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Abstract: The trust region method is an effective method for solving unconstrained optimization
problems. Incorrectly updating the rules of the trust region radius will increase the number of
iterations and affect the calculation efficiency. In order to obtain an effective radius for the trust
region, an adaptive radius updating criterion is proposed based on the gradient of the current iteration
point and the eigenvalue of the Hessian matrix which avoids calculating the inverse of the Hessian
matrix during radius updating. This approach reduces the computation time and enhances the
algorithm’s performance. On this basis, we apply adaptive radius and non-monotonic techniques to
the trust region algorithm and propose an improved non-monotonic adaptive trust region algorithm.
Under proper assumptions, the convergence of the algorithm is analyzed. Numerical experiments
confirm that the suggested algorithm is effective.
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1. Introduction

Consider the following unconstrained optimization problem:

min h(x), x ∈ Rn, (1)

where h : Rn → R is twice continuously differentiable. There are two types of optimization
problems: confined optimization and unconstrained optimization. Constrained optimiza-
tion problems are typically addressed by being converted into unconstrained optimization
problems. Unconstrained optimization problems can be solved using various techniques,
including the conjugate gradient approach [1,2], the trust region method [3,4], and the
Newton method [5,6]. The conjugate gradient method requires that the coefficient matrix is
not only symmetric but also positive definite, which may not be applicable in the case of
matrices with non-positive definite coefficients [7]. The Newton method needs to calculate
the inverse of the Hessian matrix, and selection of the initial points is difficult in practice [8].
The trust region algorithm has strong convergence and robustness, and it has become one
of the effective methods for solving unconstrained optimization problems [9,10].

Many practical application problems which arise in applied mathematics, economics,
and engineering can be translated into Equation (1) to be solved [11]. As one of the effective
algorithms for solving unconstrained optimization problems, the trust region has many ap-
plications in real life. For example, it can be extended to deal with constrained optimization
problems, variational inequality problems, and nonlinear complementary problems [12]. Of
course, the trust region algorithm can also be extended to reinforcement learning [13] and
support vector machines [14] in machine learning, the electrical impedance tomography
problem [15], and solving the inverse problem related to seismic spectrum analysis of Pn
waves [16] as well as combined with the epitaxial implicit method [17]. Therefore, it is
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necessary to propose a trust region algorithm which can effectively solve unconstrained
optimization problems.

The underlying principle of trust region (TR) methods is that a trial step tk is obtained
at each iterate point xk by solving the following subproblem:

min ϖk(t) =gT
k t +

1
2

tT Bkt,

s.t.∥t∥ ≤ ∆k,
(2)

where ∥ · ∥ is the Euclidean norm, gk = ∇h(xk), Bk ≈ ∇2h(xk), and ∆k is the TR radius [18].
Next, the TR ratio rk is used to compute the agreement between the predicted and actual
reductions. It has the definition

rk =
Aretk
Pretk

=
h(xk)− h(xk + tk)

ϖk(0)− ϖk(tk)
,

where the predicted reduction Pretk and the actual reduction Aretk are given by

Aretk = h(xk)− h(xk + tk),

Pretk = ϖk(0)− ϖk(tk).

The iteration form of the TR is described below:

xk+1 =

{
xk + tk, if rk ≥ µ,
xk, otherwise.

If rk ≥ µ for a specified 0 < µ < 1, then the trial step tk is approved, and xk+1 = xk + tk.
The TR radius is adjusted correctly in this instance. In contrast, the tk is rejected, and the
current point is held constant for the following iteration if rk < µ. The TR radius is
suitably decreased in this instance. This procedure is continued until the convergence
requirements hold.

In the traditional TR algorithm, it is essential to select the appropriate initial value
and update criteria for the TR radius. If the initial radius or radius updating criteria are
not selected correctly, then the number of iterations of the trust region algorithm will
be increased. Based on this, Sartenaer [19] proposed a criterion that can automatically
determine the initial radius which uses gradient information (i.e., △0 = ∥g0∥). Later,
Lin et al. [20] proposed a better criterion for selecting the initial radius, which is set to be
△0 = γ∥g0∥, where γ > 0 is an adjustable constant.

