotonicity of the core
function; non-modular operations; brute force algorithm
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1. Introduction

The development of the algorithmic base of computing systems requires the devel-
opment and implementation of innovative approaches to the organization and execution
of computational tasks. Along with modern technologies such as quantum computing [1]
and AI accelerators [2], parallel processing remains one of the key strategies for improving
performance. This area focuses on modular computational structures based on the Residue
Number System (RNS). In contrast to conventional techniques such as fixed point, RNS
offers distinctive benefits due to its non-positional nature and parallel properties derived
from number theory and abstract algebra. The primary benefit of RNS is the elimination of
carryovers during arithmetic operations, which has the potential to significantly accelerate
computational processes.

RNS is known to have several advantages over the conventional Weighted Number
System (WNS) in the design and realization of high-performance computing applications,
devices, and systems [3]. Since its introduction in the mid-1950s to the present day, RNS
arithmetic has attracted continuous attention from researchers in the field.

(1) computer technology [3],
(2) number-theoretic methods [4,5],
(3) blockchain [6],
(4) homomorphic encryption [7],
(5) digital signal and image processing [8,9],
(6) communication systems [10],
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(7) highly reliable cloud environments [11],
(8) neural networks [12,13].

The main advantage of RNS is the ability to decompose numbers of large length into a
set of residues of smaller length, which are processed in parallel in independent modular
channels. The parallelism inherent in RNS avoids carryovers obtained by addition, subtrac-
tion, and multiplication, which usually take a long time in WNS. In this regard, modularity
and the absence of carryovers make computation fast and efficient. It is important to note
that with the active development of quantum computing and AI accelerators, RNS remains
a relevant and efficient tool for tasks requiring high computational speed and parallelism.

In addition to modular operations without carry-over, RNS arithmetic also uses non-
modular operations such as inverse number conversion, basis expansion, number compari-
son, number sign detection, overflow detection, common division, scaling, and others.

The execution of these operations is complex and requires a large number of compu-
tations, which limits the application of RNS and its use for fast computations. Modern
researchers actively study the problem of efficient implementation of non-modular operations.

The search for positional characteristics that would reduce the computational com-
plexity of non-modular operations in RNS led researchers Akushsky I.Y., Burtsev V.M., and
Pak I.T. to construct a new design called the Akushsky core function [14].

Akushsky core function can be effectively used to determine the sign of a number [15],
number comparison [16], scaling [17], general division [18], and other non-modular operations.

However, when using the Akushsky core function, the so-called problem of critical
cores arises [14], which significantly limits the applicability of each particular core function
since it requires the specification of its values. In this paper, we propose methods for
determining critical cores, which will allow more efficient realization of non-modular
operations in RNS.

The key novelty of this work is the development of methods for determining critical
cores, which opens new possibilities for efficient implementation of non-modular opera-
tions in RNS. In addition to the fundamental significance of the proposed methods, they
open new perspectives for the application of RNS in practical areas. These methods may
find their application in highly loaded computing systems, such as artificial intelligence
systems and homomorphic encryption, where high speed and accuracy of arithmetic oper-
ations are required. Progress in this area may also contribute to the development of cloud
computing, blockchain technologies, data protection systems, and telecommunications,
providing more efficient and reliable performance of computational tasks.

The paper has the following structure: Section 2 discusses the RNS. Section 3 presents
the basics of the Akushsky core function. Section 4 presents methods for determining
critical cores. Finally, Section 5 analyzes the effectiveness of the proposed methods. The
conclusion summarizes the results obtained.

2. Basic Concepts of Modular Arithmetic

The basis of the RNS is the set of moduli {p1, p2, . . . , pn} where each module is
pi ≥ 2 (i = 1, 2, . . . , n) and gcd

(
pi, pj

)
= 1. By default, the moduli are ordered in

ascending order, that is, p1 < p2 < . . . < pn.
The product of the moduli P = ∏n

i=1 pi is called the dynamic range of the RNS.
An integer X ∈ [0, P) is represented as an n-dimensional vector composed of the

smallest non-negative residue from dividing the corresponding number by pi:

X = (x1, x2, . . . , xn),

where xi = Xmod pi, which is also denoted as xi = |X|pi
.

Consider a RNS with the basis {5, 6}. In this basis, it is possible to mutually unam-
biguously represent numbers from the half-interval [0, 30) since P = 5·6 = 30.

Table 1 shows the correspondences between numbers from the WNS and the RNS.
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Table 1. Representation of numbers for RNS with basis {5, 6}.

