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Abstract: A Linear Transformer linearizes the attention mechanism of the vanilla Transformer archi-
tecture, significantly improving efficiency and achieving linear theoretical complexity with respect
to sequence length. However, few studies have explored the capabilities of the Linear Transformer
beyond its efficiency. In this work, we investigate the systematic generalization capability of the
Linear Transformer, a crucial property for strong generalization to unseen data. Through preliminary
experiments, we identify two major issues contributing to its unstable systematic generalization per-
formance: (i) unconstrained norms of Queries and Keys, and (ii) high correlation among Values across
the sequence. To address these issues, we propose two simple yet effective methods: normalization
layers for Queries and Keys, and an orthogonality loss function applied to Values during training. In
experiments, we demonstrate that applying these methods to the Linear Transformer significantly
improves its stability and systematic generalization performance across several well-known tasks.
Furthermore, our proposed methods outperform the vanilla Transformer on specific systematic
generalization tasks, such as the sort-of-CLEVR and SCAN tasks.

Keywords: transformer; linear transformer; systematic generalization; normalization; orthogonality
loss

MSC: 68T07

1. Introduction

Transformer models [1] have significantly advanced neural networks across various
domains, including natural language processing [2,3] and computer vision [4,5]. A key
contributor to their success is a scaled dot-product attention mechanism, which enables
Transformers to capture contextual information within data, leading to state-of-the-art
performance in numerous tasks. However, this attention mechanism has quadratic space
and time complexity with respect to the sequence length due to its softmax function, which
limits the context length that can be computed [6–10].

To address this limitation, several methods have been developed to improve the
efficiency of the attention mechanism, often by linearizing the original attention using
kernel methods [6,10] or low-rank approximations [9]. These efficient attention mecha-
nisms achieve linear theoretical complexity with respect to sequence length and exhibit
comparable performance to the original attention in long sequential tasks, such as Long-
Range Arena tasks [11] and language modeling tasks [12]. Despite these improvements,
prior research on linear attention mechanisms has primarily focused on efficiency in han-
dling long sequences while neglecting other critical properties of neural networks, such as
systematic generalization.

Systematic generalization refers to the ability to generalize unseen data by combin-
ing familiar concepts in novel ways [13–18]. This capability has been extensively stud-
ied in Transformers, particularly in enabling them to generalize on out-of-distribution

Mathematics 2024, 12, 3390. https://doi.org/10.3390/math12213390 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math12213390
https://doi.org/10.3390/math12213390
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-7943-3295
https://doi.org/10.3390/math12213390
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12213390?type=check_update&version=1


Mathematics 2024, 12, 3390 2 of 17

(OOD) datasets. For instance, Mittal et al. [19] introduced a compositional attention
mechanism to enable flexible and dynamic operations among attention heads. Mean-
while, Csordás et al. [20] examined the limitations of Transformers on systematic gener-
alization benchmarks, showing that simple techniques, such as scaling embeddings, can
effectively enhance their ability to learn systematic generalization tasks. However, com-
pared to standard Transformers, the systematic generalization capabilities of efficient
attention mechanisms remain underexplored.

In this work, we investigate the systematic generalization capabilities of efficient atten-
tion mechanisms, with a focus on the Linear Transformer [6], and explore various methods
to enhance their performance. In our preliminary experiments on systematic generalization
tasks, we identify two major issues in the attention components (Queries, Keys, and Values)
that contribute to unstable generalization during training: (i) unconstrained norms of
Queries and Keys, and (ii) high correlation among Values across the sequence. The linear
attention mechanism operates by computing attention based on Queries and accumulated
Keys over the sequence. As noted in previous research [21,22], this design can lead to
instability during training, when the norms of Queries and Keys increase dramatically. In
our preliminary experiments, we observe that these unconstrained values negatively affect
the systematic generalization performance of linear attention mechanisms. Additionally,
in non-causal settings, the linear attention mechanism often fails to learn distinct features
across the sequence, resulting in highly correlated Values.

To address the instability in the systematic generalization of the Linear Transformer, we
propose two simple yet effective techniques, a normalization term for attention components
and an orthogonality loss, both motivated by the issues identified in our preliminary
experiments. First, we apply a normalization term to Queries and Keys (as in [21]) to
prevent excessively large norm values. We explore various strategies as the normalization
term, including L1, L2, and RMS layer normalization [23]. Additionally, we introduce
an orthogonality loss, an auxiliary loss that encourages Values within a sequence to be
orthogonal during training. This loss reduces the correlation among Values generated from
distinct input features, thereby improving the generalization performance.

In summary, the main contributions of this work are as follows:

• We investigate the systematic generalization capabilities of linear attention mecha-
nisms and identify key limitations, including unconstrained norms of Queries and
Keys and high correlation among Values.

• We propose normalization techniques and auxiliary loss functions to address these
limitations and improve the stability and generalization performance of linear atten-
tion mechanisms.

