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Abstract: Graph theory is a crucial branch of mathematics in fields like network analysis, molecular
chemistry, and computer science, where it models complex relationships and structures. Many indices
are used to capture the specific nuances in these structures. In this paper, we propose a new index,
the weighted asymmetry index, a graph-theoretic metric quantifying the asymmetry in a network
using the distances of the vertices connected by an edge. This index measures how uneven the
distances from each vertex to the rest of the graph are when considering the contribution of each
edge. We show how the index can capture the intrinsic asymmetries in diverse networks and is an
important tool for applications in network analysis, optimization problems, social networks, chemical
graph theory, and modeling complex systems. We first identify its extreme values and describe the
corresponding extremal trees. We also give explicit formulas for the weighted asymmetry index for
path, star, complete bipartite, complete tripartite, generalized star, and wheel graphs. At the end, we
propose some open problems.

Keywords: weighted asymmetry index; network analysis; distance-based indices; optimization;
complex systems; asymmetry in networks

MSC: 05C82; 05C12; 90C27

1. Introduction

Graph theory is one of the basic and essential sections of mathematics, which, in its
turn, has found numerous applications in different branches of science. As for computer
science, it is one of the key instruments applied in the context of designing and analyzing
algorithms; most importantly, it is applied in the field of networking, where graphs model
connections between nodes in the internet or social graphs [1,2]. In the field of biology,
graph theory is useful in revealing complex networks such as food webs, protein inter-
actions, and mapping genomes [3]. As a result, it allows an understanding of biological
processes and evolution. The domain in which graph theory is applied within the chem-
istry field is mainly the modeling of molecular structures [4,5], with atoms described as
vertices and bonds as edges, to aid in predicting the properties and reactions of chemicals.
In physics, too, the theory is applied to particle interactions and quantum states, where
complex networks describe the relations of different elements [6].

Furthermore, graph theory has been widely applied in transportation [7] and logistics
to optimize routes for cost reductions [8], thus enhancing efficiency; it is used to model
road networks and supply chains. The social sciences have used it for research on social
networks [9]. It gives the ability to find relationships between people or visualize the
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spread of information or diseases. Generally, graph theory is ubiquitous and can be
applied across scientific areas as a foundation for researchers to model, analyze, and solve
difficult problems.

A topological index is a numerical value that characterizes the graph’s structure and
remains invariant to any different isomorphism of the graph. The most important appli-
cation of such indices is in the study of molecular structures [10], especially in chemistry,
where the properties of the behavior of other kinds of chemicals can be predicted using
them. Topological indices, based on molecular graph representation, encompass features
at various levels of description that range from connectivity to symmetry and provide a
relationship with the physical and chemical properties of the molecule, such as boiling
points, stability, and reactivity. Topological indices find applications not only in the field of
chemistry. They are used to help design new materials with desired properties in material
science by predicting how changes in structure might affect material behavior. Within
pharmacology, these indices help design drugs by enabling the comparison of molecular
structures of possible drug candidates with optimum biological activity [11,12]. In the
theory of networks, it is possible to apply topological indices for analyzing robustness and
efficiency with respect to the possible optimization of the design and function of networks,
whatever the context: whether related to telecommunications, social, or transportation
system studies [13–15]. Therefore, topological indices are some of the powerful tools in
quite diverse scientific and engineering disciplines. In physics, topological indices are used
to analyze the resistance and energy dissipation in electrical networks, as well as to study
vibrational modes in molecular structures [16,17]. They help quantify the robustness and
efficiency of physical systems modeled as graphs.

Distance-based indices are defined to capture the relational properties of a graph by
considering the distances between pairs of vertices. Such indices can elaborate on graph
structure properties beyond simple connectivity and allow for the nature of elements’
spatial relations with each other in the graph to be much more elaborately explained.
In chemistry, distance-based topological descriptors are important in predicting certain
molecular properties, like boiling points [18], stability [19], and reactivity to biological
activity [20]. For more applications, see [21,22]. Distance-based indices consider how
atoms are positioned relative to each other within a molecule. In network analysis, these
same indices contribute to the assessment of the efficiency of communication paths, the
optimization of routing protocols, and the evaluation of the vulnerability of networks to
disruptions. Their ability to quantify intricate, often relational, structures renders them
invaluable tools across many scientific and engineering applications.

Due to their vast uses and applications, many researchers are working on the prop-
erties and their uses in different fields. Zhang et al. use topological indices to study
anti-malaria drugs [23]. Ullah finds the topological indices for 2-D nanotubes [24]. Gut-
man et al. introduce a geometric method for constructing vertex-degree-based molecular
structure descriptors using an ellipse model [25]. Hayat et al. investigate the effectiveness
of temperature-based graphical indices in predicting the thermodynamic properties of
benzenoid hydrocarbons through QSPR modeling [26]. Huang et al. examine the use of
degree-based topological indices to analyze the structural properties of drugs used to treat
Lyme disease [27]. Arockiaraj et al. address the challenges in drug development—such as
time consumption, cost, safety profiles, and inadequate experimental data—by leveraging
chemical graph theory to analyze molecular structures through topological indices [28].
Ghani et al. explore the use of distance-based entropy in analyzing chemical structures,
with a particular focus on polyphenylenes and boron (B12) [29]. Doslic et al. define a new
topological index, the Mostar index [30]. Zaman et al. focus on deriving mathematical
expressions for resistance distance-based topological indices within four specific families
of graph networks, where edges represent unit resistors in an electrical network [31]. Na-
garajan et al. apply topological indices, derived from the molecular graphs of key drugs
like lopinavir, ritonavir, arbidol, thalidomide, chloroquine, hydroxychloroquine, theaflavin,
and remdesivir, in the fight against COVID-19 [32].
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Gao et al. [33] discuss the differences imposed between Mostar index and irregularity
in graphs, giving an in-depth study of the mathematical properties and their relations.
Havare [34] studied Mostar index and edge Mostar index concerning different cycle-
related graphs. The Wiener index is defined as a well-known topological index, which
includes the summation of the shortest path distances between every pair of vertices
in a graph. Dinar et al. [35] extended the concept of the Wiener index to intuitionistic
fuzzy graphs and showed its application on an optimization problem dealing with a
water pipeline network. Similarly, Asmarani et al. 2023 [36] discuss the Wiener index
together with the first Zagreb index and the Gutman index in terms of the power of
dihedral groups. PI index is another important topological descriptor, whose estimation
has been widely studied owing to its applicability in chemical graph theory. Khadikar
et al. [37] studied the PI index of polyacenes, which is an important class of organic
compounds. Ilić and Milosavljević extend the PI index by proposing the weighted vertex
PI index, considering the incorporation of weights at vertices within the framework of the
PI index [38]. Betweenness centrality is one of the important measures in network analysis,
which quantifies the role of vertices regarding their potential to facilitate communication in
the network. Barthelemy [39] considers betweenness centrality in large complex networks,
and discusses some computational aspects and provides an insight into the role it plays in
understanding resilience versus efficiency in a network.