It can be noted that when the sequence {xk} generated by the traditional TR algorithm
converges to the approximate best point x∗, the TR ratio rk may converge to one. Therefore,
according to the iterative steps of the algorithm, once k is big enough , △k may be larger
than the normal number. Moreover, the information of gk and Bk generated at the current
iteration point xk is not used to revise the radius △k, which greatly increases the number of
subproblems (Equation (2)) to be solved, thus reducing the calculation rate of the algorithm.
To avoid the above problems, Zhang [21] proposed some variations of the adaptive TR
method based on the following updated formula:

△k =
qℓ∥gk∥

bk
,

in which bk = min{∥Bk∥, 1}, 0 < q < 1 is a constant and ℓ ∈ N. Subsequently, Zhang et al. [22]
proposed an adaptive radius formula containing gk and Bk as follows:

△k = qℓ∥gk∥∥B̂k
−1∥,
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with ℓ and q as defined above and B̂k = Bk + iI for some nonnegative integer i and the
Hessian approximation Bk as a positive definite matrix. To avoid calculating B̂k

−1 at each
iteration point xk, Shi and Wang [23] proposed

△k = qℓ
∥gk∥3

gT
k B̂kgk

,

with ℓ, q, and B̂k as defined above. To avoid counting B̂k, Sheng et al. [24] proposed
a variant:

△k = qℓ
∥tk−1∥
∥yk−1∥

∥gk∥,

where yk−1 = gk − gk−1, 0 < q < 1, and ℓ ∈ N. Recently, Wang et al. [25] employed the new
radius updating criterion △k = υk∥gk∥γ, where γ ∈ (0, 1) is a constant and the updating of
υk depends on the value of the ratio rk. Building an adaptive TR radius which can speed
up the solving of subproblems is vital since the TR algorithm heavily relies on the choice
for the TR radius.

Each iteration in the monotone trust region method requires objective function hk
to have a certain reduction. However, it can be seen from some numerical experimental
results that the monotonicity of forced hk may significantly reduce the convergence rate,
especially for the objective functions with highly eccentric level curves [26–28]. Therefore,
allowing function values to increase to some extent while maintaining global convergence
is advantageous. Non-monotonic methods are characterized by the fact that they do not
enforce strict monotonicity of the value of the objective function over successive iterations. It
has been shown that using non-monotonic techniques can improve the likelihood of finding
global optimal values and the rate of convergence of the algorithm [26,29]. Therefore,
many researchers combined non-monotonic techniques with trust regions to form a new
method for solving optimization problems [28,30–33]. Chamberlain et al. [34] proposed
watchdog technology, which belongs to a non-monotonic line search technology. Next,
Grippo et al. [26] extended Newton’s method with another non-monotonic line search
methodology and used it to solve unconstrained optimization problems. The idea of this
non-monotonic line search technique is that for a given 0 < ζ < 1, one should select the
step length αk such that the following conditions are true:

h(xk + αktk) ≤ hl(k) + ζαkgT
k tk,

where non-monotonic technology hl(k) is defined as

hl(k) = h(xl(k)) = max
0≤j≤p(k)

{hk−j}, (3)

where 0 ≤ p(k) ≤ min{p(k − 1) + 1, M} and M are positive integers. However, some
numerical experiment results indicate that there are still certain issues with Grippo’s
non-monotonic method [35]. For instance, the current function value cannot be fully
used. Moreover, the traditional non-monotonic technique is highly dependent on the
selection of parameter M, and thus the numerical results of the algorithm may vary greatly
with different selections of M values. To address these shortcomings of non-monotonic
techniques, Zhang and Hager [29] proposed another non-monotonic technique as follows:

Ck =

{
h0, k = 0,
νk−1Qk−1Ck−1+hk

Qk
, k ≥ 1,

and

Qk =

{
1, k = 0,
νk−1Qk−1 + 1, k ≥ 1,
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where νk−1 ∈ [νmin, νmax], νmin ∈ [0, 1), and νmax ∈ [νmin, 1). Because the non-monotonic
technique Ck needs to update νk−1 and Qk in each iteration, which affects the computation
rate, Ahookhosh and Amini [35] combined hk and hl(k) in a convex manner to form another
efficient non-monotonic technique Rk:

Rk = ϑkhl(k) + (1 − ϑk)hk, (4)

where ϑk−1 ∈ [ϑmin, ϑmax], ϑmin ∈ [0, 1). Compared with hl(k), Rk has the following ad-
vantages. It can not only make full use of the current objective function value but also
retain the current optimal operation value to a certain extent. Finally, better convergence
can be achieved by selecting different parameters. Since the non-monotonic algorithm
does not require the objective function to be strictly monotonic during continuous itera-
tion, application of the non-monotonic technique to the trust region algorithm can increase
both the likelihood of finding the global optimal solution and the algorithm’s computation
rate [30,36,37].