• We evaluate our proposed methods on various systematic generalization tasks, includ-
ing the sort-of-CLEVR [24], SCAN [16], Mathematics dataset [25], and PCFG [18] tasks.
Our experimental results demonstrate that the proposed methods enhance the training
stability and systematic generalization capabilities of the Linear Transformer.

2. Background and Related Work
2.1. Linear Attention Mechanism

The scaled dot-product attention mechanism is a fundamental component of the
vanilla Transformer architecture [1]. This mechanism transforms input sequential data into
three key components, Queries, Keys, and Values, through linear projection layers. It then
computes a dot product between Queries and Keys, applying the softmax function to obtain
normalized attention scores. The final output is derived by multiplying these attention
scores with the Values, as expressed below:

Q, K, V = XWq, XWk, XWv, (1)

Causal : On =
∑n

i exp(QnK⊤
i )Vi

∑n
i exp(QnK⊤

i )
, (2)
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Non-Causal : On =
∑N

i exp(QnK⊤
i )Vi

∑N
i exp(QnK⊤

i )
(3)

where Wq ∈ Rd×dk , Wk ∈ Rd×dk , and Wv ∈ Rd×dv are trainable parameters, X ∈ RN×d

represents the input sequential data, N is the sequence length, and d, dk, and dv are the
dimensions of the input, Key, and Value vectors, respectively. Q ∈ RN×dk , K ∈ RN×dk ,
and V ∈ RN×dv represent Queries, Keys, and Values, respectively. Additionally, Qn ∈ Rdk ,
Kn ∈ Rdk , and Vn ∈ Rdv are the n-th feature vector within Q, K, and V, respectively.

However, the scaled dot-product attention mechanism suffers from quadratic space
and time complexity relative to the sequence length, making it impractical for long se-
quences. Various efficient attention mechanisms have been proposed to improve the scala-
bility of the vanilla Transformer’s attention mechanism [6–10]. Among these, Katharopou-
los et al. [6] introduced a linear attention mechanism that replaces the softmax function
in the original attention with a kernel-based method. This linear attention mechanism
substitutes the softmax function with a kernel function ϕ, as shown below:

Causal : On =
∑n

i ϕ(Qn)ϕ(K⊤
i )Vi

∑n
i ϕ(Qn)ϕ(K⊤

i )
, (4)

=
ϕ(Qn)∑n

i ϕ(K⊤
i )Vi

ϕ(Qn)∑n
i ϕ(K⊤

i )
, (5)

Non-Causal : On =
ϕ(Qn)∑N

i ϕ(K⊤
i )Vi

ϕ(Qn)∑N
i ϕ(K⊤

i )
(6)

In this framework, different kernel functions, such as the elu + 1 [6] and cosine func-
tions [10], have been proposed to enhance the long-term comprehension of the linear
attention mechanism. However, most of these studies focused on improving efficiency
in handling long sequences, with less attention paid to other important neural network
properties. In this work, we go beyond long-term understanding and investigate a critical
capability of linear attention mechanisms: systematic generalization.

2.2. Systematic Generalization

The systematic generalization is a crucial property for neural networks, required
to achieve strong out-of-distribution (OOD) generalization [13–18]. It has been widely
studied to improve model generalization in various fields, including natural language
processing [18,20,25], computer vision [26–28], and robotic agents [16,29,30].

Unlike other OOD benchmark datasets that involve adding noise to data [31], evalu-
ating systematic generalization capability requires specifically designed tasks, as it aims
to test a model’s ability to generalize to unseen combinations of known components. For
example, a model should be able to generalize to the concept of a “red box” after learning
“red circle” and “black box”. Several studies have proposed benchmark datasets designed
to test the systematic generalization of models, such as the sort-of-CLEVR [24], SCAN [16],
Mathematics dataset [25], and PCFG [18] tasks.

Using these benchmarks, researchers have explored the systematic generalization
capabilities of attention mechanisms [19,20]. For instance, Csordás et al. [20] examined
the systematic generalization of the vanilla Transformer and found that simple techniques,
such as scaling embeddings, can enhance generalization performance without the need for
complex modifications.

Similarly, in this work, we examine the underexplored systematic generalization
capabilities of linear attention mechanisms and propose methods to enhance their general-
ization performance.
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3. Preliminary Experiments and the Design of Proposed Methods

In this section, we present preliminary experiments aimed at evaluating the systematic
generalization capabilities of existing linear attention mechanisms, identifying their poten-
tial limitations, and using these findings to motivate the design of our proposed methods.

We employ the sort-of-CLEVR task [24] for the preliminary experiments, which eval-
uates systematic generalization in models through visual question answering. The task
includes different types of questions: Unary (questions about the properties of a single
visual object), Binary, and Ternary (questions about relationships among multiple visual
objects). We conduct several trials (in each trial, the model is trained on a different training
seed) using the Linear Transformer [6] on the sort-of-CLEVR task, following the setup of
prior work [19]. Detailed experimental settings can be found in Section 5.