0 RNS→ (0, 0) 1 RNS→ (1, 1) 2 RNS→ (2, 2) 3 RNS→ (3, 3) 4 RNS→ (4, 4)

5 RNS→ (0, 5) 6 RNS→ (1, 0) 7 RNS→ (2, 1) 8 RNS→ (3, 2) 9 RNS→ (4, 3)

10 RNS→ (0, 4) 11 RNS→ (1, 5) 12 RNS→ (2, 0) 13 RNS→ (3, 1) 14 RNS→ (4, 2)

15 RNS→ (0, 3) 16 RNS→ (1, 4) 17 RNS→ (2, 5) 18 RNS→ (3, 0) 19 RNS→ (4, 1)

20 RNS→ (0, 2) 21 RNS→ (1, 3) 22 RNS→ (2, 4) 23 RNS→ (3, 5) 24 RNS→ (4, 0)

25 RNS→ (0, 1) 26 RNS→ (1, 2) 27 RNS→ (2, 3) 28 RNS→ (3, 4) 29 RNS→ (4, 5)

The advantage of modular arithmetic over conventional binary arithmetic is that addi-
tion, subtraction, and multiplication operations are performed in parallel at the residue level.
This allows us to efficiently perform modular operations on integers A = (α1, α2, . . . , αn)
и B = (β1, β2, . . . , βn) independently in each modular channel, respecting the computa-
tional rules:

A ◦ B = (α1, α1, . . . , αn) ◦ (β1, β2, . . . , βn) =
(
|α1 ◦ β1|p1

, |α2 ◦ β2|p2
, . . . , |αn ◦ βn|pn

)
. (1)

where αi = |A|pi
и βi = |B|pi

, i = 1, 2, . . . , n and ◦ ∈ {+,−,×}.
In other words, arithmetic operations on operands in the form of vectors are divided

into modular channels, each of which works with operands not exceeding the correspond-
ing modulo. In addition, modular channels are completely independent of each other.

Let us look at an example of addition in the RNS.

Example 1. (Addition in the RNS). Add two numbers A = 7 and B = 8 in the basis {5, 6}.
Their representation in the given basis is given in Table 1. Let us use Equation (1) for addition:

A + B = (|2 + 3|5, |1 + 2|6) = (0, 3).

Carry-free execution of modular operations is one of the key advantages of arithmetic
in RNS [19]. This means that the results of addition and multiplication operations remain
within a given range of values for each modulo. This greatly simplifies and speeds up the
process of performing addition and multiplication operations compared to WNS.

The advantage of residue arithmetic is especially clear when performing computational
procedures consisting of a sequence of modular arithmetic operations. In this case, a set of
moduli is chosen in such a way that the final results are always within an acceptable range
of values for any input operands. Intermediate results may fall outside the range, but this
is not a problem.

To convert a number from RNS to WNS, the traditional approach involves the use of
the Chinese Residue Theorem (CRT) [9].

X =

∣∣∣∣∣ n

∑
i=1

Pi·xi·
∣∣∣∣ 1

Pi

∣∣∣∣
pi

∣∣∣∣∣
P

=
n

∑
i=1

Pi·xi·
∣∣∣∣ 1

Pi

∣∣∣∣
pi

− rX ·P. (2)

where Pi coefficients are defined as P
pi

. Multiplicative inversion of Pi modulo pi is denoted

as
∣∣∣ 1

Pi

∣∣∣
pi

satisfying the requirement
∣∣∣∣∣∣∣ 1

Pi

∣∣∣
pi
·Pi

∣∣∣∣
pi

= 1 and can be computed using methods

similar to the Euclidean algorithm [20], and the rX—is the rank of the number reflecting
how many times the range value must be subtracted from the resulting sum to restore it
within the dynamic range.
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Example 2. (Inverse number conversion using CRT). In RNS with basis {5, 6} reconstruct
the number (0, 3) resulting from Example 1.

First, let us find Pi:

P1 =
P
p1

= 6; P2 =
P
p2

= 5.

Next, we find the values of
∣∣∣ 1

Pi

∣∣∣
pi

:

∣∣∣∣ 1
P1

∣∣∣∣
p1

= 1;
∣∣∣∣ 1

P2

∣∣∣∣
p2

= 5.

Then, using (2), we obtain

X = |6·0·1 + 5·3·5|30 = |75|30 = 15.

The result corresponds to Table 1, so the number was recovered correctly. Calculating
the rank of a number will be discussed in the next section.

3. Akushsky Core Function
3.1. Application

Akushsky core function is a method for determining the positional characteristic of a
number in RNS. The other most common methods for determining the positional charac-
teristic are CRT, Approximate Method (AM) [9,11], Mixed-Radix Conversion (MRC) [10],
Diagonal Function (DF) [21], and Pirlo Function (PF) [22].

However, Akushsky core function has some advantages due to the ability to select
weights for a particular problem and the ability to determine the positional characteristic
without inverse conversion. In [16], it is shown that the Akushsky core function for even
ranges improves number sign detection by a factor of 1.93–15.3 and number comparison by
a factor of 1.55–11.35 overall methods described previously. In [23], a number comparison
method in RNS using core function is modeled; it was shown that the proposed method
gains 31% in time and 37% in device area on average over the known AM. The paper [24]
presents an efficient division method based on AM and the Akushsky core function.