Because the convergence rate of the trust region algorithm depends on the renewal
of the trust region radius, this paper aims to construct a new formula for the trust region
radius. Combined with the non-monotonic technique, a new non-monotonic adaptive trust
region algorithm is proposed to solve unconstrained optimization problems.

In this paper, in order to fully utilize the gradient and Hessian matrix of the current
iteration points, we propose an improved adaptive radius updating criterion. In the
improved adaptive radius-updating formula, the upper bound of the eigenvalue of matrix
Bk is solved instead of the inverse of matrix Bk.

The rest of this article is organized as follows. In Section 2, we present a new adap-
tive trust region radius and propose a non-monotonic adaptive trust region algorithm.
In Section 3, we demonstrate this algorithm’s global convergence. In Section 4, numerical
experiments are carried out, and the new method’s effectiveness is demonstrated by the
numerical results. Finally, we conclude the paper in Section 5 with a few closing thoughts.

2. The New Algorithm

In this section, an adaptive radius-updating formula is proposed. The improved
adaptive radius updating criterion is described in detail below.

At the iterate point xk, we set λki to be the ith eigenvalue of the Hessian matrix Bk.
According to the Geršgorin circle theory [12,38], we obtain

λki ≤
n

∑
j=1

|bij| ≜ λ̄ki, (i ∈ N∗) (5)

where λ̄ki can be thought of as an upper bound on the ith eigenvalue of Bk and the element
bij is the one which is placed at the ith row and jth column in matrix Bk.

Let

λk =
n

∑
i=1

ωiλ̄
−1
ki , (6)

where ωi > 0 and
n
∑

i=1
ωi = 1.

Based on this, the new adaptive trust region radius proposed in this paper is as follows:

∆k+1 = ck+1∥gk+1∥λk+1, (7)
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where

ck+1 =


t1ck, r̃k < µ1,
ck, µ1 ≤ r̃k < µ2,
t2ck, r̃k ≥ µ2,

(8)

and 0 < t1 < 1 < t2. Obviously, we adjust the size of ck+1 using the trust region ratio r̃k,
which can better use the information of the function to adjust the radius of the trust region
so as to effectively decrease the number of solutions for Equation (2).

The adaptive radius updating criterion proposed in this paper not only makes full use
of the first- and second-order information of the objective function but also avoids solving
the inverse matrix Bk. Based on the non-monotonic technique and the new adaptive trust
region radius (Equation (7)), we propose an improved non-monotonic adaptive trust region
algorithm (NATR). In our algorithm, the non-monotone technique is defined by Rk, where
Rk is given by Equation (4) and the ratio of the trust region r̃k is determined by

r̃k =
Rk − h(xk + tk)

ϖk(0)− ϖk(tk)
, (9)

where tk is the trial step to be calculated by Equation (2).
The procedure of NATR is described by Algorithm 1 .

Algorithm 1 An improved non-monotonic adaptive trust region algorithm (NATR).

Step 0. (Initialization) Start with x0 ∈ Rn and the symmetric matrix B0 ∈ Rn×n. The constants
0 ≤ ϑmin ≤ ϑmax ≤ 1, ϑk ∈ [ϑmin, ϑmax], 0 < t1 < 1 < t2, 0 < µ1 < µ2 < 1, ε > 0, θ > 0, ∆max > 0,
c0 > 0, ω > 0, and ∆0 > 0 are also given. Set k = 0.
Step 1. If ∥gk∥ ≤ ε, then stop.
Step 2. Solve the subproblems of Equation (2) to find the trial step tk.
Step 3. Compute Rk and r̃k. If r̃k < µ1, then go to Step 2. If r̃k ≥ µ1, then set xk+1 = xk + tk,
and go to Step 4.
Step 4. Compute λk+1. If λk+1 ≤ ω or λk+1 ≥ 1

ω , then set λk+1 = θ; Update ∆ = ck+1∥gk+1∥λk+1,
where ck+1 is given by Equation (8), and set ∆k+1 = min{∆, ∆max}.
Step 5. Update Bk by using a modified quasi-Newton formula. Set k = k + 1, and go to Step 1.