Table 1 and Figure 1 present the results of the vanilla Transformer and the Linear
Transformer across five trials. The results indicate that the Linear Transformer exhibits
worse systematic generalization performance than the vanilla Transformer and shows
instability in generalization depending on the training seed. For example, while the Linear
Transformer achieves comparable accuracy to the vanilla Transformer in Unary and Ternary
question types in trials 4 and 5, it fails to achieve a similar performance in trials 1, 2, and 3.

Table 1. The mean accuracy [%] from the preliminary experiments on the sort-of-CLEVR task over
five trials.

Question Type

Model Trial Unary Accuracy Binary
Accuracy

Ternary
Accuracy

Transformer 98.5 ± 0.5 85.6 ± 2.9 64.3 ± 2.8

Linear Transformer 1 62.3 76.0 54.6

2 63.0 76.4 53.9

3 63.8 74.7 55.0

4 99.2 78.7 62.9

5 98.7 79.3 64.7

Figure 1. The accuracy [%] of the Linear Transformer from the preliminary experiments on the sort-
of-CLEVR task over five trials. The blue dotted line indicates the mean accuracy of the Transformer.
These results show that the Linear Transformer exhibits worse systematic generalization performance
than the Transformer on the sort-of-CLEVR task.

To further investigate the source of this instability, we perform additional analyses
comparing the attention components from a successful trial (trial 5) and a poor-performing
trial (trial 1). These analyses are informed by prior research [21,22] suggesting that un-
constrained attention components can lead to unstable performance in linear attention.
Through this investigation, we identify two key flaws in the attention components—Queries,
Keys, and Values—that may contribute to the instability of the linear attention mechanism.
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First, we examine the norm distributions of Queries and Keys. The results, as shown
in Figure 2, clearly indicate that the Keys’ norms in the poorly performing trial (trial 1)
are significantly higher than those in the successful trial (trial 5) across all attention heads.
Similarly, the Queries’ norms in the poor trial are higher than in the successful trial for all
heads, except for head index 4. These findings suggest that the lack of constraints on Queries
and Keys may lead to unstable generalization performance. Based on this observation, we
hypothesize that the relatively high norm distribution contributes to the instability of the
linear attention mechanism and investigate normalization methods applied to Queries and
Keys as a potential solution.

Next, we analyze the representational quality of Values, which is closely linked
to the overall performance of the attention mechanism, through the lens of similarity.
Figure 3 shows cosine similarity heatmaps for Values across the sequence in the non-causal
setting. In the poorly performing trial (Figure 3a), the Values exhibit a high correlation,
whereas in the successful trial (Figure 3b), the Values show a significantly lower correlation.
This high correlation may suggest that the attention mechanism fails to transfer distinct
information about individual tokens to subsequent layers, ultimately leading to poor gen-
eralization performance. To address this issue, we explore the use of auxiliary objective
functions to encourage the model to learn more distinct representations across the sequence
during training.

In the following section, we build upon these preliminary findings and propose
representation learning methods to enhance the systematic generalization performance of
the linear attention mechanism.

(a)
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(b)

Figure 2. Norm distributions of (a) Keys and (b) Queries for a poor-performing trial (trial 1) and a
successful trial (trial 5). The figure shows that the norms of Keys and Queries are significantly higher
in the poorly performing trial compared to the successful trial. These results suggest that the lack of
constraints on Queries and Keys may contribute to poor systematic generalization performance.

(a) Trial 1 (poor) (b) Trial 5 (good)

Figure 3. The heatmap visualizes the cosine similarity of Values across the sequence for (a) a poor-
performing trial (trial 1) and (b) a successful trial (trial 5). In the poorly performing trial, the
Values exhibit a high correlation, whereas in the successful trial, the Values show a relatively lower
correlation. These results suggest that a high correlation among Values may contribute to poor
systematic generalization performance.

4. Proposed Method

In this section, we introduce simple yet effective techniques to enhance the systematic
generalization capabilities of the linear attention mechanism, as shown in Figure 4.
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Linear Attention
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Figure 4. Overview of the proposed normalization layers and orthogonality loss function. The
yellow box illustrates the application of normalization layers to Queries and Keys. The blue box
depicts the orthogonality loss function applied to Values, encouraging them to be orthogonal during
training. X, Q, K, V, O, and I denote input data, Queries, Keys, Values, an output, and an identity
matrix, respectively.

4.1. Normalization Layers for Queries and Keys

As discussed in Section 3, we hypothesize that the relatively high norms of Queries
and Keys are closely related to the instability in the systematic generalization of the Linear
Transformer. To address this issue, we introduce normalization layers to prevent the norms
of Queries and Keys from becoming excessively large during training, thereby mitigating
the instability in the Linear Transformer.