2. Motivation

The weighted asymmetry index is a graph-theoretic measure introduced in this paper
based on the limitations that exist in distance-based and centrality-based indices such as
the Wiener index [40], Szeged index [41], PI index [42], Mostar index [30], and centrality
measures such as betweenness centrality [43], stress centrality [44], decay centrality [45],
and the Shimbel index [46]. These traditional indices have widely been used for quantifying
the properties of graphs, such as distances between pairs of vertices, the influence of
nodes, and centrality within a network. However, beyond their wide popularity and
usefulness, these indices cannot capture the finer structural asymmetries common in many
complex networks.

The well-known distance-based topological indices such as the Wiener index and the
Szeged index have played an important role in structuring graphs. They calculate the
summation of distances between all pairs of vertices in a graph. Applications range from
the prediction of various important properties of molecules to the diagnosis of network
performances. However, they treat every pair of vertices equally and do not differentiate
symmetric from asymmetric structures. Considering the critical aspect of local imbalances
or asymmetric vertex distribution, in social networks or structures of a molecular nature,
for instance, the Wiener index perhaps depends too much on an oversimplification of the
structural properties of the graph. The Szeged index refines the Wiener index by including
in it edge-based vertex distances. In this way, it considers the number of vertices on either
side of an edge, entailing a layer of local analysis in addition to the global distance measure.
Still, however, the Szeged index cannot capture the asymmetry in detail between connected
vertices in those graphs where edge weights or local imbalances carry valuable information
about the function of the network. The Mostar index defines the peripherality measure
quantifying the imbalance in the number of vertices closer to one end of an edge compared
to the other. This index captures some level of asymmetry; still, it suffers from very low
sensitivity about weighted or distance-related asymmetry, which could be essential in the
analysis of either molecular stability or network vulnerability.

Examples of measures based on centrality include betweenness centrality, stress cen-
trality, and decay centrality. Centrality metrics can provide information about the influence
and importance of vertices within a graph. For example, betweenness centrality will be able
to measure the number of times a node will lie on the shortest path between other nodes;
hence, this metric is useful for finding the most vital nodes in a network concerning com-
munication or flow in a social network. These metrics do not consider the relative distances
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or asymmetry between neighboring vertices. This is a serious limitation when working in
domains where local structural imbalances may affect network performance, as in trans-
portation networks with uneven node distributions or molecular interaction networks.

The weighted asymmetry index assigns weights to any pair of distances between
vertices and edges according to their relative importance or influence within the structure
and denotes these as WA. Unlike more ‘traditional’ indices, which are based on any
form of distance, the WA index differentiates between vertices about their local context
with regard to capturing the asymmetry in connectivity and influence. This makes for a
more sensitive and exact measure of structural imbalance, which might render the WA
index especially useful in those analyses of graphs where local asymmetries may play
a critical role in the overall network behavior. For example, in the field of molecular
chemistry, structural imbalances with respect to atom distances affect both the stability and
reactivity of molecules. The WA index, considering weighted distances, can predict such
properties more precisely than, for instance, the Wiener or Szeged indices do. In studies on
network resilience, like communication or transportation studies, asymmetric structures
bring about vulnerabilities. Application of the WA index identifies nodes or edges that
disproportionately affect network stability due to their asymmetric connectivity.

3. Basic Definitions and Known Results

Below are some essential notations, definitions, and references from the literature that
are crucial for understanding our main results.

Definition 1. A simple graph G = (V, E) is an undirected graph consisting of the following:

• A finite set V of vertices.
• A set E of edges, where each edge is an unordered pair {u, v}, with u, v ∈ V and u ̸= v (i.e.,

no loops are allowed). Additionally, there are no multiple edges between any pair of vertices.

Definition 2. The order of a graph G is the number of vertices |V|, and the size is the number of
edges |E|.

Definition 3. The distance between two vertices u and v in a graph G is the length of the shortest
path connecting them, denoted d(u, v).

Definition 4. Given an edge e = uv in a graph G, the value θu(e) is defined as the number of
vertices in G that are closer to vertex u than to vertex v.

Definition 5. The term C̃v is defined as

C̃v = ∑
w∈V(G)

1
d(v, w) + 1

.

The most commonly used distance-based indices in network characterization have
indicative purposes of distances between vertices. Distance-based topological indices play
an important role in structure–property and structure–activity studies, which enable them
to predict the biological activity of chemical compounds. The first distance-based index
was proposed by Wiener [40], known as the Wiener index. It is defined as

W(G) = ∑
u,v∈V(G)

d(u, v).

Independently, Plavšić et al. [47] and Ivanciuc et al. [48] proposed the Harary index,
which is calculated as the sum of the reciprocals of shortest path distances between all
pairs of vertices. The hyper-Wiener index, as a generalization of the Wiener index, includes
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the sum of all distances and the sum of the squares of these distances between all vertex
pairs [49]:

WW(G) =
1
2 ∑

u ̸=v
(d(u, v) + d(u, v)2).

The Szeged index (Sz(G)) is defined for each edge e = (u, v) as the product of the
number of vertices closer to u and the number of vertices closer to v (including u and v
themselves). The index sums this product over all edges [41]:

Sz(G) = ∑
e=(u,v)∈E(G)

θu(e) · θv(e).

The PI index is a distance-based index closely related to the Szeged index [42]. It
is computed by summing the differences between the number of vertices closer to one
endpoint of an edge than the other:

PI(G) = ∑
e=(u,v)∈E(G)

(θu(e) + θv(e)).

The Mostar descriptor is given by [30]

Mo(G) = ∑
uv∈E(G)

|θu − θv|.

In addition to topological indices, distance-based indices can also be found in other
areas of graph theory and network analysis. These indices typically focus on aspects of
graph structure, centrality, or even dynamic processes in graphs.

Betweenness centrality is a measure of how many shortest paths between all pairs
of other nodes pass through a given node v [43]. It indicates how critical a vertex is in
controlling the flow of information or connectivity in a graph.

CB(v) = ∑
s ̸=v ̸=t

σst(v)
σst

,

where σst represents the total number of shortest paths between vertex s and vertex t, while
σst(v) denotes the number of those paths that pass through vertex v.

Stress centrality is defined as the sum of all the shortest paths passing through a vertex
v, taken over all ordered pairs of vertices [44]. Unlike betweenness centrality, it considers
all paths and is not normalized by the total number of shortest paths.

S(v) = ∑
s ̸=v ̸=t

σst(v).

Decay centrality considers the influence of a vertex v on other vertices, with the
influence decaying with distance [45], and is defined as

CD(v) = ∑
u∈V(G)

δd(v,u).

The symbol δd(v,u) in the context of decay centrality represents the decayed influence
that vertex v has on vertex u, where the influence decreases as the distance between v and
u increases. More formally, δ is a decay factor (a constant between 0 and 1).

The accessibility index is a measure of the ease with which a vertex can access other
vertices in the graph, considering the number of distinct paths to reach other vertices within
a certain distance.