From Step 4 of the NATR algorithm, it can be seen that sequence {λk} is bounded; in
other words, we have

0 < min{ω, θ} ≤ λk ≤ max{ 1
ω

, θ} (10)

for any k ∈ N.

Remark 1. It can be noted that in this paper, the non-monotone adaptive trust region algorithm
uses the gradient and Bk matrix eigenvalues when the radius ∆k is updated. Compared with [30,39]
and [22], the radius in this paper avoids solving B−1

k and makes full use of the ratio of the trust
region r̃k in each iteration to automatically adjust the radius ∆k, which can make better use of the
information of the current iteration point of the objective function.

Throughout this paper, we consider the following assumptions in order to analyze the
convergence of the new algorithm:

H1: The level set L̃(x0) = {x ∈ Rn|h(x) ≤ h(x0)} is a bounded closed set.
H2: There exist constants MB > 0, Mg > 0, and MG > 0 such that ∥Bk∥ ≤ MB,

∥gk∥ ≤ Mg, and ∥∇2h(x)∥ ≤ MG.
H3: Suppose that there is a constant c̄ > 0 such that ∀k ∈ N, and ck ≤ c̄ is true.
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Remark 2. Similar to [10], for a solution tk to the subproblem in Equation (2), we have

Pretk = ϖk(0)− ϖk(tk) ≥ δ∥gk∥min{∆k,
∥gk∥
∥Bk∥

}, δ ∈ (0, 1). (11)

3. Convergence Analysis

In order to analyze the convergence properties of Algorithm 1, we also need to present
the following lemmas:

Lemma 1. Based on H1 and H2, suppose that tk is the solution to Equation (2). Then, we have

h(xk)− h(xk + tk)− [ϖk(0)− ϖk(tk)] ≤ o(∥tk∥2).

Proof. See [31] for the proof of Lemma 1.

Lemma 2. Assume that the NATR algorithm produced the sequence {xk}. Then, the sequence
{hl(k)} is a decreasing sequence.

Proof. See the proof of Lemma 4 in [35].

Lemma 3. Suppose that the sequence {xk} is generated by the NATR algorithm. Then, we have

hk ≤ Rk, (12)

and
xk ∈ L̃(x0),

for each k ∈ N.

Proof. From Equaitons (3) and (4), we have

hk = ϑkhk + (1 − ϑk)hk ≤ ϑkhl(k) + (1 − ϑk)hk = Rk.

Hence, Equation (12) holds. Now let us prove by induction that xk ∈ L̃(x0) for each k ∈ N.
Obviously, the result holds for k = 0. We demonstrate that xk+1 ∈ L̃(x0), assuming that
xk ∈ L̃(x0). Based on Lemma 2, we have

hk+1 ≤ hl(k+1) ≤ hl(k) ≤ h0,

i.e., xk+1 ∈ L̃(x0). This completes the proof.

Lemma 4. Assume that the NATR algorithm produced the sequence {xk} and ∥gk∥ ≥ ε > 0.
Then, ∀k ∈ N, ∃ϱ ∈ N such that xk+ϱ+1 is a successful iteration (i.e., r̃k+ϱ ≥ µ1).

Proof. Assume that there exists an integer constant k such that the point xk+ϱ+1 is not a
successful point for any ϱ. Hence, we have that r̃k+ϱ+1 < µ1 for any constant ϱ = 0, 1, 2, · · · .
From H2 and Remark 1, we obtain

ϖk+ϱ(0)− ϖk+ϱ(dk+ϱ) ≥ δ∥gk+ϱ∥min{∆k+ϱ,
∥gk+ϱ∥
∥Bk+ϱ∥

}

≥ δε min{∆k+ϱ,
ε

MB
}.

(13)

Thus, from Lemma 1 and Equation (13), we have
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|
h(xk+ϱ)− h(xk+ϱ + tk+ϱ)

ϖk+ϱ(0)− ϖk+ϱ(tk+ϱ)
− 1 | =|

h(xk+ϱ)− h(xk+ϱ + tk+ϱ)− [ϖk+ϱ(0)− ϖk+ϱ(tk+ϱ)]

ϖk+ϱ(0)− ϖk+ϱ(tk+ϱ)
|

≤
o(∥tk+ϱ∥2)

δε min{∆k+ϱ, ε
MB

} .