Normalization can be applied at different levels, including the input level [23], group
level [32], or batch level [33]. This study focuses on input-level normalization since the
Linear Transformer processes sequential data with variable input lengths. We employ
several well-known input-level normalization strategies, including L1, L2, and RMS layer
normalization [23].

In the linear attention mechanism, normalization layers can be applied to the feature
vectors of Queries and Keys either before or after the kernel function. In this work, we apply
normalization after the kernel function, consistent with previous research [21].

In the linear attention mechanism with normalization applied, once the kernel function
is applied to Queries and Keys, the normalization layer normalizes each feature vector
individually, as expressed by the following equations:

Q̂n = Normalization(ϕ(Qn)), (7)

K̂n = Normalization(ϕ(Kn)), (8)

Causal : On =
Q̂n ∑n

i K̂i
⊤Vi

Q̂n ∑n
i K̂i

⊤ , (9)

Non-Causal : On =
Q̂n ∑N

i K̂i
⊤Vi

Q̂n ∑N
i K̂i

⊤ (10)

Normalization(x) refers to one of the following methods:

L1-Normalization(x) =
x

(||x||1 + ϵ)
(11)
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L2-Normalization(x) =
x

(||x||2 + ϵ)
(12)

RMS-Normalization(x) =
x

(RMS[x] + ϵ)
∗ γ (13)

where x ∈ Rd represents a feature vector, ϵ is a small positive constant to avoid division by
zero, || · ||1 is an L1 norm, || · ||2 is an L2 norm, RMS[·] is a root mean square function, and
γ ∈ Rd is a trainable parameter.

Unlike L1 and L2 normalization, RMS normalization includes the trainable parameter
γ. In our approach, we apply separate RMS normalization layers to Queries and Keys, but
the normalization is shared across all attention heads.

4.2. Orthogonality Loss for Values

In our preliminary experiments (Section 3), we observe a high correlation among
distinct Values across the sequence, which may negatively impact the Linear Transformer’s
systematic generalization capability. To address this issue, we introduce an orthogonality
loss function that encourages the Values to be orthogonal to each other. Unlike traditional
orthogonality regularization methods that are applied to network weights [34], our pro-
posed orthogonality loss function is applied directly to the Values. This approach directly
regularizes the high correlation among Values during training.

To calculate the orthogonality loss function, first, we normalize the Value feature
vectors using L2 normalization:

V̄n =
Vn

(||Vn||2 + ϵ)
, (14)

where Vn is the n-th Value vector, and ϵ is a small positive constant to prevent division
by zero.

Using the normalized Values, the orthogonality loss function, Lorthogonality, is defined
as follows:

Lorthogonality = ||V̄V̄⊤ − I||2F, (15)

where I ∈ RN×N is the identity matrix, V̄ ∈ RN×d is the matrix of normalized Value vectors,
and || · ||F denotes the Frobenius norm.

We then combine the orthogonality loss with the original task loss, Ltask, to train
the model:

L = Ltask + λLorthogonality (16)

where Ltask is the original task-specific loss function, and λ is a regularization coefficient
that controls the strength of the orthogonality penalty.

While the orthogonality loss helps prevent the model from learning highly correlated
Values, applying too strong a penalty may interfere with learning the correct attention
mechanisms. Therefore, we adjust the value of the regularization coefficient λ to balance
the trade-off between enforcing orthogonality and maintaining the performance of the
linear attention mechanism.

5. Experiment Setup

In this section, we describe the systematic generalization tasks used in this work, along
with details of the model implementation and training procedures.
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5.1. Sort-of-CLEVR Task

The sort-of-CLEVR task [24] evaluates the systematic generalization of models in
visual relational reasoning using images, questions, and corresponding answers. Each
image contains six distinct objects, each varying in color (red, blue, green, orange, yellow,
or gray) and shape (square or circle). As described by Mittal et al. [19], the questions are cat-
egorized into three types: Unary (focusing on the properties of a single object), Binary, and
Ternary (focusing on relationships between multiple objects). Following Mittal et al. [19],
we evaluate the generalization performance of models for each question type individually.

For this task, we follow the experimental settings of Mittal et al. [19], using a four-layer
shared Transformer and Linear Transformer (encoder only) with four attention heads and a
model dimension of 256, and an Ltask of a cross-entropy loss. We use a CNN-based visual
encoder with a kernel size of 15 and a stride of 15. The models are trained using the Adam
optimizer with a batch size of 64 and a learning rate of 1 ×10−4 for 100 epochs. We also
experiment with several regularization coefficients: {1 × 10−2, 1 × 10−3, and 1 × 10−4}.