In [11], Akushsky’s core function is applied to build reliable distributed storage
systems for the Internet of Things. In [25], the core function is used for digital image
filtering. Thus, the Akushsky core function can be used in all RNS applications.

3.2. Mathematical Foundations

Consider RNS using a set of moduli {p1, p2, . . . , pn} with dynamic range P = ∏n
i=1 pi

and given residuals (x1, x2, . . . , xn) for a number X such that 0 ≤ X ≤ (P − 1).
The Akushsky core function is defined by the following equation:

C(X) = CX =
n

∑
i=1

wi·
⌊

X
pi

⌋
. (3)

or

C(X) = X·
n

∑
i=1

wi
pi

−
n

∑
i=1

xi·wi
pi

. (4)

where integers wi are constants determined by the choice of the interpolation point. The
constants wi specify the weight of each of the partial

⌊
X
pi

⌋
in (3), thus defining the core

function and giving it different properties.
The main property of the core function is that its maximum range is variable and can

be much smaller than the number P depending on the choice of weights. For example, we
can use an arbitrary value of C(P) as C(P), provided that it has the necessary properties
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to solve our particular problem. This value is called the range of the core function and is
defined by the expression.

C(P) =
n

∑
i=1

wi·Pi. (5)

Given that Pi ≡ 0
(
mod pj

)
for any i ̸= j, the constants wi of this function can be

determined from the relation

wi ≡
∣∣∣∣∣
∣∣∣∣ 1

Pi

∣∣∣∣
pi

·C(P)

∣∣∣∣∣
pi

. (6)

Note that (6) specifies some class of deductions for each i, and the numbers wi may
turn out to be negative or positive in each case.

Let us introduce the value Bi = Pi·
∣∣∣ 1

Pi

∣∣∣
pi

—the so-called RNS orthogonal bases. Core

functions for orthogonal RNS bases

C(Bi) =
Bi·C(P)

P
− wi

pi
. (7)

Form (4) is not suitable for calculating core function values in practical applications,
as we will usually only have access to the residuals of xi. Using CRT, we can change the
way we calculate the core function value of X based on its residuals.

The value of the core function C(X) given by the weights w1, w2, . . . , wn, provided
0 ≤ C(X) < C(P), X ∈ [0, P) , can be calculated using the equation

C(X) =

∣∣∣∣∣ n

∑
i=1

C(Bi)·xi

∣∣∣∣∣
C(P)

. (8)

However, in the general case, if certain wi, C(X) may not satisfy the condition
0 ≤ C(X) < C(P) for X ∈ [0, P) , then the problem of so-called critical cores arises,
which prevents the use of (8).

Using the rank of the number rX from (2), then (8) can be rewritten as

C(X) =
n

∑
i=0

xi·C(Bi)− rX ·C(P). (9)

According to CRT, the rank of a number can be calculated as follows:

rX =

⌊
∑n

i=1 xi·Bi

P

⌋
. (10)

The number X can be calculated using the Akushsky core function as

X =
P

C(P)
·
(

C(X) +
n

∑
i=1

xi·wi
pi

)
. (11)

Another advantage of using the Akushsky core function is that the constants C(Bi)
involved in the calculations are small since they are smaller than C(P). To simplify or avoid
the cumbersome division by C(P) required in (11), we can choose as C(P) a value equal to
a power of two. The following examples show the inverse conversion procedure using the
Akushsky core function.

Example 3. (Inverse number conversion using core function). Consider the set of mod-
uli {5, 6}. Let us choose weights w1 = −3 and w2 = 5 for the core function. Then P = 30,
P1 = 6, P2 = 5. The values

∣∣∣ 1
Pi

∣∣∣
pi

are equal to
∣∣∣ 1

P1

∣∣∣
p1

= 1,
∣∣∣ 1

P2

∣∣∣
p2

= 5.
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We will find Bi = Pi·
∣∣∣ 1

Pi

∣∣∣
pi

:

B1 = P1·
∣∣∣∣ 1
P1

∣∣∣∣
p1

= 6; B1 = P2·
∣∣∣∣ 1
P2

∣∣∣∣
p2

= 25,

Next we find C(P)
C(P) = −3·6 + 5·5 = 7,

Let us find C(Bi) using (7)

C(B1) = 2; C(B1) = 5.

Consider a number in the RNS equal to (0, 3). Using (8)

C(X) = |0·2 + 3·5|7 = 1,

Next, X can be derived from (11) as

X =
30
7

(
1 +

0·(−3)
5

+
3·5
6

)
= 15.

Example 4. (Inverse number conversion using core function being critical). Let the system
be given by the same set of moduli; respectively, all parameters of the system remain the same. Let
us carry out the procedure of number conversion (0, 5).