A(v, h) =
h

∑̃
ξ=1

1
ξ̃

∑
u∈V(G)

Pξ̃(v, u),
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where Pξ̃(v, u) is the number of distinct paths of length ξ̃ from v to u, and h is a horizon limit.
The Shimbel index, also known as the Shimbel distance or sometimes referred to as

closeness centrality in certain contexts, was defined by Shimbel in his revolutionary work
on communication networks [46]. The original reference to this concept can be found in
Shimbel’s 1953 paper.

C(v) = ∑
u∈V(G)

d(v, u).

For notations, see Table 1.

Table 1. Summary of variables and terms.

Symbol/Term Description

G = (V, E) A simple, connected graph G with a vertex set V and edge set E

d(u, v) Distance between vertices u and v in the graph G

e = uv An edge connecting vertices u and v

θu(e) Number of vertices closer to u than v for edge e = uv

C̃v Contribution of vertex v in the WA formula, normalized by distance

γ Euler–Mascheroni constant, appearing in asymptotic expansions

O(·) Big-O notation for higher-order terms in asymptotic expansions

WA(G) Weighted asymmetry index of graph G

π Number of vertices in the graph G

Pπ A path graph with π vertices

Sπ A star graph with π vertices

Wπ A wheel graph with π vertices

Tπ A tree of π vertices

Kϖ,π A complete bipartite graph

Kπ,ϖ,φ A complete tripartite graph

4. Results

In this section, we first define the weighted asymmetry index and then present the
extremal graphs along with the exact results related to the weighted asymmetry index.

4.1. Weighted Asymmetry Index WA(G)

The weighted asymmetry index (WA) of a simple connected graph G is defined as

WA(G) = ∑
e=uv∈E

∣∣∣∣∣ ∑
w∈V

θu(e) ·
(

1
d(u, w) + 1

)
− ∑

w∈V
θv(e) ·

(
1

d(v, w) + 1

)∣∣∣∣∣. (1)

The term 1
d(u,w)+1 is used to ensure a finite contribution to the index even when d(u, w) is

large or when w = u.
The index WA(G) measures the aggregate difference between two sums for each edge

e = uv, where each sum is over all vertices w in the graph. These sums weight the vertices
w by their inverse distance (plus one) to u and v, respectively. Essentially, WA(G) reflects
how much more “influence” or “reach” vertex u has compared to v, aggregated over all
vertices w, with distances appropriately normalized.

This index generalizes the idea of peripheral versus central influence in a graph,
similarly to those indices, which measures peripherality by counting vertices closer to
one end of an edge than the other. However, the WA index also accounts for the relative
distances of all vertices, not just those on one side of an edge. Since the index depends
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on distances in a non-linear way (through the reciprocal function), it is sensitive to the
structure of the graph, particularly to how vertices are distributed relative to each edge.

This new index opens interesting avenues for further exploration, particularly in its
mathematical properties and potential applications in various fields.

Example 1. The path graph P5 has 5 vertices arranged linearly, and can be represented as

P5 = (v1 − v2 − v3 − v4 − v5).

• Vertices: V(P5) = {v1, v2, v3, v4, v5}.
• Edges: E(P5) = {(v1v2), (v2v3), (v3v4), (v4v5)}.

We need to compute the weighted asymmetry index by going through each edge in P5, calculat-
ing the sums for each vertex on both sides of each edge.

For edge e = v1v2:
θv1(v1v2): All vertices closer to v1 than to v2 are v1 itself. So, θv1(v1v2) = 1.
θv2(v1v2): All vertices closer to v2 than to v1 are v2, v3, v4, v5. So, θv2(v1v2) = 4.
Distances from v1:

∑
w∈V

(
1

d(v1, w) + 1

)
=

1
1
+

1
2
+

1
3
+

1
4
+

1
5
= 1 + 0.5 + 0.333 + 0.25 + 0.2 = 2.283.

Distances from v2:

∑
w∈V

(
1

d(v2, w) + 1

)
=

1
2
+

1
1
+

1
2
+

1
3
+

1
4
= 0.5 + 1 + 0.5 + 0.333 + 0.25 = 2.583.

Contribution of edge v1v2:

Contribution = |1 · 2.283 − 4 · 2.583| = |2.283 − 10.332| = 8.049.

Similar calculations can be performed for all other edges:
Distances from v3:

∑
w∈V

(
1

d(v3, w) + 1

)
=

1
3
+

1
2
+

1
1
+

1
2
+

1
3
= 0.333 + 0.5 + 1 + 0.5 + 0.333 = 2.666.

Contribution of edge v2v3:

Contribution = |2 · 2.583 − 3 · 2.666| = |5.166 − 7.998| = 2.832.

Distances from v4:

∑
w∈V

(
1

d(v4, w) + 1

)
=

1
4
+

1
3
+

1
2
+

1
1
+

1
2
= 0.25 + 0.333 + 0.5 + 1 + 0.5 = 2.583.

Contribution of edge v3v4:

Contribution = |3 · 2.666 − 2 · 2.583| = |7.998 − 5.166| = 2.832.

Distances from v5:

∑
w∈V

(
1

d(v5, w) + 1

)
=

1
5
+

1
4
+

1
3
+

1
2
+

1
1
= 0.2 + 0.25 + 0.333 + 0.5 + 1 = 2.283.

Contribution of edge v4v5:

Contribution = |4 · 2.583 − 1 · 2.283| = |10.332 − 2.283| = 8.049.
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Finally, the contributions from all edges can be summed:

WA(P5) = 8.049 + 2.832 + 2.832 + 8.049 = 21.762.

4.2. Extremal Values of Trees

Theorem 1. Let Pπ be a path graph of π vertices. Then,

WA(Pπ) =
π−1

∑̈
ϑ=1

∣∣∣∣ϑ̈ · ln
(
(π − ϑ̈ + 1) · ϑ̈

)
− (π − ϑ̈) · ln

(
(π − ϑ̈) · (ϑ̈ + 1)

)
+ 4γϑ̈ − 2γπ + π − 2ϑ̈

+
ϑ̈

2(π − ϑ̈ + 1)
− π − ϑ̈

2(ϑ̈ + 1)
− ϑ̈

12(π − ϑ̈ + 1)2
− 1

12ϑ̈
+

1
12(π − ϑ̈)

+
π − ϑ̈

12(ϑ̈ + 1)2
+O

(
1
ϑ̈3

)∣∣∣∣.
Here, γ is the Euler–Mascheroni constant, ϑ̈ represents the index of a vertex, where ϑ̈ ∈ {1, 2, . . . , π− 1},
and O

(
1
ϑ̈3

)
denotes the higher-order terms.

Proof. To compute the weighted asymmetry index WA(Pπ) for the path graph Pπ with π
vertices, we proceed as follows.

Each edge eϑ̈ = vϑ̈vϑ̈+1 in the path graph has two vertices: vϑ̈ and vϑ̈+1. The number
of vertices closer to vϑ̈ than vϑ̈+1 is θvϑ̈

(eϑ̈) = ϑ̈, while the number of vertices closer to vϑ̈+1
is θvϑ̈+1

(eϑ̈) = π − ϑ̈. This is because the path structure allows us to count the vertices on
either side of vϑ̈ and vϑ̈+1.