5.2. SCAN Task

The SCAN task [16] is a natural language task that evaluates the systematic general-
ization of models. In this task, models receive natural language input and are required to
translate it into an action sequence for a robotic agent. For example, the input “look around
left and jump opposite left” should be translated into the action sequence “LTURN LOOK
LTURN LOOK LTURN LOOK LTURN LOOK LTURN LTURN JUMP”. The SCAN task
provides a length-based data split where the action sequence lengths in testing are longer
than those in training, based on a specific cutoff length. In this work, we adopt a cutoff
length of 26 and evaluate the models in two settings: (1) the independent and identically
distributed (IID) setting, where the testing action sequence length matches the training
length, and (2) the OOD setting, where the testing sequence length exceeds the training
sequence length.

For this task, we use the experimental settings from Csordás et al. [20], which include
a three-layer shared Linear Transformer with eight attention heads and a model dimension
of 128, and an Ltask of a token-wise cross-entropy loss. The models are trained using the
Adam optimizer with a batch size of 256 and a learning rate of 1 × 10−3 for 50,000 steps.
We apply the orthogonality loss function only to the encoder of the Linear Transformer (in
a non-causal configuration) with a regularization coefficient of 1 × 10−4.

5.3. Mathematics Dataset

The Mathematics dataset [25] is used to evaluate mathematical reasoning skills across
various problem categories. The task involves translating mathematical instructions into
correct answers, such as “Calculate −502 + 1523 → 1021”. Following Csordás et al. [20],
we focus on two categories: “add_or_sub” (addition and subtraction problems for pairs of
integers or decimals) and “place_value” (problems asking for the value of a specific digit).
We evaluate the models in both IID and OOD settings, where the testing values are larger
than those encountered during training.

For this task, we follow the experimental settings from Csordás et al. [20], using a
six-layer shared Linear Transformer with eight attention heads and a model dimension of
512, and an Ltask of a token-wise cross-entropy loss. The models are trained with the Adam
optimizer, using a batch size of 256 and a learning rate of 1 × 10−4 for 50,000 steps. We
apply the orthogonality loss function to the encoder of the Linear Transformer (non-causal
configuration) with a regularization coefficient of 1 × 10−4.

5.4. PCFG Task

The PCFG task [18] evaluates models in sequence-to-sequence scenarios, testing prop-
erties such as systematicity and productivity. In this task, models receive natural language
instructions involving functions (e.g., append, copy, repeat) and strings (e.g., A, B, C),
and are required to translate them into the correct sequence. For example, the input “re-
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peat A B C” should be translated to “A B C A B C”. The PCFG task provides several
data splits targeting specific aspects of generalization, and, in this work, we focus on the
“systematicity” split.

For this task, we follow the experimental settings from Csordás et al. [20], using a
six-layer shared Linear Transformer with eight attention heads and a model dimension
of 512, and an Ltask of a token-wise cross-entropy loss. The models are trained using the
Adam optimizer with a batch size of 64 and a learning rate of 1 × 10−4 for 300,000 steps.
The orthogonality loss function is applied only to the encoder of the Linear Transformer (in
a non-causal configuration) with a regularization coefficient of 1 × 10−4.

6. Experiment Result

In this section, we demonstrate the effectiveness of our proposed methods in enhancing
the systematic generalization performance of the Linear Transformer across the several
tasks introduced in Section 5. We organize the experiments into two categories based on
model architectures: (i) encoder-only architecture and (ii) encoder–decoder architecture.

6.1. Experiments with Encoder-Only Architecture

We first evaluate the proposed methods on the sort-of-CLEVR task, as conducted in the
preliminary experiments. Table 2 presents the mean accuracy of our proposed methods over
five trials for each question type. The results indicate that the proposed normalization layers
and orthogonality loss function significantly improve both the generalization performance
and stability of the Linear Transformer across all question types.

Table 2. The mean accuracy [%] on the sort-of-CLEVR task over five trials. ✓ indicates that the
method is used, while ✗ indicates it is not. The bold text highlights the best accuracy across models.

Question Type

Model Normalization Orthogonality Loss Unary
Accuracy

Binary
Accuracy

Ternary
Accuracy

Transformer ✗ ✗ 98.5 ± 0.5 85.6 ± 2.9 64.3 ± 2.8

Linear Transformer ✗ ✗ 77.4 ± 17.6 77.0 ± 1.7 58.2 ± 4.6
✓ 98.7 ± 0.4 81.7 ± 1.9 66.5 ± 2.4

RMS ✗ 98.7 ± 0.3 83.5 ± 2.1 66.0 ± 2.3
✓ 98.8 ± 0.1 86.6 ± 2.0 68.5 ± 0.5

L1 ✗ 98.8 ± 0.2 81.9 ± 2.8 66.8 ± 1.9
✓ 99.0 ± 0.2 84.2 ± 3.9 66.8 ± 1.7

L2 ✗ 99.1 ± 0.2 83.7 ± 3.3 67.8 ± 1.4
✓ 99.0 ± 0.1 87.6 ± 1.5 69.0 ± 0.6

Compositional Transformer [19] ✗ ✗ 98.9 ± 0.2 89.9 ± 1.4 66.3 ± 0.9
Performer [35] ✗ ✗ 98.9 ± 0.1 82.6 ± 1.8 58.3 ± 3.1
Cosformer [10] ✗ ✗ 98.5 ± 0.1 78.2 ± 0.8 66.0 ± 0.6