(14)

When ϱ → ∞, we have ∥tk+ϱ∥2 → 0, and subsequently

lim
ϱ→∞

h(xk+ϱ)− h(xk+ϱ + tk+ϱ)

ϖk+ϱ(0)− ϖk+ϱ(tk+ϱ)
= 1. (15)

From Lemma 3 and Equation (15), we obtain

r̃k+ϱ =
Rk+ϱ − h(xk+ϱ + tk+ϱ)

ϖk+ϱ(0)− ϖk+ϱ(tk+ϱ)

≥
h(xk+ϱ)− h(xk+ϱ + tk+ϱ)

ϖk+ϱ(0)− ϖk+ϱ(tk+ϱ)

≥ µ2.

(16)

Therefore, when ϱ is sufficiently large, r̃k+ϱ ≥ µ2 > µ1. This contradicts the assump-
tion that

r̃k+ϱ < µ1,

and thus the hypothesis is not valid.

Lemma 5. Assuming that H3 is true, then there exists a constant c1 > 0 such that tk satisfies:

∥tk∥ ≤ c1∥gk∥.

Proof. From H3 and Equations (7) and (10), we obtain

∆k ≤ c̄∥gk∥max{ 1
ω

, θ},

and subsequently, through ∥tk∥ ≤ ∆k we have

∥tk∥ ≤ c̄∥gk∥max{ 1
ω

, θ}.

Set c1 = c̄ max{ 1
ω , θ}. Then, we have

∥tk∥ ≤ c1∥gk∥. (17)

Lemma 6. Assume that H1 and H2 are true and the sequence {xk} is generated by the NATR
algorithm. Then, we have

lim
k→∞

hl(k) = lim
k→∞

h(xk). (18)

Proof. See Lemma 7 in [35].

Lemma 7. Assume that the sequence {xk} is generated by the NATR algorithm. Then, we have

lim
k→∞

Rk = lim
k→∞

h(xk). (19)
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Proof. Using Equations (3) and (4) and Lemma 3, we obtain

hk ≤ Rk = ϑkhl(k) + (1 − ϑk)hk ≤ ϑkhl(k) + (1 − ϑk)hl(k) = hl(k).

According to Lemma 6, we obtain

lim
k→∞

Rk = lim
k→∞

h(xk).

Theorem 1. (Global Convergence) Assume that H1, H2, and H3 are true, and the sequence {xk}
is generated by the NATR algorithm. Then, we have

lim
k→∞

inf ∥gk∥ = 0. (20)

Proof. By contradiction, we assume that there exists a constant ε > 0 such that

∥gk∥ ≥ ε, (21)

for any integer k.
When k is sufficiently large, with Equation (9), Lemma 3, and Lemma 4, we have

Rk − h(xk + tk) ≥ µ1Pretk. (22)

Using Equations (11) and (22), we obtain

hk+1 = h(xk + tk) ≤ Rk − µ1Pretk ≤ Rk − µ1δ∥gk∥min{∆k,
∥gk∥
∥Bk∥

}. (23)

From H2, Equation (23), Lemma 3, and the definition of Rk, it follows that

hk+1 ≤ Rk+1 = ϑk+1hl(k+1) + (1 − ϑk+1)hk+1

≤ ϑk+1hl(k) + (1 − ϑk+1)[Rk − µ1δ∥gk∥min{∆k,
∥gk∥
∥Bk∥

}]

≤ ϑk+1hl(k) + (1 − ϑk+1)[hl(k) − µ1δ∥gk∥min{∆k,
∥gk∥
∥Bk∥

}]

= ϑk+1hl(k) + (1 − ϑk+1)hl(k) − (1 − ϑk+1)µ1δ∥gk∥min{∆k,
∥gk∥
∥Bk∥

}

= hl(k) − (1 − ϑk+1)µ1δ∥gk∥min{∆k,
∥gk∥
∥Bk∥

}

≤ hl(k) − (1 − ϑk+1)µ1δε min{∆k,
ε

MB
}.