The next step is to compute the weighted sums of distances for both vertices vϑ̈ and
vϑ̈+1. These sums account for how each vertex in the graph influences the weighted
asymmetry index based on its distance.

The weighted sum of distances for vertex vϑ̈ is

C̃vϑ̈
= ∑

w∈V

1
d(vϑ̈, w) + 1

=
ϑ̈−1

∑̃
ξ=0

1
ξ̃ + 1

+
π−ϑ̈

∑̃
ξ=1

1
ξ̃ + 1

,

which captures the sum of reciprocal distances between vϑ̈ and all other vertices.
Similarly, the weighted sum of distances for vertex vϑ̈+1 is

C̃vϑ̈+1
= ∑

w∈V

1
d(vϑ̈+1, w) + 1

=
ϑ̈

∑̃
ξ=1

1
ξ̃ + 1

+
π−ϑ̈−1

∑̃
ξ=0

1
ξ̃ + 1

.

These sums reflect the contribution from all vertices in Pπ , calculated based on their
distances to vϑ̈ and vϑ̈+1.

Now, for each edge eϑ̈ = vϑ̈vϑ̈+1, we compute the absolute difference between the
weighted sums: ∣∣∣∣∣ ∑

w∈V

ϑ̈

d(vϑ̈, w) + 1
− ∑

w∈V

π − ϑ̈

d(vϑ̈+1, w) + 1

∣∣∣∣∣.
The weighted asymmetry index WA(Pπ) is the sum of these absolute differences over

all edges in the path graph:

WA(Pπ) =
π−1

∑̈
ϑ=1

∣∣∣∣ ∑
w∈V

ϑ̈

d(vϑ̈, w) + 1
− ∑

w∈V

π − ϑ̈

d(vϑ̈+1, w) + 1

∣∣∣∣.
Using the harmonic numbers Hξ̃ =

ξ̃

∑
ς=1

1
ς , the index WA(Pπ) can be expressed as

WA(Pπ) =
π−1

∑̈
ϑ=1

∣∣ϑ̈ ·
(

Hπ−ϑ̈+1 + Hϑ̈ − 1
)
− (π − ϑ̈) ·

(
Hπ−ϑ̈ + Hϑ̈+1 − 1

)∣∣.
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Hπ ≈ ln(π) + γ + 1
2π − 1

12π2 + O
(

1
π4

)
, and the weighted sums can be simplified

further. Substituting the approximations for Hπ−ϑ̈+1, Hϑ̈, Hπ−ϑ̈, and Hϑ̈+1 into the formula
for WA(Pπ), we obtain the following:

WA(Pπ) =
π−1

∑̈
ϑ=1

∣∣∣∣ϑ̈ ·
(

ln(π − ϑ̈ + 1) + ln(ϑ̈) + 2γ +
1

2(π − ϑ̈ + 1)
+

1
2ϑ̈

− 1
12(π − ϑ̈ + 1)2

−

1
12ϑ̈2

+O
(

1
(π − ϑ̈ + 1)4

)
+O

(
1
ϑ̈4

)
− 1

)
− (π − ϑ̈) ·

(
ln(π − ϑ̈) + ln(ϑ̈ + 1) + 2γ+

1
2(π − ϑ̈)

+
1

2(ϑ̈ + 1)
− 1

12(π − ϑ̈)2
− 1

12(ϑ̈ + 1)2
+O

(
1

(π − ϑ̈)4

)
+O

(
1

(ϑ̈ + 1)4

)
− 1

)∣∣∣∣
WA(Pπ) =

π−1

∑̈
ϑ=1

∣∣∣∣ϑ̈ · ln
(
(π − ϑ̈ + 1) · ϑ̈

)
− (π − ϑ̈) · ln

(
(π − ϑ̈) · (ϑ̈ + 1)

)
+ 2γ(2ϑ̈ − π) + (π − 2ϑ̈)

+
ϑ̈

2(π − ϑ̈ + 1)
+

ϑ̈

2ϑ̈
− π − ϑ̈

2(π − ϑ̈)
− π − ϑ̈

2(ϑ̈ + 1)
− ϑ̈

12(π − ϑ̈ + 1)2
− ϑ̈

12ϑ̈2
+

π − ϑ̈

12(π − ϑ̈)2

+
π − ϑ̈

12(ϑ̈ + 1)2
+O

(
1
ϑ̈3

)∣∣∣∣.
WA(Pπ) =

π−1

∑̈
ϑ=1

∣∣∣∣ϑ̈ · ln
(
(π − ϑ̈ + 1) · ϑ̈

)
− (π − ϑ̈) · ln

(
(π − ϑ̈) · (ϑ̈ + 1)

)
+ 4γϑ̈ − 2γπ + π − 2ϑ̈

+
ϑ̈

2(π − ϑ̈ + 1)
− π − ϑ̈

2(ϑ̈ + 1)
− ϑ̈

12(π − ϑ̈ + 1)2
− 1

12ϑ̈
+

1
12(π − ϑ̈)

+
π − ϑ̈

12(ϑ̈ + 1)2
+O

(
1
ϑ̈3

)
.
∣∣∣∣

Since the vertices of the path graphs are arranged in a linear sequence, the value of the
WA index of path graphs on n vertices is usually small because the path graph tends to be
highly symmetric. It may be said that the central vertices can be considered equidistant
from other vertices, but the end vertices bring some imbalance. A small value of the WA
index in a path graph demonstrates that the vertices are spread symmetrically so that no
vertex dominates the structure in terms of connectivity or distance. This means that the
flow of information or transport is moderately efficient since the longest paths can exist
only between the end vertices. Still, symmetry reduces the probability that bottlenecks or
weak points exist in the network.

Theorem 2. Let Sπ be a star graph with π vertices. Then,

WA(Sπ) =
1
2

π3 − π − 5
6

π2 +
4
3

.

Proof. A star graph Sπ consists of one central vertex vc and π − 1 pendant vertices
v1, v2, . . . , vπ−1. Each pendant vertex is connected only to the central vertex vc, so there are
π − 1 edges in the graph.

To find the WA(Sπ), first we calculate θvc(e) and θvϑ̈
(e) for each edge e = vcvϑ̈ in the

star graph Sπ .
All vertices except vϑ̈ are closer to vc because vc is directly connected to all other

vertices. Therefore,
θvc(e) = π − 1.

θvϑ̈
(e) = 1.

Now,

C̃vc = ∑
w∈V(Sπ)

1
d(vc, w) + 1

=
1
1
+ (π − 1) · 1

2
= 1 +

π − 1
2

,
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and
C̃vϑ̈

=
1
1
+

1
2
+ (π − 2) · 1

3
= 1 +

1
2
+

π − 2
3

.