First, applying the proposed normalization layers to Queries and Keys proves effective
in enhancing the generalization performance of the Linear Transformer, regardless of the
specific normalization method used. While the vanilla Linear Transformer achieves an
accuracy of 77.4% on Unary questions, 77.0% on Binary questions, and 58.2% on Ternary
questions, the L2 normalization layer improves these results to 99.1%, 83.7%, and 67.8%,
respectively. Other normalization methods also show performance gains, with the RMS
layer normalization method achieving accuracies of 98.7%, 83.5%, and 66.0%, and the L1
normalization layer reaching 98.8%, 81.9%, and 66.8%.

Second, the proposed orthogonality loss function with a regularization coefficient of
1 × 10−3 also enhances the vanilla Linear Transformer’s performance, achieving accuracies
of 98.7%, 81.7%, and 66.5%. Furthermore, combining the orthogonality loss function with
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the normalization layers results in a significant performance boost with reduced variance.
Notably, the combined method with the L2 normalization layer achieves accuracies of
99.0%, 87.6%, and 69.0%, surpassing the systematic generalization performance of the
vanilla Transformer.

Next, we extend our comparison to include the Compositional Transformer [19], which
is specifically designed to enhance systematic generalization in Transformers. As shown in
Table 2, our proposed methods—particularly the combination of L2 normalization and the
orthogonality loss—achieve comparable performance with the Compositional Transformer.
Additionally, we compare our methods to other efficient attention mechanisms, including
the Performer [35] and Cosformer [10]. As shown in Table 2, while both the Performer
and Cosformer outperform the Linear Transformer, their generalization performance falls
short of the vanilla Transformer. Applying our proposed methods to the Linear Trans-
former yields a better performance than the Performer and Cosformer, demonstrating the
effectiveness of our approach.

Ablation Study and Analysis

We perform an ablation study on the orthogonality loss function combined with the
L2 normalization layer, varying the regularization coefficient from 1 × 10−4 to 1 × 10−2. As
shown in Figure 5, the results demonstrate that the proposed orthogonality loss function
consistently improves the performance of the Linear Transformer across all coefficient
values in the sort-of-CLEVR task. However, the results also suggest that an optimal
regularization coefficient is required to achieve the best performance, with 1× 10−3 yielding
the highest accuracy on the sort-of-CLEVR task.

Figure 5. The mean accuracy [%] of the normalized Linear Transformer with L2 normalization and
varying λ on the sort-of-CLEVR task over five trials.

Additionally, we investigate the effect of the proposed methods on different hyperpa-
rameters of the Linear Transformer, specifically the model dimension and the number of
attention heads. As shown in Table 3, the proposed methods improve the generalization
performance of the Linear Transformer across all hyperparameter settings. These results
demonstrate the efficacy of the proposed methods across a wide range of conditions.

Next, we analyze the effect of the orthogonality loss function on the Values. Similar to
our approach in Section 3, we examine the correlation among Values. As shown in Figure 6,
the proposed methods effectively reduce the correlation among Values. These results
confirm that the orthogonality loss function operates as intended by lowering correlation,
thereby enhancing generalization performance.
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Table 3. The mean accuracy [%] on the sort-of-CLEVR task over five trials in ablation study varying
the model dimension and the number of attention heads. The bold text highlights the best accuracy
across models.

Question Type

Model Dimension Attention Head Model Unary Accuracy Binary Accuracy Ternary Accuracy

256 4 Linear Transformer 77.4 ± 17.6 77.0 ± 1.7 58.2 ± 4.6

Linear Transformer
+ L2 & Lorthogonality

99.0 ± 0.1 87.6 ± 1.5 69.0 ± 0.6

8 Linear Transformer 84.7 ± 17.1 78.4 ± 2.1 61.0 ± 5.7

Linear Transformer
+ L2 & Lorthogonality

98.6 ± 0.2 86.1 ± 2.4 66.4 ± 1.2

512 4 Linear Transformer 58.6 ± 1.3 66.0 ± 6.6 53.0 ± 0.9

Linear Transformer
+ L2 & Lorthogonality

98.3 ± 0.3 76.9 ± 0.8 60.7 ± 2.7

8 Linear Transformer 58.6 ± 2.4 68.3 ± 6.2 53.4 ± 0.8

Linear Transformer
+ L2 & Lorthogonality

97.7 ± 0.7 77.4 ± 0.9 59.9 ± 2.9

(a) Linear Transformer (b) Linear Transformer + Lorthogonality (c) Linear Transformer + L2 & Lorthogonality

Figure 6. The heatmap visualizes the cosine similarity of Values across the sequence for (a) the
vanilla Linear Transformer, (b) applying orthogonality loss, and (b) applying L2 normalization and
orthogonality loss. These results indicate that the orthogonality loss function effectively reduces
correlation among Values across the sequence.