C(X) = |0·2 + 5·5|7 = 4,

X =
30
7

(
4 +

0·(−3)
5

+
5·5
6

)
= 35.

However, this is not true since the number (0, 5) corresponds to a five in WNS. Thus, we can
conclude that a critical core has arisen for this number. It is necessary to use Formula (9) to clarify
the value of the core.

Find rX using (11)

rX =

⌊
0·6 + 5·25

30

⌋
= 4.

Then
C(X) = (0·2 + 5·5)− 4·7 = −3,

and

X =
30
7

(
−3 +

0·(−3)
5

+
5·5
6

)
= 5.

Thus, the core function is a universal positional characteristic. However, its practical
use is complicated due to the need to solve two important problems. The first problem is
related to the accurate calculation of the values of the core function. Since by definition the
weights wi of the core function can be negative, the values of this function can potentially
lie outside the range [0, C(P)) . This problem significantly limits the applicability of each
particular core function, as it requires the specification of its values. On the other hand,
number comparison algorithms based on the core function require solving the problem of
choosing monotone core functions.
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4. Methods for Constructing Akushsky Core Functions Without Critical Cores
4.1. The Problem of Core Function Monotonicity

The monotone Akushsky core function can be used to implement the number compar-
ison operation. Let us consider the monotonicity conditions for the Akushsky function. For
this purpose, we prove the following theorem.

Theorem 1. The Akushsky function is monotonically increasing if and only if all its coeffi-
cients wi are non-negative.

Proof of Theorem 1. Calculate the value of C(X − 1)

C(X − 1) = (X − 1)
n

∑
i=1

wi
pi

−
n

∑
i=1

|xi − 1|·wi
pi

= X·
n

∑
i=1

wi
pi
−

n

∑
i=1

wi
pi

−
n

∑
i=1

|xi − 1|·wi
pi

. (12)

Using (12), we calculate the value of C(X)− C(X − 1), we obtain

C(X)− C(X − 1) =
n

∑
i=1

wi
pi

+
n

∑
i=1

|xi − 1|·wi
pi

−
n

∑
i=1

xi·wi
pi

= =
n

∑
i=1

(
1 + |xi − 1|pi

− xi

)
·wi

pi
. (13)

Let us calculate the value of the expression 1 + |xi − 1|pi
− xi depending on xi and pi.

We obtain:

1 + |xi − 1|pi
− xi =

{
pi, i f xi = 0,
0, i f xi ̸= 0.

(14)

Substituting (14) into (12), we obtain

C(X)− C(X − 1) =
n

∑
i=1,xi=0

wi. (15)

To prove this theorem, we will apply the method of contradiction: suppose there exists
a monotonically increasing Akushsky function with negative weight coefficients wi. Let
the number of negative coefficients be s > 0, and let them be indexed by {i1, i2, . . . , is}.
Consider the number X = ∏s

j=1 pij . Using (12), we calculate the value of C(X)− C(X − 1)
and obtain:

C(X)− C(X − 1) =
s

∑
j=1

wij . (16)

Since in Equation (16) the right-hand side ∑s
j=1 wij < 0, it follows that C(X) < C(X − 1).

This implies that the Akushsky function cannot be strictly monotonic. We have arrived at a
contradiction. Therefore, for the Akushsky core function to be monotonic, it is necessary
and sufficient that all of its coefficients are non-negative. □

Note that the Akushsky function cannot be strictly monotonic due to the fact that the
change of its value for neighboring numbers occurs only in the presence of a zero residue
in the larger number. Thus, the Akushsky function with non-negative coefficients serves as
a positional characteristic of a number in the RNS.

Equation (16) defines a core function with a stepped structure. This structure consists
of “levels” at which the value of the function remains unchanged. As X increases, all xi
increase, leading to a transition to the next level of the core function. This property is used
in comparison algorithms that compare objects based on the value of the core function.
Figure 1a shows an example of a core function with non-negative coefficients. Such a core
function is monotonic and is divided into “levels”. The number of levels can be estimated
based on the magnitude of the remainder value for one of the moduli. In Figure 1b, the
contour lines of the core function corresponding to these levels are shown. The Akushsky
core function, for which wi > 0, transitions to the next level each time xi = 0 for any of the
moduli pn, where i = 1, 2, . . . , n.
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The core function can be used in comparison algorithms. For example, the diagonal
function widely used in the literature [21] is a variant of the core function with wi = 1 for
all i = 1, 2, . . . , n and which contains no critical cores.