The total index WA(Sπ) for the star graph is the sum of contributions from all edges
vcvϑ̈ for 1 ≤ ϑ̈ ≤ π − 1:

WA(Sπ) =
π−1

∑̈
ϑ=1

∣∣∣∣(π − 1) ·
(

1 +
π − 1

2

)
− 1 ·

(
1 +

1
2
+

π − 2
3

)∣∣∣∣.
WA(Sπ) = (π − 1)×

∣∣∣∣(π − 1) ·
(

1 +
π − 1

2

)
− 1 ·

(
1 +

1
2
+

π − 2
3

)∣∣∣∣.
After simplifying, we obtain

WA(Sπ) =
1
2

π3 − π − 5
6

π2 +
4
3

.

A generalized star graph Sπ,ϖ is a graph consisting of π paths, each of length ϖ,
denoted as Pϖ. The paths are arranged such that they all have a common central vertex
vc. The central vertex vc is connected to the first vertex vϑ̈,1 of each path Pϖ for 1 ≤ ϑ̈ ≤ π.
For each path Pϖ , the vertices are connected sequentially, meaning that vϑ̈,ς is connected to
vϑ̈,ς+1 for 1 ≤ ς ≤ ϖ − 1.

Theorem 3. Let Sπ,ϖ be a generalized star graph. Then,

WA(Sπ,ϖ) = (πϖ − π)(ln(ς) + ln(ϖ − ς + 1) + ln(ς + ϖ + 1)− (π − 1) ln(ς + 1)+

2γ +
1

ς + 1
+O

(
1
ς2

))
|πϖ − 2ϖ + 2ς + 1|+ π

∣∣∣∣(πϖ − ϖ + 1)
(

π ln(ϖ + 1) + πγ +
π

2(ϖ + 1)

− π

12(ϖ + 1)2 +O
(

1
(ϖ + 1)3

))
− ϖ ·

(
ln(ϖ + 1) + γ +

1
2
+

π − 1
ϖ + 1

+
π − 1
ϖ + 2

+
1

2(ϖ + 1)
−

1
12(ϖ + 1)2 +O

(
1

ϖ3

))∣∣∣∣.
Proof. To compute the weighted asymmetry index for the generalized star graph Sπ,ϖ , we
begin by calculating the centrality measures C̃v and the values of θv(e) for different vertices
in the graph.

Let us first consider the distances to other vertices on the same path Pϑ̈ as vϑ̈,ς.
d(vϑ̈,ς, vϑ̈,ξ̃) = |ς − ξ̃|, where ξ̃ is any other index in the same path Pϑ̈, where 1 ≤ ϑ̈ ≤ π
and 1 ≤ ς ≤ ϖ. Thus, the contribution from all vertices on the same path is

ϖ

∑̃
ξ=1

1
|ς − ξ̃|+ 1

.

For paths Pξ̃ , where ξ̃ ̸= ϑ̈, i.e., all other paths are attached to vc, any vertex vξ̃,p on
a different path Pξ̃ is at distance ς + p from vϑ̈,ς (this is the sum of the distance from vϑ̈,ς
to vc, which is ς, plus the distance from vc to vξ̃,p, which is p). The contribution from all
vertices on these other paths is

∑̃
ξ ̸=ϑ̈

ϖ

∑
p=1

1
ς + p + 1

.



Mathematics 2024, 12, 3397 11 of 20

The distance from vϑ̈,ς to the central vertex vc is d(vϑ̈,ς, vc) = ς (since there are ς edges
between vϑ̈,ς and vc). The contribution from the central vertex vc is

1
ς + 1

.

Combining all these contributions, we obtain

C̃vϑ̈,ς
=

ϖ

∑̃
ξ=1

1
|ς − ξ̃|+ 1

+
1

ς + 1
+ ∑̃

ξ ̸=ϑ̈

ϖ

∑
p=1

1
ς + p + 1

.

The distance from vc to itself is d(vc, vc) = 0, so the contribution from vc is 1
0+1 = 1.

Each vϑ̈,1 is directly connected to vc, so the distance d(vc, vϑ̈,1) = 1. The contribution from
all such vertices is

π × 1
1 + 1

= π × 1
2

.

Now, for each path ϑ̈, the vertices vϑ̈,2, vϑ̈,3, . . . , vϑ̈,ϖ are progressively further from vc.
The distance from vc to vϑ̈,ς is d(vc, vϑ̈,ς) = ς. Thus, the contribution from these vertices is

π

∑̈
ϑ=1

ϖ

∑
ς=2

1
ς + 1

.

Since each path contributes the same, this simplifies to

π
ϖ

∑̃
ξ=2

1
ξ̃ + 1

.

Thus, combining all these contributions, we have

C̃vc = 1 + π
ϖ

∑̃
ξ=1

1
ξ̃ + 1

.

For each edge eϑ̈ = vcvϑ̈,1 in the graph, the number of vertices closer to vc than vϑ̈,1 is
θvc(e) = πϖ − ϖ + 1, and the number of vertices closer to vϑ̈,1 than vc is θvϑ̈,1

(eϑ̈) = ϖ.
For each edge eϑ̈ = vϑ̈,ςvϑ̈,ς+1 in the graph, the number of vertices closer to vϑ̈,ς is

θvϑ̈,ς
(e) = πϖ − ϖ + ς + 1,

and for the adjacent vertex vϑ̈,ς+1 it is

θvϑ̈,ς+1
(e) = ϖ − ς.

We now insert these centrality measures and vertex contribution values into the
formula for the weighted asymmetry index. The formula is given by

WA(Sπ,ϖ) = ∑
e∈E(Sπ,ϖ)

|θu(e)Cu − θv(e)Cv|.

Substituting the specific values for θu(e) and C̃u, we obtain
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WA(Sπ,ϖ) = (ϖ − 1)π

∣∣∣∣∣∣(πϖ − ϖ + ς + 1) ·

1 +
ϖ

∑̃
ξ=1

1
|ς − ξ̃|+ 1

+
1

ς + 1
+ (π − 1)

ϖ

∑
p=1

1
ς + p + 1


− (ϖ − ς)

1 +
ϖ

∑̃
ξ=1

1
|ς − ξ̃|+ 1

+
1

ς + 1
+ (π − 1)

ϖ

∑
p=1

1
ς + p + 1

∣∣∣∣∣∣+ π

∣∣∣∣∣∣(πϖ − ϖ + 1)

1 + π
ϖ

∑̃
ξ=1

1
ξ̃ + 1


− ϖ

2 +
ϖ−1

∑̃
ξ=1

1
ξ̃ + 2

+
π − 1
ϖ + 1

+
π − 1
ϖ + 2

∣∣∣∣∣∣.
(2)

We now simplify the sum
ϖ

∑
ξ̃=1

1
|ς−ξ̃|+1

, separating it into three cases.

For ξ̃ = ς:
1

|ς − ς|+ 1
= 1.

For ξ̃ ̸= ς:

When ξ̃ < ς, we introduce the substitution p = ς − ξ̃, and the sum becomes
ς−1
∑

p=1

1
p+1 .

When ξ̃ > ς, we substitute p = ξ̃ − ς, giving
ϖ−ς

∑
p=1

1
p+1 .