6.2. Experiments with Encoder–Decoder Architecture

Next, we evaluate the proposed methods in an encoder–decoder architecture on the
SCAN, Mathematics dataset, and PCFG tasks.

6.2.1. SCAN Task

Table 4 presents the mean accuracy of the proposed methods on the SCAN task over
five trials for both the IID and OOD settings. Interestingly, unlike for the sort-of-CLEVR
task, the vanilla Linear Transformer outperforms the vanilla Transformer in the OOD
setting, achieving an accuracy of 46.9%. This suggests that the Linear Transformer may
have potential in some systematic generalization tasks. Our proposed methods further
improve the performance of the Linear Transformer.
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Table 4. The mean accuracy [%] on the SCAN task with a cutoff length of 26 over five trials. † indicates
that results are derived from Csordás et al. [20]. ✓ indicates that the method is used, while ✗ indicates
it is not. The bold text highlights the best accuracy across models.

Model Normalization Orthogonality
Loss Accuracy (IID) Accuracy

(OOD)

Transformer † ✗ ✗ 100.0 ± 0.0 21.0 ± 1.0

Linear Transformer ✗ ✗ 99.8 ± 0.1 46.9 ± 8.9
✓ 99.8 ± 0.1 48.4 ± 11.5

RMS ✗ 99.8 ± 0.0 48.4 ± 8.2
✓ 99.8 ± 0.1 50.4 ± 7.5

L1 ✗ 99.7 ± 0.2 49.5 ± 4.1
✓ 99.7 ± 0.2 44.9 ± 4.1

L2 ✗ 99.7 ± 0.1 50.6 ± 8.6
✓ 99.7 ± 0.1 56.3 ± 5.4

First, applying normalization layers improves OOD generalization performance across
all normalization strategies, with accuracies of 48.4% for RMS, 49.5% for L1, and 50.6% for
L2. Second, the orthogonality loss function also enhances the baseline model, resulting in an
OOD accuracy of 48.4%. Finally, combining both methods further improves generalization
performance (except for the L1 case), with OOD accuracies of 50.4% for RMS, 44.9% for
L1, and 56.3% for L2. Notably, as with the sort-of-CLEVR task, the best performance
on the SCAN task is achieved by combining the orthogonality loss function with the L2
normalization layer.

6.2.2. “Add_or_Sub” Problem of the Mathematics Dataset

We also evaluate the proposed methods on the “add_or_sub” problem of the Math-
ematics dataset. As shown in Table 5, the performance improvement depends on the
combination of the proposed methods.

Table 5. The mean accuracy [%] on the “add_or_sub” problem of the Mathematics dataset over five
trials. † indicates that results are derived from Csordás et al. [20]. ✓ indicates that the method is used,
while ✗ indicates it is not. The bold text highlights the best accuracy across models.

Model Normalization Orthogonality
Loss Accuracy (IID) Accuracy

(OOD)

Transformer † ✗ ✗ 100.0 ± 0.0 94.0 ± 1.0

Linear Transformer ✗ ✗ 87.9 ± 0.5 66.7 ± 0.7
✓ 87.4 ± 1.2 64.3 ± 0.3

RMS ✗ 87.5 ± 0.6 65.2 ± 0.7
✓ 87.8 ± 0.7 67.1 ± 1.4

L1 ✗ 87.5 ± 0.6 65.6 ± 1.5
✓ 88.1 ± 0.4 65.5 ± 1.4

L2 ✗ 88.0 ± 0.9 66.0 ± 3.2
✓ 88.4 ± 0.3 67.2 ± 1.3

First, applying normalization layers alone degrades the Linear Transformer’s general-
ization performance, with OOD accuracies of 65.2% for RMS, 65.6% for L1, and 66.0% for L2.
Similarly, the orthogonality loss function also reduces the baseline model’s performance,
yielding an OOD accuracy of 64.3%. However, when both methods are applied together,
the generalization performance improves (except for in the L1 case), with OOD accuracies
of 67.1% for RMS, 65.5% for L1, and 67.2% for L2. These results suggest that the proposed
methods, while designed to address issues observed in the preliminary experiments, may
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not be effective for all systematic generalization tasks. Furthermore, they highlight the
importance of identifying the optimal combination of proposed methods to enhance the
Linear Transformer’s performance properly.

6.2.3. “Place_Value” Problem of the Mathematics Dataset

Next, we evaluate the proposed methods on the “place_value” problem of the Mathe-
matics dataset. As shown in Table 6, the vanilla Linear Transformer struggles with training
instability and fails to learn the “place_value” problem where the target output length is
extremely short (1 in this case). While RMS normalization does not resolve this instability,
the L1 and L2 normalization layers effectively address the issue by preventing the norms of
attention components from becoming excessively large, achieving OOD accuracies of 21.6%
for L1 and 18.0% for L2.