On the other hand, if we set wi = 0 for all i = 1, 2, . . . , n − 1 and wn = 1, we obtain a
core function with the range C(P) = Pn. Thus, the expression Pi(X) =

⌊
X
pn

⌋
[22] is a special

case of C(X). This is the so-called Pirlo function, and it also does not contain critical cores.
In fact, the result of such a function is the quotient of division by pn. Pn is the smallest of Pi,
i = 1, 2, . . . , n. Given that the coefficients of a core function suitable for comparing numbers
must be non-negative, according to Theorem 1, a core function with modulo C(P) = Pn
is a core function with the minimum possible modulo. Since CPn(X) is the quotient of the
division of X by pn, the comparison of numbers with the help of this function is reduced to
the comparison of their quotients. If the parts are equal, then the remainders modulo pn
are compared. If the parts of division of two numbers by modulo pn are equal, then it is
necessary to compare the remainders of division of these numbers by modulo pn. It can be
shown that in the case of using numbers smaller than Pn as the range C(P), the comparison
becomes impossible.

If we analyze the behavior of the core function at different values of numbers, we can
notice that, in general, this function is not monotonic and cannot be used as a positional
characteristic. This means that the value of the core function can change in an arbitrary
way when the values of the numbers change. It is well seen from the graph in Figure 2,
which reflects the values of the core function with coefficients w1 = −3 and w2 = 5 for the
RNS with bases p1 = 5 and p2 = 6.
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This graph shows that the core function has two inflection points, which means that it
is not monotonic. In addition, the core function can take negative values, which also makes
it unsuitable for comparing numbers in RNS because it cannot uniquely determine which
number is greater or less than the other.
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Figure 2 also demonstrates an important problem, the problem of critical cores, which
is observed when using the Akushsky core function. In the above example, the critical
cores will be at points X equal to 5, 10, 11, where the core function will be negative, and at
point X equal to 24, where the value of the core function exceeds the value of C(P).

In this case, the values of the core function will lie in some interval [−γ1, C(P) + γ2].
This means that the core function will not take values that lie outside this interval. The
critical values make the equation C(X) = |∑n

i=1 C(Bi)·xi|C(P) inapplicable, allowing us to
efficiently compute the values of the core function.

We will call critical cores from the range [−γ1, 0) as lower critical cores and cores from
the range [C(P), C(P) + γ2] as upper critical cores.

The problem of critical cores can be solved by choosing suitable values of the coeffi-
cients wi. However, in the general case, this can be a challenging task.

There are approaches to monitor critical cores and correct core function values in them,
but in practice this is inefficient. These approaches require complex computations and do
not always lead to the desired result. A more pressing issue is the construction of core
functions that do not contain critical cores. Such core functions will be simpler and more
efficient to use.

Thus, constructing core functions that do not contain critical cores reduces to deter-
mining whether there are lower or upper critical cores.

4.2. Determining Critical Cores Using the Brute Force Algorithm

The lower and upper critical cores can be found using (4) or (9) and searching X in the
interval [0, P). However, for large values of P, this method will be impossible due to the
huge time consumption. Therefore, we propose to search X in the interval [0, pn) to find
the lower critical cores, i.e.,

lower critical cores =
{

1, i f C(X) < 0,
0, i f 0 ≤ C(X) < C(P).

(17)

And to find the upper critical cores, we will search X in the interval [P − pn, P). Then

upper critical cores =
{

1, i f C(X) ≥ C(P),
0, i f 0 ≤ C(X) < C(P).

(18)

Algorithm 1 shows the pseudocode of the proposed approach.

Algorithm 1. Detection of critical cores using the brute force algorithm

Input: {p1, p2, . . . , pn}, {w1, w2, . . . , wn}, P = ∏n
i=1 pi, C(P) for i = 1, n.

Output: lower_critical_cores, upper_critical_cores
1. lower_critical_cores, upper_critical_cores = 0
2. for X = 0, X < pn, X ++ do: // For each number from 0 to pn

2.1 X RNS→ (x1, x2, . . . , xn) // Converting the number to RNS
2.2 C(X) = X·∑n

i=1
wi
pi
− ∑n

i=1
xi ·wi

pi
// Calculate the core function

2.3 if C(X) < 0 then:
2.3.1 lower_critical_cores = 1 // The presence of lower critical cores
2.3.2 break
3. for X = P − pn, X < P, X ++ do:

3.1 X RNS→ (x1, x2, . . . , xn)
3.2 C(X) = X·∑n

i=1
wi
pi
− ∑n

i=1
xi ·wi

pi

3.3 if C(X) ≥ C(P) then:
3.3.1 upper_critical_cores = 1 // The presence of upper critical cores
3.3.2 break
4. return lower_critical_cores, upper_critical_cores

Let us consider the application of this algorithm in Example 5.
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Example 5. (Detection of critical cores using the brute-force algorithm). Let also be given a
system with bases p1 = 5, p2 = 6. And weights w1 = −3, w2 = 5. The parameters P, C(P) are
already known, and they are 30 and 7, respectively.

By looping over X in the interval [0, pn), we reach X = 5, 5 RNS→ (0, 5) for the given number.