Thus, we combine the two parts:

ϖ

∑̃
ξ=1

1
|ς − ξ̃|+ 1

= Hς + Hϖ−ς+1 − 1.

where Hπ is the π-th harmonic number.
For large ς and ϖ − ς + 1, harmonic numbers can be approximated as

Hς ≈ ln(ς) + γ +
1
2ς

− 1
12ς2 +O

(
1
ς3

)
.

Hϖ−ς+1 ≈ ln(ϖ − ς + 1) + γ +
1

2(ϖ − ς + 1)
− 1

12(ϖ − ς + 1)2 +O
(

1
(ϖ − ς + 1)3

)
.

Similarly,

ϖ

∑
p=1

1
ς + p + 1

≈ ln(ς + ϖ + 1)− ln(ς + 1) +O
(

1
ς2

)
.

ϖ

∑̃
ξ=1

1
ξ̃ + 1

≈ ln(ϖ + 1) + γ − 1 +O
(

1
ϖ3

)
.

Inserting these harmonic approximations into Equation (2), we obtain

WA(Sπ,ϖ) = (πϖ − π)(ln(ς) + ln(ϖ − ς + 1) + ln(ς + ϖ + 1)− (π − 1) ln(ς + 1)+

2γ +
1

ς + 1
+O

(
1
ς2

))
|πϖ − 2ϖ + 2ς + 1|+ π

∣∣∣∣(πϖ − ϖ + 1)
(

π ln(ϖ + 1) + πγ +
π

2(ϖ + 1)

− π

12(ϖ + 1)2 +O
(

1
(ϖ + 1)3

))
− ϖ ·

(
ln(ϖ + 1) + γ +

1
2
+

π − 1
ϖ + 1

+
π − 1
ϖ + 2

+
1

2(ϖ + 1)
−

1
12(ϖ + 1)2 +O

(
1

ϖ3

))∣∣∣∣.



Mathematics 2024, 12, 3397 13 of 20

Conjecture 1. Consider Tπ to be a tree of π vertices. Then,

WA(Pπ) ≤ WA(Tπ) ≤ WA(Sπ).

4.3. Weighted Asymmetry Index for Different Families of Graphs

Theorem 4. Let Kϖ,π be a complete bipartite graph with vertex partition sets U and V of cardinality
ϖ and π, (ϖ > π), respectively. Then the weighted asymmetry index of Kϖ,π is given by

WA(Kϖ,π) =
1
3
(ϖ3π − π3ϖ + 2ϖ2π − 2π2ϖ).

Proof. Consider the complete bipartite graph Kϖ,π with vertex partition U and V, where
|U| = ϖ and |V| = π. An edge e = uϑ̈vς connects a vertex uϑ̈ ∈ U and a vertex vς ∈ V. We
need to calculate the distances d(uϑ̈, w) and d(vς, w) for all vertices w ∈ V(Kϖ,π), and then
compute the contributions to the weighted asymmetry index from both uϑ̈ and vς.

For a vertex w ∈ U, d(uϑ̈, w) = 0 if w = uϑ̈, d(uϑ̈, w) = 2 if w ̸= uϑ̈ (since vertices in U
are connected to each other through vertices in V), and d(vς, w) = 1 for all w ∈ U. Thus,
for a vertex uϑ̈ ∈ U, the total weighted centrality is

C̃uϑ̈
= 1 +

π

2
+ (ϖ − 1)× 1

3
.

Similarly, for a vertex vϑ̈ ∈ V,

C̃vϑ̈
= 1 +

ϖ

2
+ (π − 1)× 1

3
.

The total contribution of the edge e = uϑ̈vς to the weighted asymmetry index is given
by the absolute difference of the contributions from uϑ̈ and vς:∣∣∣∣ϖ(

1 +
ϖ − 1

3
+

π

2

)
− π

(
1 +

π − 1
3

+
ϖ

2

)∣∣∣∣.
Simplifying the expression inside the absolute value,∣∣∣∣ϖ(

1 +
ϖ − 1

3
+

π

2

)
− π

(
1 +

π − 1
3

+
ϖ

2

)∣∣∣∣ = 1
3

∣∣∣ϖ2 − π2 + 2ϖ − 2π
∣∣∣.

Multiplying by the total number of edges πϖ in the complete bipartite graph Kϖ,π ,
we obtain

WA(Kϖ,π) =
1
3

πϖ
∣∣∣ϖ2 − π2 + 2ϖ − 2π

∣∣∣.
Thus, the weighted asymmetry index for the complete bipartite graph Kϖ,π is

WA(Kϖ,π) =
1
3
(ϖ3π − π3ϖ + 2ϖ2π − 2π2ϖ)

Since, we assume ϖ > π, we can omit the absolute value sign, leading to the simplified
expression.

Theorem 5. Let Wπ be a wheel graph with π vertices. Then,

WA(Wπ) =
1
2

π3 − 11
6

π2 − 4
3

π +
8
3

.

Proof. Let Wπ be a wheel graph with π vertices, where the central vertex vc is connected
to the π − 1 vertices that form a cycle. We proceed by calculating the centrality measures
for the central vertex vc and the peripheral vertices vϑ̈, as well as their contributions to the
weighted asymmetry index.
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The central vertex vc is connected to all π − 1 peripheral vertices. Its centrality measure
is given by:

C̃vc = 1 +
π − 1

2
.

Each peripheral vertex vϑ̈ is connected to the central vertex vc and its two adjacent
vertices in the cycle. The centrality measure for each vϑ̈ is

C̃vϑ̈
= 1 +

3
2
+

π − 4
3

.

For each edge e = vcvϑ̈ connecting the central vertex vc to a peripheral vertex vϑ̈, the
number of vertices closer to vc are θvc = π − 3, and the number of vertices closer to vϑ̈ is
θvϑ̈

= 1.
Thus, the contribution of each edge e = vcvϑ̈ to the weighted asymmetry index is∣∣∣(π − 3) · C̃vc − C̃vϑ̈

∣∣∣.
In terms of the contribution from cycle edges e = vϑ̈vϑ̈+1, for each edge e = vϑ̈vϑ̈+1

connecting two adjacent peripheral vertices in the cycle, both vertices vϑ̈ and vϑ̈+1 have two
neighbors in the cycle. The number of vertices closer to both vϑ̈ and vϑ̈+1 is θvϑ̈

= θvϑ̈+1
= 2.

Thus, the contribution of each cycle edge e = vϑ̈vϑ̈+1 is∣∣∣2 · C̃vϑ̈
− 2 · C̃vϑ̈+1

∣∣∣ = 0.

The total weighted asymmetry index WA(Wπ) for the wheel graph is the sum of the
contributions from the π − 1 central edges. The cycle edges contribute nothing, so the final
expression is

WA(Wπ) = π − 1 ·
∣∣∣∣(π − 3) ·

(
1 +

π

2

)
−

(
2.5 +

π − 4
3

)∣∣∣∣.
WA(Wπ) =

1
2

π3 − 11
6

π2 − 4
3

π +
8
3

.