Table 6. The mean accuracy [%] on the “place_value” problem of the Mathematics dataset over five
trials. † indicates that results are derived from Csordás et al. [20]. ✓ indicates that the method is used,
while ✗ indicates it is not. The bold text highlights the best accuracy across models. Fail indicates
that the model diverged during training.

Model Normalization Orthogonality
Loss Accuracy (IID) Accuracy

(OOD)

Transformer † ✗ ✗ 100.0 ± 0.0 20. ± 2.0

Linear Transformer ✗ ✗ Fail
✓ Fail

RMS ✗ Fail
✓ Fail

L1 ✗ 97.1 ± 0.2 21.6 ± 3.5
✓ 97.1 ± 0.2 17.9 ± 1.4

L2 ✗ 97.0 ± 0.1 18.0 ± 4.7
✓ 97.0 ± 0.1 20.5 ± 6.9

In contrast, applying the orthogonality loss function alone does not resolve the in-
stability of the “place_value” problem. Furthermore, as with the “add_or_sub” problem,
performance varies depending on the combination of methods. When both normaliza-
tion layers and the orthogonality loss are applied together, OOD accuracies of 17.9% for
L1 and 20.5% for L2 are achieved. These results indicate that normalization strategies
without additional trainable parameters, such as L1 and L2, are effective for addressing
training instability.

6.2.4. PCFG Task

Finally, we evaluate the proposed methods for the PCFG task. As shown in Table 7, the
vanilla Linear Transformer suffers from training instability, and neither RMS normalization
nor the orthogonality loss resolves this issue, similar to for the “place_value” problem.
On the other hand, applying L1 and L2 normalization layers effectively mitigates the
instability, achieving accuracies of 56.9% and 45.4%, respectively. Furthermore, combining
the orthogonality loss function with the normalization layers leads to further improvement,
achieving 58.4% for L1 and 47.4% for L2.
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Table 7. The mean accuracy [%] on the PCFG task over five trials. † indicates that results are derived
from Csordás et al. [20]. ✓ indicates that the method is used, while ✗ indicates it is not. The bold text
highlights the best accuracy across models. Fail indicates that the model diverged during training.

Model Normalization Orthogonality Loss Accuracy

Transformer † ✗ ✗ 93.0 ± 1.

Linear Transformer ✗ ✗ Fail
✓ Fail

RMS ✗ Fail
✓ Fail

L1 ✗ 56.9 ± 1.9
✓ 58.4 ± 2.1

L2 ✗ 45.4 ± 1.8
✓ 47.4 ± 1.4

7. Discussion

In this section, we discuss the limitations of the proposed methods.
First, although the proposed methods effectively improve the systematic general-

ization of the Linear Transformer, the degree of improvement varies depending on the
combination of normalization strategies and orthogonality loss used for each task. While
the combination of L2 normalization and orthogonality loss generally performs better than
others, the underlying reasons for this are still unclear. Moreover, other combinations
sometimes outperform L2 normalization with orthogonality loss on specific tasks, such
as the “place_value” problem of the Mathematics dataset and the PCFG task. This need
for heuristic tuning to find the optimal configuration can impose an additional burden
on researchers wishing to utilize these methods. In future work, we will investigate the
relationship between normalization strategies and orthogonality loss.

Second, applying the proposed methods to the Linear Transformer introduces addi-
tional computational overhead. In our study, adding normalization layers slightly increased
training time, whereas applying the orthogonality loss resulted in, on average, a 1.5 times
longer training time across all tasks. Furthermore, although the orthogonality loss func-
tion can improve the Linear Transformer’s generalization performance, its computational
overhead may become more severe as the sequence length increases.

Third, as shown in Figure 6, while the orthogonality loss function effectively reduces
correlation among Values across the sequence, some features still exhibit relatively high
correlations. An over-penalizing configuration (i.e., a high value of γ) in the orthogo-
nality loss function can negatively impact features that should remain similar, thereby
degrading the model’s generalization performance, as shown in Figure 5. One possible
solution is incorporating the similarity between input features to implement context-aware
regularization methods. We leave this for future work.

8. Conclusions

In this work, we propose normalization layers and an orthogonality loss function
to enhance the systematic generalization capability of the Linear Transformer. These
methods are applied to the attention components of the Linear Transformer and aid in
learning systematic generalization tasks. In our experiments, we demonstrate that the
normalization layers mitigate instability problems in the Linear Transformer on systematic
generalization tasks. Additionally, we show that the orthogonality loss function reduces
the high correlation among Values across the sequence. When both proposed methods
are applied together, they effectively improve the Linear Transformer’s generalization
performance across a wide range of systematic generalization tasks.
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