C(X) = 5·
(
−3
5

+
5
6

)
−
(

0·(−3)
5

+
5·5
6

)
= −3

Since C(X) < 0, the system with given weights contains lower critical cores.

By looping over X in the interval [P − pn, P), we take X = 24, 24 RNS→ (4, 0) for the
given number.

C(X) = 24·
(
−3
5

+
5
6

)
−
(

4·(−3)
5

+
0·5
6

)
= 8.

Since C(X) > C(P), it means that at these weights the system has upper critical cores.

4.3. Method for Determining Critical Cores Using the Fundamental Approach

Let us formulate conditions to determine whether the core function has critical cores
based on the values of wi, i = 1, 2, . . . , n for RNS with moduli p1, p2, . . . , pn ordered in
ascending order.

Theorem 2. For the core function C(X) defined by the coefficients w1, w2, . . . , wn to contain no
critical cores, the following conditions must be satisfied for all k = 1, 2, . . . , n:

1. ∑n
i=1, wi > 0.

2. Absence of lower critical cores: C(pk) = ∑n
i=1 wi

⌊
pk
pi

⌋
≥ 0.

3. Absence of upper critical cores: ∑n
i=1

(⌊
pk
pi

⌋
+ 1
)
·wi − wk > 0.

Proof of Theorem 2. Let us start with the assumption that there are no lower critical cores.
Based on (15), we can notice that the value of the core function changes only when zeros
appear in the representation of a number in the RNS. Zeros in the RNS representation of the
number X appear sequentially when its value increases. The first such case occurs when
there is a zero in the remainder modulo p1. This means that for there to be no lower critical
core, it is necessary at least that w1 ≥ 0. If this condition is satisfied, the next change will
only occur when zero in the residue modulo p2. The possible change in core function in
this case will be equal to

(⌊
pk
pi

⌋
+ 1
)
·w1 + w2. The first summand reflects the accumulated

number of values of w1 before the condition |X|p2
= 0. For there to be no lower critical

core, it is necessary that
(⌊

pk
pi

⌋
+ 1
)
·w1 + w2 ≥ 0. Continuing the reasoning further, we

obtain that for the core function to have no critical cores from below, it is sufficient that

k

∑
i=1

(⌊
pk
pi

⌋
+ 1
)
·wi + wk ≥ 0,

for k = 1, 2, . . . , n. A similar condition is obtained by the requirement C(pk) ≥ 0, which is
transformed to

C(pk) =
n

∑
i=1

wi

⌊
pk
pi

⌋
=

k

∑
i=1

wi

⌊
pk
pi

⌋
≥ 0.

Let us consider the condition of absence of upper critical cores.
Taking into account the condition ∑n

i=1 wi· Pi = C(P) we note that when passing from
the value X = P − 1 to the value P, the difference between the cores C(P) and C(P − 1)
will be the sum w1 + w2 + · · ·+ wn. If C(P − 1) ≥ C(P) (i.e., C(P − 1) is a critical core),
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then this sum does not exceed 0. Hence, the minimum condition for no critical cores from
above is

n

∑
i=1

wi > 0.

Continuing similar reasoning for critical cores from above, we can see that for the
absence of critical cores from above, we must check that the value of the core function
does not exceed the range C(P) for all numbers smaller than P containing zero residues
from division by RNS moduli. Hence, we must require that C(P − pk) < CP for all
k = 1 , 2, . . . , n.

Let us calculate C(P − pk)

C(P − pk) = (P − pk)
CP
P

− 1
P

n

∑
i=1

wi·Pi|pi − pk|pi
.

If i = k, then |pi − pk|pi
= 0. Note that for any i and k, i ̸= k, from the set of natural

numbers 1, 2, . . . , n

|pi − pk|pi
=

⌊
pk
pi

⌋
·pi + pi − pk.

Hence

C(P − pk) = CP − pk·
CP
P

− 1
P
·

n

∑
i=1,i ̸=k

wi·Pi·
(⌊

pk
pi

⌋
·pi + pi − pk

)
.

Further, since pk −
⌊

pk
pk

⌋
pk = 0, then

C (P − pk) = CP − pk·
CP
P

−
n

∑
i=1,i ̸=k

wi +
1
P
·

n

∑
i=1

wi·Pi

(
pk −

⌊
pk
pi

⌋)
.

Considering that

C(pk) = pk·
CP
P

− 1
P
·

n

∑
i=1

wi·Pi

(
pk −

⌊
pk
pi

⌋)
,

we obtain

C(P − pk) = CP − C(pk)−
n

∑
i=1,i ̸=k

wi.

We require that C(P − pk) < CP, then

CP − C(pk)−
n

∑
i=1,i ̸=k

wi < CP.