Theorem 6. Let Kπ,ϖ,φ be a complete tripartite graph with vertex partition sets U, V, and W of
cardinality π, ϖ, and φ, respectively. Then, the weighted asymmetry index of Kπ,ϖ,φ is

WA(Kπ,ϖ,φ) =

∣∣∣∣1
2

πϖφ3 +
2
3

πφ2 − 1
2

π3ϖφ − 2
3

π2 φ

∣∣∣∣+ ∣∣∣∣1
2

πϖ3 φ +
2
3

πϖ2 − 1
2

π3ϖφ − 2
3

π2ϖ

∣∣∣∣
+

∣∣∣∣1
2

πϖ3 φ +
2
3

ϖ2 φ − 1
2

πϖφ3 − 2
3

ϖφ2
∣∣∣.

Proof. Consider the complete tripartite graph Kπ,ϖ,φ with vertex partition sets U, V, and
W, where |U| = π, |V| = ϖ, and |W| = φ. The edges of Kπ,ϖ,φ connect vertices uϑ̈ ∈ U
with vertices vς ∈ V, vertices uϑ̈ ∈ U with vertices wξ̃ ∈ W, and vertices vς ∈ V with
vertices wξ̃ ∈ W.

Now, we calculate the distances for all vertices α ∈ V(Kπ,ϖ,φ) and compute the
contributions to the weighted asymmetry index from these distances. For each vertex in
the partitions U, V, and W, the centrality measures C̃ are as follows:

For a vertex uϑ̈ ∈ U:

C̃uϑ̈
= 1 +

ϖφ

2
+ (π − 1) · 1

3
.
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For a vertex vς ∈ V:

C̃vς = 1 +
πφ

2
+ (ϖ − 1) · 1

3
.

For a vertex wξ̃ ∈ W:

C̃wξ̃
= 1 +

πϖ

2
+ (φ − 1) · 1

3
.

For each edge es in the graph, the number of vertices closer to each endpoint is
as follows.

For an edge es = uϑ̈vς, the number of vertices closer to uϑ̈ than vς is θuϑ̈
(es) = ϖ, and

the number of vertices closer to vς than uϑ̈ is θvς(es) = π.
Similarly, for an edge es = uϑ̈wξ̃ , the number of vertices closer to uϑ̈ than wξ̃ is

θuϑ̈
(es) = φ, and the number of vertices closer to wξ̃ than uϑ̈ is θwξ̃

(es) = π.
Finally, for an edge es = vςwξ̃ , the number of vertices closer to vς than wξ̃ is θvς(es) = φ,

and the number of vertices closer to wξ̃ than vς is θwξ̃
(es) = ϖ.

The total weighted asymmetry index WA(Kπ,ϖ,φ) is the sum of contributions from all
the edges in Kπ,ϖ,φ. Each edge contributes according to the following formula:

WA(Kπ,ϖ,φ) = ∑
es∈E(Kπ,ϖ,φ)

∣∣∣θu(es) · C̃u − θv(es) · C̃v

∣∣∣.
Substituting the computed values for θu(es), θv(es), C̃u, and C̃v, we obtain
Contribution from edges uϑ̈vς (between U and V):

πϖ

∣∣∣∣ϖ(
1 +

ϖφ

2
+ (π − 1) · 1

3

)
− π

(
1 +

πφ

2
+ (ϖ − 1) · 1

3

)∣∣∣∣.
Contribution from edges uϑ̈wξ̃ (between U and W):

πφ

∣∣∣∣φ(1 +
ϖφ

2
+ (π − 1) · 1

3

)
− π

(
1 +

πϖ

2
+ (φ − 1) · 1

3

)∣∣∣∣.
Contribution from edges vςwξ̃ (between V and W):

ϖφ

∣∣∣∣ϖ(
1 +

πϖ

2
+ (φ − 1) · 1

3

)
− φ

(
1 +

πφ

2
+ (ϖ − 1) · 1

3

)∣∣∣∣.
Simplifying these contributions leads to the final expression for the weighted asymme-

try index of Kπ,ϖ,φ:

WA(Kπ,ϖ,φ) =

∣∣∣∣1
2

πϖφ3 +
2
3

πφ2 − 1
2

π3ϖφ − 2
3

π2 φ

∣∣∣∣+ ∣∣∣∣1
2

πϖ3 φ +
2
3

πϖ2 − 1
2

π3ϖφ − 2
3

π2ϖ

∣∣∣∣
+

∣∣∣∣1
2

πϖ3 φ +
2
3

ϖ2 φ − 1
2

πϖφ3 − 2
3

ϖφ2
∣∣∣.

4.4. Comparison of WA Index with Traditional Graph Indices

In Table 2, we compare WA to some other traditional graph indices, namely the Wiener
index, Szeged index, and Mostar index, on three graph types: the path graph, the star
graph, and the wheel graph. While the numerical trends for these various indices are
approximately parallel to one another, the unusual information about structural imbalances
contained in WA is not fully captured by the more traditional indices of asymmetric
graph structures.
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Table 2. Comparison of indices for selected graphs.

Graph Wiener Index Szeged Index Mostar Index WA Index

P5 20 10 4 21.762
S5 20 20 16 38
W5 12 12 4 12.667

Path Graph P5: Although this graph is relatively symmetric, the WA index detects
slight imbalances due to the distances between the end vertices and the central vertices.
The lower WA value reflects the moderate level of asymmetry present in this structure, as
compared to the more pronounced asymmetry in the star and wheel graphs.

Star Graph S5: The WA index reveals the significant asymmetry caused by the dom-
inant central vertex, which is connected to all peripheral vertices. Traditional indices,
such as the Wiener and Szeged indices, do not fully capture this centralization, as they
primarily focus on aggregate distances. The higher WA value for the star graph highlights
the sharp contrast in vertex distances from the hub, making the WA index more sensitive
to centralized structures where one vertex is disproportionately important.

Wheel Graph W5: The WA index once again identifies the asymmetry between the
central hub and the peripheral cycle. While traditional indices provide similar values, they
do not emphasize the asymmetry between the vertices in the cycle and the central hub
as strongly. The WA index shows how the central vertex in the wheel graph influences
the network’s structure, a critical feature in systems where central nodes serve as critical
communication points

By admitting the local asymmetries that are major contributors to the WA index, the
structural imbalance in graphs has undergone deeper analysis with the WA index than
with many other indices that detect trends in symmetry. The presence of a dominant vertex,
like in the star and wheel graphs, is very significantly shown up by the disproportionate
importance of that vertex when compared to traditional distance-based measures. The
WA index in particular becomes very useful in network resilience analysis, in which it
unequivocally points out critical vertices holding disproportionate influence. Also, in
molecular graphs, the WA index provides a detailed view of the local asymmetry in bond
lengths and vertex positions, which is essential for understanding molecular behavior.
Unlike the Wiener or Szeged indices, which treat all vertex pairs similarly, the WA index
captures these local structural differences, providing insight into molecular properties that
affect chemical reactivity.