(24)

This implies that

hl(k) − hk+1 ≥ (1 − ϑk+1)µ1δε min{∆k,
ε

MB
}. (25)

Based on Equation (25) and Lemma 6, we write

lim
k→∞

min{∆k,
ε

MB
} = 0, (26)

and subsequently, lim
k→∞

∆k = 0; in other words, we have

lim
k→∞

∆k = lim
k→∞

ck∥gk∥λk = 0. (27)
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If r̃k ≥ µ2—that is, xk+1 is a successful iteration point—then there exists a constant
c+ > 0 such that

ck ≥ c+,

for sufficiently large k values. This information and Equation (10) suggest that

∆k = ck∥gk∥λk ≥ ε min{ω, θ}ck. (28)

With Equations (27) and (28), we can deduce that

lim
k→∞

ck = 0,

which contradicts the assumption that ck ≥ c+ > 0.
Hence, the proof is completed.

Remark 3. It can be seen in Theorem 1 that the NATR algorithm has global convergence; that is,
the algorithm is feasible theoretically.

4. Preliminary Numerical Experiments

In this section, we test and compare the NATR algorithm with the traditional trust
region algorithm in [8] (TTR) and the non-monotonic trust region algorithm proposed
by Ahookhoosh et al. in [35] (NTR). All unconstrained optimization test problems were
selected from [40], and all of the numerical experiments were carried out in the Matlab
2018 environment.

In all algorithms, we set ∆0 = 2, B0 = I, µ1 = 0.25, µ2 = 0.75, t1 = 0.5, t2 = 1.5,
c0 = 1, M = 5, ω = 10−6, ∆max = 200, and ε = 10−6. If λk+1 ≤ ω, then we set θ = ω, or

if λk+1 ≥ 1
ω , then we set θ = 1

ω . Moreover, we set ϑk =

{
ϑ0
2 , k = 1,
ϑk−1+ϑk−2

2 , k ≥ 2,
ϑ0 = 0.85 [35].

The matrix Bk is updated by the BFGS formula in [41], as follows:

Bk+1 =

Bk +
ykyT

k
yT

k sk
− BksksT

k Bk
sT

k Bksk
, sT

k yk > 0,

Bk, sT
k yk ≤ 0,

where yk = gk+1 − gk and sk = xk+1 − xk. Furthermore, we declare that an algorithm will
fail if it has more than 10,000 iterations. All of the algorithms are stopped when ∥gk∥ ≤ 10−6.

In Table 1, the name of the test function is denoted as “function”, the dimension of the
test function is denoted as “n”, the number of iterations of the algorithm is denoted as “k”,
and the time used by the algorithm to solve the test function is denoted as “Cpu” (in seconds).
If the algorithm is iterated more than 10,000 times, then it fails and is marked with “F”.

According to the numerical results in Table 1, we can find that when the NATR algorithm
was applied to solve these unconstrained optimization problems, it required fewer iterations
than the TTR and NTR methods. Especially for the perturbed quadratic diagonal function
and diagonal 2 function, our NATR algorithm could solve the problem in fewer iterations.
However, the iteration times of the NTR algorithm and TTR algorithm both exceeded 10,000,
which means that they could not effectively solve these problems. For the POWER function
(CUTE), the CPU time required by the NATR algorithm was only 1/30 and 1/3 of that needed
by the NTR and TTR methods, respectively. This is because neither the NTR nor TTR method
can correctly adjust the radius of the confidence region, while the radius of the trust region of
the NATR algorithm is automatically adjusted according to the gradient of the current iteration
point and the eigenvalue of the Hessian matrix, thus reducing the number of iterations and
reducing the calculation cost. For most test functions, the three algorithms ended up with
the same function value results. For some functions, such as the POWER function (CUTE),
the NATR algorithm not only had fewer iterations and fewer iterations, but the function value
was also smaller.
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Table 1. Numerical results.

Function n NATR (k/cpu/h) NTR (k/cpu/h) TTR (k/cpu/h)

POWER function (CUTE) 10 21/0.030242/1.1308 × 10−16 634/0.133546/2.2135 × 10−13 71/24.828385/1.0899 × 10−13

Quadratic QF1 function 10 28/0.033207/−5.0000 43/0.040731/−5.0000 31/21.791012/−5.0000
Raydan 1 function 10 21/0.018676/5.5000 59/0.020833/5.5000 87/16.056837/5.5000

Extended DENSCHNB function (CUTE) 10 12/0.035049/5.0000 15/0.031511/5.0000 12/23.596389/5.0000
Diagonal 2 function 100 95/0.168606/1.5741 × 10 496/0.270396/1.5741 × 10 1364/ 21.161857/1.5741 × 10