Then

C(pk) +
n

∑
i=1,i ̸=k

wi > 0,

or
n

∑
i=1

wi

⌊
pk
pi

⌋
+

n

∑
i=1,i ̸=k

wi =
n

∑
i=1

wi·
(⌊

pk
pi

⌋
+ 1
)
− wk > 0.

The theorem is proved. □

Algorithm 2 presents a fundamental approach to determining critical cores in a pseu-
docode format.
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Algorithm 2. Detection of critical cores using a fundamental approach

Input: {p1, p2, . . . , pn}, {w1, w2, . . . , wn}, for i = 1, n.
Output: lower_critical_cores, upper_critical cores
1. lower_critical_cores, upper_critical_cores = 0
2. for k = 1, k ≤ n, k ++ do:

2.1 C(pk) = ∑n
i=1 wi

⌊
pk
pi

⌋
// Calculation of the core function from moduli

2.2 if C(pk) < 0 then:
2.2.1 lower_critical_cores = 1 // The presence of lower critical cores
2.2.2 break
3. for k = 1, k ≤ n, k ++ do:
3.1 sums = 0
3.2 for i = 1, i ≤ n, i ++ do:

3.2.1 sums+ =
(⌊

pk
pi

⌋
+ 1
)
·wi

3.3 sums = sums − wk
3.4 if sums ≤ 0 then:
3.4.1 upper_critical_cores = 1 // The presence of upper critical cores
3.4.2 break
4. return lower_critical_cores, upper_critical_cores

Let us consider the application of this algorithm in Example 6.

Example 6. (Detection of critical cores using a fundamental approach). We also continue to
consider RNS with bases p1 = 5, p2 = 6. And weights w1 = −3, w2 = 5.

First, let’s determine if the system has lower critical cores.

C(p1) = −3·
⌊

5
5

⌋
+ 5·

⌊
5
6

⌋
= −3.

Since C(p1) < 0, hence the system with these weights will have lower critical cores.
Next, let us determine whether there exist upper critical cores. For k = 1, we obtain(⌊

5
5

⌋
+ 1
)
·(−3) +

(⌊
5
6

⌋
+ 1
)
·5 + 3 = 2 > 0.

Thus, the system with these weights has upper critical cores.

5. Performance Evaluation

We analyze the algorithms proposed in Sections 4.2 and 4.3. The complexity of the
algorithms is evaluated in Table 2.

Table 2. Complexity analysis.

Method Time Complexity

Brute Force O
(
n2)

Fundamental Approach O
(
n2)

The two algorithms have the same asymptotic complexity but differ in the amount of
processed data. In the case of the first algorithm, RNS numbers are processed, the number
of which can reach tens of thousands; in the fundamental approach, the moduli of the
system are enumerate; in classical cases, the number of moduli varies from three to six
numbers. To confirm the properties, we implement the proposed algorithms in Python and
compare their performance. The experiments are conducted on the Windows 10 Home
Edition operating system on a computer with an Intel Core i7-7700HQ 2.80 GHz processor,
8 GB of 1196 MHz DDR4 RAM, and a 512 GB SSD.
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The experiment is as follows; the study is conducted in two stages:
The first stage of the study is to investigate the performance of 6 sets, 7 to 12 modules,

and 16-bit dimensionality (Table 3).

Table 3. Moduli sets for the first stage of the study.

Number of Moduli Modulo Set

7 {257, 263, 269, 271, 277, 281, 283}
8 {257, 263, 269, 271, 277, 281, 283, 293}
9 {257, 263, 269, 271, 277, 281, 283, 293, 307}
10 {257, 263, 269, 271, 277, 281, 283, 293, 307, 337}
11 {257, 263, 269, 271, 277, 281, 283, 293, 307, 337, 449}
12 {257, 263, 269, 271, 277, 281, 283, 293, 307, 337, 449, 887}

The second stage of the study is to investigate the performance of 6 sets, a commonly
used set of special moduli {2n − 1, 2n, 2n + 1} [19], the dimensionality of the dynamic
range from 24 to 64 bits (Table 4).

Table 4. Moduli sets for the second stage of the study.

Dynamic Range Size (bits) Modulo Set

24 {255, 256, 257}
32 {2047, 2048, 2049}
40 {16, 383, 16, 384, 16, 385}
48 {65, 535, 65, 536, 65, 537}
56 {524, 287, 524, 288, 524, 289}
64 {4, 194, 403, 4, 194, 304, 4, 194, 304}

Weights for the systems were generated randomly from the interval [−5, 5].
To avoid time measurement errors, we take 10,000 measurements. Then, the maximum,

minimum, and average values from 10,000 runs of each method are included in the results.
In addition, we include the difference between the mean and minimum value. We consider
the average values of the methods to determine the most efficient methods.

In the two-stage modeling, the temporal characteristics of each method were obtained.
The results obtained are shown in Tables 5 and 6. The times are given in milliseconds.

Table 5. Operation time with dynamic number of moduli (ms).