5. Applications

The weighted asymmetry index has important applications in wide areas where
understanding the structural properties of graphs is necessary. Important areas where this
index can be applied include the following.

5.1. Network Analysis

In communications networks, the weighted asymmetry index can be used to evaluate
the efficiency and dependability of data exchange. Networks with a smaller asymmetry
(smaller weighted asymmetry index) usually contain traffic distributed in a more uni-
form way, which is indicative of good load balancing and low latency. In social networks,
the weighted asymmetry index can help identify asymmetries in relationships or com-
munication flows. It indicates those key influencers, or nodes of power, with respect to
spreading information.

5.2. Molecular Chemistry

In the study of molecular structures, the weighted asymmetry index makes it possible
to visualize the symmetry and the distribution of atoms within a molecule. More relevantly,
this would help in predicting better chemical properties and reactivity of the molecule. For
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instance, molecules with high asymmetry may act in a different way chemically than more
symmetric ones. The insight gained in drug design concerning the asymmetry of molecular
structures is important to further predict how a drug will interact with a target protein. It
could be used in optimizing weighted asymmetry indices for molecular structures with
improved binding affinity and efficacy.

5.3. Computer Science

It can also be used in parallel processing to weight the asymmetry index assessing the
load balancing amongst processors. If there is less asymmetry, that is, a lower weighted
asymmetry index, there is better distribution and hence perhaps more efficient parallel
processing. Therefore, the weighted asymmetry index can be used in the design of data
structures, especially those that can easily be visualized as graphs like trees and heaps to
study balance and optimize performance.

5.4. Polymer Science

An asymmetric index can weigh and be applied in the study of asymmetry arrange-
ments of monomer units in polymers. It can reflect such physical properties as the elasticity,
strength, and melting point of the polymer. These will be some of the properties that
need to be understood when one tries to design polymers of specific characteristics. The
weighted dissimilarity index might be of use in the analysis of protein–protein interaction
networks. Using this, researchers could tell which of the proteins in the signaling pathway
perform as critical hubs or bottlenecks. It is indicative of a specific role of these proteins in
creating network asymmetry.

5.5. Biological Networks

Asymmetry of neural networks is important in neuroscience because it can provide
further details on the functioning of different parts of a neural network in relation to each
other. For example, what kind of specialization does the brain have? It is possible to map
these differences with a weighted index of differences and then relate them to various
cognitive processes or neurological disorders.

5.6. Graph Theory and Combinatorics

It can also be applied to problems of graph isomorphism where the aim would be to
check if two graphs have the same structure. By providing a numerical quantity, it would
be useful as a heuristic in an algorithm which will attempt to solve these problems. The
weighted asymmetry index is graph-invariant; it does not change under the isomorphisms
of graphs. This makes it useful for use as a tool in structural graph classification and in the
identification of non-isomorphic graphs.

5.7. Optimization Problems

The weighted asymmetry index can be used in hedging for routing optimization
within logistics and transportation networks, showing the asymmetries of that network
by reducing them, hence bringing on efficient routing paths and reducing the cost of
transportation. The weighted asymmetry index presents a way to analyze and improve the
structure of the supply chain network for better distribution of resources and less bottleneck.

6. Conclusions

Theorems 1–6 provide crisp results and extremal values regarding the weighted asym-
metry index on different families of graphs. Such results are important in demonstrating
that the WA index exhibits structural sensitivity—a property that differentiates it from other
popular topological indices, such as the Wiener index and the Szeged and Mostar indices.
In the following Theorem 1, we will find out the extremal values of the WA index for trees
and show that the star graph is a tree with the maximal value of WA, while the path graph
has the minimum value of WA. This again underlines the fact that the WA index is sensitive
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to asymmetry: Among the graphs, the star is the most asymmetric of its peripheral vertices
at the maximum possible mutual distance, and the path is very symmetric; hence, WA is
much smaller. Similarly, Theorem 2 shows the extremal values for unicyclic graphs. The
result is an immediate application in chemical graph theory because unicyclic structures
are common in molecular graphs. The WA index characterizes the imbalance in vertex
distances more precisely than indices that cannot characterize such graphs as distinctly, for
example, Wiener- or Szeged-type indices.

Similarly to the Wiener and Szeged indices, the weighted asymmetry index represents
a distance-based topological index; its main advantage, however, is that it can describe
structural asymmetries missed by other indices. For instance, the Wiener index is a summa-
tion of all the vertex pair distances, containing equal weighting for each vertex without
regard for a local asymmetry near every edge. Although the Szeged index considers the
local contributions by counting vertices on either side of an edge, the normalization with re-
spect to the distances within the WA formula is not considered. However, the introduction
of weights depending on inverse distances in the index makes the WA index a fine-tuned
tool to describe the asymmetrical distribution of a graph’s vertices around every given
edge. That is why it is very useful in applications where local imbalance or asymmetry
can play an important role, such as network vulnerability, molecular stability, or efficiency
in communication.

It covers theorems that deal with graph families: bipartite, star, and wheel graphs,
which are very common in network theory. For instance, in a bipartite graph, the WA index
offers insight into how information may flow unequally between two sets of nodes, with
an opportunity to provide a starting point for network design to make the flow equal or for
various heuristics to be proposed. In the same manner, the wheel graphs are representative
here to identify how centralization would encroach upon network asymmetry and offer a
tool for resilience in a network against the failure of the hub.

These results touch on real-world applications in transportation networks and social
graphs, where asymmetry usually implies some sort of inefficiency or vulnerability. Dif-
ferent from most of the classical connectivity indices, the WA index measures localized
structural imbalances and hence enables optimizations on a much finer scale. At present,
weighted asymmetry is a new contribution to graph theory, giving a different perspective to
quantify and analyze asymmetries inside networks. Such an approach may also be highly
useful in contexts where imbalance is decisive, such as in molecular graphs whose asym-
metry is deemed to influence stability or in communication networks where asymmetrical
topologies can provoke inefficiency and bottlenecks. In contrast to other well-known global
indices, such as the sum of distances or centralities, the WA index offers a more local view
that distinguishes graphs on the basis of their structural niceties. This gives it an edge over
the existing indices in fields where such details are important.

Future investigations should be performed regarding extensive numerical simulations
and case studies on real networks, such as social networks, biological networks, and com-
munication networks, in order to empirically prove the practical benefits of the WA index
over other indices. Applications will involve network vulnerability detection, anomaly
detection, and efficiency optimization in order to find out its utility in highly dynamic and
large-scale systems. Another very promising line of research involves an investigation into
how the WA index can be further integrated into graph representation learning frameworks
and machine learning models, especially in tasks where asymmetry plays a crucial role.

Moreover, the extremal values of the WA index for many classes of graphs remain
open theoretically. The determination of the extremal graphs will allow a deeper insight
into the structural implication brought by the WA index. We conclude, therefore, that a
comparative study between the WA index and other centrality measures with regard to
their prediction ability related to influential nodes in complex networks may be considered
as an open problem that can inspire attention from researchers working in this area. These
challenges, while adding to the understanding of the WA index, also extend its applicability
in graph theory and network science.
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