QUARTC function(CUTE) 100 27/0.07209/6.3426 × 10−9 39/0.032488/4.7396 × 10−9 F/F/F
HIMMELBG function 100 21/0.10308/4.5453 × 10−6 32/0.159167/4.5453 × 10−6 F/F/F
Diagonal 2 function 500 193/4.646668/2.6037 × 10 2056/7.205046/2.6037 × 10 6410/257.345146/2.6037 × 10

Perturbed quadratic diagonal function 500 3/0.234107/4.3812 × 106 F/F/F F/F/F
Diagonal 7 function 500 8/0.141167/−4.0842 × 102 17/0.164094/−4.0842 × 102 8/19.918756/−4.0842 × 102

Diagonal 4 function 900 9/0.769483/2.2052 × 102 15/0.831553/2.2052 × 102 9/23.19987/2.2052 × 102

Diagonal 2 function 1000 260/44.791428/3.1275 × 101 F/F/F F/F/F
QUARTC function 1000 29/3.777523/6.6878 × 10−9 44/0.677226/1.4397 × 10−8 F/F/F
Raydan 2 function 1000 8/1.035779/1.0000 × 103 23/1.317213/1.0000 × 103 9/29.141964/1.0000 × 103

Diagonal 5 function 1000 6/0.642228/6.9315 × 102 12/0.749363/6.9315 × 102 7/19.115579/6.9315 × 102

Diagonal 8 function 1000 10/1.33452/−4.8045 × 102 12/1.302234/−4.8045 × 102 10/73.357103/−4.8045 × 102

Raydan 2 function 2000 8/11.038501/2.0000 × 103 25/12.024056/2.0000 × 103 9/72.307226/2.0000 × 103

HIMMELBG function 3000 24/46.598187/1.5727 × 10−5 47/38.713961/2.2028 × 10−5 F/F/F
QUARTC function 3000 29/41.807088/2.0063 × 10−8 37/24.486504/9.8927 × 10−9 F/F/F
Diagonal 5 function 3000 6/9.334939/2.0794 × 103 9/4.407844/2.0794 × 103 7/41.826252/2.0794 × 103

Perturbed quadratic diagonal function 5000 3/61.283901/3.2506 × 108 F/F/F F/F/F
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For higher-dimension problems, such as the 3000 dimensional test functions of the
HIMMELBG function and QUARTC function (CUTE) and the 5000 dimensional test func-
tions of the perturbed quadratic diagonal function, the NATR algorithm could solve them
effectively, but the TTR algorithm failed to solve them. This shows that the NATR algorithm
has a certain effect when solving higher-dimension problems.

Overall, our new algorithm was effective for most test problems and took fewer itera-
tions, as demonstrated by these numerical findings for both high- and low-dimensional
test issues. In general, we can infer that the NATR algorithm is more efficient than the tra-
ditional trust region (TTR) algorithm and the non-monotonic trust region (NTR) algorithm
in terms of the number of iterations and running time. Therefore, the NATR algorithm can
effectively solve unconstrained optimization problems.

5. Conclusions

In this paper, based on the current iteration point gradient gk and the eigenvalues of the
Hessian matrix Bk, we proposed a new improved adaptive radius updating criterion which
reduces the effort and computation time and improves the performance of an algorithm.
Then, we proposed an improved non-monotonic adaptive trust region (NATR) algorithm
by combining the adaptive radius updating criterion with the non-monotonic technique.
Under certain common assumptions, the global convergence of the NATR algorithm was
demonstrated. Finally, in the same environment, the test function was used to conduct
numerical experiments on the three algorithms. The numerical experiments show that the
NATR algorithm can effectively solve unconstrained problems, and for some test functions,
the iteration time and iteration times of the NATR algorithm were less than those of the
NTR algorithm and TTR algorithm, demonstrating an effective algorithm.

In the NATR algorithm, when the trust region ratio did not meet the requirements,
the subproblem was recalculated to find the test step dk which met the conditions. In the
future, we will consider combining the trust region algorithm with the line search method
to avoid double-computation subproblems. Secondly, the application of the non-monotonic
trust region method will be studied further, such as by applying it to nonlinear fractional-
order multi-agent systems [42] and cooperative control for linear delta operator sys-
tems [43].
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