Method Number of Moduli
Determination of Lower and Upper Critical Cores

Max Mean Min Mean − Min

Brute Force

7 50.9046 1.9157 0.0284 1.8873
8 52.9824 4.2223 0.0343 4.188
9 59.6002 5.4515 0.0385 5.413
10 63.3836 5.7955 0.0417 5.7538
11 83.3868 7.473 0.0448 7.4282
12 111.4736 7.6149 0.0482 7.5667

Fundamental
Approach

7 0.3187 0.0308 0.0077 0.0231
8 0.2697 0.0323 0.008 0.0243
9 0.4204 0.0385 0.0088 0.0297
10 0.4115 0.0438 0.0096 0.0342
11 0.4648 0.0537 0.0103 0.0434
12 0.6458 0.0602 0.0111 0.0491



Mathematics 2024, 12, 3399 14 of 16

Table 6. Operation time with dynamic range of different lengths (ms).

Method
Dynamic Range

Size (bits)
Determination of Lower and Upper Critical Cores

Max Mean Min Mean − Min

Brute Force

24 13.0919 0.2885 0.0092 0.2793
32 20.2188 1.5381 0.0157 1.5224
40 21.8157 1.692 0.0147 1.6773
48 22.8071 1.7088 0.0146 1.6942
56 27.3549 2.3019 0.0147 2.2872
64 33.3781 2.2711 0.0161 2.255

Fundamental
Approach

24 0.0608 0.0078 0.004 0.0038
32 0.0994 0.0084 0.0041 0.0043
40 0.0965 0.0088 0.0041 0.0047
48 0.1029 0.0096 0.0042 0.0054
56 0.3976 0.0103 0.0044 0.0059
64 0.0769 0.0121 0.0045 0.0076

Table 5 shows that our proposed fundamental approach to determining critical cores
is on average 99.2015% faster than the brute force algorithm. It is worth noting that the
difference between the average maximum time of the fundamental algorithm and the brute
force algorithm is 16,563.29%.

Table 6 shows that the fundamental approach is, on average, 99.4184% faster than the
brute force algorithm.

For clarity, the graphs in Figure 3a,b showing the results of the average time obtained
from the first and second stages of the study were plotted.
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tion, which makes our proposed fundamental approach promising for computing sys-
tems. In addition, the efficiency of the algorithm can lead to reduced hardware require-
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cluding comparison and inversion, are difficult over numbers represented in RNS. This 
work is aimed at addressing the problem of constructing a general positional characteris-
tic useful for complex operations in RNS. Among all existing functions that are suitable to 
be a positional characteristic of the number represented in RNS, the Akushsky core func-
tion stands out since it has flexibility and allows for reduce the size of operands involved 
in the computations. The presented work solves the important problem of critical cores, 
which limits the Akushsky core function’s possible application.  

This work demonstrates the approach to constructing Akushsky core functions for a 
residue number system, removing the limitations associated with critical core. By intro-
ducing a fundamental approach to identify critical cores, the proposed methodology 
shows a 99.48% reduction in average time compared to the brute-force algorithm. These 
results open new possibilities for applying Akushsky core functions to residue number 
systems and hence to all areas where high-performance computing is required. 

In view of these results, further research will be aimed at optimizing the selection of 
weights for the Akushsky core function and at modifying existing methods for non-mod-
ular operations in RNS using the core function. 
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Figure 3. Comparison of the brute-force algorithm and the fundamental algorithm for determining
critical cores with (a) dynamic moduli number p and (b) dynamic range width.

Reduced computational cost leads to energy savings and reduced power consumption,
which makes our proposed fundamental approach promising for computing systems. In
addition, the efficiency of the algorithm can lead to reduced hardware requirements, which
further enhances its suitability for resource-constrained environments.
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6. Conclusions

The residue number system is an efficient numerical system that is widely used in
multiple applications. However, due to the non-positional structure, some operations,
including comparison and inversion, are difficult over numbers represented in RNS. This
work is aimed at addressing the problem of constructing a general positional characteristic
useful for complex operations in RNS. Among all existing functions that are suitable to be
a positional characteristic of the number represented in RNS, the Akushsky core function
stands out since it has flexibility and allows for reduce the size of operands involved in the
computations. The presented work solves the important problem of critical cores, which
limits the Akushsky core function’s possible application.

This work demonstrates the approach to constructing Akushsky core functions for a
residue number system, removing the limitations associated with critical core. By introduc-
ing a fundamental approach to identify critical cores, the proposed methodology shows
a 99.48% reduction in average time compared to the brute-force algorithm. These results
open new possibilities for applying Akushsky core functions to residue number systems
and hence to all areas where high-performance computing is required.

In view of these results, further research will be aimed at optimizing the selection of
weights for the Akushsky core function and at modifying existing methods for non-modular
operations in RNS using the core function.
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